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In this paper, we consider the initial value problem (IVP) for the sunflower
equation,

ex"(t)+ax'(t)+ bsin x(1 —¢g)=0,
with x(1)=¢(2), te [ —¢,0]; x’(0) =y,. We prove that the solution of the above-

mentioned IVP has an asymptotic expansion uniformly valid on [ —¢, o0), for ¢
sufﬁcicnlly small.  © 1989 Academic Press, Inc.

1. INTRODUCTION

It is pointed out in [2] that the stem’s upper part performs a rotating
movement in some plants (particularly the sunflower). This phenomenon is
related to the nonhomogeneous distribution of the plant’s growth factors
along the stem, which tends to incline towards the least-developed side by
the action of gravity. We assume that the mathematical model describing
the motion of the sunflower is the equation

ex"(t)+ax'(t)+ b sin x(t —&)=0, £>0, (1.1)

according to the theory described in [4], and already used in [1, 2, 5]. In
(1.1) the function x(¢) is the angle of the plant with the vertical, the time
lag ¢ is the geotropic reaction, and a and b are positive parameters which
can be obtained experimentally.

In [2, 5], numerical and analytical studies have proved the existence of
periodic solutions for a range of values of each of the parameters a, b, and
e. In [3], the equation was studied when an external periodic perturbation
is applied.

In this paper we study the behaviour of solutions of (1.1) as ¢ — 0. More
precisely, we construct asymptotic expansions for the solutions of (1.1),
uniformly valid for every ¢ = —¢ and ¢ sufficiently small.
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2. THE MAIN RESULT

Equation (1.1) is equivalent to the following system:

x'(1) = p(1).
2.1)
ey'(1)= —ay(t)— b sin x(1 —¢).
We consider (2.1) for > 0 subject to the initial conditions
x(y=¢(1), te{—¢0]
(2.2)

»(0) = y,,

where ¢ is a continuous function.

Because our objective consists in studying the behaviour of the solutions
of (2.1) as ¢—0, we may suppose without loss of generality that
£<&,=a’n/b(a+1). Under this condition, in [5] it was proved that all
solutions of (2.1) are bounded.

The main result of this paper is the following:

THEOREM 1. The initial value problem (2.1)-(2.2) has a unique bounded
solution (x(t, ¢, yo. €), ¥(t, @, yo, €)) defined for every t > —e and 0 < e < g,
which is such that:

(a) if §(0)# (2k+ 1)m, for all ke Z, then for each integer N =0 and
1> —¢, the following asymptrotic approximations hold.

N

x(t, 4, yo, €)= 3, &"(x,(t) +x¥(t/e)) + ¥ TR (2, ), (2.3)
n=0

Wt 8, yo, &)=Y &"(yu(1) +y¥(t/e)) + ¥ T IRy (1, &), (24)
n=0

(b) if $(0)=(2k+ 1)n for some ke Z, then (2.3) and (2.4) hold just
Jor N=0.

The remainders R,, R, are continuous uniformly bounded functions on
[0, ) x [0, &g]. The functions x,, x¥, y,, and p¥ for n=0,1,2, ... are
solutions of the following equations:

xo(#) = —(b/a)sin xo(1),  xo(0)=¢(0), (2.5)
Yolt)=xo(2),  x§(r)=0, (2.6)
Yor(r) = —ayg(z),  y*(0)=yo—yo(0), (2.7)
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M) =pr (1), xHr)-0ast— +o, (2.8)
x,(8) = — (b/a)x,(1) cos xo(1)— (1/a) y_,(t) — (b/a) Fy,
x,(0)= —x3(0),

. —ayX), 1€[0,1],
y,’,"(r)={ y*( ) N . (2.11)
—ay¥{r) —b(x;(t — 1) cos ¢(0) + F), >1,
yx(0)=—»,0),
n=1,2,3,.; 20, 10, ( )=d/d, ()=dldr
The functions F, and F¥ are given by
F,=U,cos xy(t) + V, sin x,(2), n=1,2,.., (2.12)
F¥=0,
FY= 3 (xFa—=1)yix - x(x¥_(r=1))"' Q)
t<|yl<n (213)
n=2173, ..,
where U, and V,, are of the form
Y agg(xPH))Ox - x (xf0(e)) ot (lal <m 1Bl <nm, Bo> 1),
a:(ao’ala""anAl)’ ﬂ=('805ﬂ1""’ﬁn~])’ V=(V1,-~-,3’n;1),
with «, B, y, as nonnegative integers, |a|=3""oa, |Bl=X""4 B:
[y=%7-!7, Q, as polynomials in 7 of order equal or smaller than

(n—1), and x!#) as the B, derivative of x; with respect to ¢.

3. ALGORITHM FOR THE CONSTRUCTION OF THE ASYMPTOTIC EXPANSIONS

We seek the unique solution of the IVP (2.1)}-(2.2) in the form

x(1, )+ x*(1, €), y(t, &)+ y*(z, &), (3.1)
where t=1t/e and
X(t,£)~ Z g"_xn([), y(t’£)~ Z Enyn(t),
n=0 n="0 (32)

"y (7).

XX e)~ Y 1), yATe)~
n=20 Y

= n

i ™18
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Substituting (3.1) into (2.1), we get

ex’'(t, &)+ X*(1, e) =¢ey(t, &) + ey *(x, &), (3.3)
ey'(t, e)+y*(t,e)=(—ay(t, e)— bF)+ (—ay*(z, ) — bF*), 3.4)

where

F=sin x(t—¢,¢), 35
F* =sin(x(e(t — 1), &) + x*(t — 1, £)) — sin x(e(t — 1), ¢). (32)

In order to simplify the computations, first we show that x¥(t)=0 for
all t>0. Substituting (3.2) into (3.3) and setting ¢=0, we get that
x¥(t)=0. Integrating this equation under the condition x¥(t)—>0 as
T — + 00, it follows our claim.

Now, taking into account that x¥(7) =0 and substituting the series for
x(t, £) and x*(z, ¢) into (3, 5), a straightforward computation shows that F
and F* can be formally represented by

o)

F=sinxq(t)+ Y, &"(x,(¢) cos xo(t)+ F,),
B e (3.6)
F*=3 ¢"(x}¥(1—1)cos ¢(0)+ F¥),
where
Fy= —xg(t) cos xo(t),
Fy = (x5(2)/2 = x1(1)) cos xo(2) — (x,(1) — x5(£))? sin xo(¢)/2,
F¥=0,

F¥ = —sin ¢(0)[((r — 1)x6(0) + x,(0)) x¥(r = 1) + (xF(r — 1))°];

in general F, and F}* are given by (2.12) and (2.13), respectively.

Next, let us substitute the series (3.2) and (3.6) into (3.3)-(3.4). Con-
sidering the terms dependent on ¢ and t separately and equating coefficients
of like powers of ¢, we obtain the sequence of differential equations
(2.5)-(2.11) for the determination of x,, y,, x¥, y¥. To solve the above-
mentioned equations, we must determine the initial conditions. It is known
that

x(t, €)+ x*(t/e, €)= ¢(1), te[—e 0],

(3.7)
»(0, &) +y*(0, &) = y,.
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Since ¢ is independent of ¢ and x¥(t)=0, (3.7) leads to
xo(1) = @(1t), te[~¢ 0],
x,(1) = —x}(t/e), te[—e 0], (3.8)
y3(0)=ys— yo(0),
y¥(0)=y,(0).

Finally, requiring that each term x}(t) tends to zero as t — + oo, it follows
that (3.8) together with Eqs. (2.5}-(2.11) permit us to carry out the
computations of the coefficients of (3.2).

4. PROPERTIES OF THE COEFFICIENTS OF THE ASYMPTOTIC EXPANSIONS
The next result is the key to the proof of Theorem 1.
LemMa 2. (a) There exist polynomials P,(t) and Q (1) of order n, such
that for every 1 =0, the following estimates hold:
Jx¥ 4 ()] < P(t) exp(—ar), (4.1)
lyx(0)) < Qu(7) exp(—ar), (4.2)

n=0,1,2, ...

(b) If §(0)# 2k + V)n for all ke Z, then for any n=0, 1, 2, ... x, and
vy, are bounded, indefinitely differentiable and all their derivatives are
bounded on [0, o).

(c) If ¢(0)=(2k+ 1) for some ke Z, then only x, and y, are
bounded on [0, 0).

Proof. (a) By induction. From (2.7) and (2.8), we get
y¥(r)=y3(0) exp(—ar), t20,

xt(0)=~ [ yds)ds= —(y3(0)a) exp(~ar), >0,

Hence, (4.1) and (4.2) are true for n=0.
On the other hand, from (2.11), we obtain

yHO) exp(—ar),  te[0,1],
yHE)={ yH(1) exp(—a(r— 1) —beos §(0) | xt(s—1)  (44)

x exp(—a(t —s)) ds, > 1.
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By virtue of (4.3) and (4.4), it follows that (4.2) holds for n=1. The
inequality (4.1) is an immediate consequence of the validity of (4.2) for
n=1 and the fact that

@)=~ yis)ds

T

Suppose now that (4.1) and (4.2) are true for n— 1. From (2.11) we
obtain

yHO) exp(—at),  tel0, 1],
pHE) ={ yi)exp(—att—1)=b | exp(—a(z—s)  (45)

x [x¥(s—1)cos ¢(0)+ F.}] ds, > 1.

Recalling the dependence of F.* of x§,.., x¥_, the induction hypothesis,
and (4.5), we certainly get (4.2) for n. The validity of (4.1) for n follows
from (4.2) and (2.8).

(b) It is known that x, is a solution of (2.5). Hence, x, is indefinitely
differentiable. Since ¢(0) # (2k + 1) = for any k € Z, it follows that x(¢) = 0
as t— +oo. From this, it is easy to get x{"(¢t)—0 as t— + oo, for all
n=1,2,... Taking into account that y,(¢r)=xy(¢), we obtain that
yy(t)—>0as t > + o, forall n=0, 1,2, ...

Suppose now that our claim is true for n — 1. By virtue of the dependence
of F, of xy,x;,..,x,_; (see (2.12)), it follows the boundedness of F,
on [0, o).

Integrating Eq. (2.9), we have

X, (1) = —x*(0) exp( — b/a) f cos xo(s) ds
~(1/a) f'exp(—b/a) j c0s xo(u) du(y, (s)+bF,)ds. (46)

On the other hand, since x(¢) = 2kn as t — + oo, for some ke Z, there
exists a positive number T such that

cos xo(t) =1, t>T. 4.7

Since F, and y,,_, are bounded, (4.6) and (4.7) imply the boundedness of
x,. The remainder of our assertion certainly follows from (2.9) and (2.10).
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Finally, part (c) is obtained, observing that in this case xq(¢) = (2k + 1) =,
yo(1)=0 for all t >0, because when ¢(0) = (2k + 1)n Eq. (2.9) leads to

x ()= (b/a)x, (1) = (y, () +bF,)2, n=12,.,

which has unbounded solutions on [0, o). Q.ED.

5. PROOF OF THEOREM 1

Assume that ¢(0) # (2k + 1)x for any k€ Z, and let us denote by x,, y,
the unique solution of the IVP (2.1)-(2.2).

Let us set
u(z)zxe(t)_XN(tv 8) (51)
v(t)=y,(1) — Yu(1, &),
where
Xt e)= i "(x,(2) + x,F(1/e)),
Yu(t, €)= 3, e"(p.(t)+yX(t/e)).
n=90

It is clear that our problem is equivalent to proving that
u(t)=0@E"""),  o(t)=0(""),

uniformly on [ —¢&, oo).
Differentiating (5.1) and substituting into (2.1), we get the following
system for the determination of v and v,

w'(t)=v(t)+ Y1, 8) — X(1, ),
—av(ty—a¥ p(t, &) —eYy(1, ¢)
w0/ (1) = —bsin ¢(t —¢), te{0,¢] (52)
—av(t)—bsin(u(t — &)+ X y(t—¢, &)
—aYa(t e)—eY\(t, ¢), t>¢,
subject to the following initial conditions

u(t)=0, te[—e¢ 0], v(0)=0. (5.3)

The conditions (5.3) are an immediate consequence of the definition of u, v
and relation (3.8).
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Taking into account the definition of X, Y, and Egs. (2.5)-(2.11), a
straightforward computation shows that

Yu(t, &) = X a8, €)= ey X(1/e), (5.4)
eY Nt e)+aYal(t, &)

{ —b| sin xo(t) + IZV: &"(x,(f) cos xo(t)+F)]

L n=1

FeN e, e[, ¢]

=< - N (5.5)
—b|sinxy(r)+ Y e"((x,(1) cos xo(1) + F¥)

L n=1

\ + (xX*(t—1)cos ¢(0)+F,T)]+£N“y}v(t), {>¢

Let us set

—aYylt,e— Y (1, €)— b sin ¢{1 —¢), te[0,¢]

5.6
—a¥(t, e)—eY (¢, e)—bsin Xp(t—¢, ¢), t>¢. (56)

HN(ta 6)={

From the form of the expansion of F, F* and Lemma 2, we obtain that
Huy(t, e)=0(N*1). (5.7)
By virtue of the definition of H,, the system (5.2) can be rewritten as
u'(t)=v(t) + "y ¥(1/e)
ev'(t)= —av(t) — b[sin(u(t — &) + X n(t — ¢, €))
—sin Xy(t—¢g, )]+ Hy(t, €). (5.8)

In order to complete the proof of Theorem 1, it is sufficient to integrate,
step by step, system (5.8), recalling Lemma 2, (5.7), and the fact that

[sin{u(f —e) + Xpy(t—¢, &) —sin Xp(t—e¢, &)| < |u(t—¢)l.
Part (b) of Theorem 1 can be proved in the same manner as that of
part (a). Q.E.D.
6. CONCLUSION

According to the proposed algorithm, we should be able to construct the
asymptotic expansion of any order of approximation uniformly valid on
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[0, ©), under the condition ¢(0)#(2k+1)n. In the case where
#(0) = (2k + 1), we were able to obtain only the first approximation term.
This is related to the instability of the solutions xy(z)=(2k+ 1)n of
Eqg. (2.5). Let us observe that if we are interested in the construction of the
asymptotic expansions uniformly valid only on intervals of the form [0, 7],
T>0, the above-mentioned algorithm provides the answer without any
restriction on the initial function.

Finally, we point out that, in the context of the studied model,
x(0) = (2k + 1)n corresponds to when the plant forms a right angle with
the vertical; e.g., the plant falls to the ground.
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