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1. Introduction

Let (x,) be observations of an autoregressive AR(2) model
Xn =91X,1_] +92Xn_2+8n, n=12,.... (11)

Throughout this paper we assume that (e;,) is a sequence of independent identically distributed (i.i.d.) random variables
with Ee; = 0,0 < Esf = 02 < 00,and xy = x_; = 0. The variance o2 is known (or unknown in Section 4). The process
(1.1) is assumed to be unstable, that is, both roots of the characteristic polynomial

P@)=2*—0,z—06, (1.2)

lie on or inside the unit circle. The model (1.1) is a particular case of unstable autoregressive processes AR(p) which have
been studied by many authors due to their applications in automatic control, identification and in modeling economic
and financial time series (we refer the reader to Anderson [2], Ahtola and Tiao [1], Dickey and Fuller [5], Chan and
Wei [4], Greenwood and Shiryaev [8], Greenwood and Wefelmeyer [9], Jeganathan [11,12], Rao [16] for details and further
references).

A commonly used estimate of parameter vector @ = (61, 6,)’ is the least squares estimate (LSE)

n n
0(n) = (61(n), (M) =M, Y " Xeo1xi, Mo =Y Xi1X[ 5, (13)
k=1 k=1
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where X, = (xi, X,_1)’; the prime denotes the transpose; M;l denotes the inverse of matrix M, if det M, > 0 and Mn” =0
otherwise.
It is well known that

Jnn) — 0) == N (0,F), asn — oo,
for all € A, where A is the stability region of process (1.1), that is,
A:{0:(91,92)/2—1+92<91<1—92, |92|<1}, (14)

F = F(0) is a positive definite matrix (see, e.g., [2, Th. 5.5.7]), =%, indicates convergence in law. If @ belongs to the boundary
d A of the stability region A, the limiting distribution of LSE is no longer normal. Moreover, there is no one universal limiting
distribution for all # € 9 A and the corresponding set of limiting distributions numbers 6 different types depending on the
values of roots z; and z, of the polynomial (1.2). Each limiting distribution of LSE on the boundary coincides with that of
the ratio of certain Brownian functionals (we refer the reader to the paper of Chan and Wei [4] for general results on the
limiting distributions of the least squares estimates for unstable AR(p) processes and further details).

As is known, a similar situation arises in the case of AR(1) process

Xn = 0X,_1 + &n, (1.5)

for which the limiting distributions of the least squares estimate are not normal at the end-points § = +1 of stability interval
(—1, 1) (see White [18], Lai and Siegmund [ 14]). Lai and Siegmund [ 14] for a first order non-explosive autoregressive process
(1.5) proposed to use a sequential sampling scheme and proved that the sequential least squares estimate for 6 with the
stopping time based on the observed Fisher information is asymptotically normal uniformly in & € [—1, 1] in contrast with
the ordinary LSE.

In the paper we develop a sequential sampling scheme for estimating parameter vector # = (61, 6,)" in model (1.1). We
will use the sequential least squares estimate defined by the formula

7(h)

0(x(h)) = Mgy Y X1, (16)
k=1
where t = t(h) is the stopping time for the threshold h > 0:
n
t=1t(h) = inf{n >1:) (G +x,) > hoz} . inf(@} = +oo. (1.7)
k=1

This construction of sequential estimate is similar to that proposed in the paper of Lai and Siegmund for AR(1) which is
defined as

T -1 T
0, = Zxﬁ_l Zxk,lxk, r=inf{n>1:
k=1 k=1

It should be noted, however, that the first factor in (1.6) is a random matrix and not a random variable, as in (1.8), and this
makes additional difficulties.

For AR(1) the stopping time (1.8) turns the denominator in the estimate (1.8) practically into a constant ho? and this
allows one to use the central limit theorem for martingales. In the case of AR(2) the stopping time (1.7) enables one to
control the inverse matrix MI_(,]” in (1.6) only partially since it remains random. Nevertheless, we will see that such a change
of time also enables one to improve the properties of the estimate (1.3).

In our paper (2006) we proved the following result.

n
Xk, > hoz} . (1.8)
k=1

Theorem 1.1. For any compact set K C Aj,

lim sup sup
h—00 gck ¢cp2

Py (M1 @z () - ) <€) — @,(t/)| =0,

where @, (t) = @ (t1)P(ty), P is the standard normal distribution function,
A={0=01,60): —1+6h <O <1—0, —1<6, <1}, t=(t,t).

This theorem implies, in particular, that estimate (1.6) is asymptotically normal not only inside the stability region (1.4)
but also on the part of its boundary {# = (8;, —1)’ : —2 < 6; < 2} in contrast to the LSE (1.3).

The goal of this paper is to prove the asymptotic normality of the estimate (1.6) and (1.7) in the whole region [ A] including
its boundary 0 A.
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Our main result (Theorem 3.1) claims that, as h — oo,

M2 @) — ) =5 N (0, 571), (1.9)

for any # = (04, 6,)’ inside the stability region A (1.4) and on its boundary d A, where I is the identity matrix. Thus the
sequential estimate (1.6) and (1.7) has a unique normal asymptotic distribution in the closure [A] of the stability region
(1.4).It will be observed that the normalizing factor M;/hz and the limiting distribution in (1.9) remain the same in the whole
region [ A] in contrast to the case of the LSE (1.3), which has seven different limiting distributions in [ A]. The convergence of
the sequential estimate (1.6) and (1.7) to the normal distribution in (1.9) is not uniform in @ for @ € [ A]. It can be explained
by the fact that in the case, when the polynomial (1.2) has one root inside and the other on the unit circle, the rates of
information provided by sample values x, about the unknown parameters 6, and 8, may differ greatly.

Theorem 3.1 permits setting up tests of hypotheses about # and forming asymptotic confidence regions for 6 on the basis
of standard normal distribution for the sequential estimate (1.6). It will be noted that solving the above problems on the
basis of limiting distributions for LSE (1.3) is complicated by the fact that one needs some knowledge about the location
of unknown parameters (see [4] for details) to determine both the normalizing factor for the estimate deviation and the
appropriate limiting distribution.

In the paper we study the estimation problem for the unstable AR(2) process and show that one can reduce the number of
limiting distributions in the least squares method to one by making use of a special stopping time. It is difficult to conjecture
the result of applying the proposed stopping rule for the general AR(p) case but one can hope that it may also be useful
in overcoming the drastic differences of behavior of the AR(p) process at different ‘unstable’ points on the boundary of the
stability region.

The remainder of this paper is arranged as follows. Section 2 gives the asymptotic distribution of the stopping time
(1.7) (Theorem 2.1) and some properties of the observed Fisher information matrix. In Section 3 the asymptotic normality of
sequential estimate (1.6) for unstable AR(2) model is established (Theorem 3.1). Section 4 proposes the sequential estimation
scheme for the case of unknown variance o2 in model (1.1). Section 5 contains some technical results.

2. Properties of the stopping time 7(h) and the observed Fisher information matrix M,

In this section the attention is mainly focused on the case when the unknown parameter § = (61, 6,)" belongs to the
boundary 90 A of the stability region (1.4). The boundary 9 A includes three sides:

F1={03—9]+92=1,—2<01<0}, F2={0591+92=],0<91<2},
F3={03—2<91<2,92=—1} (21)

and three apexes (0, 1), (=2, —1), (2, —1). Denote

(0 6 (10
a=(18) o= o)

1 [nt] 1 [nt] i
W =——Yg, wP0O=—Y (=1, 0<t<1, 2.2
(t) Gﬁgl ) oﬁ;(m <ts< (2.2)

and introduce the following functionals

t t s 2
Ji(x; t) = / x*(s)ds, Ia(x; t) = / (f x(u)du) ds, (2.3)
0 0 0

t t 2
J3(x;y; t) = f (E(s) +y*(s)ds,  Jalx;t) = ( / x(S)dS> .
0 0

Theorem 2.1. Let 7 (h) be defined by (1.7), a and b be real roots of the polynomial (1.2), —1 < a < b < 1. Then, foreach 8 € A,
Py — lim 7(h)/h=1/trF, F— AFA' = B. (2.4)
— 00

Moreover, foreach @ € 0 A, as h — oo,

vi(Wy) =inf{t >0: g4(Wy;t) > 1} if 0 € I,

t(h) v(W) =inf{t >0: g;(W;t) > 1} if 0 €Iy,
£ Lus(W, Wy) =inf{t > 0: g3(W; W5 6) > 1) if 6 € I3U{(0, 1)}, (2.5)
v (®. h) v (W) = inf{t > 0: L(W;0) = 1) if = (2, 1),

vs(Wy) =inf{t > 0: oWy 0) = 1} if 0 = (=2, 1),
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where inf{(}} = co, A is defined in (1.4),

(+b)yh/2 if0 e,
(1-a/h/2 ifoel,
V(0. h) = {2hsing if 0= 2cosp, —1) €I,
V2h if 0= (0, 1),
(/Y% if 6 € {(=2, 1), 2, — D},
W (t), Wi(t) are independent standard Brownian motions.

Proof. Assertion (2.4) easily follows from Lemma 3.12 in [6].

2619

(2.6)

For @ € 9 A we decompose the original process (1.1) into two processes (uy)k>1 and (v)>1 using the transformation

QXk = (Uk, 'Uk)/,

(2.7)

where Q is a non-degenerate constant matrix of size 2 x 2 which will be chosen later depending on the values of
0. The limiting relation (2.5) for € Uf‘:] I; has been proved in [7], Theorem 2.2. It remains to consider the apexes

2,-1),(—=2,—-1), (0, 1). Denote

0 5) ol ) o

For § = (2, —1), making use of Q; in (2.7) one obtains

—_

)

i,

ko J
=1

k k
v = E &, U = E (% — xj-1) = E v = E
= = = =i

n

n n n
2 2 2 2 2
Z X111 = Z Up T+ Z“kfz =2 ZU,<,1 U1
k=1 k=1 k=1

k=1
By the definition of 7 (h) in (1.7), one gets

[ch!/4)
Py {z(h) < th/*} =Py { > [IXeeal = ho?
k=1

2 B 1
_ 2 2
=Py ho2 Z U1 ho? u[tl11/4]—1 >1
=1

Further we show (by the argument similar to that in the proof of Lemma 2.3 in Section 5) that the sum

[nt]

S0 = = Y Ut = LW 0 +87 ),
k=1

where g™ (t) is a random process such that, for any § > 0,
lim Py(|g™ ()| > 8§) = 0.
n—00
Now we check that
nlggo ul/n* =0 Py-as.
By the Cauchy inequality and the law of iterated logarithms we have
n k 2 noq [k 2
ul/n* <n7? Z (Z el) , Z ] (Z 5,-) <00 Pg-as.
k=1 \j=1 k=1 j=1

These inequalities, by virtue of the Kronecker Lemma, imply (2.11).
From here and (2.10) and (2.11), we obtain

Py (z(h) /¥ (8, h) < t) = Pe(vy” < t) + Bo(h),
where v” = inf{t > 0: go(W™; t) > 1}, limy_.« Bo(h) = 0.

W™ (t) is given in (2.2). This, by the functional Donsker theorem (see [3]), leads to (2.5) for § = (2, —1).

(2.8)

(2.9)

(2.10)

(2.11)
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The case of the apexes (0, 1), (—2, —1) can be considered similarly with the use of Theorem 5.14 given in Section 5.
Hence Theorem 2.1. O

Now we will establish some properties of the observed Fisher information matrix M,,. Introduce the following subsets of
the closed region [A]:

Ag = [A]\ UB:', Ag = Agq+ Agp; (2.12)
i=1
Agq = AgNVy, Agp = A\ Ag1;

d —07
Vi ={6:-2+—<06,<0, —+—<92<1+91
V2

d —912 d2
U 0:0S91§2—7,7+§<92 1—91

B; are open balls of radius d > 0 centered at the apexes (-2, —1), (2, —1).

In view of Theorem 1.1, it suffices to study the properties of M, only for the parametric subset A, ; and the apexes
(=2, —1), (2, —1). In the case of A4 1, one can use the transformation (2.7) with the matrix Q; and -1 < a < b < 1.
Substituting (2.7) and Q; in M, (1.3) yields

My =Q7'S:(@Q) ' = Q'R uR Q)T (2.13)
where J;, = R, S; Ry, Ry = diag ((Ll, u);l/z, (v, U);l/Z),
_ 1 & _ u,u)n W, V).
= (sn 1) ’ Sn = ((u, V)n (v, v)n> ’ (2.14)
gn = (u7 u);]/z(vﬁ U)gl/z(u7 U)", (u7 v)n = Zuk—lvk—l~ (215)

k=1
Proposition 2.2. Foranyd > 0and § > 0,
Jim sup Py (e — T(01,62)| > 8) = 0; (2.16)

h— o0 0cAgq

1 r b)) ra by = Y- @Y1 (2.17)

10 0) = (r(a, by 1 1—ab

The proof of Proposition 2.2 is given in Section 5.

Further we consider the asymptotic behavior of the matrix J,, in the extreme cases when the process x; is “most” unstable,
that is, @ coincides with one of the apexes (—2, —1), (2, —1) of the parametric region [A].

For @ = (2, —1) we take the matrix Q; from (2.8). This yields

j k
u,<=228,, vk=Zaj, k>1, ug=vg=¢9 =0. (2.18)

j=0 i= j=0
For @ = (—2, —1) we take the matrix Qs from (2.8). This implies

k j k
we= (DI Y (D,  wve=) (-1V
j=1

=1 i=1

Lemma 2.3. Let &, be given by (2.15)and 0 € {(—2, —1), (2, —1)}. Then

pW) if 0 =(2,—1), .
5 = {w(Wl) ifO=(—2,—1), ®n—>00 (2.19)
oW) =279 "2 (W: )97 AW 1) ga(W; 1). (2.20)

The proof of Lemma 2.3 is given in Section 5.
3. Asymptotic normality
It is known that the sequential least squares estimate (1.6) and (1.7) is asymptotically normal just like the ordinary LSE

for any value of @ in the stability region A. Moreover, according to Theorem 1.1, this convergence of sequential LSE to normal
law is uniform in @ belonging to any compact set in A supplemented with the part of its boundary corresponding to complex
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roots of the polynomial (1.2). In this section, we will show that in contrast with the ordinary LSE (cf. Chen and Wei [4]), the
sequential LSE is asymptotically normal also on the boundary d A of the stability region A.

Theorem 3.1. Let t(h), (z (h)) and M, be as in (1.3), (1.6) and (1.7). Then

lim sup
h—o00 teR?
forall @ € [A], where @,(t) = @ (t1)D(t2), t = (t1, t)', @ is the standard normal distribution function; [ A] is the closure of
the stability region (1.4).
Proof. By Theorem 1.1, we show (3.1)for§ € I7 U I U {(0, 1), (=2, —1), 2, —=1)}.1f0 € I'1 U I, U {(0, 1)}, the minimal
and the maximal roots a and b of the polynomial (1.2) satisfy the inequalities —1 < a < b < 1. Using the transformation
(2.7) with Q; we decompose the original process (1.1) into two processes (uy) and (vi) which obey the equations

Py (M7 6z () — ) < t) — yt/0)| =0, (3.1)

U = aUy—1 + &, vk = by + &, up =vg =0. (3.2)

Since the matrix Q, is non-degenerate, (2.13) implies

M} = Q'R A (3.3)
Substituting this matrix in the standardized deviation of the sequential estimate (1.6), one gets

t(h)
M BT (h) — 0) = J, 4/ Reary Y QoXimren = J, ) Zen» (34)
k=1

!
where Z, = ((u, u),?”2 ZZ:1 Up_1&k, (U, v);”2 ZZ:1 vk_lek) . Further we note that Proposition 2.2 implies that, for any

6 >0,

lim  sup Py (||j;(,1]§2 1 > 5) —0. (35)
h—00 g Uy U{0,1)}

Therefore in order to prove (3.1) for @ € I'; U I, U {(0, 1)} it suffices to establish the following result.

Proposition 3.2. Let § € I'y U I; U {(0, 1)}. Then, for each constant vector . = (A1, Ay)’ € R? with ||A|| = 1, the random
variable

Yh = )./Zr(h)/d (36)
is asymptotically normal with mean 0 and unit variance, as h — oo, that is,

lim sup [Pa(Y, < t) — @(t)| = 0.

h—00 teR

The main difficulty in the analysis of Yy is that the stopping time (1.7) enables one to control the sums (u, u)r#), (v, V)<m)
in the denominators of (3.6) only partially because one of them or both are random variables even in the asymptotic as
h — oo.

The proof of Proposition 3.2 is given in Section 5. The key idea of the proof is to replace Y, by a more tractable random
variable Yy, equivalent to Y, in distribution by making use of the Skorohod coupling theorem and then apply the Central
Limit Theorem for martingales. Section 5 contains also the proof of Theorem 3.1 for the case of 8 € {(—2, —1), (2, —1)}.
This case is considered separately because the matrix J,, in (3.3) converges, according to Lemma 2.3, only in distribution. O

4. Case of unknown variance

In this section, we extend the sequential estimation scheme to model (1.1) with unknown variance. It is shown that
the sequential least squares estimate modified to embrace this case remains asymptotically normal uniformly in 6 for any
compact set in the region A; = A U I'3 (Theorem 4.1) and it is asymptotically normal in the closure of the stability region
[A] (Theorem 4.2).

Suppose that the variance o2 in (1.1) is unknown. A commonly used estimate for o2 in autoregressive processes on the
basis of observations (x1, ..., x,) is defined as

n
62 =n"">"(x — 0 (MXi-1)’, (4.1)
k=1
where #(n) is the least squares estimate of @ defined in (1.3). Now we must modify the stopping time (1.7). At first sight,
to this end one should replace 2 in (1.7) by ;2. However, we will use a different modification similar to that proposed by
Lai and Siegmund for AR(1) model, which turns out to be more convenient in the theoretic studies. Define the sequential
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estimate as

7 (h)
0 (h) =M Y X 1x, (4.2)
k=1
n
t(h) = inf{n >3:) (x> hsﬁ} , (4.3)
k=1

where s2 = 67 \ 8, 8y is a sequence of positive numbers with §, — 0.
The main results of this section are stated in the following theorems.

Theorem 4.1. For any compact set K C A1,

lim sup sup [Py (M} B(F (W) — 6)/6+) = £) — @2(6)| =0, (4.4)

h—=00 gek ¢cp2

where @, (t) = & (t1)D(ty), D is the standard normal distribution function,
A ={0=(01,0): —1+6, <01 <1—06,, —1<6, <1}, t=(t,t).

Theorem 4.2. Forany 0 € [A],

lim sup |Pp ( 12 02 () — 0) /83 < t) - qﬁz(t)‘ —o.

h—o0 teR?

We omit the proofs of Theorems 4.1 and 4.2 which are similar to those of Theorems 1.1 and 3.1 though they become
more laborious.

5. Auxiliary propositions
This section contains the proofs of some results used in this paper.
5.1. Proof of Proposition 2.2

First we prove three lemmas.

Lemma 5.1. Foreachm =1, 2, ... and forany § > 0,

lim sup Py(t(h) <m) =0, lim sup Pyg(1/7(h) > §) = 0. (5.1)
h—00 gerA] h—=00 e[ ]

Proof. These equations follow from the definition of z(h) in(1.7). O

Lemma 5.2. Forany § > 0,

lim sup Py | |——
h—o00 0e[A]

Proof. One has Py (

1 ,Z(:hl)sf—az‘>8)

0}
1 n
2 2
;ng—a

> § for some n > m) .
k=1

< Py(r(h) <m)+ Py (

Lemma 5.1 and the strong law of large numbers yields the result. O

Lemma 5.3. Let (ug)k>0 and (vi)i=o be the processes defined in (3.2). Then, for eachd > 0 and any § > 0,

lim sup Py (lr(h)(u, u);q — (1—d*)/o? > 5) =0, (5.2)

h—o0 0cAgq

lim sup P, <|T(h)(v, Vi — (1= b)) /o?| > a) —o0.

h—o0 0cAg 1
Proof. Since these relations are similar, we verify only (5.2). First we show that, for eachd > O and any § > 0,
lim sup Py <|t(h)(u, Wl — (1 —a)/o? > 5) =0 (5.3)

h— o0 OcAg 1,
—01+0,<1
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Squaring both sides of the first equation in (3.2) and summing give

«(h) «(h) v(h)
2 2 2 _ 2 2
(1—a )ZUH = Uy — Uz +2aZuj,1ej + Zej.
= =1 =
This, in view of (2.16) and the estimate Y _; e < 4> ;_, u?_,, yields

7(h) z(h)

1 uz(h) 2 k21 Ug_18 ,{2:1(8,3 —0?)
@, u) . — (1 —=d*)/o?| < ! = = ) 5.4
Qs e — o= G, Weay 02U Wi 24 S 2 oY
(0 /4) Z 8](
k=1
By Lemma 5.2, we have to show that, for eachd > 0 and any § > 0,
lim sup Py (ui(h) (u, u)r_(}l) > 8) =0, (5.5)
h—=00 ge A4 1N{—6,+6,<1)
(h)
lim sup Py Uerge| @, )= >8] =o0. (5.6)
h— o0 OcAg 1N{—01+6, <1} ( ; g *®)
One has
Py (uZ(u,u);' > 8) < Py(t < m)+ Py (ui(u,u)," > for somen >m). (5.7)
It is known (see, [14]) that
lim sup Py(u2(u, u)," > & for some n > m) = 0. (5.8)

Applying this and Lemma 5.1 in (5.7) yields (5.5). To prove (5.6) we use the representation
t(h)

Zu & /(u Uy = Ce(ny Max 110 ( 40 )1/4 1
2 Ut Wehy = Sechy (W, W \ (U, W YTy )

where ¢, = | 22:1 Ug_1&k|/ max (n, (u, u)ﬁ/ 4). By Lemmas 5.1 and 5.2 and applying the uniform law of large numbers for

martingales (see [14]) one comes to (5.6). Combining (5.4)-(5.5) and Lemma 5.2 one gets (5.3). It remains to show that, for
eachd > 0and§ > 0,

lim sup Po(|z(h)/ (U, w)emy — (1 —a*)/a?| > 8) = 0. (5.9)
h—=00 ge Ay 1N{—01+6, <1}

If6; + 6, = 1, then a = —1 and the process u, in (3.2) satisfies the limiting relation (see, e.g., [15])

2

n
. . 2 2 _
llnrglolgf E ui/(n“/loglogn) = a.s. (5.10)

o
k=1 4

By making use of the inequality

pe(r(h)>8> §P9(1'<m)+P()(( n

(U, W W

> § for some n > m)

and (5.10), we come to (5.9). This completes the proof of Lemma 5.3. O

Now we can prove Proposition 2.2. We have to show that, for eachd > 0 and any § > 0,

lim sup Py (|&n —r(a,b)] > 8) =0. (5.11)

h—o0 OeAg

Denote

t(h)
=AY Ui D=1, T(h), Ay = (), (v ) (5.12)
k=l
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From Eq. (3.2),one getsfor[ =1, ..., t(h) — 1,

7 (h) 7 (h)
Z Up—|Vk—| = Z (aug_j—1 + &x—1) (bvg_j—1 + &x—1)
Py k=111
z(h) T (h) T(h)

k=I+1 k=I+1 k=I+1
Substituting this in (5.12) yields

) =abn 4+ ze, 1<1<t(h);

T T T
2
Zr| = Ap (G E U161+ b Z Vk—i—18k—1 + Z Sk,) .
k=11 k=11 k=11

Putting ¢, = n\' "™

Im=ablm_1+2zm, 1<m<t(h), fo=0.

Solving this equation one finds

one comes to the equation

T(h)—2

Echy = Gey—1 = Z (@bYze(py-1-5-

=0

Introducing the sums

Sm= (ab), m=0,
=0

one can rewrite this formula as follows
t(h)-3
&xy = Semy—221 + Z Si(Ze(y—1—j — Ze(hy—2—j) -
j=0

By making use of (5.13) one can easily verify that

2
Ze(hy—1—j — Ze(hy—2—j = An(QUr(hy—2—jErmy—j—1 + DUry—2—j&ry—j—1 + Exy—j—1)-

Substituting this in (5.15) one obtains

gr(h) - %'1(1) + %'1(2) + 51(3)5

T(h)—1 T(h)—1
1 2 2
h( ) = Ah Z r(h),lfksk, ],E ) = aAh Z Sr(h),],[<l«lk718k,
k=1 k=2
(h)—1
3
,f ) = Z r(h)—l—kvk—18k~
k=2

To show (5.11) we have to check that, for eachd > 0and § > 0,

lim sup Pyp(|&" —r(a,b)| > 8) =0,

h~>oooeAd1

lim sup Pp(|&"] >8) =0, i=2,3.

h_’OOOEAd_l

First we will verify the equalities for some subsets of A4 1: for any q €]0, 1]

lim sup Pg(|$,fl) —r(a,b)| >68) =0,
h=00 ge A4 1N{6:]abl<q}

lim sup P& > 8) =0, i=2,3.
h=00 ge g 1n{6:]abl<q}

Denoting lim,_, o S, = (1 — ab)~! = S* we rewrite é,f]) as

T(h)—1 T(h)—1

W =AST Y A Wh Wi=Ay Y (Sey-1-k — SVe}
k=1 k=1

2
ab E Ug—|—1Vk—1—1 + @ E Ug—|—18k— + D E Vk—l—1Ek—1 + E &t

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)
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By Lemmas 5.1 and 5.3 one gets

-1
AS*Y et =v1—aV1—-b2(1—ab)™ +ay, (5.21)
k=1

where «;, satisfies, ford > 0,0 < g < 1,and § > 0, the limiting relation
lim sup Py(Jap| > §) = 0. (5.22)

h—00 ge A4 1N{6:]ab|<q)
For |Wjy|, on the set (t(h) > N + 1), one has the following estimate

1 1
i th) 2/ th) \2 1 "®!
|Wh|§frflzal3<|5n—5|< ) ( ) P Zsﬁ

(U, W (v, V) =

* rh) i oty \P[ 1 @S , 1 e
+T31X|Sn—5|<(u7u)r(h)> <(vvv)r(h)> (r(h) Z 8,{—m Z e2).

k=1 k=1

From here, in view of the inequalities,

max [s, — | < ¢"*'/(1—¢q),  max|s, —§*| <q/(1-q),
n= n=

by applying Lemmas 5.1-5.3, we obtain

lim sup Py(|Wy| > 8) = 0.
h—00 ge A4 1N{6:|abl<q}
This and (5.20)-(5.22) imply (5.19). Similarly one shows (5.19) fori = 2, 3.
Thus we have verified all limiting relationships (5.19) which give the asymptotic convergence of random variables &
on the parametric set A, ; with the additional condition |ab| < q. It remains to show that 5,1(') converges on the set A4 1.1t
will be observed that, by the definition of parametric set A4, in (2.12), there exists a number g* € (0, 1) such that for all

q* < q < 1the corresponding set A4 1 N {@ : |ab| < g} contains all points of A4 ; except for those lying in some vicinity of
the apex (0, 1). On the other hand, function r(a, b) in (5.18) vanishes when |ab| approaches 1. Therefore, for a given § > 0,

there exists a number ¢ > g* such that, for every @ € A4, N {0 : |ab| > @}, the inequality ~/1 — a>~/1 — b?> < §/3 holds
and therefore

r(a, b) < 8/3. (5.23)

(1)
h

Consider 5,51). Since S,, < 1 for negative ab, then, in view of Lemmas 5.1 and 5.3, |§,§1)| can be estimated as

1 1 T(h)—1
|$,§”|5< A0 ) ( AL ) ! Y &=V -1 - +a,

(U, W W, Ve /) ) =

where limp—, o SUPge 4, , Po(lan| > 8/3) = 0. From here and (5.23) one has

&0 —r(a, b)| < 28/3 + ay.

n
Therefore, for any A > 0, there exists a number hq such that for all h > hy
sup Py(1&" —r(a, b)| > &) < A. (5.24)
0cAg 1N{6:|ab|>q}
By (5.20), for any A > 0, there exists a number h; such that for all h > h;
sup Pp(&" —r(a, b)| > 8) < A. (5.25)
e Ag,1N{0:]ab]<q)

Combining (5.24) and (5.25) we come to (5.18).
Further we estimate |Sh(2)| forf € Ay1N {0 : |ab| > g} as

o (T (1 e ) o
< (2 — =J1-p? ,
5l = ((U,U)z(h)) z(h) ; o T

where oz}(,]) satisfies limp_, oo SUDge A, Pg(|a,§1)| >§/3)=0.

This enables us, as in the case of E,.(ll), to show (5.18) for i = 2. The case of "311(3) can be studied by a similar way. Hence
Proposition 2.2. O
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5.2. Proof of Lemma 2.3

Consider the case when @ = (2, —1). Denote

mr 1]

t
0 = Z wi' k= [ o (526)
0

where W[(") is given in (2.2). Then the nominator in (2.15) becomes

k 1
=n ™ wm . 527
2 an() 1 (527)

It will be observed that
fO0) =l W) + D@,  rP O] < oW™; [0, 1]; 1/n), (5.28)

where w(f; E; §) denotes the oscillation of a functionf : E — Rofradius § > 0, thatis, w(f; E; §) = Supy_y<s x yer If () —
f@)|.By (5.26) and (5.28)

riV(t) < max leil/~/n — 0 as. (5.29)

Substituting (5.28) in (5.27) yields
n n -l
Zuk,lvk,l =n’ Zlk;] WHW, = +nr?, (5.30)
— Tn

where r;? = Y " (X) Wi, 1. Note that in view of (5.29),

@) < W leil _ leil
In?1 < max W™ - max =% = max f (| max ==
We show that, for any § > 0,
; (2) —
nll)rgloPg (Ir?1>8) =0. (5.31)
By applying the Kolmogorov inequality one gets, forany § > 0 and A > 0,
2.2
@ leil A%
Py (Ir\?| > 9) §P9<1ng;‘i<)§7 . >A)+ 57
This implies (5.31). Now we rewrite (5.30) as
n 1
Zuk_lvk_l = n3/ LW™)yW™dt +n’r® + n?r®; (5.32)
0
3) )y 1 - leil
21 < o (o (W )W[m wi 10,1~ ) < 21n<1ka<an Zs, max

1
N =Av B A= / (Han W) = LW ™)) Wi e,
0 n T

1
Bn:/ (W ™) <w§331 Wt(")> dt.
0

For A, and B,, one has the estimates

|Ap] <n7! max W™ =n~? max

1<k<n

)

>

|B,| < max |1t(w<">>| - max |&i] /+/n < max [W,"| - max [e;|/v/n.
0<t<i 1<i<n 0<t<i 1<i<n

From here and (5.32), it follows that, for any § > 0,
lim Pp(Irl’| > 8) =0, i=3,4. (5.33)
n—oo
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Consider now the sums in the denominator of (2.15). One can show that

1 1 2
(W, uyy = n* / RW™ydt +n*r®, (v, o), =1’ / (W}")) dt +n’rl®,
0 0

where r,§5) and r,ﬁs) are such that, for any § > 0,

lim Py(|r’| > 8) =0, i=5,6. (5.34)
n—oo
Substituting (5.30) and (5.34) in (2.15) yields
En=oW™) + 1, (5.35)
where 1, in view of (5.31), (5.33) and (5.34), satisfies, for any § > 0, the relation
lim Py(|ry| > 8) = 0.
n—oo

One can check that the functional ¢(x) given by (2.20) is continuous everywhere in C[0, 1] except for the point x(t) = O.
Since the Wiener measure of the set D = {x = 0} equals zero we can apply the Donsker theorem to this functional in (5.35).
This leads to (2.19). It remains to verify that 0 < ¢(W) < 1.1t is obvious that the function ¢ (W) in (2.20) can be viewed as
the inner product of the functions

t
x(t) = 952 (w; 1) / W(syds,  y(t) = g; > (W; HW(o).
0

The equality ¢(W) = 1 is possible iff the functions x(t) and y(t) are linearly dependent, that is, x(t) = Cy(t), 0 <t < 1,
for some constant C. However this does not hold with probability one, because x(t) is absolutely continuous and y(t) is
non-differentiable almost everywhere. Hence the case # = (2, —1). Similarly one can show (2.19) for # = (—2, —1). Hence
Lemma2.3. O

5.3. Additional properties of the sums (u, u), @ and (v, V)

In addition to Lemma 5.3 we will need the following results.

Lemma 5.4. Foreachd > 0and § > 0,

2(1+ab

lim sup Py ( ho® (u, ) ) — (;)2 6) =0, (5.36)
h—00 ge A4 11(8:6, <0) (1 —ab)(1—b?)

lim sup Py(|(v, v);q, — (1 —b*)/T(h)] > 8) =0, (5.37)
_)OOOEAdJ

. _ 2(1+ ab)

lim sup P ( ho?(w, o)} — — -~ 5) =0, (5.38)
h—=00 g A4 1N (8:6,>0) 0 ™ (1 —ab)(1 — a?)

lim sup Py(|(u, u); g, — (1 —a®)/T(h)| > §) =0. (5.39)

h— o0 0eAgq

Proof of Lemma 5.4. Consider first (5.37) and (5.39). By Lemma 5.3
(g =1—+a(h), ()@ v);5 =1-b"+ah),
where «1(h) and a; (h) satisfy, for any § > 0, the relations
lim sup Py(Jo(h)| >8) =0, i=1,2. (5.40)

=00 ge Ay,
Therefore

W, u) gy — (1 =)/t =ar(W)/t(h), (v, v)74 — (1 =b*)/t(h) = ay(h)/T(h).
These equalities and (5.40) imply (5.37) and (5.39). Denote

ty = ho? (u, u) ;) — 2(1+ab)/((1 — ab)(1 — b?)).
By the definition of stopping time 7 (h) in (1.7), one has

T(h)—1 z(h)

2 2 2 2
ho? = ; X1 117 + 01X gy || :;’nxkqn :
— k=
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where the prime at the sum sign means that the last addend is taken with the correction factor ¢, providing the validity of
the left-hand side equality, 0 < «, < 1. This equality implies
t(h)

- —1
ho?(u, u)r(}l) = (U, u) gy tr Z Xi—1X_,
k=1

1 1 (W, V)ry/ (WU, Wy 1y
e ((U, Ve /(U Wemy (U, V)ewy/ U, u)r(h)) @ (541)

By Lemma 5.3
W), t W)
w,w, @Wuw, =

Since, on the set Ag 1 N (@ : 9; < 0), parameter b is bounded away from the end-points of the interval (—1, 1), then, for any
>0,

lim  sup Py (Ix() ', V)ewy —0*(1 = b*) 7' > §) = 0.
h—=00 ge A4 1N(68:6,<0)

1—da?
= [ -2 —I—ou(h)] (v, V)emy/T(h). (5.42)

This and (5.42) yield (v, v)./(u, u); = (1—a?)/(1— b?) + as(h), where a3 (h) satisfies the following relation forany § > 0
lim sup Py(Jas(h)| > §) =0. (5.43)

h—o0 0cAgq

In view of (5.42) and Lemma 5.3 we rewrite the cross-term in (5.41) as

12 2
u,v v, v u, v 1—a
W, vV)emy (( )z(h)) (1/2 )z (h) = +aa(h), (5.44)

U, Wrm (u, u) g (v, V)7, 1—ab

(U, W)
where a4 (h), in virtue of Proposition 2.2, has the property (5.43). Hence

_ho® 1 A=)/ —ab)\ 1 . |
(u,u)ml)_trQ <(1—az)/(1—ab) (1—a2)/(1—b2)> @) + s

=we (aﬁh) 32%) @7
One can easily verify that
1 1 1-d)/(1—ab)\ 1, 2(1+ab)
e <(1—a2>/(1—ab> (1—a2>/(1—b2)>(Q S = A wa-w

From here and (5.37), we come to the assertion of Lemma 5.4. O

5.4. The Skorohod coupling theorem. Proof of Proposition 3.2

By Theorem 2.1, on the boundary 9 A of the stability region (1.4), the stopping time t (h) (1.7) converges in distribution to
some functional of one or two Brownian motions. In order to prove Proposition 3.2 we need to strengthen this convergence
by applying the following result.

Theorem 5.5 (Extended Skorohod Coupling; See Theorem 4.30 and Corollary 6.12 in [13]). Let f, fi1, f>, ... be measurable
functions from a Borel space S to a Polish space T, and let 1, n1, 12, ... be random elements in S with f,(1,) % f(n). Then
there exists a probability space with some random elements 7 Z n and 1y, £ N, N € N, with f,(71,) — f(@) as.

Let W = (W(t))r>0 and Wy = (W;(t))¢>0 be independent Brownian motions and ¢ = (¢q, €3, . . .) be a sequence of i.i.d.
random variables with Ee; = 0 and Esf = o2, which does not depend on W, W;. Random elements

n= (87 W, Wl)

take on values in the space S = R* x C(R;) x C(R,), where C(R.) is the set of continuous functions on R, = [0, c0).
Define the metricon S as p(i/, n”) = p1(&, €") + P2 (W', W) + p3(W;, W{'), where

_ |8/_8//|
pr(e &) =Y 27k kK

= 1+ e, — e/l
max |x(t) — y(t)|
1<t<k

. = _k
pi(x,y) Z 1+ 1ma)&< [x(t) —y(©)|’
<t<

k>1

=2,3.
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Let (S, 8B(S), P,) be the corresponding Borel space with the distribution P, induced by 7, that is, P, = P, x Py X Py, . Now
we prove Proposition 3.2.

Assume that@ € I'7UT%. Consider only the case when @ € I'y (the case @ € I, is similar). For @ € I'y the processes (u) k=0
and (vk)k=o are described by Eq. (3.2) witha = —1 and |b| < 1. Let us apply the Skorohod Theorem 5.5 to the functional

t(h)

faln) = ka 1 n=1[h/2],
and put n, = 1. By Lemma 5.3 and Theorem 2.1 we have

o£L
fa) = viWi)a? /(1 = b) = f(n).
By Theorem 5.5 there exists ) = (&, W, W1) such that

=@ W, W) Zn=(,W, W),

L (5.45)
hD = o WO = thya

It should be noted that all the sequences (xy), (iiy), (V) and the stopping time T are defined by foNrmulae (1.1), (1.7) and
(3.2) with a given 0 € I replacing in them ¢ = (g;) by &€ = (&;). Besides we define a counterpart Y, for Yy in (3.6) by the
formula

B A T(h) A 7(h)

V= ——— ) Ui&k+ ————= ) Ur-1ék
o/ (U, Wz ; o/ (0, D)z ;

By the construction the distribution of the random variable )?h coincides with that of Y; and therefore, for our purposes, it
suffices to study its asymptotic distribution as h — oo. In view of (5.45) and Lemma 5.4, we rewrite Y} as

(5.46)

1 T(h)

sz ng—15k + ri(h);

; M2 / 3
Ber= 13 uk 1+ A (2h)”“vk (5.47)

#(h) z(h)
ri(h) = fh Zuk 18k + ( ) t} Z Vk—181;
=1

7, =

1 1 1
e e o B B | L) Rt
o? (@, Wz n 1+b o? v, )z v1(Wy)
Let us show that, for any § > 0,
Jlim P,(|r;(h)| > 8) =0, (5.48)

where Py is the distribution of the process (X;). We rewrite ry(h) as

1 7(h) 1 1 1/4 z(h)
ri(h) = Z Up_1E + fur(h) 185n) + <h) t Zf)kflgk-
=1

k=1

Forany § > 0 and any C > 0, we have the estimate

) |tz (hy—182(n) | )
C P, (|t} |C > = P,| ———— -
>>+0<|”| >3)+0( N RAE

#(h) s
>C|+P, <|r,3|c > §> : (5.49)

1 -
+P, (|t,}| > w/a/a) +P, (111/4 3
k=1

Now we will study each term in the right-hand side of (5.49).

T(h)—1

E Uy—18y

k=1

Py(Iri(h)] > 8) < P (
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Lemma 5.6. Foreach 6 € I7,

T(h)—1
li P, cl=o. 5.50
g (G55 ) - (550
Lemma 5.7. For each § > 0,
hlim Py (h™ 2|tz gyy—18zm| > 8) = 0. (5.51)
—> 00

Lemma 5.8. Forany0 < C < ocoanda > 0,
a z(h)
>C SE+P;, kal_ . (5.52)

Lemma 5.9. Foranya > 0and A > 0,

7 (h)

p; (1
h1/4 —

E Uk—1€k

z(h)

1
lim P (f Y iz a) < P,(v;(Wy) > d), (5.53)

k=1
whered = av/2(1+b)~" (62(1 = b))~ + A)fl.
Proof of Lemma 5.6. By the definition of 7 (h) in (1.7), one has
T(h)—1 o2 OSSN
Z il 1ek> < - lIQI’E, ( > ||xk_1||2> <o'llQl,
k=1
where Ej is the expectation with respect to P. This implies (5.50). O

Proof of Lemma 5.7. One has
-1 . B
Py (lizqy-18enl /Vh > 8) < P (nan (VR)  I%eil - 1| > 8)

< By (W IQIP IReq 4 PC > 87) + €2
It remains to show that

Jim P, (h "Xz y_1]> > ) =0, (5.54)
—00

where § = §2|Q||~2C2. We have

N i N 5 s
P,(h X m 1l > &) < Py | 1Xen_al> > — 1 X1 112
o eyt l” > 8) < Py | Xyt l” = — ; I Xie—1 I

3 . 8 N o
< Py(Z(h) <m)+ Py <||Xn||2 z5 Z I Xi—1]|> for some n > m) .

k=1
By virtue of the relation (3.3) in [7] and Lemma 5.1, we come to (5.54). O

Further we need the following Lenglart inequality.

Lemma 5.10 (See, [17] Ch. VII, 3, Th. 4). Let (&,, ¥,) be non-negative adapted sequence of random variables and (A,, ¥,) be
predictable increasing sequence which dominates (€,) in the sense that, for any stopping time o with respect to (%), one has
E¢, < EA,.Then, foranye > 0anda > 0,

P(sup & > ¢) <& 'E(A, Aa) +P(A, > a).
1<j<o
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Proof of Lemma 5.8. Denote

2
n
Er=h'"? (Z ak_lék) . =1, & =0

(5.55)
An=h" 1/2ka o n>=1,A=0.
k=1
Let us introduce the filtration (#;),>0 with
Fo=o{vWp)},  Fo=0{v(Wy),&1,..., 5} (5.56)

Note that for each stopping time o with respect to this filtration, one has
Egé, < EgA,.
Therefore the processes (5.55) satisfy the conditions of Lemma 5.10. Applying this lemma with o = 7 (h) yields (5.52):
Py(&:y > C) < CT'Ep(Aimy A @) + Py(Azny > a)
< (JC71 —f—P/a(A{—(h) > a). O

Proof of Lemma 5.9. For any A > 0, one has

e #h)  (1+Db)
Po (720 Dz 2 @) = P ((1+b)W 2

+ B (20 @, D)oy — 0?/(1 = D) = 4).

From here, by Theorem 2.1 and Lemma 5.3, we come to (5.53). O

(@*(1—=pH~" +A)>a>

Now we are ready to show (5.48). Limiting in (5.49) h — oo and taking into account Lemmas 5.4 and 5.6-5.9 and (5.45)
we obtain
F(h)—1
D T

h— o0 h>0 k=1

lim sup Py(|r1(h)| > 8) < supP, («/ﬁ > C) +a/C + P;(v1(W1) > d).

In view of Lemma 5.6, limiting C — oo and then a — o0, we come to (5.48).

So we have
~ 1 Im
b= ; &1+ ri(h), (5.57)

where ry(h) satisfies (5.48) and

Fio1 = Ouv2/(1+ b))l + (wl —b / (o\/ vl(Wn)) h) 4%,

For a given h > 0, we define the random variable

n
1o(h) = inf {n >1:) &, > haz} . inf{¢} = oo, (5.58)
which is a stopping time with respect to the filtration (&) in (5.56), and rewrite Yy, from (5.57)as
3 1 w®
= i 2 Z 818k + 11(h) + ra(h);

(5.59)
z(h) To(h)
r2(h) = (Z 8r—18k — Z 8- 18I<> .

Now we observe that the first term in the right-hand side of (5.59) is a martingale with respect to the filtration (#,) in
(5.56) stopped at the time (5.58). According to the Theorem 2.1 from [14], it is asymptotically normal with mean 0 and unit
variance as h — oo. Therefore to end the proof of Theorem 3.1 for § € I'; it remains to prove that, for any § > 0,

lim Py(Ir ()] > 8) = 0. (5.60)

First we will establish the following results.
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Lemma 5.11. Foreach @ € I'1 and any § > 0,
7o) —1
lim P (gfo(h)_l/ > g, > 5) =0. (5.61)
k=1

T(h)vro(h)

Lemma 5.12. Foreach 6 € I'y and any § > 0, limy_, o Py(Uy > 8) = 0, where Uy = %Zk:f(h)m](h)ﬂ g,f_l.

Proof of Lemma 5.11. One has the inclusions, for any A > 0,

T9(h)—1
<§30(h)1/ Z g > 5) C (Wrpw—1 — Il > A) UA, (5.62)

k=1
where [ is 2 x 2 identity matrix,
0(h)—1
A= (gfo(m] / Y 8> 8 w1 — 1l < A).
k=1
By the relation below (5.57) one gets

82 = (z1lin + 2200)? < 22302 + 22202, (5.63)

21 =1V2/(1+b), 2 =kV1-b2R)"Y/ (a\/vl(wo) ;
n n
Y&, =D (2. Bier))’ = Z/R; Ry 12
- = ;1;;1(],1 —DR'Z+Z'R*Z, Z=(21,2);
Z'R*Z =22 (u, w)y + 25 (v, V). (5.64)
From here it follows that
Ac (B> 07 R 20 = g1 — 1D, W1 — 11 < 4)
C (rp<m)U (22121]% > 8271(1 — A)Z'R;%Z for some n > m) U (22%5,21 > 8271(1 — A)Z'R;%Z for some n > m)

C (ro <m)U (202 > 827"(1 — A) (&, ), for some n > m) U (207 > 627" (1 — A) (¥, i), for some n > m) .
(5.65)

Combining inclusions (5.62) and (5.65) yields

(-1
(gfzo(h)l/ Z &1 > 8) c (| wm-1 — 1l > A) U (to(h) < m) U (&2 > &§'(il, 1), for some n > m)
k=1
U (92 > 8'(@, )p forsomen > m), & =84""(1—A).
This implies

T0(h)—1
P, <§30<h>—1/ Z &, > 3) < Py(Urgy—1 — Il > A) + Py(ro(h) < m) + P, (i > &'(i1, ), for some n > m)
k=1

+P) (V2 > 8' (0, V), for somen > m). (5.66)

By the same argument as in the proofs of Lemma 5.1 and Proposition 2.2, one can show that for every § € I'; U I'; and for
eachm=1,2,...and any A > 0, respectively,

lim Pj(to(h) <m) =0, lim Pj(|[Jqym_1 — Il > A) = 0.
h—o0 h—o0

The last two terms in (5.66) also converge to zero by the well-known property of AR(1)-processes with parameter in the
interval [—1, 1] (see, [14]). This completes the proof of Lemma 5.11. O
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Proof of Lemma 5.12. Note that U, = h™ (8, &)zn) — (&. &)z -
In view of (5.63) this quantity can be estimated as

Up = h'z' Rf(h)(]ﬂ I)Rr(h)z + 7 R,(h) - (g, g)ro(h)

IA

TN = NZ'ReG)Z + W' ZRGZ = 11+ 8241 /@ E)egir1- (5.67)

Now we show that, for any § > 0,

lim Pp(|h"'Z’Rz2.Z — 1] > §) = 0. (5.68)

h—o00 T
Using (5.64) and taking into account that for @ € Iy, z; = Alﬁ/(l +b), z =104 /1=b/(c vl(Wl)) we obtain

h~'Z'R Rr(h)Z —1 212 hil(fl, ﬁ)f(h) + Z; hil(ﬁ, ﬁ)f(h) -1

2 . 1-b2n)'2 _ _
A2 <7(u, Wz — 1) + A2 <7~(v, Vem — 1) .
"Na+pn 2\ o2n (W) "
This, in view of (5.36) gives (5.68). Now by applying Proposition 2.2 and Lemma 5.11 to (5.67) we come to the desired result.
Hence Lemma 5.12. O

The case @ = (0, 1). Thena = —1, b = 1 and Eqs. (3.2) yield

k k
Uk = (—1)k Z (_1)j8j, 'Uk = Z 8j'
j=1

=

By Corollary 5.15 one has

o2 (072w, w), 177 (v, 0)) S (F1(Was 1), g1 (W3 1)) (5.69)
Introduce a sequence of functionals

fu) = (@) (@, wa, @M @, V), T()/V2R), 1= [h].
From the definition of 7 (h), Theorem 2.1 and (5.69) it follows that

F01) S (G (Wi 1), g2 (W5 1), vs(W, W) = f ().
By Theorem 5.5 there exists 7 such that 7 £ n and

S 25 £ Gi) = (1 Was 1), a(W: 1), 05 (W, W)

On the basis of this 7 we define as before (x;), (i), (V) and Yy. It should be noted that the ratio t,, = (i, i)/ (v, V), satisfies
the limiting relation

Jim gy =k, k= F1(Wii 1)/ga(W: 1), (5.70)
Further by making use of the equality
T(h) T(h) ~ ~ ~ o~
% %=t % X =0 (@ Wiw @ Viam 1y
;n el r; X, =trQ ((u, Do (@ e ) @D

one gets
(h)

Z [ Xie—1 112 ; 1
- = trQ71 ,]/2 T(h> o (Q 1)
(U, Wz (hy ey §i thy

where &, is defined in (2.15). Since for any § > 0

Jim P (|5r<h>|ff<h> = 5) =0

from here it follows that
#(h)

Z X112
Cgim B o (
Py oo (U )z (n) 0

—

1
]/K>(Q )——<1+;>.
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On the other hand, by the definition of stopping time 7 (h) in (1.7) and Proposition 2.2 one has Py —limy_, o0 h™~ Zf(h) ||)~(k,1 II?
= 1. As result,

P, — lim h((, D) =27 (1+c7"). (5.71)
— 00
This and (5.70) give
P, — lim h((®, i) =271+ ). (5.72)
h— o0

Now we rewrite (5.47) as

_ 1 T(h)
W= ng 18+ i(h); (5.73)
Si—1 =My (A + 67D /201 + Ao/ (1 + ) /2 V1,

#(h) z(h)

A - PO -~
i = 5 (@00 = VA FeT2) 3 ik 25 "2 (@0 Daay ~VA+0/2) 3 Bt

k=

Taking into account (5.71) and (5.72), one can show along the lines of the proof of Proposition 3.2 that, for any § > 0,
limy, .00 Py (|1 (h)] > 8) = 0.

Further analysis of (5.73) repeats the case of # € I'; and is omitted.

This completes the proofs of Proposition 3.2 and Theorem 3.1 for@ € I U I, U {(0, 1)}. O

5.5. Proof of Theorem 3.1 for the case of multiple roots

Assume that @ = (2, —1) (the proof for the case # = (—2, —1) is similar). This corresponds to the multiple root of the
polynomial (1.2): a = b = 1. Since matrix Q in (2.7) is degenerate, we use the matrix Q; from (2.8) to transform the original
process (Xi)k>o into two components (uy)k>0 and (vi)k>o. This leads to the equations: uy = Xy, vk = Xx — Xk—1 with the
solutions given by the formulas (2.18). Now we introduce a sequence of functionals

faln) = (sn, ORI r(h)/(h/zr‘) . n=[h],
k=1
where &, is defined in (2.15). By Lemma 2.3 and Theorem 2.1 we have

FD) S (W), §1(W; 1), va(W)) = f(n).

By Theorem 5.5 there exists 7 such that 7 £ n and
fali) 23 £ @) = (@), g1W: 1), v (W) (5.74)

On the basis of 77 we define (x;), (i), (vy) and Y. In view of (5.74) we have

lim .]f(h) =T; as,;
h—o00

1 & 1 W)
= ~ T, = - 5.75
]n (Sn 1 ) ) 1 <§0(W) 1 ( )
& = (i, 1), 2@, )2 (@, D).
Besides, we will need the relations
#(h)

Jlim ank 1l = lim f(z<u Dzwy-1 — B2py_q) =02,
(5.76)

Jim zhm — = (0. ey =27 F1(W; DV (W) = p,

which directly follow from (5.74).
Consider now the standardized deviation of the sequential estimate (1.6):

t(h)
M2 6z (h)) — ;(},GZX,( -
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Its distribution coincides with that of the vector M., \/? Z,Z(:hf )~(k,1?:k constructed from (%), (£x). Representing the matrix

T(h)
~ n ~ ~
My =" XeiXi
k=1

in the form (2.13) yields

i(h) i(h)
—1/2 1/2,1/2.-1/25
I(h) E Xk 18 = r(h) z(h) E QXk 18k ]r(h) T T Zf(h)v

~ ’
where Z, = ((ﬁ, ﬂ);l/z 22:1 g1, (0, 17);1/2 ZZ:l f)k_lék) . Taking into account (5.75), it suffices to establish the
following result.
Lemma 5.13. For each constant vector A = (A1, Ay)" with ||A|| = 1, the random variable Yy = X’T{l/zzg(h)/a is asymptotically
normal with mean 0 and unit variance as h — oo.

Proof of Lemma 5.13. Represent Y} as

B 1 7 (h)
Y = ovh & Z Sk—18x + r1(h);
o
’
g =M1y (V2 (0 )
#(h) (5.77)
e | (@G = V2R ) i
k=1
ri(h) = o i

(@9 = BT Y B
k=1

By an argument similar to that in the proof of Proposition 3.2, one can verify that r; (h) satisfies (5.48). Further analysis of
Y, holds true.
Let us check only that limy_, o, (62h)~1(g, &)z = 1. Using the definition of & from (5.77) yields

&, 8z _ )»/Tl_T ( Q2/h) (@, W)z h~ 3/4v2/u (1, U)r(h)>T N
o’h o2 \h A2/ @, v (V)@ Dz

Now using (5.76) we rewrite the cross term as
_ -~ 1~ ~ 1/2 PP 12
h 270 @ Dy = (/27 @ Deaw) " (VD @ 0w ) v
From here, (5.75) and (5.76) it follows that
Jim h=34/2/h(@i, D)z = @(W).

Hence limy_, o (02h) " (&, &)z = o 2A'T; ’TyT;/?A = XA = 1. This completes the proof of Theorem 3.1 for
0ec{(-2,-1),2,-1} O

Theorem 5.14. Let W™ = (W™ (t))o<;<; and W™ = (W™ (t))o¢<1 be defined by (2.2). Then for the random functions
Xo = (a5, 0 = WP, W"(©): 0510t <1)
with values in the product of the Skorohod spaces D0, 1] x D[0, 1], one has

X 5 (W, wy),
where W and W, are independent standard Brownian motions.

This result is a straightforward consequence of Theorem 3.3 in Helland [ 10]. This functional central limit theorem implies
the following result.

Corollary 5.15. Let u, = (—1)¥ Y | (—1)ej, ve = Y 5, &. Then

((em) =2, u)n, (6m)~(v, v)n) L (G Wi 1, Ja(Ws D). (5.78)
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