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Abstract—The local existence and uniqueness theorems and the global existence of solutions were
investigated in [1-3], respectively, for the Cauchy problem of fuzzy-valued functions of a real variable
whose values are in the fuzzy number space (E™, D). In this paper, we first study the asymptotic
equilibrium for fuzzy evolution equations. Then, the stability properties of the trivial fuzzy solution
of the perturbed semilinear fuzzy evolution equations are investigated by extending the Lyapunov’s
direct method. © 2005 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Using the H-differentiability due to Puri and Ralescu [4], fuzzy differential equations were studied
by Kaleva [5,6] and Wu and Song [1-3], for the fuzzy-valued functions of a real variable whose
values are normal, convex, upper semicontinuous, and are compactly supported fuzzy sets in R".
The local existence and uniqueness theorems, for the Cauchy problem z'(t) = f(¢,z), z(to) = z¢
when the fuzzy valued function f satisfies the generalized Lipschitz condition, were given in [1].
The existence theorems under compactness-type conditions were studied in [2]. Based on these
preceding works, the global existence of sclutions of the Cauchy problem were investigated in [3].
This paper is devoted to the investigation of the asymptotic behavior and stability of fuzzy differ-
ential equations. In Section 2, some preliminaries concerning fuzzy number space, integrability,
and differentiability [5] for fuzzy-valued functions are summarized and the comparison theorem
for classical ordinary differential equations [7] are listed. The asymptotic equilibrium for fuzzy
evolution equations are investigated in Section 3. Finally, in Section 4, we study the stability
properties of perturbed semilinear fuzzy evolution equations by extending the Lyapunov’s direct
method.
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2. PRELIMINARIES

Let Pe(R™) denote the family of all nonempty compact convex subsets of R" and define the
addition and scalar multiplication in P;(R™) as usual. Denote

E" = {u: R" — [0,1] | u satisfies (i)~(iv) below},

where
(i) v is normal, i.e., there exists an xq € R™, such that u(zo) = 1,

(ii) w is fuzzy convex, i.e., u(Az+(1~A)y) > min{u(z), u(y)} for any z,y € R and 0 < A < 1,

(ili) u is upper semicontinuous,

(iv) [u]® = cl{z € R™ | u(z) > 0} is compact.

For 0 < @ <1, denote [u]* = {z € R* | u(z) > a}. Then from (i}-(iv), it follows that the
a-level set [u]* € Py(R*) forall 0 < a < 1.

According to Zadeh’s extension principle, we have addition and scalar multiplication in fuzzy
number space E™ as follows:

[wto]* =[* + )% [ey]® = k[u]*,

where u,v € E" , k€ R,and 0 < a < 1.
Define D : E® x E™ — [0, 00) by the equation
D(u,v) = sup d([u% [v]?),
0<a<1
where d is the Hausdorff metric defined in P(R™). Then it is easy to see that D is a metric
in E™. Using the results in [8], we have
(1) (E™, D) is a complete metric space;
(2) D{u+w,v+w) = D(u,v) for all u,v,w € E™;
(3) D(ku,kv) = |klD(u,v) for all u,v € E™ and k € R.

Let T = [to,to +p} C R (p > 0) be a compact interval. The fuzzy-valued function F : T — E™
is called strongly measurable, if for every o € [0,1] the set-valued function F, : T — Pi(R")
defined by

Fo(t) = [F($)]*
is Lebesgue measurable, where P,(R™) is endowed with the topology generated by the Hausdorff

metric d.
A function F : T — E™ is called integrably bounded, if there exists an integrable function h,

such that ||z|) < h(t) for all z &€ Fy(t).

DEFINITION 2.1. Let F : T — E™.The integral of F over T, denoted by fT F(t) dt, is defined
levelwise by the equation

[ /T F(t)dtr - /T Fult) dt

= { / 7t dt’ f:T — R" is a measurable selection for Fa} ,
T

forall 0 < o < 1.
A strongly measurable and integrably bounded function F : T' — E™ is said to be integrable
over T if [ F(t)dt € E*. From [5], we know that if F : T — E™ is continuous, then it is

integrable.
Let z,y € E™. If there exist a z € E™, such that £ = y + z, then we call z the H-difference

of z and y, denoted by = — y.
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DEFINITION 2.2. A function F : T — E™ is differentiable att; € T, if there exists an F'(t;) € E*,
such that the limits

m F(ty +h) - F(t;)

h—+0 h
and
I Fit1)—F(t1—h)
im
h—>+0 h

exist and are equal to F'(t1).

Here, the limits are taken in the metric space (E™, D). At the endpoint of T', we consider only
one-sided derivatives.

If F: T — E™ is differentiable at ¢; € T, then we say that F'(¢;) is the fuzzy derivative of
F(t) at the point t;. :

The integrability and H-differentiability properties of the fuzzy-valued functions can be referred
to [5].

In addition, we denote a continuous fuzzy-valued function f : T'xQ — E™ by f € C[TxQ, E",
where Q2 C E™ is an open set.

ProrosITION 2.1. Assume that f € C[T x Q,E"). A function z : T — § is a solution to the
problem ' = f(t,x), x(to) = zo if and only if it is continuous and satisfies the integral equation

r@=%+lf@ﬂm¢,

for allt € T (see [5]).

ProPOSITION 2.2. Let G C R? be an open set, g € C[G,R), (to,u0) € G. Suppose that
the maximum solution to the initial value problem u' = g(t,u), u(to) = ug is r(t) and its largest
interval of existence of right solution is [tg, to+a). If m(t) € C|(to,to+a), R] satisfies (t,m(t)) € G
for all t € [to,to + a); m(to) < uo, and

Dtm(t) < g(t, m(t)), Yt € [to,to +a) \ T,

where D¥ is one of the four Dini derivatives, I at most is a countable set on [to,to + a). Then
we must have (see [7])

m(t) < r(t), Vt € [to,to + a).

PROPOSITION 2.3. ASCOLI-ARZELA THEOREM. Let F' be an equicontinuous family of fuzzy-
valued functions from I into E™. Let x,(t) be a sequence in F such that, for each t € I, the set
{za(t) : n > 1} is relatively compact in E™, i.e., the closure of the set {z,(t) : n > 1} is compact.
Then there exists a subsequence {z,, (t)} which converges uniformly on I to a continuous function

z(t) (see [9]).

Kuratowski’s measure of noncompactness [9] is summarized in the following.

DEFINITION 2.3. Let S be an arbitrary bounded subset of the fuzzy number metric space (E™, D),
then Kuratowski’s measure of noncompactness is defined as

a(8) = inf {6 > 0| S admits a finite covering of sets of diameter < 6} .

PROPOSITION 2.4. The measure of noncompactness has the following properties (S,T denote
two bounded subsets of E™, k is a real number):

(i) @(S) =0 if and only if S is relatively compact;
(i) § C T implies a(S) < a(T);
(ii) a(3) = a(S);
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(iv) a(SUT) = max{a(S),a(T)};

(v) ofkS) = |k|a(8S), where kS = {z = kz | z € §};

(V) a(S+T) L o(S)+a(T), where S+ T={z=y+2z|ycS, €T}
(vil) ofcoS) = a(S);
(viil) o(S) is uniform continuous on Hausdorff distance d defined as follows:

(54, 52) = mase { sup (s, 5, sup s},
zeSs z€S5)
where p(z, S1) denotes the distance from the point z to the set Sy, i.e., for any given e > 0,
there exists an 6 > 0, such that for any two bounded subsets Sy and Sy with d(S1,S;) < 8
implies |a(S51) — a(S5)| < e.

PROPOSITION 2.5. Assume that
(1) f(t,=) is locally Lipschitzian in z for (t,x) € J x E";
(2) D(f(t,),0) < g(t, D(=,0)), V (¢,2) € J x B";
(3) g € C[J x [0,00),[0,00)], g(t,u) is nondecreasing in u > 0 for each t € J, and maximal
solution r(t, o, ug) of the scalar initial value problem

/

u' = g(t, u), u(to) = uo

exists throughout J.
Then the largest interval of existence of any solution x(t,tg, zo) of (1) with D(z,0) < ug is J

(see [3]).

3. ASYMPTOTIC EQUILIBRIUM OF
FUZZY DIFFERENTIAL EQUATIONS

In this section, we shall continue to consider the following fuzzy differential equation:
= f(t,:c), I(to) = g, (1)

under the assumptions of Proposition 2.5, where we assume that f € C[J x E™, E™], J = [to, 00),
zo € E™.

DEerFINITION 3.1. We say that fuzzy equation (1) has asymptotic equilibrium if every solution
of (1), such that (to,z0) € Ry x E™ exists on [ty, ) and tends to a limit v € E™ ast — oo,
and conversely, to every given vector v € E™ there exists a solution for (1) which tends to v as
t — oo. In this paper, we denote R, = |0, 00).

THEOREM 3.1. Under the assumptions of Proposition 2.5 | given v € E™, there exists a T €
[to,0) and a sequence {zn(t)}o.., defined on [T, 00), such that
(1) {zn(t)}oe, is equicontinuous on [T',c0);
(i) {zn(t)}or, is uniformly bounded on [T, o), that is, there exists M € Ry, such that
D(z,(t),0) < M for all t € [T, 00) and for all n;
(iii) for each n, z,(t) is a solution of ' = f(t,z), (T + n) = v.

PROOF. Let r(t,to, D(v,0)) be the maximal solution of W' = g(t,u), u(to) = D(v,0), which
exists and is bounded on [tp,00). Since g(t,u) > 0, r(t) is nondecreasing and consequently
lim; 00 7(t) = r(c0) < 00. Also we have D(v,0) < r(t) < r(o0) for all € [to, ).

For A € Ry, let u(t,to,\) be the maximal solution of u/ = g(t,u), u(to) = A. As before, we
have limy_, .0 u(t) = u(oo) < oo and X = u(te) < u(t) < u(oco) for all ¢ € [to, 00). However, g(t,u)
is nondecreasing in u for each ¢ and we have

/ ~ (s, \) ds < /t ~ 4(5,u(s)) ds = u(o0) — ulto) < oo

to 0
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Thus, we have -
/ g(s,A)ds < oo, for any A € R,. (2)

to

In particular,

/w g(s,2r(00)) ds < 00,

to

and so there exists T € [tg, 00), such that

/ ™ a5, 2r(c0)) ds < r(c0). @)
T

Applying Proposition 2.5 for each nonnegative integer n, we know there exists a solution z,(t)
of 2’ = f(t,z), z(T + n) =v, on [T + n,00) and

D (zn(t),0) <7y (t,T +n,D (v,0)), on [T + n, c0), (4)

where r,,(t) is the maximal solution of w’ = g(¢, u), w(T+n) = D(v,0). But r,(T+n) = D(v,0) =
r(to) £ r(T + n), so by Proposition 2.2 and (4) we have

D (zn(t), f)) < r(t) < r(o0), on [T + n, co). (5)

Let un(t,T +n, D(v,0)) be a solution to the left for u’ = —g(t,u), w(T + n) = D(v,0). Now the
largest interval of existence will contain [T, T + n] unless u,, becomes unbounded. Suppose uy,(t)
becomes unbounded and let ¢1,t2 € [T, T + n} with t1 < tg, un(t1) = 2r(c0), u,(t2) = r{oo) and
2r(0c0) > un(t) > r(oo) for all t € [t1,t2]. Now
r{o0) = 2r(o0) — r(o0)
= n(t1) — un(t2)

/t2 —g(8,un(s)) ds

t1

= /t2 g(s,un(s))ds

ty
/ 9(s,2r(c0)) ds
i

T

9(8,2r(00)) ds
r(00).

A

Hence, for each n, we know wu,(t) remains bounded by 2r(co) on [T, T + n]. Thus, for each n,
the maximal solution of v/ = —g(¢,u), (T +n) = D(v,0) to the left exists and is bounded by
2r(co) and, by Proposition 2.5, we know the interval of definition of x,(t) can be extended to
t, 00). Moreover, we have

D (za(t),0) < 2r(c0),  for t € [T, 00) and for each n. (6)

To complete the proof of this theorem, we need to show {z,(t)}.. ; is equicontinuous. Let & > 0
and note that by (3), we have

o0
9(s,2r(c0)) ds < o0,

and hence, there exists § € [T, 00), such that

/00 9(s,2r(00)}ds < ¢.
s
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On the set [T', S+1] x [0, 2r(c0)] the continuous function g(z, v) is bounded by a positive number L.
Now if |t; — t2] < min(1,e/L), then

Dmﬁm%m»=u(;fm%u»m®

1

/tz (s, D (zn(s ),ﬁ)) ds

l g(s, 2r(c0)) dsi .

However, if t;,ts € [S, 00), we have

tz
[ o(s,7(00)) ds

and if ¢1,t5 € [T, S + 1], then

Sﬁwmadmnﬁ<a

t2 Le
/ (s, 2r(00)) ds| < Lits —ta] < = = .

t1

Thus, {z(t)},e, is equicontinuous. This completes the proof.

We need to complete the proof of asymptotic equilibrium. If we could conclude that for each
t € [T, 00) (or, in fact, for any infinite subinterval of [T, 00)) that {z,(t)}ne, is relatively compact,
we could apply Ascoli-Arzela’s theorem (Proposition 2.3). We need the following lemmas before
we proceed.

LEMMA 3.1. Suppose the hypotheses of Proposition 2.5 are satisfied. Let v € E™ and let
{:vn(t)};f’_ be the sequence of fuzzy-valued functions which exist by Theorem 3.1 of this pa-
per. For each t € [T,00), let m(t) = a({z.(t)};~,). Then m(t) is uniformly continuous on
[T’ 00).

Proor. Notice that

m(t1) — m(tz) = & ({zn(t1)}o2;) — @ ({znt2)}nly)

< a({za(ts) — za(ta)}os;)

by (vi) of Proposition 2.4. Using the equicontinuity of {z,(t)} -, and the fact a(A4) < 2d, where
sup,e 4 D(z,0) < d, the proof is completed.

LEMMA 3.2. Suppose the hypotheses of Proposition 2.5 are satisfied and f is uniformly continu-
ous on bounded subsets of [T, c0) x E™. Let {z,(t)};.., be the sequence of fuzzy-valued functions
which exist by Theorem 3.1. For s € [T, 00) and h > 0, we can then express

Zn(s+ h) = 2,.(s) + hf(s,zn(s)) + hen(R)

and
Ty (8) = Zp(s — kY + hf(s, zn(8)) + hén(h),

where
. o\ . = o0 .
hlir?_oa ({en(R)}ey) =0 and hl-g?.o a({é.(h)},=y) =0.

ProoF. We shall prove the first expression only and the other proof is similar. Let £ > 0.
Since f is uniformly continuous on A = [s,s + 1] x {x € E™ | D(x,0) < 1}, there exists 6 > 0,
such that |t; — ta] + D(y1,y2) < & implies D(f(t1,91), f(t2,¥2)) < € for (t1,1), (t2,42) € A.
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Since {zn(t)}o, is equicontinuous, there exists r > 0, such that for ¢ € (s — 7,5 +7) we have
D(zn(t),zn(s)) + |t — 5| < & for all n. Thus, for h < 4, we know

D (hen(h),0) = D(zn(s + h), zn(s) + hF(s,zn(s)))
s+h s+h
=D (/ flo,zn (o)) da,/ f(s,zn(s)) da)

s+h

< D(f(0,2n()), f(8,2a(s))) do

8

s4-h
< / edo
8

= ¢h.

Thus, D(en(h),0) < & for each n, which implies that a({e.(h)}.—,) < 2. Consequently,

limp—o0 a({en(h)}oey) = 0.
THEOREM 3.2. Suppose the hypotheses of Proposition 2.5 hold and also that
(i) f is uniformly continuous on bounded subsets of [T, 00) x E™;
(ii) there exists t* € [T, 00), such that m(t*) =0,
(ili) G € C[[T,0) X Ry, Ry], such that G(t,0) = 0 and the only solution u(t) of v’ = G(t,u),

u(s) = 0 with
tim 2
t—sl—3§
isu(t) =0;
(iv) for h > 0 and a bounded subset A C E™, we have a({z + hf(t,z) | z € A}) — a(4) £
hG(t, a(A)).

Then m(t) = 0 on [t*,c0).

PRrROOF. Recall that m(t) = a({zn(t)}..;). Now, using Lemma 3.2 and considering h > 0, we
have

h= m(t + h) —m(t)] = h74 e ({za(t + B)}ory) — @ ({za(E)}n2))]
= b7 o ({za(t) + hf(t 2a(t)) + hen(h)}nls) — a ({za(t)}nsy)]
< h7Ha({za(t) + hF(E za(t)Inly) — @ ({za)}0l;) + al{hea(R)}2)]-
Now, using (ili) and (v) of Proposition 2.4, we have
h=m(t + h) —m(t)] < b7 [AG (¢, o ({2n(8)}nz1)) + ha ({en(h)}nly)]
=G (ta({za(t)}asr)) +a({en(W}nly) -

Hence, applying Lemma 3.2, we obtain D m(t) < G(t,m(t)). Again, by Proposition 2.2, since
Dym(t) < G(t,m(t)) on [t,00) and m(t*) = 0, thus, m(t) is less than or equal to the maximal
solution of u’ = G(t,u), u(t*) = 0. Using Lemma 3.2, for h > 0, we have

W= za(t" + h)] = 71 [oa(t) + RF (%, 2a(2%)) + hen(h)]
= h7 za(t*) + hf(E*, 2a(t"))] + en(h).
Thus,

tmtx t— % (5 t—t* h—++0 h

< Jim 7o ({oa(t") + AA(E 2t DY) + Jim o (fen(h)}y)
< Jim b7 RG (¢, o ({@a()52))] 0 = G (£, 0 ({2 () }20))
= G(t*, m(t*)) = G(t*,0) = 0,
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Hence,
t
_m(t)
t—t* f — t*

=0,

so by (ili), we have m(t) = 0 for all ¢ € [t*,00). By the existence theorem under compactness-
type conditions (see Theorem 4.1 in [2]), it is easy to see that the fuzzy differential system (3.1)
has a local solution under the assumptions of Theorem 3.2. Thus, we have sufficient hypotheses
to assure local existence, and so the assumption about local existence in Proposition 2.5 is
superfluous whenever we assume that the conditions of Theorem 3.2 are satisfied.

In Theorem 3.2, we assumed the existence of t* € [T, 00), such that m(t*) = 0. Theorem 3.3
yields sufficient conditions to assure that such a £* exists.
THEOREM 3.3. Suppose the hypotheses of Proposition 2.5 hold and also

(1) f is uniformly continuous on bounded subsets of [T, 00) x E™;
(i) F € C[[T,00) x Ry,Ry] and v’ = F(t,u), u(s) = w has a solution to the left for each
(s,w) € [T, 00) x Ry and for any solution u(t) there exists t; € (T, s], such that u(t;) = 0;
(ili) for h < 0, a bounded subset of A C E™ and t € [T, s], we have a({x + hf(t,z) | z €
A}) — o(4) < hF(t, oA)).

Then there exists a t* € [T, c0), such that m(t*) = 0.

Proor. Recall that m(t) = a({zn(t)},~ ;) and, from Lemma 3.1, m(t) is continuous. Now, using
Lemma 3.2 and considering h > 0, we have

P o ({zn(t)}niy) ~ o ({zalt — R) L))
=h o ({za(®}2) — @ ({2a(t) = RI(t, 2a(t)) — hEn(R)}oe,)] -

Now, by (vi) of Proposition 2.4, we have

W= m(t) = m(t — b)) > 7" o ({za(8)}on,)
—a({zn(t) = Af(t, 2n (@) }0ly) + o ({—hén(h)}nly)]-

Next, using (vi) and (v) of Proposition 2.4, we have

R m(t) — m(t = h)] > A4 [RF (8, & ({2a(6)}7,)) + ha ({Ea(h)Yory)]
=F(ta({z.)},2)) + e (&)}l

Thus,

D_m(t) = hl_iglo h= m(t) — m(t — h))

2 lim P (o {@n(®)20)) + Jim o (W),

Since limp_, 10 a({€x(h)}or,) = 0, by Lemma 3.2, then D_m(t) > F(t,m(t)). From (3.6), we
have D(z,(t),0) < 2r(c0) on [T, 00) for any n, and hence, it follows that m(t) < 4r(oo). For
s € (T, 00), let R(t,s,4r(occ)) be the maximal solution to the left for v/ = F(t,u), u(f) = 4r(c0).
The existence of R(t,s,4r{c0)) on [T, s] follows from (ii). By Proposition 2.2, since D_m(t) >
F(t,m(t)), we have m(t) < R(t,s,4r(c0)) on [T,s]. However, by (ii), there exists t; € [T, s]
with R(t1) = 0, and so there exists t* € [t1,s] with a({za(t*)}or,) = m(t*) = 0, which means
{zn(t*)}oey is relatively compact.
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THEOREM 3.4. Suppose the hypotheses of Proposition 2.5, Theorems 3.2, and 3.3 are satisfied.
Then equation (1) has asymptotic equilibrium.

PROOF. The sequence {zn(t)}°>, constructed in Theorem 3.1 has the property that {z,(t)},_,
is relatively compact for each t € [t*,00), by Theorems 3.2 and 3.3. Applying Proposition 2.4
(Ascoli-Arzela’s theorem), we know there exists a subsequence which converges pointwise on
[t*,00) and uniformly on compact subsets of [t*,00). To simplify the notation, we will use
{zn()}22, to denote the subsequence. Let z(t) = lim,—. Zn(t) for each t € [t*,00) and note

x(t) is continuous by the uniform convergence on compact subsets. For each ¢ € [t*, 00}, we have
t

zn(t) = za (") + .. flo,zn(0)) do.

Since convergence is uniform on compact subsets, it then follows that

3(8) = o(t") + /t 1(0,2(0)) do.

Thus, z(t) is a solution of the system =’ = f(t,z), z(t*) = z(t*). It remains only to show
that lim; o z(t) = v. Let & > 0. Then by (2), there exists an integer S > ¢*, such that
J$ g(s,2r(c0))ds < /2. If s € [S,00), there exists N, such that for all n > N we know
D(z,(s),z(s)) < &/2. Consider N + S and recall that zy5(T + N + 5) = v. Thus,

D(x(s),v) = D(z(s),zn+s(T + N + 5))
< D(z(s),zn+5(5)) + D(@n+s(s), zn+s(T + N + 5))

T+N+S X
+D (/ f(U,ZN+s(U))d0,0)

T+N+S )
/ g9(t, D (zn4s(0),0)) do

<

[ 2Ry

+

N ™

€ & E €
S§+/s g(a,2r(oo))da<—2-+§=£,

and so lim;—,o z(t) = v. This completes the proof.

4. LYAPUNOV ASYMPTOTIC STABILITY

Based on the metric D defined on the fuzzy number space (E™, D), a variety of properties of
Lyapunov stability in Banach space can be investigated. In the following, we shall first study the
Lyapunov stability properties of the following fuzzy differential equations:

' = Alt)z + f(t, z), z(tg) = zo, )

where f € C[Ry x E™, E"], and for each ¢t € Ry, A(t) : E® — E™ is a semilinear operator that
has the following properties:

(i) A(t)(z +y) = A(t)(z) + A(t)(y), =,y € E™;
(i) A(t)(Az) =AA({t)(x), A€ Ry, z € E™
Assume the existence of solutions for equation (7) and also assume that A(t) is the contraction
operator having the following property: there exists a scalar v with 0 < 4 < 1, such that

D(A(t)z, A(t)y) < vD(z,y),
for any z,y € E,. Then for each t € R, and for all A > 0 sufficiently small, the operator
Rlh, A(t)) = T+ hA(t) + R2A%(t) + - + R A™M(t) + - -
exists as a bounded operator defined on E™ and for each z € E®
}lli_% Rk, A(t))z = z. (8)

It is easy to show that relation (8) can be satisfied. The following comparison theorem is basic
in the discussion of stability criteria.
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THEOREM 4.1. Assume that
(i) V € C[R4 x E™ Ry] and for (t,x1), (t,z2) € Ry x E™,

\V(t,z1) — V(¢,z2)| < L(t)D(z1, z2),

where L(t) > 0 is continuous on R ;

(i) g€ C[Ry x Ry, R] and for (t,z) € Ry x E7,
D*V(t,2) = lim sup 3 V(¢ +h, Rlb, Al + h(t,2)) = V(t,2)] < 96,V (1,2));

(iii) the maximal solution r(t,to,uo) of the scalar differential equation
' = g(t,u), u(to) =up = 0 (9)

exists on [tg, o0).
Then V (to,zo) < ug implies that

V(t, CL‘(t,to,.’Eo)) < 'r"(t, to,.’I)o), t > tg. (10)

PROOF. Let z(t) = z(t, to,xo) be any solution of (1), such that V(to, o) < uo. Define m(t) =
V(t,z(t, to, Zo)). For small h > 0, by (i) we have '

m(t + k) — m(t) < L(t + h)D(z(t + k), Rlh, A@®)]z(t) + hf(t, z(8)))
+ V(t+ h, R[h, A(t))z(t) + hf(t, x(t))) — V(t,2(t)).
For every z € E™, from the sense of R[h, A(t)], we know R[h, A(t)] = I +hA(t)R[R, A(t)], so that
Rlh, A(t)lz = z + h(R[h, A()]AQR))z.
It follows that
R[h, A()|z + hf(t,z) =  + hf(t,z)) + h(R[h, A(t)|A(t))z.
Thus, we have
m(t + h) — m(t) < L(t + h)D(x(t + h), z(t) + R(A(8)x() + F(¢,2(1))))

+ L(t + h)hD(RB[h, AR A(R)z(t), At)z(t))
+V(t+h, Rb, A)]2(t) + hf (2, 2(1))) — V(E,2(2))-

Hence, by (7),(8) and (ii), we obtain
D¥m(t) < g(t, m(t)).

By Proposition 2.2, we have the desired estimate (10). For the special case V(t,z) = D(x,0), we
have the following corollary.

COROLLARY 4.1. Let g € C[R4 x Ry, R), and for (t,z) € Ry x E™,
tim_ - (D (RIh, A®)]s + hf(6,2),0) = D (=,0)) < 9 (4:D (,0)) . (11)
Then D(mo,ﬁ) < ug implies

D (x(t7t01$0)76) .<.. T(t;to,xﬂ)) t 2 tO’ (12)

where r(t, to, Zo) is the maximal solution of (9).

Using the comparison Theorem 4.1, it is easy to prove various stability criteria corresponding
to the results in Euclidean space. We state a typical result.
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THEOREM 4.2. In addition to Hypotheses (i) and (ii) of Theorem 4.1, assume that
(i) £(t,0)=0, g(¢,0) =0, and V(t,0) = 0;
(iv) b(D(z,0)) < V(t,z) < a(D(z,0)), (t,z) € Ry xE", a,b € K, where K = {¢ € C[R4,Ry];
¢(0) = 0 and ¢(u) strictly increasing in u}.
Then any stability property of u = 0 of the scalar differential equation (9) implies the corre-
sponding stability properties of the trivial fuzzy solution of (7).
ExXAMPLE 4.1. Consider the fuzzy differential equation
z = 215:1;, z(2) = xo, T,10 € B, t>2. (13)
Then for p > 2, A(t) = (1/t?)] is a semilinear operator as mentioned above. So for sufficient
small h satisfying 0 < h < 1, we have
R[h, A(t)] = I + hA(t) + h2A%(t) + -
h  h?
=(1+prmt)T
P
T tP—h
Here [ is an identity operator from E! to E'. We take g(t,u) = u/t?> and consider the following
scalar differential equation:

1.

u

fe
_tz’

u u(2) = ug > 0. (14)

It is easy to show that the solution u = wupe'/?~%/t of (14) is asymptotically stable. Using
the Lyapunov function V(t,z) = D(z,0), the assumptions of Theorem 4.2 are satisfied, so the
solution of fuzzy differential equation (13) is asymptotically stable.

In fact, from equation (13), we have the following scalar differential equations group:

zl (£, A =lxat,)\, Zo(2,0) = 22(N), ae{0,1}, xelo,1). (15)
tp
It is clear that the solution of (15) is
Za(t,)) = 22,(1)e@ 7=t/ (-1 (16)

So if D(zo,0) — 0, then by the definition of metric D on fuzzy number space (E™, D), the
solution sequence {x%(A)} converges to zero uniformly on parameter A. Thus, the solution se-
quence {za(t,A)} of (16) converges to zero uniformly on parameter ) as t — oo. This implies
also the asymptotic stability of the fuzzy differential equation (13).
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