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Abstract

Bracho, F. and M. Droste, Labelled domains and automata with concurrency, Theoretical Com-
puter Science 135 (1994) 289-318.

We investigate an operational model of concurrent systems, called automata with concurrency
relations. These are labelled transition systems .« in which the event set is endowed with a collection
of binary concurrency relations which indicate when two events, in a particular state of the
automaton, commute. This model generalizes asynchronous transition systems, and as in trace
theory we obtain, through a permutation equivalence for computation sequences of </, an induced
domain (D(s#), <). Here, we construct a categorical equivalence between a large category of
(“cancellative™) automata with concurrency relations and the associated domains. We show that
each cancellative automaton can be reduced to a minimal cancellative automaton generating, up to
isomorphism, the same domain. Furthermore, when fixing the event set, this minimal automaton is
unique.

1. Introduction

In the study of programming languages like CCS [18] and CSP [12], labelled
transition systems have been frequently used to give an operational semantics of
concurrent processes. A labelled transition system may be defined to be a quadruple
(S,E, T,*) where S is a set of states, E is a set of events, TS S x E x § is the transition
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relation, and *€5 is the start state. Recently, several authors have considered labelled
transition systems with an additional binary relation || on E incorporating direct
information about concurrency. Then two transitions t=(s.e.r), I'=(s,¢’,r’) are de-
fined to “commute™ whenever ¢ | ¢’. Such asynchronous transition systems, which
generalize Mazurkiewicz traces [17], were investigated by Bednarczyk [2] and
Shields [20]. Similar structures have been used to provide a semantics for CCS [4]
and to model properties of computations in term rewriting systems, in the lambda
calculus [1,3,13,16] and in dataflow networks [22,24]. For further background. we
refer the reader to [26].

In the previous model, a single binary relation on E was used to represent
the concurrency information for all pairs of transitions. Here, we investigate a
more general model in which the concurrency information for two transitions depends
not only on the two arriving events, but also on the present state of the transition
system. Hence, we consider transition systems (automata) .o/ =(S, E, T, =) together
with a collection of binary concurrency relations ||, (s€S) on E which reflect
when two events or actions commute in a particular state seS. Such automata with
concurrency relations were introduced in [9, 10], where their domains of computation
sequences were investigated, also, independently and in a slightly different form. in
[14], where applications are given. They arise naturally, for instance, when
considering the dynamic behaviour of place/transition nets with capacities in Petri net
theory; see [11].

Similarly as for asynchronous transition systems and as in trace theory. the
concurrency relations of the automata .o/ induce a natural definition of permutation
equivalence for (finite or infinite) computation sequences of .o/; intuitively, two
computation sequences are equivalent, if they represent “interleaved views” of a single
computation (for the origins of this notion of equivalence, see [3.13.16]). Moreover,
the set D(s/) of equivalence classes of computation sequences carries a nontrival
partial order which is naturally induced by the prefix-ordering of computation
sequences. In [9,10], an order-theoretic characterization was given of all the partial
orders (D(s7), <) where ./ is an automaton with concurrency relations. These weak
concurrency domains turned out to be closely related with event domains and dl-
domains which arose in studies of denotational semantics of programming languages
(cf. [7. 25]).

In this paper, we investigate categories of automata with concurrency relations and
of weak concurrency domains. Let us say that an automaton with concurrency
relations o/ generates a domain (D, <), if (D, <) is order-isomorphic to the domain
(D(s7), <). In general, a given domain (D, <) may be generated by many (nonisomor-
phic) automata 7. This indicates that we should endow the domains (D(./). <) with
more structure. In fact, as we will show, .o/ induces on the compact elements and on
the prime intervals of its domain (D(.«/), <) two labelling functions in a natural way.
These take values in the state set S and the event set E of .oZ, respectively. This leads to
a functor D from the category Aut of all automata with concurrency relations into the
category LDom of all labelled weak concurrency domains. We show that this functor
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induces, in fact, an equivalence between the large subcategory of Aut comprising all
cancellative automata and the category of all nicely labelled weak concurrency
domains. For precise definitions, see Section 2; we just note here that for cancellative
automata o/ various natural notions of concurrency of events in & coincide.

An important tool for this result is the notion of a reduction of of to /'
this is defined to be an epimorphism from &/ to ./’ reflecting the enabling and
concurrency of events at states. We show that such a reduction of &/ to o7’
does not change (up to isomorphism) the induced domain D(s/) of computation
sequences. As a consequence of our results we obtain a characterization of when
a given weak concurrency domain (D, <) can be generated by a finite cancellative
automaton /. We also obtain a characterization of all domains (D, <) arising, in
a similar way, from trace alphabets (E, ||); such a characterization seemed to be open
in trace theory.

Next we consider, for a given weak concurrency domain (D, <), the class of
all cancellative automata o/ generating (D, <). We show that this class contains,
with respect to reductions, a greatest automaton o ., i.€. & . can be reduced to
any other cancellative automaton generating (D, <), and &/, is unique up to
isomorphism.

Similarly as in classical formal language theory, each cancellative automaton
&/ generating (D, <) can be reduced to a “minimal” such automaton o ;,; here
“minimal” means that any further reduction of .7, is an isomorphism. However,
here in general ./, ;, is not unique up to isomorphism. Somewhat surprisingly,
however, if we consider only automata with (in a certain sense) a fixed event set, then
this class of automata contains, with respect to state reductions, also a uniquely
determined minimal automaton.

2. Automata and labelled domains

In this section, we will introduce automata with concurrency relations and their
induced domains of concurrent computation sequences. These domains can be
endowed, in a natural way, with two labelling functions, for events and states, respec-
tively. Their properties will be shown to correspond to different versions of concur-
rency for events of the underlying automaton.

Definition 2.1. An automaton with concurrency relations is a quintuple
o =(S,E, T,*,]||) where :

(1) S and E are countable disjoint sets; *€S is a distinguished element;

(2) Tis asubset of § x E x § such that whenever (s,e, '), (s,e,s")eT, then s'=5"; we
require that for each ecE there are s,5'e S with (s,e,s")eT;

(3) I'=(lls)ses is a family of irreflexive, symmetric binary relations on E; it is
required that whenever e, ||, e, (e1,e,€E), there exist transitions (s, eq,s;), (s, e5,52),
(s2,eq,r)and (s{,e;,r)in T.
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The elements of S are called states, the elements of E events and the elements of T
transitions. Intuitively, a transition t =(s, e, s") represents a potential computation step
in which event e happens in state s of .o/ and .o changes from state s to s. We write
ev(t)=e, the event of t. The element = is the start state. The concurrency relations |
describe the concurrency information for pairs of events at state s. The last require-
ment can be seen as in Fig. 1.

In an automaton with concurrency relations .o/ the events that concur at a state
s do not have to bear upon those that concur in another state. In this general model,
the concurrency relations |, (s€§) are thus viewed as being independent of each other.
Later on we will impose additional restrictions on /. A finite computation sequence in
7 is either empty (denoted by ¢), or a finite sequence u=t¢, ..., of transitions t;e T of

the form r;=(s;_,,e;, ;) for i=1,...,n; it can be depicted as
€1 el €n
So =81 > S,

We call s, the domain of u, denoted dom(u), and s, the codomain, denoted cod (u).
Likewise, an infinite sequence (t;);cy Of transitions t;=(s;_{, ¢;, 5;) (ieN) is called an
infinite computation sequence of </; its domain is so. A computation sequence is called
initial if its domain is *, the start state. We let CS(.o#)(CS%(o7), CS,.(o7), CS5(A))
denote the sets, respectively, of all (all finite, all initial, all finite initial) computation
sequences of .of. The composition uv of a finite computation sequence u and an
arbitrary computation sequence v with dom(v)=cod(u) is defined in the natural way
by concatenating u and v. Formally, we put ue=ceu=u. We call u a prefix of wif u is
finite and w=uv for some computation sequence v.

Now we want the concurrency relations of .o/ to induce an equivalence relation on
CS(/), so that equivalent computation sequences are not differentiated by the order
in which the concurrent events appear. For this we proceed as follows: we call two
finite computation sequences t=t,...t, and u=u, ...u, strongly equivalent if we
obtain ¢ from u by replacing for some 1<i<n, an occurrence u;u;,, of the form
(s,a,q)(g, b, ryby t;t;+ of the form (s, b, p)(p,a,r) with a ||, b in =7/. We then let ~ be the
reflexive and transitive closure of strong equivalence on CS° (/).
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It easily follows from the above that ~ is an equivalence relation and that any two
equivalent sequences have the same length, domain and codomain. Also for any aeE,
the number of occurrences of a is the same in any two equivalent sequences.

The prefix relation together with ~ induces a preorder on CS%(+#) by letting u<v
iff v~uw for some weCS°(.«7). This gives rise to a preorder in CS(2/) where for
u,ve CS(/) we put u<v if for every prefix u’ of u there exists a prefix v’ of v such that
u' <v'. Then put u~v iff u<v and v<u, and let [u] denote the equivalence class with
respect to ~. We order these classes by [u]<[v] iff u<v. Then let D(/)={[u]:
ueCS, (7))} and call (D(of), <) the domain of concurrent computation sequences
associated with o/. Given a partial order (D, <), we say that o/ generates (D, <) if
(D, <) is isomorphic to (D(&/), <). It is proved in [10] that this is indeed a domain
where the compact or finite elements are given by D°(o/)={[u]: ue CS2(=/)}. We
will later show that this construction induces a functor between the categories of
automata and certain kinds of domains and functions. Let us now turn to the domains
that are induced by the automata we have defined.

We introduce some notation. Let (D, <) be a domain, i.e. an w-algebraic complete
partial order (c.p.0.). We denote the set of compact (=isolated, finite) elements of
(D, <) by D°. We say that (D, <) is finitary, if for all xeD°, the set {deD°: d<x} is
finite. For x, ye D with x <y we write x—< y if there is no ze D with x <z <y. We denote
by [x,y] such a pair, and we call it a prime interval of D.

Let Intp denote the collection of all prime intervals of D. Also, for prime intervals
[x,y], [x,y]of Dweput [x,y]-<[x,y]if x' # y,x—<x" and y—<y". This can be seen
in Fig. 2.

We let >< denote the smallest equivalence relation on Int, containing <. For
[x,v]elntp, let [x,y]- . denote the equivalence class of [x, y] with respect to ><.

Let o/ =(S, E, T, *, |) be an automaton with concurrency relations. It is immediate
from the definition of (D(27), <) that for x, ye D%(o/) we have that x—<y iff x=[u]
and y={[ut] for some ueCS2(«#/) and teT. Since the number of occurrences of any
fixed event e in two equivalent finite computation sequences is the same and all uex
have the same codomain, it follows that if x=[u']=[u] and y=[u't']=[ut] then
t=t'. So each prime interval [x, y] in D(.«/) determines a unique transition t. We will
write x—< y when for some ueCS%(of), teT we have x=[u], y=[ut], and ev(t)=e.
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Since, conversely, ¢ is uniquely determined by dom(t) and ev(t), we also obtain that
x—< yand x—< )’ implying y=y".

Suppose now that [x,y]—<[x',y] in (D(&/), <) Let x=[u], y=[ut;] and

x"=[ut,] with t,,t,€T. Since y—<y" and x'—<y', we have y'=[utyt7]=[ut,t,] with
th,theT. Let e;=ev(t;), ei=ev(t;) (i=1,2). Then we obtain the following diagram
(Fig. 3).

Since the number of occurrences of e, (respectively e;) in ut,t] is the same as in
utyty, and e, #e, by y#x’, we obtain ¢;=¢, and e,=¢,;. Hence, X< v and
[x,y]-<[x,y'] imply x'—< y". We summarize these observations in the following
lemma which will be used subsequently very often without mentioning it explicitly again.

Lemma 2.2. Let o =(S,E, T,*, ||} be an automaton with concurrency relations. Let
x; z, X, veDo(&/)andeeeE
a) If x—< y and x-< z, then y=z iff e=¢".
(b) [x,v]><[x.y'] and x—< y imply x'-< y'.

Let (D, <)again be a finitary domain, and let x, ye D” with x <y. A sequence (x;)i=¢
in DO of the form x =x¢-—< x,—< -+ —< x, =y will be called a covering chain from x to y.
Such a covering chain will be said to be strongly equivalent to any other covering chain
from x to y of the form x = xg—< -+ —< X;—< 2-< X4 2-< - —< X, =y with z # x; 4, for
some 0 <i<n—2. We define equivalence on the set of all covering chains in D as the
reflexive and transitive closure of strong equivalence.

Definition 2.3 ([Droste [10]). A finitary domain (D, <) is called a weak concurrency
domain, if it satisfies the following two conditions for any x,y,zeD°:

(R) If x—< y, x-—~<z and [x,y] ><[x,z], then y=z.

(E) Any two covering chains from L to x are equivalent.

Let &/ be an automaton with concurrency relations. Lemma 2.2 shows that
(D(.o?), <) satisfies axiom (R). Besides, any finite initial computation sequence ty ... I,
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with ev(t;)=e; gives rise to a covering chain L =Xg—< X< - <X, in D()
from L to x,, where x;={ty ... t;](i=0,...,n). It is easy to see that this correspondence
preserves strong equivalence, thus also equivalence; hence (D(.e7), <) satisfies axiom
(E). So, (D(o#), <)is a weak concurrency domain. Conversely, each weak concurrency
domain (D, <) is generated by some automaton &/ with concurrency relations [10].
Here, in general 7 is not determined uniquely by (D, <). However, as will be seen, the
class of all automata .o/ generating a fixed weak concurrency domain (D, <) can be
well structured. Any domain (D(s¢), <) carries a natural labelling of its prime
intervals [x, y], as indicated by Lemma 2.2. This motivates the following definition.

Definition 2.4. Let (D, <) be a finitary domain and E a set. A mapping I : Intp — E will
be called an event-labelling function if it is onto and satisfies the following two
conditions for any x,y,x',y’,zeD°:

(1) [x,y]1><[x,y']implies lg([x, yD)=1([x’,y']).

(2) 1s([x,y])=Ig([x,2]) implies y=z.

Then (D, <, ;) will be called an event-labelled domain. In this case, for x, yeD°, we
will write x—< y to denote that x—< y and lg([x,y])=e.

Note that any event-labelled domain satisfies axiom (R). It is useful to see how
event-labelling functions correspond to particular congruences of (D, <) (this corres-
pondence will be exploited in Section 4). Let (D, <,I¢) be an event-labelled domain.
Defining [x, y] =[x, y'] iff g ([x, y1)=1g([x, »"]), we obtain an equivalence relation
= on Int satisfying

>< c =, and if [x,y] =g[x,z] then y=z. (%)

Any equivalence relation = on Int satisfying (x) will be called an event-congruence
on (D, <). We say that = is the event-congruence corresponding to the event-
labelling function I;. Conversely, given an event-congruence = on (D, <), let E com-
prise all =-equivalence classes of Inty, and let Iz:Int, — E map each prime interval
onto its =-equivalence class. Then I is an event-labelling function whose correspond-
ing event-congruence coincides with =. In particular, if here = is equal to >, the
corresponding event-labelling function I (with Ig([x, y]) =[x, y]. <) will be called the
canonical event-labelling function. If (D, <)}=(D(«), <) for some automaton &/ with
concurrency relations, we can also define a function I;:Intp ., — E by putting
Ie([x,y])=e if x=[u], y=[ut] for some ute CS% (/) with te T and ev(t)=e. If each
transition of ./ occurs in some initial computation sequence, then [ is onto, and by
Lemma 2.2, l; is an event-labelling function on (D(2), <). We call I the induced
event-labelling function, and (D(«#), < i) the induced event-labelled domain of /.

Given an automaton & = (S, E, T, *, || ) with concurrency relations, the correspond-
ence [u]>cod(u) (ueCS (/) defines a function from D°(=/) into S, which we also
denote, simply, by cod. Similarly as before for events, its properties motivate the
following definition.
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Definition 2.5. Let (D, <,l;) be an event-labelled domain and S a set. A mapping
ls:D°— S will be called a state-labelling function if it is onto and satisfies the following
condition;

(1) Whenever x, y,x'eD® with x < y and [5(x)=Is(x'), then there is y'eD° with
X< vioand Ig(Vv)=I(y).

Then (D, <. 1, lg) will be called a labelled domain. Moreover, it will be said to be
nicely labelled (and g is a nice state-labelling function) if the following condition is
satisfied

(2) Whenever x, yi,z, X, v, zieD° with x-< y;2<'z and x'-< y; 2z for i=1, 2,
vy # vy and lg(x)=Is(x’), then z| =2z5.

Diagramatically this is illustrated in Fig. 4.

Clearly, for any event-labelled domain (D, <, l;), the identity mapping idpo on D° is
a nice state-labelling of (D, <, [g), called the trivial state-labelling function.

Let ¢ be an arbitrary state-labelling function of (D, <,[g), and let =g be the
event-congruence on (D, <) corresponding to /. Then the equivalence relation =g on

O defined by: x =gy iff Ig(x)=Is(y), satisfies the following condition:

(cl) Whenever x,y,x'eD® with x-—<y and x =4x’, then there is y’'eD® with
[x,y] =[x,y ]and y=gy.

Moreover, [g is a nice state-labelling iff (c1) and (c2) hold:
(c2) Whenever x,y;,z, X, yi,zie D% with x < y;—~< z, X' < yi—<zi, [x,v{] =[x, vi].
[vi.z] =elyizi] fori=1,2, y; #v, and x =X/, then z|=2z5.

Any equivalence relation = on D9 satisfying (cl) (resp. (c1) and (c2)) will be called
a state-congruence (resp., nice state-congruence) for (D, <,lg). We say that =g is the
state-congruence corresponding to the state-labelling function Ig. Conversely, given
a state-congruence = for (D, <,l;), we obtain a state-labelling function [g by mapping
each element of D° onto its =-equivalence class; trivially, the state-congruence
corresponding to /s coincides with =

Now let .o/ be an automaton with concurrency relations in which each state is
reachable, and let I be the induced event-labelling of (D(s/), <). Then
cod: D%(o/)—S, as defined before, is a state-labelling of (D(s7), <,l;). For, if
X xX'eD(o/) with x < y and cod (x)=cod(x'), then for some u, ' eCS%(.o/) and teT,
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we have x=[u], y=[ut], ev(t)=e, x'=[u'] and cod(u)=cod(u');so y =[u't ]e D (o),
x'—< y' and cod(y") = cod(y). We put D(#)=(D(#), <, g, cod), and we call D (o) the
induced labelled domain of </. In general, D(./) is not nicely labelled. This is
closely related with two versions of concurrency of events in states, which we now
introduce.

Definition 2.6. Let (D, <,lg, I5) be a labelled domain, and let e,,e,€E with ¢, # e,
and seS.

(a) We say that e; and e, are observably concurrent at s, if whenever xeD® with
ls(x)=s, then there exist yi, y,,zeD® with x-< y,"<'z for i=1, 2.

(b) We say that e, and e, are weakly observably concurrent at s, if there exist x,
V1, V2,2€D? with Ig(x)=s and x—< y,°<'z for i=1, 2.

For motivation, assume that (D, <,lg, [s)=D(/) for some automaton .o/. Let
t;=(s,e;,r;) and t;=(r,e;5_;,r)eT for i=1, 2. Then e, and e, are observably concur-
rent at s, if for any finite initial computation sequence u of .o/ with codomain s, we have
that ut,t] and ut,t} are equivalent. Also, e; and e, are weakly observably concurrent
at s, if for some ue CS%(.o/) with codomain s, ut,t; and ut,t5 are equivalent. Trivially,
if two events e,, e, are observably concurrent at a reachable state s, then they are
weakly observably concurrent. For the converse we note the following proposition.

Proposition 2.7. Let 2=(D, <,lg,l5) be a labelled domain. Then the following are
equivalent:

(1) 2 is nicely labelled.

(2) Whenever e ,e,eE are weakly observably concurrent at seS, then they are
observably concurrent at s.

Proof. (1)=-(2): Let x'eD® with I5(x')=s. There are x, y;, y,,zeD® with I5(x)=s and
x—< ¥i 2z for i= 1,2. Hence, for i=1,2, there exists y;eD® with ¥ < y; and
Is(vi)=Is(y;) and then z;e D° with y; = z;. As 9 is nicely labelled, we have z; =z,. So
ey, e, are observably concurrent at s.

(2)=(1): Let x, y;, z, X, v}, z;e D° as in condition (2) of Definition 2.5. We claim that
zy=1z5. Clearly, ¢, e, are weakly observably concurrent at s=Ig(x), hence observably
concurrent. So there are y¥,z*eD® with x'—< y¥ 22 for i= 1,2. Then y¥=y;
(i=1,2) and so zy} =z*=z)} as claimed. [l

Let .o/ be an automaton with concurrency relation. Clearly, if e ||;e,, then in D(.<7),
e, and e, are observably concurrent at 5. Hence, in general we have the following

implications for any two events at a given reachable state:

concurrency = observable concurrency = weak observable concurrency.
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We will obtain our main results for automata in which these three notions of
concurrency coincide.

Definition 2.8. Let ./ be an automaton with concurrency relations in which each state
is reachable.

{(a) of has observable concurrency, if in its induced labelled domain D(s7), any two
events are observably concurrent at a state iff they are weakly observably concurrent.

(b) o is cancellative, if whenever ¢, e;eE are weakly observably concurrent in
D(/) at se8§, then e, |;e,.

(©) ([9]) o is concurrent, if whenever (g, a, p), (4, b,r), (g, ¢, s)e T are such that a ||, b,
allye and bl,c, then also bl ¢, all,c and a|b.

Observe that by Proposition 2.7, ./ has observable concurrency iff its induced
labelled domain D(.o#) is nicely labelled. Note that .o/ is cancellative iff for any finite
initial computation sequences utyt,, utyts with t;, t;e T (i=1, 2), ut,t, ~ ut} t, implies
t t, ~ tyt5, which explains the name. The requirement for concurrent automata can
be illustrated by Fig. 5. The black lines indicate the transitions which exist by the
assumption that a |, b, all ¢, b || ,c. The dotted lines indicate the transitions which are
forced to exist by the requirements: b ||, ¢, a|,c and a|b.

Concurrent automata were studied in detail in [10]. They correspond in a precise
sense to automata with residual operations which were investigated by Stark [217,
Panangaden and Stark [19] and Bachmann and Dung [1]. They occur naturally in
A-calculus, networks of communicating processes, reductions in nondeterministic
term rewriting; see [16,21,1,13].

Obviously, if .o/ is cancellative, then it has observable concurrency. The following is
less obvious.
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Proposition 2.9. Let of be a concurrent automaton. Then of is cancellative.

Proof. By [10, (3.3)], o/ can be transformed into an “automaton with residual
operation”. By [23], these automata are cancellative. [J

It will be shown below that any weak concurrency domain can be generated by
a cancellative automaton. Hence, with respect to the class of generated domains, the
assumption that the underlying automata are cancellative is no essential restriction.
However, concurrent automata generate more specific domains, as shown in [9, 10].
A domain (D, <) 1s a Scott-domain, if each nonempty subset of D which has an upper
bound in D has a supremum in D. A finitary Scott-domain (D, <) is called a concur-
rency domain, if it satisfies condition (R) (see Definition 2.3) and (C) for any x, y, ze D°:

(C) Whenever x—<y, x—<z, y#z and {y,z} has an upper bound in D, then
y—<yuzand z—< yuiz.
Any such domain also satisfies condition (E) of Definition 2.3 and as shown in [10],
concurrent automata generate precisely the concurrency domains.

3. Categories of automata and labelled domains

We will introduce morphisms between automata and between labelled domains
and then construct a functorial equivalence between the categories of cancellative
automata and of nicely labelled domains. First let us define morphisms between
automata.

Definition 3.1. Let o/ =(S,E, T,+*,|)and o/'=(S,E', T',%',|’) be two automata with
concurrency relations, and let /: S — S, g: E— E’ be functions. The pair ( f, g) is called
a morphism from o/ to /', if the following conditions are satisfied:

(1) whenever (s, e,r)eT, then (f(s), gle), f(r)eT’;

(2) whenever e||;e" and g(e) # g(e’), then g(e) |5 s g(e’);

(3) f(x)=+".

Thus, a morphism preserves states, events, transitions, the start state and maps
concurrent or equal events of s/ to concurrent or equal events of o/’. A slightly
restricted version of these morphisms (obtained by deleting the assumption that
g(e) #g(e’) in condition (2)) and the interplay between the induced category of
automata with concurrency relations and a category of Petri nets were studied,
e.g.,in [11].

Clearly morphisms compose and (ids, idg) is the identity morphism. We let Aut
denote the category of all automata with concurrency relations in which each state is
reachable, and morphisms as above as arrows, and we let CAut denote its full
subcategory comprising all cancellative automata.

Next we define the morphisms between labelled domains.
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Definition 3.2. (a) Let (D, <.l), (D', <.lg) be two event-labelled domains. A pair
(¢, g) of functions ¢ : D—D’, g: E—~E’ will be called an event-morphism from (D, <,lg)
to (D', <, Ig), if it satisfies the following conditions:

(1) @:(D,<)—(D’, <) is continuous, ¢(D°)=D® and ¢(L)=_1"

(2) whenever x,yeD® with x-< v, then (p(x)ﬁ)q)(y), Le. Lo([ex)o»)])=

gele([x, y]).

(b) Let 2=(D, <.l ls), 2'=(D',<,ly.lg) be two labelled domains,
(0, 9):(D, <,1g)— (D', <,[g) an event-morphism and f:S—S" a function such that
Ig-2@|po=f°ls. Then the triple (¢, f, g) will be called a morphism from & to &'. I here
¢ is an order-isomorphism, we call (¢, f, g) (and also (¢, ¢)) an order-morphism. If
moreover, fand g (resp. g) are bijective, we call (¢, f. g) (resp. (¢, g)) an isomorphism.

We let LDom denote the category of all labelled weak concurrency domains, with
morphisms (¢, f, g) as arrows. Also, let NLDom denote its full subcategory consisting
of all nicely labelled weak concurrency domains.

It is easy to see that (¢, f, g) is a morphism from & to @' iff ¢ satisfies condition (1)
above and preserves the event-congruences and state-congruences corresponding to
the labelling functions of 2 and %'. First we observe that for any morphism (¢, /. g).
¢ and g determine each other uniquely, and each of them determines f.

Proposition 3.3. Let 9 =(D, <,l;,l5), 2'=(D', < lp.ls) be two labelled domains, and
let (@, f.9). (0", f', ¢'): % — D' be two morphisms. Then o =o' iff g=g', and in this case
also f=f".

Proof. Clearly, 9 =¢’ impliesg=g' and f=f", as I, Isare onto. Now assume g =¢’; we
claim that ¢ =¢'. It suffices to show that ¢(x)=¢'(x) for each xeD°. We proceed by
induction on the height of x, where the height of x is the smallest length of a covering
chain from L to x. Clearly ¢(L)=1"

Now assume that @(x)=¢'(x) for all xeD° with height <n and let yeD° have
height n+1. Choose xeD® with height n and x-<y. Then q)(x)ﬁ)(p(y), and

P(x)=¢"(x)22 (). Hence p(y)=¢'(y). O

Now let ., =/ be two automata with concurrency relations, let
D(ot)Y=(D(A), <,1g, Is), D(A)=(D(o4"), <.l ls) be the induced labelled domains,
and let (f,g):.«/ —» ./’ be a morphism. We define a mapping ¢:D(s/)—- D{(/")

as follows. If x=[u]eD(s/) where u=(soi'>sl 2 ...)is a finite or infinite initial

computation sequence of <7, let u’ =(f(so)g(—ei)f(s1)g<—ef)

through (1. g), and we put ¢ (x)=[u']. Since (f. g) is a morphism, it follows easily that
¢ is well-defined (irrespective of the particular choice of u). We call (¢, f, g) the induced
morphism from D(s7) to D(«/'), and we put D(f, g):=(¢. f, g). We have to check the
following.

---). We say that u induces u'
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Proposition 3.4. D: Aut—LDom is a functor. Moreover, if «/€Aut has observable
concurrency, then D(./) is nicely labelled.

Proof. Let (f, g): o/ — &/’ be a morphism in Aut, and let (o, f, g): D(/)->D (/") be
the induced morphism in LDom. We first check that (¢, f, g) is a morphism in LDom. It

is easy to see that ¢ is well-defined. If u:(soe—‘>s1 3 ---} is any infinite initial

computation  sequence of o/ and  W'=(f(s) e )f(sl ) 2 ), let

Up=(50 S 51—+ S5,) and  wy=(f(50)"S f(s1)= "3 f(s,)) (n€w). Then

[u]=|ncwlun] in D(s#) and []=| Jscolun], that is @([u])=||scw@([4a]), in
D(s#7’). From this, it follows by a general domain-theoretic argument that ¢ is
continuous.

Now if x=[u], y=[u(s, e, s')] for some ue CS2(/) and (s,e,s')e T, and ¢ (x)=[u'],
then @(y)=[w(f(s) g(e).S (N, 50 @(x)"< p(). Also, cod(w')=f(cod(u)). Hence
(¢,f,g) is a morphism. Clearly D respects compositions and identities. The final
statement is clear by Proposition 2.7. O

Next we introduce particular kinds of morphisms between automata which will be
very useful in what follows. If <7 is an automaton, we say that an event ecE is enabled
at a state seS, if there is a transition (s,e,r) in T.

Definition 3.5. Let o/ =(S,E, T,*,|), &/ =(S,E’,T',+,|') be two automata with
concurrency relations. A morphism ( f, g): &/ — o/ is called a reduction of o/ to /', if
the following conditions are satisfied:

(1) f:8-S8’ is onto;

(2) whenever seS§ and e'€E’ is enabled in f(s), then there exists eeE which is
enabled in s with g(e)=¢’;

(3) whenever seS and e},e, € E’ with e || ;s e, then there are ey, e, E with ey | 5e,
and g(e;))=e; (i=1,2);

(4) g is locally injective, i.e. whenever e, e, € E are enabled in seS and e, # ¢,, then
gler) #gley).

Condition (2) says that g maps Eny(s)={ecE:e is enabled in s} onto Eng. (f(s)) for
each seS§, in particular 7 onto 7.

We note that if f: §— S is onto, then condition (2) implies that g : E— E’ is onto. For,
if e’e E’, choose a transition (s', ¢, r')e T' and seS§ with f(s)=5', then ¢ =g(e) for some
ecE. Condition (3) says that g maps |; onto |y (s€S), which combined with the
assumption of local injectivity of g tells us that for any e,, e; € E enabled in s we have
that e; || e, iff gley) || sy g(e2). Observe that g may be locally injective without being
injective. Now we will show that if there is a reduction from ./ to 7, then &/ and &/’
generate the same domain. More precisely, we have the following result.
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Theorem 3.6. Let <7, o/ be two automata with concurrency relations in which all states
are reachable, and let (f, g):of >/ be a reduction. Then the induced morphism
(0,1, g):D()—D(/') is an order-morphism.

Proof. By Definition 3.2, it suffices to show that ¢ is an order isomorphism. Let x,
yeD®(o#). Clearly, x<y implies @(x)<@(y). So assume now that p(x)<¢(y). We
claim that x<y. We may assume that x=[u], y=[v] where u, ve CS%(.«7) have the
form

ey e2 en et e} m
U={Ssg =81 =8> —-s8, ) and v=(ro—ori-ory—>--->r, |,

with sg=ry=+* and m,new. Then ¢ (x)=[u"], ¢(y)=[v'] with

‘ g(ey) ) g(e2) ) glen)
U’=<./ (so0) f(s1) [(s2) > o f (5, ))

and

”’:(f(ro) U P AL SR LR f(rm)>

We proceed in two steps. First assume ¢(x)=¢@(y); we show that x=y. For this, we
may suppose that the computation sequences u', v’ are strongly equivalent (and
different) in CS(./’). In particular, n=m. Then for some j<n—2 we have

(1) f(sy)=f(r;) and g{e;)=g(e¥) for each i<j and each i>j+2,

. glej+1) glej+2) glef,,) glet,,)
(2) f(*,)—’f j+1)—’/(,+2)~/("1)—’f 41 —’f J+2) and

thus

(3) glej+1)=glefiz) #glejr2)=glefy) and g(ej4y) H}(s,»)g(é’fﬂ)o
Since g is locally injective, we obtain first ¢;=e¢¥ and s;=r; for each 1 <i<j. Then we
get that e;, ; and ey, are enabled in 5;=r;, hence ¢;, | ;,e};  because of {3), as noted
before. This implies that e¥.; is enabled in s;,;, and thus e}, ,=e¢;., by local
injectivity of g. Similarly e;, ;=e¥,,. So ¢;,1lls,¢;4,. Thus, s;,,=r;,,, and again
¢;=ef, s;=r; also for each j+ 2 <i<m. This proves that u is strongly equivalent to v,
giving x=[u]=[v]=y as we needed to show.

Now we deal with the general case that (p( x)<@(y) There exists w'eCS*(/") with
uw ~v. Let w have the form w =(s,—*bHg ;o ---—2g ) with s,=f(s,):
then s, ., =f(rn,). Since (f, g) is a reduction, mductlvely we obtain a computation
sequence w=(s,—s, o> 255 with gle,)=e,; and f(s,4)=5,+;
for each 1 <i<k. Clearly, x= [u] <[uwland @([uw])=[u'w ]=[v"J=¢([v]). Then
[uw]=[v]=y as shown above, hence x<y.

Similarly to the above, where we constructed the computation sequence w for w', we
obtain that ¢ maps D°(.=/) onto D°(«/’). Hence, ¢ is an order-isomorphism from
(D°(aZ), <) onto (D% ("), <) and thus also from (D(«7), <) onto (D(s'), <). U



Labelled domains and automata with concurrency 303

A converse of Theorem 3.6 (under the additional assumption that .o/, &/’ are
cancellative) will be proved later, see Corollary 3.20. We continue to establish
properties of automata preserved by reductions.

Proposition 3.7. Let </, &/’ be two automata with concurrency relations such that each
state of o/ is reachable, and let (f, g): o/ — /' be a reduction. Then

(a)  is cancellative iff o' is cancellative.

(b) o is concurrent iff /' is concurrent.

Proof. We first show that each state of &/’ is reachable. Let s'eS’. Then s’ =f(s) for
some seS. Choose ueCS2(o/) with codomain s. Then the induced computation
sequence u' of .of" satisfies cod(u')=s".

(a) Let o/’ be cancellative, and let xtu, xvw be two equivalent finite initial
computation sequences of o/ ending with transitions t,u,v,w, such that
ev(t)=ev(w)=a, ev(u)=ev(v)=>b and a # b. Applying the morphism ( f, g) to these two
computation sequences, we obtain two equivalent computation sequences x't'u’, x'v'w’
of o/’ with transitions t’, #', v, w' such that cod(x')=f(cod(x)), ev(t')=ev(w')=g(a)
and ev(u')=ev(v')=g(b). Since g is locally injective, we have g(a)#g(b). As
o' is cancellative, we get ¢(a)lliayg(b) and so all,axb. Hence & is
cancellative.

For the converse, we argue similarly. Given two equivalent computation sequences
x't'w, x'v'w of o/’ as above, we obtain computation sequences xtu, xow of &/ which
induce x't'u’ and x'v'w’ respectively, through (f, g). As shown in the proof of Theorem
3.6, then xtu and xvw are equivalent. Since .o is cancellative, we obtain a | 4 b and
then g(a) || toa yg(b), as required.

(b) Let o7’ be concurrent, and let (g, a,p), (4. b,r), (g.c,s)e T such that a | b, all,c,
bll,c. Letting g(a)=da', g(b)="', etc., f(s)=s', we obtain transitions (¢',a’, p'), (', b",r'),
(g,c,s')of o" with a' || 0", a'll;¢/, b' || ,,¢’. Hence, also b |, ¢, @' ||, ¢, a’|¢b’. Since
(f, g)is a reduction, this implies b ||,¢, a|,c, a | ;b, as required. Hence «/ is concurrent.
The converse is proved similarly. [

Next we begin with the definition of the functor 4: LDom— Aut. First we show
how to construct an automaton with concurrency relations from a given labelled
domain.

Definition 3.8. Let 2=(D, <,l;,l5) be a labelled weak concurrency domain. We
define an associated automaton with concurrency relations A(2)=(S,E, T, *,||) as
follows:

(1) T={(s,e,s’)eSx Ex S': there are x, yeD° with x—=< y, lg(x)=s and Is(y)=s"};

(2) x=Is(L);

(3) I=(lls)ses wWhere for all seS and e, e;€E, we put e, ||se, iff e, and e, are weakly
observably concurrent in & at s.
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Lemma 3.9. In the above situation, A(Z) is an automaton with concurrency relations in
which each state is reachable.

Proof. Assume that (s,e,5), (s,e,5”)eT. We claim that s'=5". Choose x,x',y,y €D°
with x-—< ¥, X< Vv, ls(x)=1ls(x)=s,l5(v)=+", and [s(y")=s". There is y"eD° with
X< vy and ls(y")=s" Then y' =y", so s’ =s". Clearly, for each e<E there are x, ye D°
with x—< y; then (lg(x), e, ls(y))e T. Now let e, ||,e,. Then s =1I¢(x) for some xe D° and
there are y;,zeD° with x-< y,——5z (i=1,2). Hence, we obtain transitions
(s,ei, Is(vi)), Us(y;), ez, 1s(z)) for i=1,2 in A(D) as required.

Next let seS. There is xeD® with [g(x)=s. Choose any covering chain
L=xg<x;< =< x,=x1n D from L to x. Let t;=(ls(x;_1), Ig([xi_1, xi]), Is(x:)
for i=1,...,n. Then t{...¢t, is a finite initial computation sequence of A4(%) with
codomain 5. [

Let 2. ' be two labelled weak concurrency domains and (¢,f,g): 9 > 2’ a mor-
phism. We then put 4(¢,f, g)=(/, g), and we have to show that this is a morphism
from A(Z) to A(2’). This is done in the subsequent proposition.

Propesition 3.10. The correspondence A: LDom — Aut is a functor. Moreover, A maps
order-morphisms between nicely labelled domains to reductions.

Proof. Let 9 =(D, <,l;,1s), 2'=(D', <,lg,ls) be two labelled weak concurrency
domains and (¢.f,9):2—>% be a domain-morphism. We claim that then
(f.9): A(2)—>A(2') is a morphism in Aut. First let (s, e,s )e T. There are x, ye D° with
X< v, Is(x)=s and Ig(y)=s". Then (p(x)& @(y) in 2, lg(p(x))=f(s), and
Is:(p(y))=/(s"). Hence (f(s), g(e), f(s")eT".

Now assume that e, [, in A(Z) and gle,) # gle,). There are x,y;,zeD° with

Is(x)=s and x—e%y,-e—3<"z for i=1,2. Then in 2 we have s (p(x))=f(s) and
gler) gles—i)

P(x)—<"@(y;) —< @(z) for i=1,2. This shows that g(e;) | glez) in A(Z') as
needed. Obviously, 4 preserves compositions and identities.

Suppose now that & and 2’ are nicely labelled and that ¢ is an order-isomorphism.
We show that then (f, g) is a reduction. To show that [ is onto, let s'eS’. Choose
x'eD’® with I5.(x')=s". Then x=¢ ~*(x')e D° satisfies [ (I5(x)) =I5 ((x))=s". Next let
seS and (f(s), ¢, r)eT’. Choose xeD® with [g(x)=s. Then f(s)=Ils(¢(x)), and by
Definition 2.5(1) there is y’'eD® with (p(x)—e<, y and Ig.(y')=7". Choose yeD° with
@(y)=yv. Then x—<y. Putting e=1.({x,v]) and r=Is(y), we get (s,e,r)eT and
g(e)=e¢'. This proves condition (3.5)(2).

To check (3.5)(3), let seS and e, e, € E with ¢ || ;) €2 in A(2’). Choose xe D° with
Is(x)=s. Since s (@(x))=f(s) and @’ is nicely labelled, there are vy, y5,zeD’® with
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(p(x)—e<:’ y§e5<'iz’ fori=1,2.Let y,;=¢ 1(y})(i=1,2)and z=¢ !(z'). Then x < y;~< z,
and e;=Ig([x,y;]) satisfies g(e;}=e; (i=1,2) so e, #¢,. Hence we have e ||;e, in
A(D).

Finally, let seS and (s, e;,s;)€ T for i=1, 2. There are x, y;, y,€D° with Is(x)=s and
x—< Vi, ls(yvi)=s;fori=1,2. So q)(x)gﬁ)q)(y,-) fori=1,2. Now e, # e, implies y, # y,,
thus g(e;) # g(e,). Hence g is locally injective. [

It will be useful to consider first 4(2) where the labelled domain £ has a parti-
cularly simple form.

Definition 3.11. Let (D, <) be a weak concurrency domain. Let [ be the canonical
event-labelling function on (D, <). As noted before, (D, <, 1, idpo) is nicely labelled. Its
associated automaton A(D)=(S,E, T, =,||) has the following form:

(1) S=D%and x=1;

2) E={[x,y].<:x,yeD% x<y};

(3) T={(x.[x.¥]15<.¥): x,yeD® x<y};

@ |=(ll)ses where [x, v 1 Il[x, v2] iff y; # v, and there exists zeD° with y;,—< z
(i=1,2).

This automaton will be called the canonical automaton with concurrency relations
associated with (D, <).

These automata were studied before in [10]. Next we note the close relationship
between 2 and induced labelled domain of 4(2).

Lemma 3.12. Let 2 =(D, <, lg,idpo) be a weak concurrency domain with canonical
event-labelling function and trivial state-labelling. Let .o/ =A(2) be the canonical
automaton associated with (D, <). Then there exists an isomorphism (@, idyo, idg)
from 2 onto D(A), the induced labelled domain of <.

Proof. Define ¢ :D°-D%(o/) as follows. If xeD° choose a covering chain
Ll=xp<--—<x,=x from L to x. Let t,;,=(x;_1,[Xi~1, Xi]><,X;) (i=1,...,n) and
put (x)=[t;...t,] (if x=_1 let ¢(x)=[¢]). As shown in [10; proof of Theorem 2.4],
¢@:(D° <)=(D° (), <) is an order-isomorphism and thus extends uniquely to an
order-isomorphism from (D, <) onto (D(«/), <). Obviously, cod(@{(x))=x for each
xeD® Now if x,yeD® with x—<y, let @(x) be given as above, and put
t=(x,[x,y]><,y)eT. Then o(y)=[t;...t,t], so Ig([o(x) o)) =[x.y]>c=
lg([x, y]). The result follows. [

Now we can generalize Lemma 3.12 to arbitrary nicely labelled domains.

Proposition 3.13. Let 9 =(D, <, lg, s} be a nicely labelled domain. Then there exists an
isomorphism ng=(np,ids,idg) from @ to D> A(2D).



306 F. Bracho, M. Droste

Proof. Let I;. be the canonical event-labelling function on (D, <), and let
@' =(D, <,l,idpo). Then &/'=A(2’) is the canonical automaton associated with
(D, <). Obviously, the triple (idp,ls,g) where g([x,y].-)=I[([x,y]) for any
[x,y]elntp, is an order-morphism from %’ to 2. Hence, by Proposition 3.10,
(Is,g9): A’>A(2)1s a reduction. Let (¢, I5, g) be the induced morphism from D(«/') to
D-A(2). By Theorem 3.6, ¢ is an order-isomorphism. By Lemma 3.12, there is also
an isomorphism (,idpo, idy ) from 2’ to D(=/’). Hence, (¢=i,ls,g) is an order-
morphism from &' to D> A(Z). Observing that (idp, ls, g) is an order-morphism from
2’ to &, we obtain easily that (¢ <y, idg, idy) is an isomorphism from Zto D A(9).

We record an explicit description of the order-isomorphism 7, = ¢ < obtained in
the proof of Proposition 3.13. Let xeD® and choose any covering chain
Ll=Xxpg<x1—< - <Xx,=x from L to X in 9. Then each
L=(ls(x;— 1) p([xi—1, x:]) Is(x;)) (i=1,...,n) is a transition of A4(2), so
u=t;...t,eCSL(A(2)) (if x= L, we have u=¢, the empty computation sequence of
A(2)). Then mp(x)=@y(x)=[u], as can be easily checked.

Corollary 3.14. Let 9 =(D. <,ly, Is) be a nicely labelled weak concurrency domain.
(a) Let o/ be the canonical automaton associated with (D, <). Then there exists
a reduction from of to A(D).
(b) A(2D) is cancellative.
(c) If (D, <) is a concurrency domain, then A(%) is concurrent.

Proof. (a) This was shown in the course of the proof of Proposition 3.13.

{b) By (a) above and Proposition 3.7(a), it suffices to prove that .« is cancellative.
Let xru, xvw be two equivalent finite initial computation sequences of .o/ with
ev(t)=ev(w)=a, ev(u)=ev(v)=>b and a # b. Then xtu and xvw have the same codo-
main, say z, and letting cod(x)=x’, we obtain y;,y,eD® with x' < y;—~< z for i=1,2
and a=[x"y;].,b=[x",y,]. .. Hence a|l, b as required.

(c) As shown in [10], the canonical automaton associated with any concurrency
domain is concurrent. Hence, the result follows from (a) and Proposition 3.7(b). [

Note that by Corollary 3.14(b), the functor 4 maps the objects of NLDom into
C Aut. We will denote the restriction of A4 to the subcategory N L.Dom also simply by A4.
Now we show that there is a close relationship between the automata .7 and
Ao D(A).

Proposition 3.15. Let o7 be an automaton with concurrency relations in which each state
is reachable, and let o' = A D(sl). Then ¢ ;= (ids, idy): of — .o is a morphism. More-
over, g, Is an isomorphism and of =.of’, if and only if of is cancellative.

Proof. Let o =(S,E, T,,|) and o' =(S,E, T", %, |’'). We first show that T=T". Let
(s,e,s")e T. Choose a finite initial computation sequence u of .o/ with codomain s, and
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put v’ =u(s,e,s’). Then in D(s/) we have [u]—e< [u], ls([u])=s, and Ig([u'])=¥, so
(s,e,s')eT’. Conversely, let (s,e,s’)e T'. Then there are x,yeD%(s/) with x—=< ¥,
Is(x)=s and Is(y)=s". Hence, if x =[u], then y=[u(s,e,s')] and (s,e,s')eT.

Next we show that || = | ; for each se§. Indeed, let ¢, ||;e,. Choose any ue CSS(s7)
with  cod(u)=s. There are transitions (s,e;, pi)(pi,e3_i.q)¢T  and
[u]i [u(s, e, pi)] = [u(s,ei,pi)(pises-i,q)]1=z; for i=1,2 and z; =z, by e, |;e;.
Hence e, ||;e; in &/'. Thus, ¢,:.9 -/’ is a morphism.

It follows that ¢, is an isomorphism iff o =.o/" iff ||, < ||, for each seS. The latter
condition means that whenever e, and e, are weakly observably concurrent in D(.27)
at seS, then e, |se,, 1.e., & is cancellative. [J

Now we can derive the second main result of this section.

Theorem 3.16. The functors A:NLDom— CAut and D:C Aut - NLDom form an
equivalence of categories; A< D is the identity functor on CAut.

Proof. By Propositions 3.4, 3.10 and Corollary 3.14(b), D and A are functors. By
Propositions 3.15 and 3.13, ey :f/—>A°D(of) and ngy:Z—-D-A(D) arc
isomorphisms. Since of =A° D(=/), Ao D is the identity functor. It only remains to
prove the commutativity of the diagram:

9 —— D-A(9D)
e

lw.fa 1 PeAw.fg)

z’ — Do A(D)

ng

But the equality of the two morphisms 54 °(@,f, g) and (D A(e,f, g))°ng from
2 to D> A(2') is immediate by Proposition 3.3. O

As a consequence, for the important class of concurrent automata, Theorem 3.16
cuts down to the following result.

Corollary 3.17. The categories of concurrent automata and nicely labelled concurrency
domains are equivalent.

Proof. By Proposition 2.9, each concurrent automaton .o is cancellative, and, futher-
more, (D(s7), <) is a concurrency domain, cf. [10]. Together with Corollary 3.14(c)
and Theorem 3.16, this implies the result. ]

Using results of [10], similarly we also obtain equivalences between certain sub-
categories of concurrent automata and categories, e.g., of nicely labelled event do-
mains, or nicely labelled dI-domains. The formulation of these is left to the reader. Let
us call a morphism (f, g): .o/ —.o/" strong, if whenever e | ;' in o7, then g(e) | ;  g(e’) in
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&/'. For this kind of morphisms, an adjunction between a category of automata with
concurrency relations and a category of Petri nets with capacities has been recently
derived in Droste and Shortt [11]. Let us call a morphism (¢, f, g): 2 > 2’ between
two labelled domains strong, if whenever x,y;,zeD? with x—< y;—< z (i=1, 2) and
y1 # Va2, then also @(y;) # ¢(y,). Then we have the following corollary.

Corollary 3.18. The category of all cancellative automata with concurrency relations
and strong morphisms is equivalent to the category of all nicely labelled weak concur-
rency domains and strong morphisms.

Proof. Let (f, g): 7/ — .o/’ be a morphism, where .o/ and .o/ are cancellative, and let
(¢,f. g):D(s4)— D(o7") be the induced morphism. Because of Theorem 3.16, it suffices
to show that (/, g) is strong iff (¢, f, g) is strong.

First assume ([, ¢g) is strong, and let x,y;,zeD(s/)°, x%yi—<z (i=1,2) and
vi #y,. Then e, and e, are weakly observably concurrent in D(o/) art s=lg(x).
Hence e, ||,€,, since .o/ is cancellative. Then, in particular, g(e;) # g(es), as (f. g) is
strong. Since (p(x)g—(? @(y;)fori=1, 2, we obtain ¢(y, ) # @(y,), proving that (¢, f, g)
is strong.

For the converse, let (¢, f. g) be strong, and let e, ||;¢, in /. Then ¢; and e, are

weakly observably concurrent in D(s/) at s, so we obtain x-< .\’ie}%iz (i=1,2) in
D(</) with y{ # y, and cod(x)=s. Then (p(x)ﬁ)w(}/i)g(ii)w(z) (i=1,2)in D(s/")
and @ (v) # @(y2). So gley) #glez). As cod(p(x))=f(cod(x))=f(s) and .o/  is cancel-

lative, we have g(e;) |7 g(ez). U

Putting Corollary 3.18 and the results of [11] together, we obtain an adjunction
between a category of Petri nets with capacities and nicely labelled weak concurrency
domains. We note that the computation sequences of the “intermediate” automata
correspond to the possible firing sequences of events of the underlying Petri nets,
starting from the initial marking. Restricting the morphisms considered further to
reductions, we obtain the following result.

Corollary 3.19. The category of all cancellative automata with reductions as arrows is
equivalent to the category of all nicely labelled weak concurrency domains with order-
morphisms as arrows.

Proof. Immediate by Theorems 3.16 and 3.6 and Proposition 3.10. [

Next we obtain a partial converse of Theorem 3.6.

Corollary 3.20. et o7, o/ be two cancellative automata, let ([, g):.o/ — o/ be a mor-
phism, and let (@, f, g):D(of)— D(of’) be the induced domain-morphism. If ¢ is an
order-isomorphism, ( f, g) is a reduction.
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Proof. By Propositions 3.10 and 3.15, (f,g)=A4(e,f, g) is a reduction from .o =
AeD(A)Yto AeD(A')=o/'. [

As noted in the introduction, in general a given weak concurrency domain can be
generated by various automata with concurrency relations. The following is a solution
of the “unique representation problem”.

Corollary 3.21. For each nicely labelled weak concurrency domain 9 there exists, up to
isomorphism, a unique cancellative automaton o/ which generates 9.

Proof. By Proposition 3.13 and Corollary 3.14(b), A(2) is a cancellative automaton
generating 2. Let o/ be any cancellative automaton generating 2, i.e. with D(.o/) =~ 2.
By Proposition 3.15, o« = A D(A) = A(D). O

Corollary 3.21 indicates how to construct, given a weak concurrency domain
(D, <€), a cancellative automaton ./ generating (D, <): we have to find event- and
state-labelling functions Iz, Is such that 2=(D, <, g, ls) is nicely labelled; then put
o = A(D). We illustrate this by a simple example. Let 2 =N u {oo} with the natural
order of N and such that x < oo for each xeN. There are the following ways to make
(D, <,Ig,lg) into a labelled domain.

(1) Is:N — S is a bijection, and Intp,—E is an arbitrary surjection.

(2) S1is a finite set, say |S|=n. Then E is also finite, | E| < |S|, we have lg(i +n)=I5(i)
and Ig([i+n, i+n+1])=Ig([i,i+1]) for all ieN, and S={Is(i):1<i<n}.

We now show that by defining labelling functions, I, Is of (D, <) satisfying
restriction (1) or (2), the automata associated with @2=(D, <, I, l5) provide up to
isomorphism all automata with concurrency relations and only reachable states
generating (D, <). Indeed, let &/ be any such automaton. Since (D, <) is linearly
ordered, no two events of o/ can be weakly observably concurrent in the induced
domain D(«7) at s (s€S); hence | = ¢ for each state s of o7, and .« is cancellative. Thus
A =A°D(A)= A(D), proving our claim.

An automaton with concurrency relations o is finite, if both its event set and its
state set are finite. Next we characterize which weak concurrency domains can be
generated by finite cancellative automata.

Corollary 3.22. Let (D, <) be a domain. The following are equivalent.

(1) (D, <) can be generated by a finite cancellative automaton.

(2) (D, ) is a weak concurrency domain, and there exist event- and state-labelling
Junctions lg, Is for (D, <) with E and S finite such that 2=(D, <,lg,lg) is nicely
labelled.

Proof. Straightforward by Theorem 3.16. [



310 F. Bracho, M. Droste

We note here that for any event-labelling function I, for (D, <) (for instance, with
E finite), the proof of Theorem 4.3 below shows how to construct a state-labelling
function Iy with S of minimal cardinality such that (D, <, I, [s) is nicely labelled.

Finally, we turn to an application of our results in trace theory.

A trace alphabet &=(E, ||) consists of a countable set E together with a symmetric
irreflexive binary relation || on E. The free partially commutative monoid M (&) is the
quotient of the free monoid E* over E modulo the congruence generated by ab ~ ba
whenever a|l b (a,beE), cf. [17,8]. We denote this congruence on E* also by ~. We
define a partial order on M(&) by putting x<z iff xy=z for some yeM(&). Let
(D(&), <) be the ideal completion of the partial order (M (&), <); then (D(&). <), the
domain of all traces of &, is a Scott-domain with (D%(&). <) =(M(&), <). It is known
that (D(&), <) is, in fact, a coherent dI-domain.

Our goal is to characterize the domains of this form. Given a concurrency domain
(D, <), for each xeD° we define an associated trace alphabet &,=(E,, | ;) as follows.

(1) Ex={[x.y]: x<y},

(2) [x.v]ll«[x,2]iff y#z and {y,z} is bounded in D. (Recall that then y—<y vz
and z—< y v z by axiom (C).)

The following provides a characterization of the domains (D, <} isomorphic to
(D(&), <) for some trace alphabet &; we are thankful to an anonymous referee who
provided a characterization similar to the one of (1)<>(3) below.

Corollary 3.23. Let (D, <) be a partially ordered set. The following are equivalent.

(1) (D, €)= (D(&), <) for some trace alphabet &.

(2) (D, <) is concurrency domain, and there exists an event-labelling function Iy on
(D, <) with the following two properties:

(i) Whenever x,y,x'eD® with x—< y, then there is y'eD® with x' < y'.

(i) Whenever x,v;,z,x', v}, zie D° with X<y, 2z and X' -< v 5< Z for i=1,2, and
Vi # Va2, then z7=125.

(3) (D, <) is a concurrency domain, and for .any x,yeD® with x—<y there is an
isomorphism ¢.,: &, — &, between the associated trace alphabets with the following two
properties:

(i) @xy([x,2])=[y,y Vv z] whenever y #z and {y,z} is bounded.

(ii) Whenever x,y;,zeD® with x—< y;—<z for i=1,2 then @, ;" Qxy, = Py,2° Pxys-

Proof. (1)=(2): Let & =(E,||). We define an automaton with concurrency relations
o/ =(S,E, T,*,|') as follows. Let S={«}, a singleton set, T={(x,e,x):¢eE} and
|”=(|l4) with ||, =||. Then initial computation sequences of .2/ correspond uniquely to
words over E, i.e. elements of E*, and this correspondence yields a canonical isomor-
phism from (D (.s7), <) to (D(&), <), as is easy to see. Clearly, o/ is concurrent and
D(.2/) is a nicely labelled concurrency domain. Observing that [S|=1, properties (i)
and (ii) are thus immediate for D(s/). Since (D, <)=(D(</), <), our claim
follows.
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(2)=(1). Let S={s} be a singleton set and ls:D®—S the uniquely determined
function onto S. Then properties (i) and (i) say that 2=(D, <,lg,[s) is nicely
labelled. Put &/ =A4(2) and &=(E,|) where | =|, from /. Then & is a trace
alphabet, and as above we have (D(&f), <)=(D(&), <). Since 2 = D(«/), the result
follows.

(2)=(3). Let x,yeD® with x—<y For any zeD® with x—<z we put
¢xy([x,2])=[y,2'] where z' is the uniquely determined element of D°® with
lg([y,2’])=1g([x,2]). If here y # z and {y,z} is bounded, we obtain z'=y v z since
(D, <) is a concurrency domain. It follows that ¢,,:£,— &, is an isomorphism
satisfying condition (3)(i), and condition (3)(ii) is straightforward from the definition of
Pxy-

(3)=(2): For any xeD°, we define an isomorphism ¢,: &, — &, as follows. If x= 1,
let o =id. If L < x, choose a covering chain L =x,—< x;—< ---—< x,=x from L to x.
Then put @, =@, ,x.° °@xx - the composition of the given trace alphabet isomor-
phisms ¢,, ..., (i=n—1,...,0). Since any concurrency domain is a weak concurrency
domain, in particular satisfies axiom (E) of Definition 2.3, by requirement (3) (ii), ¢, is
well-defined and hence an isomorphism as claimed. Now put E={[ L,z]: L <z},
and we define a function Ig: Int;, — E by letting I, ([x, y])=[ L, z] if o, ([ 1, z]) =[x, ¥]
(ie. Iz is the extension of the mappings ¢y '(xeD?%)). It easily follows that Iy is
an event-labelling function satisfying condition (2)(i). To check (2)ii), let
X, Vi, 2, X', i, z;e D® with x—< yieiiz and x < y}e:’%iz; for i=1,2 and y, # y,. Since
(%, 711l<[% 2] in & and ¢@,°p;':,—&, is an isomorphism, we obtain
[x,vi]le[x,y2] in &, so yg?iiyﬁ vy, for i=1,2, and thus
Zy=y1vy,=z>. O

4. Minimal automata generating given domains

Let (D, <) be a given weak concurrency domain. In this section we will study the
problem whether the collection of all automata with concurrency relations generating
(D, <) contains with respect to the preorder induced by the existence of reductions,
maximal or minimal automata. The same question arises by considering only auto-
mata with a fixed set E of events; for example, can every such automaton be reduced to
a minimal automaton of this kind, i.e. can the state set be made as small as possible?
Dually, we may consider automata with a fixed state set and try to minimize the event
set. We will show that all these questions under slight additional assumptions have
positive answers.

We introduce some notation. An event-morphism (¢@,g):(D, <,lg) (D', <,Ig)
between two event-labelled domains will be called an isomorphism, if both ¢ and
g are bijective. Let o/ be an automaton with concurrency relations and
D(A)=(D(A), <, I, ls) its induced labelled domain. We say that o7 generates
(D, <,Ig ), if (D(A),<,lg) and (D', €,lg) are isomorphic. Also, o/ generates
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(D, £,ls), if D(/) is isomorphic to 2'=(D’, <, g+, lg-), for some event-labelling
function lg« making 2’ a labelled domain. A reduction (f, g): o — &/’ will be called
a state-reduction, if g is bijective, and an event-reduction, if f is bijective. First we study
state-congruences for a given event-labelled domain.

Lemma 4.1. Let (D, <,lg) be an event-labelled domain. Then the system (¥, <) of all
nice state-congruences for (D, <,lz), ordered under inclusion, forms a complete lattice.
In particular, (&, <) contains a smallest and a greatest element.

Proof. Clearly, the state-congruence corresponding to the identity function idpo is the
smallest element of (&, ). Now let ¢ # ¥ < &. Let = be the transitive closure of
(Ucew C. It is easy to see that = is a state-congruence for (D, <, Ig). To show that = is
nice, let x,y;,zx,vi,z;eD® with [x,y;1=[x,yi], [vi-z] =6/, 2] for i=1,2,
vy # v, and x = x'. There are xo, ..., x,€D° such that x=x4, X'=Xx, and X;=;Xj4 for
some =;eC (j=0,...,n—1). Since each =; is a nice state-congruence, inductively
we obtain elements y;;,y;,,z;€D° (j=0,...,n) with y;=yo,;,z=z, and
[, viid =elXje 15 Viv 1,0 oo 21 =6ljer,i,2] and y; #y;, for i=1,2 and
j=0,...,n—1. It follows that [x.y;]l=g[x,y.:;] and [yi,zi]1=g[yni>2n)s $O
Vi=ya.; and thus zj=z, for i=1,2.

Clearly = is the smallest state-congruence for (D, <, Iz) containing all congruences
in ¥. Hence = is equal to sup% in (&, <). So (&, <) is a complete lattice with
greatest element sup &. We just note that the infimum of a nonempty subset € of & in
(&, <) is simply the intersection of &, as is easy to see. []

Under the assumptions of Lemma 4.1, we will denote by = po the smallest state-
congruence for (D, <,[lg). Let [, ls. be two state-labelling functions for (D, <,[;),
and let =, =’ be the corresponding state-congruences. We note for later
purposes that clearly = < ="' iff there is a function f:S—S’ with [g.=f°lg. Then
(idp, f, idg)is a morphism from (D, <, g, Is) to (D, <, g, I ). The following is straight-
forward.

Lemma 4.2, Let 2=(D, <,lg,l5) be alabelled domain and (D', <, ') an event-labelled
domain. Assume (@, g):(D’, <,z )—(D, <,lg) is an isomorphism, and let [5=lso@|po.
Then @' =(D', <,lg,I5) is a labelled domain, and (¢, idg,g): @' — P is an isomorphism.

Now we can show the following result about the existence of maximal and minimal
automata generating a given weak concurrency domain.

Theorem 4.3. Let (D, <, 1) be an event-labelled weak concurrency domain. Then there
exist two cancellative automata s, and S nin, each generating (D, <,lg), with the
following two properties.

(1) For any cancellative automaton o/ generating (D, <,l) there exist state-reduc-
tions from of ., to oA and from of to of .
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(2) If o is any automaton with concurrency relations having only reachable states,
then any reduction from of to /., is an event-reduction. Any state-reduction from
A min 10 o I an isomorphism.

In particular, o .y and o, are unique up to isomorphism with property (1).

Proof. Let idpo be the trivial state-labelling function, and let 2y =(D, <, g, idpo). By
Lemma 4.1 there exists a greatest state-congruence =g, such that 2, =(D, <,lg,Is,)
is nicely labelled, where Ig_ is the state-labelling function on D° corresponding to
=g,. Let of 1, =A(D,) and A ;= A(2,,). By Corollary 3.14(b) and Proposition
3.13, o/ max @and o7, are each cancellative and generate (D, <, lg).

Now let &/ be a cancellative automaton generating (D, <,lg). Let
D(A)=(D(HA), <,lg,I5) be its induced (nicely labelled) domain. Since (D (7)<, Ig)
is isomorphic to (D, <, I), by Lemma 4.2 there is a state-labelling function Is:D° - S
such that D (/) is isomorphic to 2 =(D, <,lg, ls) which is hence nicely labelled. If =5
is the state congruence corresponding to Iy, clearly we have =po & =5 =5,,. So
(idp, ls, idg) is an order-morphism from @, to &, and there is also an order-morphism
(idp, f, idg) from 2 to 2,. Applying the functor 4, by Proposition 3.10 we get
state-reductions (s, idg) from o/ ., to A(2) and (f, idg) from A(D) to o7 ;,. But by
Proposition 3.15, o/ =A° D(s/), which is isomorphic to 4(2). Hence property (1)
follows.

To check property (2), let .o be any automaton with concurrency relations having
only reachable states and let (f, g) be either (a) a reduction from o7 to A,,; or (b)
a state reduction from A,_;, to «/. Then &/ is cancellative by Proposition 3.7, and
D()=(D(A), <,lp,l5) is a nicely labelled domain. Applying the functor D, in case
(a) we get an order-morphism (o, f, g) from D{(./) to D(sZ,.,), and by Proposition
3.13 there is an isomorphism (n3!,idpe,idg) from D(sf ) to Do. Thus,
nz' o @lposy=f"1Is, so f(and I5) must be injective. Hence ( f, g) is an event-reduction.
In case (b), similarly we obtain an order-morphism (y, f, g) from 2, to D(2/). Then,
by Lemma 4.2, I¥=1I5°|po is a state-labelling function with which (D, <,lg,I5) is
nicely labelled. Since [¥=f°I5 _, we obtain that the congruence corresponding to

¥ contains, and hence equals =g _, showing that f is injective. So, (f,g) is an
isomorphism.

For the final statement, let o#* be a cancellative automaton with property (1) as,
say, for o/, (for /., the argument is analogous). Then there exists a state-
reduction from .o/ * to .o/ ,,, which, by property (2), must be an event-reduction and
thus an isomorphism. So &/* ~.o/,,. O

Theorem 4.3 shows that the class of all cancellative automata ./ having a fixed (up
to bijective relabelling) event set E and generating a given weak concurrency domain
(D, <) contains, with respect to state-reductions, a greatest automaton .o/.,,, and
a smallest automaton &7 ,,,;,. Moreover, these two automata are unique up to isomor-
phism. In combination with Lemma 4.1, the proof also gives us an explicit description
of these automata.
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In this context we note that if (f, g):.o/ > .o/’ and (f”, g'):.o/' — .o/ are state-reduc-
tions between cancellative automata .7, .o/’, it does not follow that (f, g) and (', g")
are isomorphisms. Indeed, let o/ =(S, E, T, *, |) where

(1) S={*a,,bp:n,meZ,m<0},

(2) E={e,: neZ},

(3) T={(*’ena an),(ansem b,,), (b", €n, bn): n<0} U{(*’eman)s (G, e,,,a,,):n>0},

@) || =(lls)ses With ;=9 for each seS.

Define f:S—S by f(*)=x, f(a,)=a,+ for each neZ, f(b,,)= b, for each m<0,
and f(bg)=a,. Let g(e,)=¢,, for each neZ. Then (f, g): &/ — o/ is a state-reduction,
but not an isomorphism.

However, if (f,g): .o/ —» o/  and (f',g’): .o/’ — o/ are state-reductions and .o is finite
then | .o/ |=|%/’| since f, f’ are onto, and thus f, /' are bijective. From this it easily
follows that (f,g) and (", g') are isomorphisms.

Next we wish to derive a similar result as Theorem 4.3 for cancellative automata
o/ with a fixed state set § and generating a given weak concurrency domain (D, <).
We first show that the canonical automaton associated with (D, <) is the greatest
element of this class, with respect to event-reductions.

Theorem 4.4. Let 2=(D, <,Ig,ls) be a nicely labelled domain, where 1; denotes the
canonical event-labelling function on (D, <). Then A(2) is cancellative, generates
(D, <,l5) and has the following properties.

(1) For any cancellative automaton </ generating (D, <,lg) there exists an event-
reduction from A(2D) to .

(2) If o/ is any cancellative automaton, then any reduction from </ to A(D) is
a state-reduction.
In particular, A(2) is unique up to isomorphism with property (1).

Proof. By Corollary 3.14(b), 4(2) is cancellative, and by Proposition 3.13, it gener-
ates 2. Now let o/ be any cancellative automaton generating (D, <, [s). Then there
exists an event-labelling function [z on (D, <) such that D(s/) is isomorphic to
92’ =(D, <,lg,ls), which is hence nicely labelled. If g:E—E’ is defined by
g{[x,v]><)=Ilg-([x,¥]) (for [x,ylelnty), we obtain an order-morphism
(idp, ids,g): 9 —>2'. By Proposition 3.10, (ids,qg): A(2)—A(2’) 1s a reduction.
Since A(2') =~ A- D(o/ )=/ by Proposition 3.15, we have thus established property
(1).

To check property (2), let o be a cancellative automaton and (f, g): .o/ - A(D)
a reduction. By Theorem 3.6 and Proposition 3.13, there is an order-morphism
(@.f, g) from D(o)=(D(s#), <,lp,ls) to @. In particular, for any x, yeD°(o#) with
x—<y we have g-lp([x,y])=I([o(x), e(»)])=[e(x), ¢(y})]-<. Hence, if
gley)=g(ez) and, say, e;=lg([x;,3;]) for i=1,2 then [o(x1) @(y)]><
Lo(x2), @(y2)] In (D, <), s0 [xy,y;] ><[x2,¥,] in (D(o), <), showing ey =e;.
Thus, g is bijective, and so (f, g) is a state-reduction.

The uniqueness of 4(2) can be checked similarly as for Theorem 4.3. (]
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Next we turn to the existence of minimal cancellative automata .o/ with a fixed state
set and generating a given weak concurrency domain. We first need some preparation.

Lemma 4.5. Let (D, <,Ig,l5) be a nicely labelled domain, g an event-labelling of
(D, <), and (idp,g):(D, <,lg)—=(D, <,lg) an event-morphism. Then (D, <,lg,ls) is
nicely labelled.

Proof. Let x,v;,2,x,yi,z;eD® with x& yiiziz and x’—e<; y}e%—iz; where e;jeE’ for
i=1,2, y; #y, and lg(x)=I5(x"). Then in (D, <,lz) we have x-< yiea%iz for some
e;eE (i=1,2). Since (idp,g) is an event-morphism, for i=1,2 we have g(e;)=¢}; also,
there is y*eD° with X -< y¥ and Ig(y;)=Is(y¥). Then x’i’i y¥, so y¥=y;. Applying
the same argument again, we get y;€—3<_iz}. So x'-< ygea%iz} for i=1,2. Since
(D, <,1g,lg) is nicely labelled, we get z) =z as needed. [J

Now we can show the following theorem.

Theorem 4.6. Let o/ be any cancellative automaton and D(sf)=(D, <,lg,ls). Then
there exists a cancellative automaton sf n;, generating (D, <,lg) with the following
properties.

(1) There exists an event-reduction from o to o .

(2) Any reduction from of o, to an automaton with concurrency relations is a state-
reduction.

Proof. Let = be the event-congruence corresponding to [. Since the union of any
chain of event-congruences of (D, <) is again an event-congruence, by Zorn’s lemma
there is a maximal event-congruence = on (D, <) containing = ;. Let M be the set of
all =-equivalence classes of Intp,, and let I, : Int, — M map each prime interval onto
its =-equivalence class. Since =< =, putting g(e)=Iy([x, y]) if e=Ig([x,y]) we
obtain a well-defined function g: E—M with [y,=gcl;. Then 2=(D, <,y [5) is
nicely labelled by Lemma 4.5. Put &/ ;;, = 4(2). Clearly, (idp, ids,g): D(Z )= 2 is an
order-morphism. Hence, by Propositions 3.10 and 3.15, (ids, g) is an event-reduction
from o/ = A° D () to oy, establishing (1).

To check (2), let »/* be any automaton with concurrency relations, and let
(f, 9): A min — < * be a reduction. By Proposition 3.7, &/ * is cancellative.By Proposi-
tion 3.13 and Theorem 3.6, there are order-morphisms (ng, ids, idg): @ — D(.A min) and
(0,1, 9): D(A in) = D(*). Let D(A*)=(D(A*), <,lgx,Is+). Put Yy=¢omny, an
order-isomorphism from (D, <) to (D(.2/*), <). Then for any x, ye D° with x—< y we
have Ig«([Y (x), ¥ (y)1)=g°lu([x, y]). Hence, defining Iz+([x, y])=Ig«([¥(x). ¥ (y}])
for [x, y]elntg, we obtain an event-labelling function Iz« on (D, <) with [gx=g°ly,.
Hence, the event congruence = g« corresponding to Iz= contains = and thus equals =,
by maximality of =. So, g is bijective. [
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Fig. 6.

Note that in Theorem 4.3 we obtained a smallest (unique minimal) automa-
ton in the considered class of automata with fixed event set, whereas in
Theorem 4.6 we derived the existence (not uniqueness) of minimal automata with fixed
state set and given domain. The following example shows that in genecral these
minimal automata are not unique up to isomorphism. It is due to D. Kuske and
a slight simplification of a similar example obtained previously by the
authors.

Example 4.7. Let (D, <,l;) be the following event-labelled domain where
E={ey,e;,e,¢'} (see Fig. 6).

Let [¢=idpo be the trivial state-labelling. Let .o be any cancellative automaton with
D(s7)=(D, <,lg, Is). Consider the following two event-labellings I,,l, of (D, <
LLL xD)=L([L,x])=lL([z,w])=ey.l1([z,w])=e3, [j([x»}i])—lj([.)/ii—iwZ])—ei
for i, je{1,2}. The corresponding event-congruences are clearly maximal event-con-
gruences on (D, <). Let 2,=(D, <,l;,15) and o/;=A(Z;) for j=1,2. Then o/, and
&/ » are non-isomorphic and each satisfy the assertions of Theorem 4.6. (Moreover, it
can be shown that any cancellative automaton satisfying these assertions is isomor-
phic to .o/, or =Z,).

Now we will deal with the class of all cancellative automata generating a given weak
concurrency domain. First we show that this class contains, with respect to reduc-
tions, a greatest automaton.

Theorem 4.8. Let (D, <) be a weak concurrency domain and s/ the canonical automa-
ton associated with (D, <). Let .o/ be any cancellative automaton. Then

(a) if o/ generates (D, <), then there exists a reduction from </ p to o/,

(b) any reduction (f, g): of — o4, is an isomorphism.
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Proof. (a) We can choose labelling functions Ig,Is for (D, <) such that
P =(D, <,1p,ls) is isomorphic to the nicely labelled domain D(</). By Corollary
3.14(a) and Proposition 3.15, there is a reduction from &/, to A(Z), and
A(2)= A-D(o/)=57. For an alternative argument (and for the proof of (b)), let
I denote the canonical event-labelling function on (D, <), and @' =(D, <, 1, idpo). Then
A p=A(2'). The automaton =/, constructed in the proof of Theorem 4.3 for
(D, <, Ig) generates (D, <, idpo), so by Theorem 4.4 there exists an (event-) reduction
from o/ to o may. Since of generates (D, <,lg), by Theorem 4.3 there is a (state-)
reduction from &/, to .7 and the result follows by composing these two reductions.

(b) Let ([, g): o/ — o/ 5 be a reduction. By Theorem 4.3, (£, g) is an event-reduction,
and by Theorem 4.4 a state-reduction, hence an isomorphism.

Finally, we consider the existence of minimal cancellative automata generating
a given weak concurrency domain. For this, we employ our previous corresponding
results (Theorems 4.3 and 4.6).

Theorem 4.9. Let (D, <) be a weak concurrency domain, and let o/ be any cancellative
automaton generating (D, <). Then there exists a cancellative automaton o ;,, generat-
ing (D, <) with the following properties.

(1) There exists a reduction from o to o .

(2) Any reduction from of ., to an automaton with concurrency relations is an
isomorphism.

Proof. Let </, be an automaton given by Theorem 4.6 for &/, and let o/, be the
automaton given by Theorem 4.3 for (D(+/,,), <,lg, ), the induced event-labelled
domain of .&7,,. We obtain, correspondingly, reductions from ./ to ./, and, say (f", g’),
from o/, to o ., proving (1). To check (2), let .o/ * be an automaton with concurrency
relations and (f, g): o min — &/ * a reduction. By Proposition 3.7, &/ * is cancellative. By
Theorem 4.6, the reduction (fof”, gog'): o/, — o/ * is a state-reduction, so g is bijective.
Hence, (f, g) is a state-reduction and so, by Theorem 4.3, an isomorphism. [

As Example 4.7 shows, again the minimal automaton of Theorem 4.9 is in general
not unique up to isomorphism.

Finally, we note that further results on the relationship between domains and event
structures, and, respectively, between domains, monoids and nondeterministic
automata with concurrency relations will be given in [6, 15].
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