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Abstract

If F is a set-valued mapping from R” into R™ with closed graph, then y € R™ is a critical value of F if
for some x with y € F(x), F is not metrically regular at (x, y). We prove that the set of critical values of
a set-valued mapping whose graph is a definable (tame) set in an o-minimal structure containing additions
and multiplications is a set of dimension not greater than m — 1 (respectively a o -porous set). As a corollary
of this result we get that the collection of asymptotically critical values of a set-valued mapping with a
semialgebraic graph has dimension not greater than m — 1. We also give an independent proof of the fact
that a definable continuous real-valued function is constant on components of the set of its subdifferentiably
critical points.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

The classical Sard (or Morse—Sard) theorem states that the collection of critical values of
a Ck-mapping F from (an open subset of) R” into R has Lebesgue measure zero, provided
k > max{n —m + 1, 1}. The fundamental role of the Sard theorem in analysis and differential
geometry comes from the fact that for a regular (noncritical) value y of F the set of solutions of
the equation F'(x) = y (if nonempty) is a nice set (a manifold) which responds to variations of
the right-hand side in a stable and nonchaotic way. The Sard theorem therefore ascertains that a
typical value of a sufficiently smooth mapping is regular.
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Such a result would be highly welcome in variational analysis in which the stability issue is
of an extreme importance. It would be highly desirable to be able to make similar statements e.g.
about systems of inequalities or other relations of interests in variational analysis.

At the first glance this does not seem to be possible. The Sard theorem is sharp and there are
widely known examples (Whitney [24], Yomdin [27]) showing that for a less smooth function
or mapping Sard’s theorem does not hold. The most precise result was proved by Bates [3]:
Sard’s theorem holds for C”~"!-mappings (n — m times continuously differentiable with locally
Lipschitz derivatives of order n — m). Here “Lipschitz” cannot be strengthened to “Holder” as
was found by Norton [18].

However, recently Kurdyka, Orro and Simon [14] proved that the collection of critical and as-
ymptotically critical values of a semialgebraic C!-mappings is a semialgebraic set of dimension
m — 1 or less. Several results of Morse—Sard-type were proved for real-valued functions un-
der even more general assumptions: [22,25] (quantitative results for maximum and minimax of
smooth families of functions), [19] (distance function to a C°°-submanifold of a Riemann mani-
fold), [1] (generalized critical values of a C !_function definable in an o-minimal structure), [4—6]
(critical points of globally subanalytic functions). The last three papers have largely stimulated
this study.

These results demonstrate that the differentiability requirement can be substantially weakened
in exchange for some structural restrictions on the class of mappings or functions. The main result
of this paper shows that the frameworks of this trade-off can be considerably expanded. This is
the statement of the main theorem.

Theorem 1. If F:R" = R"™ is a tame set-valued mapping with locally closed graph, then the
set of critical values of F is a o-porous' set in R™. In particular it has Lebesgue measure zero.
Moreover, if the graph of F is a definable set, then the set of critical values of F is also a definable
set of dimension not exceeding m — 1.

The next two sections contain all information from variational analysis and the theory of o-
minimal structures which is necessary for the proof of the theorem. Here we shall only add a
couple of general remarks.

First we note that the concept of a “critical value” provided by modern variational analysis is
very natural. (Actually this concept seems to be defined here for the first time. However the “par-
ent” concept of (metric) regularity has been thoroughly studied during last two decades, see e.g.
[13,17,21].) We observe that restricted to single-valued continuously differentiable mappings,
this definition reduces to the classical concept: y is a critical value of F if there is an x such that
F(x) = y and the rank of the derivative V F(x) is smaller than m.

Definability and tameness are fundamental concepts of the theory of o-minimal structures (see
e.g. [9,11,23]) which is also being very actively developed last two decades, partly in response
to Grothendieck’s call for a new “tame topology” based on “a real look ... at the context at
which we live, breathe and work” [12]. The important point about definable and tame objects
is that they are void of “pathologies” so typical for generic objects of nonsmooth analysis (e.g.
Lipschitz functions that cannot be recovered from their subdifferentials).

1A set Q in a metric space is called porous if there is A > 0 such that for any x € Q and any r > 0 the set B(x,r) \ Q
contains a ball of radius Ar. A o-porous set is a countable union of porous sets. A o-porous set in R” is both of the first
Baire category and Lebesgue measure zero.
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A search for good classes of nonsmooth functions (“less subject to wildness,” I would add,
again quoting [12]) for which certain results could be proved, was among the dominant themes in
nonsmooth analysis since practically its very beginning. Just mention lower C>-functions [20],
amenable functions, prox-regular functions [21], semismooth functions [16], minimal cuscos [8],
partially smooth functions [15]. Functions of these classes well serve for the purposes they have
been created, but none of the classes have structural properties compared to the properties of de-
finable and tame functions and sets (which need not be differentiable or even continuous). Thanks
to these properties, definable and tame functions and sets look like an almost ideal playground
for applicable finite dimensional variational analysis.

It has to be emphasized that this paper is addressed mainly to the variational analysis com-
munity (to which the author belongs) and the last sentence of the previous paragraph carries one
of the main messages. For that reason the introductory material relating to variational analysis in
the next section is presented in a much more sketchy way than the information about definable
sets and functions in Section 3 with which the variational analysis community (and the author)
are less familiar.

Theorem 1 is proved in Section 5. In Section 4 we state and prove some preliminary results
needed for the proof of the theorem. Some of them are probably new but some (e.g. definability
of derivative) are known. We give short proofs of the latter as well, just for convenience. The
principal results here are Proposition 1 (which builds a bridge between the two parts by showing
that the “rate of surjection” which is a quantitative measure of regularity is a definable or tame
function, provided the graph of the set-valued mapping is respectively definable or tame) and
Proposition 6 (showing that for certain definable families of functions, uniform smallness of
functions implies smallness of derivatives on big sets). The last Section 6 contains statements
and proofs of some corollaries.

Specifically, as a consequence of Theorem 1, we recover the part of the theorem of Kurdyka,
Orro and Simon [14] relating to the dimension of the set of asymptotic critical values of semi-
algebraic mappings (not the fibration part of the theorem). Actually we get an extension of this
theorem to set-valued mappings with semialgebraic graphs. We get this result as a part of a more
general theorem in which a “stratification” of asymptotically critical values by rates of asymp-
totic decline of the rates of surjection is taken into consideration. We also give a separate proof of
an o-minimal extension of the recent result by Bolte, Daniilidis and Lewis [4] saying that a glob-
ally analytic function which is continuous on its domain is constant on connected components of
the set of its critical points.

2. Openness, regularity and critical values

The concept defined below makes sense in every Banach, and actually in every metric space.
This level of generality is not needed here, so we define everything for finite dimensional Euclid-
ean spaces and refer the reader to [13] for the general theory.

So let again F : R" = R™ be a set-valued mapping. For (x, y) € Graph F we set

Sur F(x, y)(A) = sup{r 20: y+rByCc F(x + ABX)}
and then for (¥, ¥) € cl(Graph F) (the closure of Graph F') define the rate of openness (surjec-
tion) of F at (X, y) by

1
sur F(x|y) = liminf — Sur F(x, y)(A).
(x,y,A) = (X,5,+0) A

For single-valued F' we usually write sur F (x) (instead of sur F (x| F(x))).
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The function A — Sur F(x|y)(}) is called the modulus of surjection of F at (x,y). Here, as
usual, By etc. is the unit ball in R” and we set sup ¥ = 0 (or else, we can calculate the lim inf in
the definition of Sur F only along sequences of (x, y) € Graph F).

It follows from the definition that the function sur F is defined on the closure of Graph F. If
however F is a set-valued mapping with closed graph, then it is possible to show that>

1
sur F(x|y)=  liminf limi%f 1 Sur(x, y)(1).
+

(x.y) — (X.y) A=
Graph F

In general, the quantity in the right-hand side of the equality can by greater. Consider for instance
the following mapping R = R:

F(x)={y: 0<lyl <|x|}.

Then sur F(0,0) = 0 (take x, = A, =n~', y, = n~2) but the right-hand side quantity is equal
to oo.
The reciprocal of sur F(x|y) is the rate of metric regularity of F at (x, y):

reg F(X|y) = [surF()?ly)]_l.

This is a quantitative measure of stability of solution X of y € F(x) at y =y for it is precisely
the lower bound of positive K such that

d(x, F7'(y) < Kd(y, F(x))

for all (x, y) of a neighborhood of (X, y).
It is said that F is regular at (x, y) or that (x, y) is a regular point of F if sur F (x|y) > 0.
Otherwise (x, y) is a singular point of F. Finally, y is a singular or critical value of F if there
is an x such that y € F(x) and sur F(x|y) =0.

Remark. Observe that the above definition of a critical value covers both the case of a “proper”
critical value when (x, y) belongs to the graph of F' and of a “generalized” critical value when
(x,y) belongs to the closure of Graph F but not to the graph of F itself. In principle, if we
impose no topological conditions on F, it may happen that a critical value of F' (even proper) is
a regular value of the set-valued mapping whose graph is the closure of Graph F. Consider, for
instance the following set-valued mapping F : R? = R?:

F0)={0};  F(x)=|x||B\ (the x axis), ifx #0.

Then zero is a proper critical value of F but a regular value of the mapping whose graph is the
closure of Graph F'.

To avoid pathologies like that, we shall mainly consider set-valued mappings with locally
closed graphs. Another reason for introducing such an assumption is that the all known regularity
criteria need it.

The following known facts will be used in the sequel (see [13]):

e yisacritical value of F if and only if it is a critical value of the projection R"” x R”™ — R"
restricted to Graph F;

2 This fact probably has not been explicitly mentioned earlier but it easily follows from the slope characterization of
the rate of surjection given in [13].
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e sur F' is a lower semicontinuous function;
e if F(x) = Ax is a linear operator, then for any x

sur A(x) = Sur A(x)(1) = ” irﬁf 1 |A*y*|| = ||A**1||‘1,
Y=

so that we can write just sur A, etc.;

e if F is single-valued and continuously differentiable at x, then sur F'(x) = sur(VF(x)),
where by V F(x) we denote the Jacobian matrix of F or/and the corresponding linear oper-
ator R” — R™;

e if F(x) = H(x)+ A(x), where A is a linear operator, H is a set-valued mapping with locally
closed graph and y € H (x), then sur F(x|y + A(x)) > sur H(x) — | All;

e if F = H o G, where G is a C'-mapping into the domain space of H and the graph of H is
locally closed, then

surG(x) - sur H(G(x)|y) < surF(x]y) < [VG )| - sur H(G(x)[y).

The most general regularity criterion (actually, the precise formula for the rate of regularity) is
based on the concept of slope introduced by DeGiorgi, Marino and Tosques [10]. We shall state
it only for single-valued mappings as it is sufficient here. We refer to the first chapter of [13] and
to [2] for more details and generalities.

So let f be an extended-real-valued function which is finite at x. The slope of f at x is the
upper bound of K > 0 such that f(x) > f(u) — K||x — u|| for all u of a neighborhood of x (with
the convention sup ¥ = 0). The slope is usually denoted |V f|(x) to emphasize that for a Fréchet
differentiable function the slope coincides with the norm of the gradient. Thus,

(f(x) - f(u))+.

V7160 =Timsup == < <

UFX

Given a mapping F :R"” = R™ defined and continuous in a neighborhood of a certain x, we
set for any y € R", f,(x) = |y — F(x)||. Then [13, Chapter 1, Theorem 2b] sur F(x, ¥) is the
upper bound of y > 0 having the property that there is an ¢ > 0 such that |V fy|(x) = y for all
x and y satisfying ||x — X|| < e, y # F(x). This is the general regularity criterion for a single-
valued mapping. (The same result will be obtained if, instead of all y # F(x) we shall take
ye U\ F(x), where U is an arbitrary neighborhood of F(X).)

Let us now define the slope of F at x by

SIF(x)= inf |V x).
(x) y;éF(X)I Syl(x)

Then the general regularity criterion can be equivalently expressed as

sur F(x) = liminf S1 F (x).

X—>X

It follows in particular that

sur F(x) <S1F(x), VxedomF.
3. o-Minimal structures and definable functions

We give below the statements of main definitions and facts without proofs. There are two
excellent introductions to the subject: [9,11]. General o-minimal structures can be associated
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with various linearly ordered sets but we here shall consider only structures associated with the
real line R. We shall keep the notation R” also for Euclidean spaces and denote the inner product

by (1.
Definition 1. A structure on R is a sequence S = (S,;) (n € N), such that for each n
(D1) &, is a boolean algebra of subsets of R", that is, § € S, and S,, contains unions, intersec-

tions and complements of its elements;
(D2) if A€ S, then A x Rand R x A belong to S;,41;

D3) {x=(x1,...,x): xi =x;} €S, forany 1 <i < j <n;
(D4) if A € S+ then the projection w(A) of A to R” (7w :(x1, ..., Xp, Xnt1) = (X1,..., %))
belongs to S,,.

A structure is called o-minimal (short for “order minimal”) if in addition

(D5) {(x,y) eR%* x <y} eS;
(D6) the elements of S are precisely finite unions of points and open intervals.

The elements of S,;, n = 1,2, ..., are called definable (in S). A set Q is called tame if its
intersection with any bounded definable set is a definable set. A (set-valued) mapping F from a
subset of R” into R™ is called definable (tame) if its graph is a definable (tame) set. Likewise,
areal-valued function defined on a subset of R” is definable if its graph is a definable set in R"*1,

In variational analysis it is often convenient to work with extended-real-valued functions
defined on all of R". The definition can easily be extended to such functions: f is definable
if its graph {(x,@) e R" x R: a= f(x)} is definable along with the sets {x: f(x)=o00c} and
{x: f(x) =—o0}.

The subtle points of the definition are (D4) and (D6). (D4) is usually the most difficult part
of the proof that a certain collection of sets is a structure. A consequence of it is that any set ob-
tained from definable sets with the help of finitely many existential and universal quantifiers 3, V
(applied to variables only, not to sets, functions and other parameters) and boolean operations is
also definable.

(D6) is basically responsible for a number of remarkable structural (tameness) properties of
definable sets and functions (e.g. Monotonicity, Cell Decomposition and Definable Choice theo-
rems stated below) which exclude any possibility of “wild” behavior.

Here are several examples of o-minimal structures most useful for analysis.

(1) Let us call a set Q C R" an open polyhedron if it is the intersection of finitely many open
half spaces {x: f(x) < 0} and hyperplanes {x: f(x) =0}, where f(x) = (a|x) 4+ « are affine
functions. The structure Sjip, of semilinear sets is formed by finite unions of open polyhedrons.
All axioms of o-minimal structures are easy to verify in this case.

(2) If we replace affine functions by polynomials, we obtain the structure S,y of semialgebraic
sets. Here again all axioms are verified easily, with the exception of (D4). The latter is the subject
of a deep Tarski—Seidenberg theorem (see [7]). A consequence of this fact is that semialgebraic
sets admit elimination of quantifiers, that is any set obtained from semialgebraic sets with the
help of quantifiers and boolean operations can also be obtained by means of a quantifier free
formula involving only level and sublevel sets of polynomials and boolean operations.

(3) The above scheme no longer works if we make a step further and replace polynomials
by real analytic function. We can define semianalytic sets in the same way but using arbitrary
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real analytic functions. However, in this case (D4) and (D6) do not hold. Indeed, the set of
zeros of sinx is an infinite collection of isolated points and there are also examples of bounded
semianalytic sets whose projections are not semianalytic.

Nonetheless there exists a rich o-minimal structure in which all bounded semianalytic sets are
definable. A set Q C R" is called subanalytic if locally near each of its points it is a projection of
a bounded semianalytic set, that is if for any x € Q there is an open neighborhood U of x and a
bounded semianalytic § € R”** such that the projection of S to R” coincides with Q N U. A set
O C R" is called globally subanalytic if F(Q) is subanalytic whenever F is a semialgebraic
homeomorphism of R” onto (—1, 1)".

It turns out that globally subanalytic sets already satisfy all axioms and the corresponding
o-minimal structure is denoted S,p.

It is possible to give an alternative “nonconstructive” description for Sjiy and Syg, namely Sjin
is the minimal structure containing graphs of affine functions and S, is the minimal structure
containing graphs of all polynomials. It turns out that S, is the minimal structure containing
semialgebraic sets and graphs of restrictions of real analytic functions to balls.

(4) The minimal structure Sy exp containing all globally subanalytic sets and the graph of the
exponent e¢* is also o-minimal. Clearly

Siin C Salg CS8m C San,exp~

We shall further consider only o-minimal structures satisfying the additional property:

(D7) The graphs of addition {(x, y, z) € R3: z =x + y} and multiplication {(x, y,z) e R*: z =
x -y} belong to S3.

The semilinear structure does not belong to this class but every semilinear set is semialgebraic,
so all results valid for the latter are also valid for semilinear sets.

The following are some simple properties of definable and tame sets and functions which are
obtained from the axioms with relative easiness:

o the closure and the interior of a definable (tame) set is a definable (tame) set;

e a function is definable (tame) if and only if its epigraph {(x, A): A > f(x)} and hypograph
{(x,a): a < f(x)} are definable (tame) sets;

e the derivative (also partial) of a definable (tame) function is a definable (tame) function;

e under a suitable agreement about operations with infinite values (e.g. oo — 0o = 00; O -
00 = o0, etc.) the collection of definable (tame) extended-real-valued functions is stable
under summation, subtraction, multiplication and operations of pointwise maximum and
minimum; composition of definable mappings is definable;

e if f1,..., fxr are definable (tame) functions and R" is partitioned into k definable sets
X1, ..., Xk, then the function f equal to f; on X; is definable (tame);

e the functions

inf f(x,y) and supg(x,y)
Y y

are definable, provided so are f, g;
e the image and the preimage of a definable set under a definable mapping is a definable set;
the image of a tame set under a proper tame mapping is a tame set.
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And now several fundamental results characterizing the tameness properties of definable sets
and functions.

Monotonicity Theorem. Let f be a definable function on R. Then dom f is a finite union of
points and (open) intervals, and on each of the intervals f is either constant or strictly monotone
and continuous.

Uniform Finiteness Theorem. Let F be a definable set-valued mapping from R" into R™. Sup-
pose that every F(x) contains finitely many points. Then there is a natural N such that the
number of points in every F(x) does not exceed N.

The next theorem uses the concept of a cell whose definition we omit. Although this concept
will often be used in what follows, we do not need the specific structure of cells described in
the formal definition. For us it will be sufficient to think of a C¥-cell of dimension r as of
an r-dimensional C¥-manifold which is the image of the cube (0, 1)” under a definable ck.
diffeomorphism. As follows from the definition, an m-dimensional cell in R is an open set.

Cell Decomposition Theorem.

(a) Let Q C R™ be a definable set. Then for any k, Q can be represented as a disjoint union of
a finite number of cells of class C*.

(b) Let F be a definable mapping from a set Q C R" into R™. Then there exist a partition of
Q into a finite number of cells of class C* such that the restriction of F on each cell is a
mapping of class C*.

The maximal dimension of the cell in a decomposition of a definable set is called the dimen-
sion of the set. Of course, the dimension does not depend on the choice of decomposition. The
important fact concerning dimension is that the dimension of the image of a definable set under
a definable (single-valued) mapping cannot be greater than the dimension of the preimage.

Another consequence of the cell decomposition theorem is that any definable set has a finite
number of connected components. More careful analysis leads to the conclusion that any con-
nected definable set is definably pathwise connected, that is any two points of the set can be
joined by a definable continuous curve lying completely in the set.

For a set-valued mapping F:R" = R"™ we denote dom F = {x € R": 3y [y € F(x)]}, that
is to say, the projection of the graph of F onto the domain space. A selection of F is, as usual,
a mapping ¢(x) from dom F into the image space such that ¢(x) € F(x) for all x e dom F.

Definable Choice Theorem. Any definable (respectively tame) set-valued mapping has a defin-
able (respectively tame) selection.

We conclude the introduction with the following simple example which demonstrates the
difference between definability and tameness and shows that one must be more careful when
working with tame objects.

The function sint is a tame function and #~! is a semialgebraic function but the composition
sinz~! is not even a tame function (its restriction to e.g. (0, 1) is not definable in any o-minimal
structure). Thus a composition of tame functions may be not a tame function. Observe that sin ¢
is not a proper map.
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4. Some preliminary results

Proposition 1. Let F be a definable (tame) set-valued mapping from R" into R™. Then sur F is
a definable (respectively tame) function with dom(sur F') C cl(Graph F).

Proof. We can represent the graph of (x,y,A) — Sur F(x|y)(A) (considered a function on
Graph F x (0,00)) as (P U Q)N S, where

P =Graph F x (0, 00) x {0};

O={(x, 3,2, r):YO<p<r, Vo[lv—yl<p=u, [lu—x|<r ve Fw]});
and

S={(r,y.2.r): Ve >0 [llv—yll <r+eandVu [Jlu— x| <A =v ¢ Fw]]}.

If F is a definable mapping, then P is clearly definable and the other two sets are also
definable by (D4) as was explained in the previous section. Hence so is the graph of
Sur F(x|y)(A). If F is a tame mapping, then for any K > O the intersections of three sets
with {(x, y,A,7): |[x]| <K, ||yl <K, 0< A, r <K} is a definable set, so the intersection of
the graph of Sur F' with any such set is a definable set.

We note further the epigraph of sur F is the intersection of the closure of the epigraph of the
function (x, y,A) — A~ Sur(x|y)(1) with the set {(x, y, A, @): A =0}, so sur F is a definable
(or tame) function and its domain lies in the closure of Graph F by definition. 0O

Proposition 2. Let F be a continuous definable (single-valued) mapping from an open definable
subset of R" into R". Then the dimension of the set of critical values of F is not greater than
n—1.

Proof. By the cell decomposition theorem, dom F is the union of C!-cells and the restriction of
F onto each of them is C'. Then the set of critical values of the restriction of F to any cell of
dimension n has measure zero by the Sard theorem, hence, by definability, its dimension cannot
be greater than n — 1. On the other hand the image of the union of F-images of all other cells is
also a set of dimension not greater thann — 1. O

Proposition 3. Let U be an open definable subset of R" and F a continuous definable (single-
valued) mapping from U into R™. Assume that sur F'(x) =0 for every u € U. Then dim F (U) <
m— 1.

Proof. Assume the contrary: dim F(U) = m. Then there is an m-dimensional cell Q C F(U)
which by definition is an open subset of R™.

Applying the definable choice theorem, we shall find a definable mapping G : 0 — R” such
that {(x, y): x =G(y), y € Q} C Graph F. This means that F o G =1d|¢.

As G is definable, there is a smaller definable cell Q C Q such that G is C! on Q We
have (F o G)(Q) = Q Therefore the set G(Q) also has dimension m. This set is also definable
as a definable image of a definable set. Therefore there is an m-dimensional cell D C G(0)
such that the restriction of F to D is C'. But then G o F|p = Id|p and as F is continuously
differentiable at every x € D, G is continuously differentiable at every y = F(x), x € D. Without
loss of generality we can identify D with (—1, 1)". So we have VG (y) o V(F|p)(x) = I, that is
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V(F|p)(x) is a nonsingular operator R” — R which by the Lusternik—Graves theorem means
that sur(F|p)(x) > 0. As sur F(x) > sur(F|p) (because F|p(x) C F(x) for every x), we get a
contradiction. 0O

Remark. Observe that a continuously differentiable mapping into R™, m > 2, with the rate of
surjection identically zero can be surjective (see [26]).

Proposition 4 (Differentiability theorem). If f is a definable function on R, then f’ is also
definable and

(a) dom f’ is an open set;
(b) f’ is continuous on dom f';
(c) dom f \ dom [’ is a finite set.

Proof. We have
Graph f = {(t,a) edom f x R: ¥e > 03§ >0
[l[t—tl<8=|fO)— f@O) —at —1)| <elt —1]]}.
Hence Graph f” is a definable set.

(a) Let t € dom f’. Then for any § > 0 the sets (¢, + &) Ndom f and (t — 8,¢) Ndom f are
nonempty. The monotonicity theorem now implies (as every monotone function is almost every-
where differentiable) that also the sets (¢, + 8) Ndom f’ and (r — 8, t) Ndom f’ are nonempty
for any positive &, hence they are infinite. As these sets are definable, by (D6) there must be a
8 > 0 such that (¢, 7 + ) C dom f’ and (+ — 8, 1) C dom f/, thatis (t — 8,¢ 4+ 8) C dom f”.

(b) As f’ is a definable function, it obeys the monotonicity theorem. Thus we only need to
observe that if there are T < t/ < t” such that (z, ") C dom f’ and f’ is monotone on (7, T’)
and (t/, "), then

lim f'(t)= lim f'(t)
t—1'—0 t—1'+0
for otherwise f would not be differentiable at t’.

(c) The set dom f \ dom f” must have Lebesgue measure zero due to almost everywhere dif-
ferentiability of monotone functions. Therefore it cannot contain intervals and, being definable,
must be finite. 0O

Corollary. Let f be a definable function on an interval (a, b). Then there is a finite number of
points a =1ty <1 < --- <ty = b such that f is continuously differentiable and f' either strictly
positive, or strictly negative or identically equal to zero on each interval (t;, ti+1).

Proof. Let f; be either the points of nondifferentiability of f or isolated points of {¢: f’(¢) =0}
or the ends of intervals in the decomposition of the set according to (D6).

Proposition 5 (Uniform integrability lemma). Let Q C R" be a definable set, and let ¢(x,t,s)
be a definable function on Q x (a,b) x (0,1), where —oc0 < a < b < oco. Suppose that
o(x,t,58) = 0ass — 0 uniformly on Q x (a,b). Then

b

/!go,(x, t,s)| dt - 0, ass— 0, uniformly on Q.

a
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Here ¢; is the derivative of ¢ with respect to 7.

Proof. By the preceding corollary for any x € Q, s € (0,1) there are finitely many, say
N(x,s) + 1 points 7; = 7;(x,s) (with 79 = a, tn(,s) = b) on (a, b) such that on each inter-
val bounded by a pair of adjacent points, ¢ is continuously differentiable with respect to ¢ and
the derivative is either identical zero or does not change the sign. The set-valued mapping which
associates with every (x, s) the collection of these points 7; (x, s) is definable.

Indeed the set

{(x,1,5) € O x (a,b) x (0, 1): ¢(x,-,s) is discontinuous at 1}
is definable as it is equal to the intersection of

{(x,t,s): Ir>0,e>0V5€(0,¢) [(p(x,t+8,s)—r>g0(x,t—8,s)]}
and

{(x,t,s): Ir>0,e>0V5€(0,¢) [(p(x,t+8,s)+r <g0(x,t—8,s)]}.

The same is true for the points at which the derivative of ¢ with respect to ¢ is discontinuous.
Equally simple arguments lead to the conclusion that the set of (x, ¢, s) such that ¢;(x,#,s) =0
(the derivative with respect to ¢) and ¢ is either an isolated point of the zero set of ¢, (x, -, s) or
an end of the interval at which the function is equal to zero, is also definable.
By the uniform finiteness theorem the numbers N (x, s) are uniformly bounded, that is there
is N suchthat N > N(x, s) forallx € Q, s € (0, 1).
Fix ¢ > 0 and choose § > 0 such that |p(x,t,s)| <&/2(N + 1) if 0 < s < §. Therefore for
any x € Q0,5 €(0,6)
Tit1
/ lor(x, 1, 9)|dt = |@(x, Tit1,9) — @(x, i, 5)| <e/(N+ 1)

Ti

and therefore,
b
/|(Pt(X, t,s)|dt<e. O
a

We shall use this result as a starting point for obtaining uniform estimates for the norms of
derivatives of “small” definable mappings. Let F be a C'-mapping from a neighborhood of
x € R" into R™. We shall denote by V F(x) the Jacobian matrix of F at x, namely

vFw), = 2
( (x))j = gj(x),

where x = (x1,...,x,) and F(x) = (F'(x), ..., F™(x)). Recall also that the norm of a linear
operator defined by matrix A = (a}) in the standard basis of R" is

1Al = (ii(a;)z)l/z.

i=1 j=I
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Proposition 6. Ler Q = (—1,1)" and let F: Q x (0,1) — R™ be a definable mapping having
the property that | F (x, s)|| = O uniformly on Q when s — 0. Then for any & > 0 there is § > 0
such that, whenever s < §, there is an open set §2 = §2(s) C Q such that ||V, F(x,s)| < ¢ for
all x € £2.

Here the subscript x refers to differentiation with respect to x only, not to s.
Proof. Set for simplicity ¢;(x,s) = (F(x, ). By the assumption every ¢; goes to zero uni-

formlyin x € Q as s — 0. Set Q; = {(x1,...,Xj—1,Xj41,...,Xu): |xk| < 1}. Applying Propo-
sition 5 for each ¢; and treating consecutively every x; as ¢, we conclude that for every i, j

j’asoi(x,s)
ax]'
-1

uniformly on Q; as s — 0. As an consequence we get

dx/'—>0

f||VxF(x,s)|| dx — 0, ass— 0.
[0}

Indeed by the cell decomposition theorem we can partition Q into a finite number of cells such
that F is continuously differentiable on each of them. Clearly, continuous differentiability on a
cell of dimension 7 is the same as continuous differentiability without any restrictions. Equally
clear is that the union of all cells of dimension 7 is a set of full measure in Q. This means that
the integral above makes sense. On the other hand

1

d¢i(x, )

/||VXF(x,s)||dx<Z/ ( /‘T
0 Yo M-

We can choose § > 0 so small that the above integral is not greater than /2 if s < §. But then
for any such s the Lebesgue measure of {x € Q: ||V, F(x,s)| < &} must be at least 1/2. This is
a definable set, hence it has nonempty interior as its measure is positive. [

de) dx1 .. .de_lde+1 .. .dxn.

5. Proof of Theorem 1

Step 1. There is no loss of generality in assuming that the graph of F is closed (so that any critical
value is “proper”). Indeed, as the graph of F is locally closed, the closure operation does not add
points to a small neighborhood of any point of the graph, so that any critical value of F, no matter
“proper” or “generalized” remains a critical value of the mapping whose graph is cl(Graph F).

Furthermore, as we mentioned in Section 2, y is a critical value of F if and only if it is a
critical value of the restriction of the projection R” x R”™ — R™ to the closure of the graph of F.
It follows that it is sufficient to prove the theorem for a single-valued mapping F' which is a
restriction of a linear operator A € L(R", R™) to a tame set dom F' C R”.

We also observe that any cell in R” of dimension smaller than m is a porous set (which
is immediate from definitions), hence any definable set in R™ of dimension smaller than m is
o-porous. It follows that the theorem will be proved if we show that for any definable mapping
which is a restriction of a linear operator to a definable set the dimension of the set of its critical
values cannot exceed m — 1.
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Indeed, the mapping F restricted to the set {x € dom F: ||x| < N} is definable by definition
and any critical value of F is a critical value of the restriction if N is sufficiently big.

Step 2. By Proposition 2 the theorem is true if the dimension of dom F coincides with the dimen-
sion of the image space. Assume now that for a given m > 1 the theorem holds for any definable
mapping whose domain has dimension not greater than r > m and let F be a mapping from R”
into R™ with dim(dom F) =r 4+ 1 (of course n >r + 1).

By the cell decomposition theorem dom F can be partitioned into finitely many C*-cells C;
(k>r +2—m). Denote by N'={|JC;: dimC; = r + 1} the union of all (r + 1)-dimensional
cells of the partition, K = {{ J(cl(C;) N (dom F)), dim C; < r} the union of intersections of the
closures of cells of dimensions < r with the domain of F'.

Then

(a) the collection of critical values of F | = A|x is a set of dimension < m — 1 by the induction
assumption;

(b) for any cell C; the collection of critical values of F|c, = A|c; is a set of dimension < m — 1
by the classical Sard theorem. Indeed, if dim C; = s, then C; is the image of the open s-cube
(=1, 1)’ under a C¥-mapping G. Therefore singular points of Alc,; are among singular points
of AoG. The latteris a Ck-mapping from the cubeinto R™ andask >s+1—mass <r—+1,
Sard’s theorem applies.

Let x € dom F be a singular point of F which does not belong to any of the two above
mentioned types. This means that

(c) x is a regular point of the restriction of F to the cell of the partition containing x. We claim
that for some i there is a sequence (x") C C; converging to x such that

lim sur Flc, (x”) =0. (D

v——+0

Indeed, as sur F(x) = 0, there is a sequence (x") converging to x and such that SI F(x") — 0
and there is no loss of generality in assuming that all x¥ belong to the same cell, call it C.
Furthermore, it follows from the definition of the slope and the inequality at the end of Section 2
that

SIF(x") = SIF|c(x") = sur Flc(x")

which implies (1).

We note further that x¥ cannot belong to /C for in this case x also belongs to K as the latter is
closed. Thus x is a singular point of F |, which is the case of (a). It follows that x* € N for all v.
The limiting point x cannot belong to the same cell as x" since we assume that x is a regular
point of the restriction of F to the cell.

Thus, we arrive to the following situation: there is a cell C of dimension r + 1 or higher and
a sequence (x") converging to x such that x” € C for all v, x € (dom F) \ C and (1) holds.

Let M denote the collection of such points x (associated with the same cell C). We have to
show that

dim F(M) <m — 1. 2)
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Step 3. Thus we reduce the problem to the following. Given

e a definable mapping F from R” into R™ which is a restriction of a linear operator A to a
definable set dom F C R”;

e acell C C domF of class C! (and dimension > r + 1);

e anonempty set

M={xe(@omF)\C: Vs >03y e C [|lx — y| <s, sur F(y) <s]}.

It is clear from the definition of M that it is a definable set lying completely in the closure of C,
that is in the boundary of C, as M and C do not meet.

We have to prove that (2) holds. Assume by way of contradiction that dim A(M) = m. Then
M contains a g-dimensional (g > m) cell of class C! whose A-image has dimension m. This
means that there is a diffeomorphism G of Q = (—1, 1)7 into M such that dim(A o G)(Q) = m.
If sur(A o G)(u) =0 for all u € Q then by Proposition 3 dim(A o G)(Q) < m — 1, so the rate
of surjection of A o G must be positive at certain points of Q. Since sur(A o G) is a lower
semicontinuous function, we can assume, taking a smaller cube if necessary, that

sur(AoG)(u) 2a >0, VYueQ, 3)
and also that G satisfies the Lipschitz condition in Q.

Step 4. Consider the set
F:{(x,y,s): xeM, yeC,se(0,1), ly—x| <s, surF(y)<s}.

This is a definable set and its projection onto the x-component space is M. By the defin-
able choice theorem there is a definable mapping y(x,s) from M x (0, 1) into R” such that
(x,y(x,s),s) eI forall (x,s). We have: ||x — y(x, s)|| < s forall x € M and all s € (0, 1). Set

U(x,s)=x—y(x,s); <D(u,s)=lI/(G(u),s).

Then @ (u, s) — 0 uniformly on Q as s — 0.
Applying Proposition 6 to @, we conclude that for each given ¢ > O there is an s = s(¢) < ¢
and an open set £2(¢) C Q such that |V, @ (u, s)|| < ¢ for all u € §£2(¢). This means that

|VGW) = V(ye 0 GYW)| <, “4)

where ye (x) = y(x, 5(¢)).
Now for any & > 0 choose u = u(e) € §£2(¢) such that y, be differentiable at u. Then, the
inequality above implies that

V(Ao G)u)=V(Aoy:oG)u)+T(e), S

where T' () = (Ao (VG — V(y: 0 G)))(u) is a linear operator from R? into R™ with || T (¢)|| — 0
as ¢ = 0. We have by (3)

sur(V(A o G)(u)) = sur(V(F o G) (u)) =sur(FoG)(u) > a. (6)
On the other hand, by (4)
sur(V(A oy, 0 G))(u) = sur(V(F o (y; 0 G)))(u)
= sur(F o(ye 0 G))(u) < (K +¢) surF(y‘s (G(u))),
where K = |[VG(u)]|.
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The last three relations are however contradictory, as sur F (y.(G(«#))) — 0 and from (5), (6)
we get

O<a< sur(V(A o G)(u)) < sur(V(A o Yye 0 G)(u)) + ||T(8) || — 0.

This completes the proof of the theorem.
6. Some corollaries

In [14] Kurdyka, Orro and Simon proved that the set of asymptotically critical values of a
continuously differentiable semialgebraic mapping R” — R’ has dimension less than m. Their
proof was based on calculation of an estimate for the m-dimensional measure of the set. Theo-
rem 1 allows to avoid these calculations and to get some information of asymptotically critical
values of definable set-valued mappings in general. First we note the following

Proposition 7. Let H:R" = R"™, and let p(x) be a continuously differentiable strictly positive
function. Set L(x) = H(p(x)x). Then for any (x, y) € Graph L

sur L(x[y) < (p@) + | ') | - Ix ) sur H (p(x)x]y).

Proof. Indeed, the norm of the derivative of the mapping x — p(x)x at x is not greater than
pxX) + 1o llxll. O

Let n(¢) be a strictly positive continuous function on [0, co) such that

o]

1

0

Given a set-valued mapping F :R" = R™, we call y € R™ an asymptotically n-critical value
of F if there is a sequence of pairs (x", y”) such that y¥ € F(x"), ||x"|| = oo, y¥ — y and
n(JlxV|) - sur F(x"]|y") — 0. We shall denote by K, (F, n) the set of asymptotically n-critical
values of F.

Theorem 2. Let F be a definable set-valued mapping with locally closed graph, and let ¢(t)
be strictly increasing continuously differentiable positive definable function on [0, 00), bounded
from above and equal to zero at 0. Set

1O= w0

Then Koo (F, n) is a definable set with dim(K o (F, 1)) < m.

Proof. Clearly, n satisfies (7). We obviously have

Ko (F) = {y eR™: VN € (0,00), (u,v) € R" x R™
[ve Fa), =yl <N~" Jull =N, n(lu]) - sur Fulv) < N~']}

which shows that the set is definable by Proposition 1.
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Without loss of generality we may assume that ¢ (1) — 1 as ¢ — oo. Let () be the inverse
of ¢(-), thatis ¥ (¢(t)) =t. Set

Gu) =F<w(||u||)”;‘—”).

In other words, we consider the following pair of mutually inverse changes of variables:

u

x =y (llull)—
() el

which transfer the open unit ball into the entire space and vice versa. We obviously have for each
pair of corresponding x and u:

1l = (Ileell). lull = o(llx1)-

(Here and below we consider the Euclidean norm in R”.)
We can apply Proposition 7 to get estimates of the rate of surjection of G: for each u # 0 with

lu]l < 1andeach y € G(u)
n ‘[lﬁ(llull)]
fluell

¥ (llull)
[Juel]

After a simple calculation we get:

‘[W(Ilull)]

[[uell

so that

, v lul) 1 Il
surGaly) (w (el + = )Sur (1) <<p’<||x||>+<o<||x||)>sur (1)

We now recall that 1(-) is reciprocal of ¢’(-) and that by (7) n(z) grows to infinity faster than ¢.
Thus, we can be sure that for sufficiently large x

sur G (uly) < 3n(llx]l) - sur F(x[y). ®)

u =<o(||x||)”fc—”

surG(uly) < (

‘ ||u||> sur F(x|y).

¥ (llul)

l[ull

Ml < 9 (Ilull) +

’

Now let G be a set-valued mapping whose graph is the closure of GraphG. Clearly, if
|lxV|| — oo then the sequence of the corresponding u#" contains a subsequence converging to
an element of the unit sphere. Therefore as follows from (8) every asymptotical n-critical value
of F is a critical value of G. The latter is a definable set-valued mapping, so by Theorem 1 the
entire set of its critical values, including K~ (F, 1) has the dimension smaller than m. O

Let us call, following [14], a point y € R™ an asymptotically critical value of F if there is a se-
quence of pairs (x”, y¥) such that y* € F(x"), ||x"|| = o0, y¥ — y and ||x" || sur F(x"|y") — 0.
We shall denote by K, (F) the set of asymptotically critical values of F.

Of course, any asymptotically critical value is asymptotically n-critical for any n(¢) satisfying
the requirements in the definition but we cannot, in principle, expect an asymptotically n-critical
value to belong to Ko (F). However, Kurdyka, Otto and Simon showed in [14, Lemma 3.1]
that in case when F is a semialgebraic C'-mapping on R” (or an open semialgebraic subset
of R"), there is an y > 0 (depending on F) such that Ko (F, n) C Koo (F) if n(t) = 1+ with
O<a<y.

The proof of this fact given in [14] extends without change to arbitrary semialgebraic set-
valued mappings. Actually, the only use of differentiability in the proof is in the definition of the
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distance from the derivative of F to the set of singular operators playing the same role in the
definition of asymptotically critical value given in [14] as the rate of surjection in the definition
above. But this distance is precisely the rate of surjection of F at the corresponding point—the
fact well known in variational analysis and actually also proved in [14, Propositions 2.1, 2.2].

Thus, combining the quoted result of [14] with Theorem 2, we get an extension of (the first
part of) the main theorem of [14] to arbitrary semialgebraic set-valued mappings.

Theorem 3. Let F be a semialgebraic set-valued mapping from R" into R™ whose graph is
locally closed. Then K« (F) is a closed semialgebraic set of dimension smaller than m.

Our final result is an extension to definable functions of a recent theorem of Bolte, Dani-
ilidis and Lewis [4] stating that a continuous globally subanalytic function is constant on every
connected component of its critical points.>

In [4] this fact is used to prove that such function has only finitely many critical points of
that sort. Both are direct consequences of Theorem 1. But we give for Theorem 4 below an
independent proof because, unlike the proof of Theorem 1, it does not use the argument ad
absurdum. This implication can be partly reversed since Theorem 4 can be used to get a direct
proof of Theorem 1 for single-valued locally Lipschitz tame mappings using the fact that for
such mappings sur F (x) = 0 is equivalent to x being a critical point of (y* o F)(x) = 0 for some
v with [[y*] = 1.

Theorem 4. Let [ be a definable function which is continuous on its domain dom f. Then f is
constant on every connected component of the set of its critical points.

Proof. Let u and w be two different points belonging to the same connected component of the
set of critical points of f. This set is definable since so is the function sur f by Proposition 1.
Hence there is a definable curve x(¢), 0 < ¢ < 1, joining u and w and lying completely in the
set of critical points of f. By definition for any ¢ > 0 and any 7 € [0, 1] thereisa z and a X €
(0, &) such that ||z — x(?)|| <&, and Sur f(z)(A) < eX. By the definable choice theorem there are
functions z.(¢) and A (¢) (definably depending on both variables) such that ||x(z) — z:(¢)|| < &,
0 < Ag(r) <& and Sur f(z:(1))(Ae(2)) < ere () forall £ and all e. If we set

ud @) =sup{f(2) — f(z:(0): |z = 2| < he(t), z € dom f},
pg (1) =sup{ f(ze (1) = f(@): |z =z | < 2e(@), z € dom f},

the latter amounts to

pe (1) =min{p (1), g (1)} < ehe (1) ©
Applying Proposition 5 to each component of x(¢) — z.(¢), we conclude that
1
/ch(t)—ée(t)” dt—0, ase—0. (10)
0

3 1t has to be mentioned that in [4] another definition of a critical point is used, namely that a point is lower critical
if zero belongs to the limiting Fréchet subdifferential of the function at the point. It can be shown, and actually follows
from one of the central facts of the finite dimensional calculus of subdifferentials [13,17,21], that x is a critical point of f
(that is considered as a mapping into R) if and only if it is a lower critical point of either f or — f.
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The functions z¢(-) and 1. (-) may have points of discontinuity but by the uniform finiteness
theorem the number of such points is bounded by the same constant for all . Note also that as
x(t) is continuous, the size of each jump of z, does not exceed 2¢.

We observe further that ,usi and . are definable functions. Therefore for any ¢ there are
finitely many points on [0, 1] such that between any pair of adjacent points either p.(¢) = ,uj (1)
or ue(t) = pu, ().

Thus there is a natural N such that for any ¢ > 0 there are points 7;, i =1,...,k (0=19 <
7] <.+ <7 <Tk41 = 1, kK < N), such that on every interval (;, Ti4+1), Z¢(¢) and A(¢) are
continuous and either . (t) = ,uj (t) or pe(t) = pg (¢) for all ¢ in the interval.

As f is continuous, the theorem will be proved if we show that

| f(2:(0)) = f(ze(1)| = 0. (11)
Sofixe>0andlett;,i=1,....k O=19< 11 < < < k41 = 1, kK < N), be the points
specified above. For any i we set

()T = lim z.(1), Ze(T)” = lim z.().
t—1;+0 t—1;—0

i

Take a certain interval (7;, 7;+1) and assume for instance that u.(¢) = .} (¢) on this interval.
This means for any 7 € (t;, Tj+1) there isat’ € (¢, 7;+1) such that ||z, (t") — z:(1)|| < A¢(¢). Fix a
t and let ¢ be the upper bound of such ¢’. Then in the inequality above we either get an equality
at t* (as z. and A, are continuous on the interval) or ¢ coincides with the right end of the
interval. In the last case

| f(ze(@en)7) = Fze )] < &%
If we get an equality at some ¢+ < 7;41, then by (9) (recall that p. (1) = . (¢)), we have

l‘+
(26 0) = F(2e0)] < £20 ™) =20t — 2 ()| < f |26(5)]] ds.
t

We can ask about the upper bound ™ of ™ for which the last inequality holds. The standard ar-
gument shows that either this upper bound is 7; 11 or ||z (Tit1) — 26 (z ) || < A () < . Indeed,
if the opposite inequality holds, then there is T € (T, ;1] such that ||z (7) — ze (T T) || = A:(z 1)
and therefore

£ (ze(0) = fe: )| < / 2e()] ds

and we arrive to a contradiction with the definition of +. Thus we can conclude by stating that
for any ¢ in the interval

e ) = F(as®) <s( [ 1z ds+s)

and consequently, by continuity

|f (ze(tiz) ™) = f(ze(m)T)| <8( / |ze® | dt—i—s). (12)

Ti
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The same argument, with an obvious change, applies to intervals on which u, () = u (¢), and
we can be sure that (12) holds for each interval of the partition.

Let finally w(r) be the modulus of continuity of f in a neighborhood of x(-). Then taking
into account (12) along with the fact that we have at most N points of discontinuity of z, and the
jumps cannot exceed 2¢, we find that

1 1
| f(ze(D) = f(z:(@)| <e(V +1) /|}x(t)|| dt+8+/||)'c(t)—ig(t)|| dt | + No(2¢)
0 0

from which (11) immediately follows in view of (10). O
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