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On the Upper Bound of Eigenvalues for
Elliptic Equations with Higher Orders*

ZucHi CHEN AND CHUNLIN QIAN
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Let & be a bounded domain in R™ with piecewise smooth boundary. We
consider the upper bound of the (n + [}th eigenvalue 4, , for the two problems

(= u=i(—A4) u, xXeQ
cu ot
MZE;::--':E‘—J_—l:O, xedf2
and
P(—AYu=2(—A4) u, xef2
du &l
== =6v”'_0' xedQ,

where / and r are positive integers with />r, v is the unit outward normal to
o2 and P(ty=a,_,t'+a,_, """+ - +a; """ with the constant coefficients
a, ,=1,a,20fori=1,2,.,/—r—1. The bounds of 4,,, are expressed in terms
of the preceding eigenvalues. This generalizes the inequalities obtained by Payne,
Polya, Weinberger, Protter, Hile, and Yeh. € 1994 Academic Press, Inc.

1. INTRODUCTION

Let 2 < R™ (m=2) be a bounded domain with piecewise smooth
boundary 0Q2. We consider the eigenvalue problems

(—4) u=pu in Q,
ou a/—lu (1])
u=a=.. =—a—v-l—:—T=0 on 092
and
(—dYu=i-dyu  inQ,
au alflu (1.2)
“=5="'F=0 on ¢%2,
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where v is the unit outward normal to 6Q, / and r are positive integers with
I>r Let

O<py <paSU3< - SPSPpir < -1,

0<11<12< <in<}~n+) < -
denote the successive eigenvalues for (1.1) and (1.2), respectively. There is
a series of works on problem (1.1) (See [1-5].). But little information is
known for problem (1.2). Hile and Yeh discussed the problem (1.2) in 1984
only for the special case where /=2, r=1, and n=1. They obtained the
upper bound of 4, in terms of 4, (see [3]). We now consider problem (1.2)
for the case where / and r are any positive integers with />r. The upper
bound of 2,,, is formulated by the preceding eigenvalues. We also
consider the same problem for the general case where

P(—Au=i(—A4) u, e
Ju o' 'u (1.3)
=5;="':avl~l:0’ xeag,

where P(t)=a, ,t'+a,_, """+ -~ 4a ', and a, ,=1, a,20,
i=1,2,., [—r—1, are constants. The method used here is somewhat
different from [1-3]. This kind of problem is interesting and significant
both in the theory of partial differential equations and in the application or
potential application to mechanics and physics (see [6]).

Our main result are as follows:

THEOREM 1. Let m>22 and A, i, be the eigenvalues of (1.2) with
A< A,. Then
(m+2r) >+ 82 +m—2)—4r(2r+m—2)

A< (m 120y Al (14)
Remark 1. Choose /=2, r=1in (1.4). We then obtain
m?+8m+20 .
.Z\WAI.

This is just Theorem 6 of [3]. Therefore, one might say that this paper is
a proper generalization of [3].

THEOREM 2. Let m>2+2r, and A, (i=1,2, ., n+ 1) be the eigenvalues
of (1.2). If 1 <n< 1+ (m—2)/2r, then

(4(2r+ m—2)2 [H2[+m—2+nr)
+r2nr+nl—2r—m+2)]
n*(m+2r)? (2r +m—2nr —2)?

( Y it}"””)( Y Al ”"”'), when n <2ﬁﬂ:-—2—, (1.5)

i1 i=1 2r+1

;Ln+l<'ln+
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X (2r +m—2nr —2) + In’r]
n*(m+2r)? 2r+m—2nr —2)*

(4[(2r+m—2)2 [((2l+m=2) )

i"+|$§An+

n n _2
(Z 13“'”)(2 A '”"), when n‘>——-—~2r;rrr:l . LSy

i=1 i=1

Remark 2. Choose r=01in (1.5) and (1.5) for m> 2, n> 1. We obtain

AM4<AW+;%FKﬂ+m—Q)(ZAﬁ»(zzMW), (1.6)

i=1 i=1

Furthermore, replacing 4, in (1.6) by 4, yields
|
ln+l<?[m2+4l(21+m—2)] A (1.7)

Inequalities (1.6) and (1.7) are just the results of Theorems 1 and 2 in [5].
Because [S] is the generalization of [1-4], we say therefore that this
article is a generalization of [1-5].

THEOREM 3. Let m=2, and A, A, be the eigenvalues of (1.3). Then

4
Ll 4 ——m
42 [ +(m+2r)2

!
( 3 t(2t+m—2)a,;,}.‘,’“"""’—r(Zr-}-m—Q))]l.. (1.8)

r=r+1

Remark 3. Taking a,=0fori=1,2,..,/—1in (1.8) yields (1.4). Hence,
this theorem is a generalization of Theorem 1.

THEOREM 4. Let m>2r+2, and 2, (i=1,2, .., n+ 1) be the eigenvalues
of (1.3). Then

a 4Qr +m—2) "
; < . =
n+l ”+n2(m+2r)2 (2r+m—2nr—2)2<1glAl )

{ n
[ Yo Y ta, 2t+m—24nprilt- MUy jlemr -t

t=r+1 i=1

{ n
+r<2nr—2r—m+2+n z m'ﬂ)<z Al!rll(lr)>:|,

t=r+1 i=1

2r+m-—2
when n< ;

1.
2r*_zh=r+ltal—r, ( 9)
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AQ2r +m—2)° no
i1 S A, + Ap=n
Anet S 4n nz(m-i—2r)2(2r+m—2nr—2)3(,§l ! >
{ n
Y Zta,,A‘,.’"”/""‘[(2t+m—2)(2r+m—2nr—2)
t=r+1 i=1
!
+n%r Y 1a, /‘..”””””):',
t=r+1
2 -2
when nz rEm (1.9y

7 -
2r4—§:l=r+ltal'r

Remark 4. Taking a;,=0fori=1,2,.,7/—1in (1.9) and (1.9), one can
get (1.5} and (1.5), respectively. Choosing r=0 in (1.8) and (1.9) (or
(1.9)), then (17) of [5] follows. Therefore, Theorem 3 and Theorem 4
are further generalizations of Theorem ! and Theorem 2 respectively.
Moreover, all the results in [1-5] can be obtained from Theorem 3 and
Theorem 4 by choosing the proper parameters in these two theorems.

The proof of our main results is based on the variational formula. First
of all, we construct some test functions and then use the Rayleigh theorem
to obtain a basic inequality. Secondly, for clearness, we divide the proof
into four lemmas. At last, the main results turn out immediately.

2. PROOF OF THEOREMS

We only give the proof of Theorem 1 and Theorem 2. For Theorem 3
and Theorem 4, the proofs are similar but rather complicated in
calculation. We take the mmn trial functions such that

n

Qi = XU~ Z af;(,”;, 2.1)

j=1

where i=1,2, .,n k=1,2, .,m, x=(x,, X5, .., x,) € 2, and the constants
a}; are defined by

af}=J‘xku,-(—A)’ u; dx, Li=1,2,.,n k=12 .,m

Here and throughout the notation { is used for {,. Suppose that the eigen-
function u, (i=1,2,..) of (1.2) corresponding to the eigenvalue 4, is
weighted orthogonal to u; such that

jui(_d)rujdx=5ii’ Lj=12, ..
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It is easy to see that
f u(—4) u; dx=J-V’u,--V’u,- dx='[ u(—4) u; dx

=9,

i

Lj=1,2 .. (2.2)

From (2.1) and (2.2), we know that ¢, is weighted orthogonal to u,
(j=012,.,n)ie,

[ @ul=aY uydx=[ u(~ ) 9, dx=0.

Moreover, @, =3¢, /0v=--- =0 '¢,/0v'"'=0 on Q2. Hence, we can
use the well-known Rayleigh theorem to obtain

) /
b <[ out=aY gudx/ [ 1Vgu1dx (23)

To obtain a more explicit inequality between 4,, , and 4, from (2.3), we
give a further calculation to the right-hand side of (2.3) as

af,=[xw,-(—d)’ u; dx=ka Vu, -V, dx+er’u,--V’ Zu,,, dx

=f.rk Vu, -V, dx+rj‘V” -V dx (2.4)

Here and throughout the notation «, ., denotes Ju,/x,. By a
straightforward calculation, it yields

(—4Y ¢u =(“A)I(xk“i_ i a;u,)

=1

=Lx(=4) u—=2(—=4)" " u

— Z af;-/'t,(——d)’ u,.

J=1

It is easy to see that
f IV'@ul®dx= f Pul—4) ¢y dx

=J,xk¢,k(—A)’ u,d.r—er(pik(—A)”‘ u; , dx.
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Noticing the weighted orthogonality of ¢, with u;, j=1, 2, ..., n, we obtain
J @ul~4) @4 dx:iiJ‘ Vgl dx
+2r; _f Qa(—4)" ! U; x dx

—21j oul~4Y " "u, , dx. (2.5)

Let us define

Iik=2r}°if¢ik(—‘d)r7‘ u; ,, dx, S = —ZIJ.%k(_A)Iil u; y, dx,

Jl'k-

1

Il'k’ J: Z
k=1 i

INYE

By (2.5), we find

S L fou-aYoudi=Y 3 i [IVeul?dxt 141

k=1 i=1 k=1 i=1

Denoting S=3¥7_,>7_, [ {V'@,|? dx, then by (2.3) it holds that
InrS<Y Y A IViulPde T4 (26)
k=1 i=1

Replacing 4, in (2.6) by 4, yields
(/‘t"+1"}~,,)S<I+J, (27)

which is the basic inequality we need. Now, it is sufficient to estimate S, I,
and J for obtaining the main results. We would like to divide the following
proof, for clearness, into four lemmas.

LEMMA 1. Suppose that u, (i=1,2,..) is the eigenfunction of (1.2)
corresponding to the eigenvalue i;. Then

(@) JIV 7w dx <=7, p=1,2, . 0=,
(b) “.lVr—luilZ dx?}'lm,,,).

Proof. By induction, it is easy to show that

plp+1)
J‘|V'+"u,-|2dxs(J‘|V'+"“u,-|2dx> , p=12,..,01-r—1. (28
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Using (2.8) inductively yields
pilp+ 1) pil—r)
fIV’”’u,vlzde(J.|V’+”+'u,|2> g...g(J‘lvluilzdx) )

From (1.2) we know that
l,-:ju,»(—d)’u,»d.r:-l'lV’u,-lzdx, i=1,2, ... (2.9)

Therefore, | |V"*7u, |2 dx < iPV 7.
(b) We have

1 =<J |V'u,-|2dx)2<<J. |V"‘u,rlzdx)<f !V’”u,-lzd)c).

By (a), [V *'u;|?dx<A}¥~", which by combining with the above
inequality gives { |V~ ', |2 dx = A} 7, QED.

LEMMA 2. Lert u, (i=1,2,..) be an eigenfunction of (1.2) corresponding
to the eigenvalue 2;. Then

(@) Tr_ §I1Vu, Pdx=§|V"*u?dx, 1=0,1,2,.,1~1;
(b) —Zr_, § xeud =) u, o dx = (1/2)2t + m) § |V, > dx, 1=
0,1,2 .,/1—1.

Proof. (a) Integrating by parts, we find
Z '[ |Vlui, Xk ,2 dx = Z J’ ui, xk( _A)t ui. Xk ‘1x
k=1 k=1
== ¥ [t =4V uydx = = [ du(~2Y u dx
k=1
=j V' ') dx.

(b) Similarly, we have

— [ xeu (=4 w,  dx=[u, (=2 wdx+ [ xpu, (~4) u, dx
=_f |V’u,-|2dx+‘[x,‘u,-(—d)’ u; ., dx

—2 [ (=AY g dx
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Then,

[ %o~ ayu,, dx=§j |V'u,.|2dx+rjlv" y Pdx. (2.10)
Using (a), we obtain

-y jxku,-(—A)' u; , dx=

k=1

1
E(2r+m)j IVu.*dx. QE.D.
LEMMA 3. Let 4, be the first eigenvalue of (1.2). We then have

(a) I1+J<[I2+m=2)—rQ2r+m-—-2)714i! Y 7

(b) S=((m+2)%4) 2" ), where S=37_ {1V ¢,]%dx.

Proof. (a) Choose ¢, =x.u, (k=1,2,..,m) and take a coordinate
transformation such that

kaIV’ul‘zdx=0, for k=1,2,..,m

then, ¢, is weighted orthogonal to u, with

A /-1
O 0T gy

(pk_ av e = P

=0 on 0Q.
dv

Hence, by the Rayleigh theorem, 4, <[ @(—4) ¢, dx/[ 1V ¢, |* dx and
then

I=2r4, ¥ jq)k(—A)' Vuy L dx,  J=-2Y f¢k(—4)’-'u,>‘.kdx.

k=1 k=1

By the definition of ¢, Lemma 2(b), we find
I= —r(2r+m—2),1,jw' |2 di, J=1(21+m—2)jzv’ |12 dx,

Using Lemma 1(a) for / and Lemma 1(b) for J, we get
I<S—r2r+m=2)4 -, (2.11)
J<I24+m—2) 4l Vi-n, (2.12)

Adding (2.11) to (2.12), we see that Lemma 3(a) follows.
(b) Using (2.10), we have

JV'(pk -Vu, o, dx=Jxku,(—A)’ u, ,, dx

= —r [ IVt P dx = [ 1V P
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Then, by Lemma 2(a) the following holds

) : m+2r
AZ:: fv’wk-V’u..xk dx = — 5(2r+m)J‘ Ivrul|2 dy = — ;

By the Schwarz inequality, Lemma 2(a) and Lemma 1(a), we obtain
(m+ 2',)2 m , , m ,
(3 e a)( 3 [ 1V, ia)

k=1 k=1

=Sj IVH— lul IZ dXSS).}‘w r),

ie, S<((m+2r)Y4)y 00, Q.E.D.

LEMMA 4. Let 4, i=1,2,..,n, be the eigenvalues of (1.2), for 2<n<
1+ (m—2)/2r; we then have

(a) 1+J < [l21+m—2+ nrjo) + r(2nr + nle — 2r — m + 2)]
(2(1:1 ;‘1 I(IAr));

(b) S=(m’2r+m—=2nr=2) (m+r)/4Q2r+m=2)")(Xr_, AV,
where a is a any constant satisfying 0 <o <(1/nl)2r+m—2nr—2), and
S=37_ 120 j IV’QDik'Z dx.

Proof. (a) We already have

Le=2r [ @ul =4y Vu,  dx

dx

ioxyg Y

=2r}v,kau,»(—A)’ Uy

—2ri, Z a{;j u(—4)  'u,, dx

j=1

Let us define

bZ:J.ka’u,--V’uj dx, c’;:rJ.V' "M VO ey dx, (2.13)

4

then, b¥=0b%, cf=—c%, and, by (24), ak=bk+cf, for i, j=1,2,..m

k=1,2, .., m, which with the fact that [u, 4" 'u, ,dx=—[u, 4" ‘'u, , dx
yields

Z b;J.ujArmlui, “ dx:O’ (214)

Lj=1
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and then

=3 Z Ii=2rYy Z ‘kau(—A)”' u, ., dx
k=1 i=1 k=1 i=

m

%y ¥ dek fu(=ay ‘u,  de=1+1,

k=1 ij=1
By Lemma 2(b),

I, =2r Z 2 A jvcku A4y, dx

k=1 i=1

= 2 m=2) Y l,j(V’*'u,{zdx.

(2.15)

Using the definition of c,,, the Schwarz inequality, and Lemma 2(a), we

obtain

m

L=-2rY% Z /('"Ju(—A) u, . dx

k=1 ij=1

" m 2
=22y 54 Y (jV' VT dv)
i

ij=1 k=
<2r2”2=1 E (fw'f |2 dxxjwf ' ,qlzdx)
” | (j;vr ‘u|2dx>(jw'uj dx>
= z": J “lu,|? dx.

Combining (2.16) with (2.15) yields

I=9L+L<r@ur-2r-m+2) Y &, {1V ' 2dx.

i=1

Similarly,

J= J:+Jz<1(21+m 242 >z;l—w "

i=1

+inre Y, lij |V" ', |? dx.

(2.17)

(2.18)
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Therefore,

n

I+J<rnr=2r—m+2+inc) Y A, [ IV " 'u;|* dx
i =1

i=

n

+1(21+m—2+¥> Y AT, (2.19)

i=1
Because n < 1 + (m—2)/2r, we choose o < (1/In)(2r + m — 2 — 2nr) and then
2nr—2r—m+2+Ino <0.
By Lemma 1(b),

rnr—2r—m+2+ino) ¥ ,1,.[ V7=, |? dx

i=1

<r(2nr—2r—m+2+Ing) Y i} 100, (2.20)

i=1

Substituting (2.20) into (2.19), we see that Lemma 4(a) then follows.

(b) We have the calculation

fV,(Pik 'Vr—Zui. X dx = _J. (pik(—d)ril u; Xk dx
=[x (=), dx

+ Y af_-‘,-J‘uj(—A)"l u; ., dx.

i=1

Using (2.14), we obtain

Yy JV’(p,-k-V”Zu,,,kdx=—
k=1 i=

Using I emma 2(b), one can get

Q1=- Z Z J‘-’Ckui(’_d)r/l U, dx

k=1 i=1
=3’+_;"__2 y fIV”‘u,-IZ dx. (2.22)

i=1

409/186/3-15
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With the help of (2.13), the Schwarz inequality, and Lemma 2(a), we find

”m

-y v ju(—) u; o, dx

K=t ij=1
n n

Kk ro 1 1
Z ch_J‘V u, -V ltu,  dx
K=1 i)

i
-~
=

?M= %M

2
( V’ 'u; -V, _wdx)

VAN
-

2
i( V’ 'u,-]zdx><jIV”‘ujpw|zdx>

f V7 Y, dx., (2.23)

nr

¥ = I

Because n < 1 + (m— 2)/2r, then 2r + m—2 —2nr > 0. By (2.22), (2.23), and
(2.21), one can find

1 n
0<3@r+m=2mr=2) 3. [V uf? dx

<0 +0= Y ¥ [Vouv 2w, dx. (2.24)

k=1 i=1

Using the Schwarz inequality and Lemma 2(a) on the right-hand side of
(2.24), we obtain

1 n 2
Z(:zr+m—2m—2)2(z flV"‘u,Izd,r)

i=1

j\V’ u; (klzdx>
Z f|V'<p.-k|2dx).

Then

: 4s
V”'l '2 : < .
)2 jl S T T

i=1

(2.25)
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Integrating by parts and using the definition of ¢, , we get
jvrwik Vi, dx =J. Qul—4) u; o dx

= J xeu(—A) u;  dx— Y affij u(—A4) u; , dx.

=1

By virtue of (2.14), we have

Z Z j.vr(l’ik'vr“i.ndx: Z
k=1 i

k=1 i=1

1=

j‘xku,-( —4) u, , dx

1

~Y 3 e ul—aru dx

k=1 ij=1
=R, +R,. (2.26)
With the help of Lemma 2(b) and (2.2), one can get
R, =}, )3 J-’Ckui(_d)rui.qu:“m’—‘m. (2.27)

k=1 i=1 2

Similar to the estimate for Q,, we have

n 1/2
IR, | Snr(z i}*"“”) (

i=1

n 1,2
y jgv%,ﬁ) . (2.28)
Combining (2.27), (2.28), and (2.26) yields

Y oy JV’(p,-k-V'u,;n dx+%+nr

k=1 i=1

n 2

12 n 1/
=]R2|<nr(z z,!f(“") (Z jwf—'u,ﬁdx) . (2.29)
i=1

i=1

Substituting (2.25) into the right-hand side of (2.29) and using the
inequality that |a| < |b| + |a+ b|, we obtain

)IDY Jvrwik'vr“i.,rk dx|+|R,|
k=1 i=1

mn
mrrys

14— r)y1/2
2ar (37, AV TYY

i=1""

sz, 2.30
2r+m—2—2nr ( )

<

S Y [ Vou Vi, g de| +

k=1 i=1

For the first term on the right-hand side of (2.30), using the Schwarz
inequality, Lemma 2(a), and Lemma I(a) we find

m n n 1,2
Y ¥ JV’ ¢4 Vu, , dx|<S"? ( y l}"“”) :

k=1 i=1 i=1
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Substituting the above inequality into (2.30) gives

mn 2r+m—2 ! v
mwm+—<———————— Ai=n S,
2\2r+m—2—2nr<Z !

i=1

1€,
n*(2r + m—2—2nr)? o - )"
2 Wi=n) .E.D.
Warym_ap M) (; & Q
Proof of Theorem 1. Substituting Lemma 3 into (2.7), then (1.4)
follows. Q.E.D.

Proof of Theorem 2. Substituting Lemma 4 into (2.7) yields

<4(2r m =22 [N+ m—2+ nr/a))
+r(2nr+nle —2r—m+2)]
ni(m+2r)? (2r + m—2nr — 2)?

(Z A}”’")(i i}""”), (2.31)

i=1 i=1

/ln+l<'tn

where 0 <o < (1/a/)(2r + m — 2nr — 2). Minimizing the right-hand side of

(231)ato=1whenn< (2r+m—2)/(2r+/)and at 6 = (2r + m — 2nr — 2)/nl

when n2 (2r + m —2)/(2r + 1), then (1.5) and (1.5) follow, respectively.
Q.E.D.
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