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Abstract—The order of positive and copositive spline approximation in the Lp-norm, 1 < p < o0,
is studied; the main results are

(1) the error of positive approximation by splines is bounded by Cwa(f,1/n)p if f has a nonneg-
ative extension;

(2) the order deteriorates to wy if f does not have such an extension;

(3) the error of copositive spline approximation is bounded by Cw(f,1/n)p;

(4) if f is also continuous, the error in (3) can be estimated in terms of the third 7-modulus

m3(f,1/n)p.

All constants in the error bounds are absolute.

Ke Ords——Degree of copositive approximation, Constrained approximation in L, space, Spline
yd
approximation, Polynomial approximation.

1. INTRODUCTION AND MAIN RESULTS

Positive approximation of a positive function f € C[0, 1] has the same order as that of noncon-
strained approximation. For example, positive approximation by splines of order r with n — 1
equally spaced knots has the order wr(f,1/n)oo. When f changes its sign in (0, 1), following the
sign of f is no so easy and the order of approximation deteriorates. S. P. Zhou [1], Y.-K. Hu,
D. Leviatan and X. M. Yu [2,3] and Hu and Yu [4] proved that w3(f,1/n) is the best order of
copositive approximation by polynomials of degree < n or splines of any order with n — 1 equally
spaced knots, in the sense that one can not replace w3 by ws. In Ly[0, 1], 1 < p < oo, things
become more complicated and even positive approximation is no longer trivial. Zhou proved
in [1] that for positive polynomial approximation in Ly, it is impossible to reach w3 if 1 < p < oo
or wy if p = 1, and that in the copositive case, it is impossible to reach wq if 1 < p < oo or w3 if
p = 1. He also conjectures that the case of p = 1 is no better than that of 1 < p < o0, and that
even wsy is impossible to reach in positive polynomial approximation for all 1 < p < oo. Little is
known for the spline case, the only relevant result we know is one on one-sided approximation by
A. Andreev, V. A. Popov and B. Sendov [5]:

THEOREM A. Let f have integrable bounded k*! derivative f(*) on the interval [0, 1], and let T
be a given partition of [0, 1]. Then there exist splines S and s of degree k on the knot sequence
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T such that
@) > f(z) > s(z), zelo, 1,

1S slly < 2(k + 1Y(Az)* (£, Ag),, (1)

where 1 < p < 0o, At Is the mesh size of T, and 7 is the average modulus of smoothness (see
the definition below).

It is then the purpose of this paper to thoroughly investigate the order of positive and copositive
spline approximation of functions in L, 1 < p < oo. We should point out here that the technique
used in this paper applies to the case of 0 < p < 1 with almost no changes, but the constant C
will then depend on p. Some changes can be made to cover the case of unequal spacing, which
will be described in a forthcoming paper by Hu, K. A. Kopotun and Yu [6].

We first introduce the notation we will use. We denote by P, [a, b] the space of all polynomials
of degree < m on [a, b], and by W’; [a, b] the Sobolev space, the space of functions whose (k — 1)t
derivative is absolutely continuous and whose kth derivative lies in L,, 1 <p < oo We say
that f(z) changes sign at y € (0,1) if: (1) there exists an €; > 0 such that nf(z) > 0 for
any = € [y — €1, y), where n = £1; (2) there exists an €5 > 0 such that nf(z) < 0, for any
z € (y, y + €2]; (3) the inequalities hold strictly at least at one z in each of the neighborhoods
above, that is, f has a true sign change at y. Such a y is called a point of sign change of f. We
assume f only has & < 0o sign changes at 0 < y; < yo < -+ < yx < 1, and denote yp := 0 and
yr+1 = 1. A function g is said to be copositive with f if it has the same sign with f on each
interval [y;, ¥i+1] and changes its sign exactly at each y;, 1 < i < k. We denote the mt modulus
of smoothness of f € Ly[a, b] by

wm(fa t)IJ = Oil)lzgt ”Ahm(f7 ) Ip,[a,b—mh]a

where t > 0 and A7 is the usual m® forward difference operator, and denote the m" average
modulus, or 7-modulus, of smoothness by

Tm(fv t)p = ”wm(fa K t)”p,[a, b»

where
mt

ml2,8) = s AT )y + € 2= B o | o)

is the m™ local modulus of smoothness of f. If there is any possible confusion about the in-
terval over which the modulus is taken, we will indicate the interval in the notation such as
wm(f,1/n,[0, 1]), or Tm(f,t, [0, x3])p- From the definitions, it is easy to see (Sendov and
Popov (7, Theorem 1.4]) that if f € Cla, b], then

Wi (ft)p < Tm(fot)p < (b — @)V Pwi (£, )oo,

(1.2)
Tm(fa t)oo = Wm(fv t)007
and that if ¢ is large, 7,,, can be quite large. As an extreme, we have
wm(f,z,0—a) =wn(fib—a)es, V€ la,d],
(1.3)

Tm(f b — a)p = (b — a)YPun (f,b - @) co.

We now state our main results; all the proofs will be given later in Section 3. The first two
of them deal with the order of positive spline approximation in L,. Note that an analogue of
Theorem 1 for polynomials can be readily obtained by using a positive linear operator, but then f
has to have a nonnegative extension on a much larger interval.
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THEOREM 1. Let f € L,[0, 1], 1 < p < 00, be nonnegative, and let n > 0 be an integer. If f has
a nonnegative extension F on [—(1/2n), 1 + (1/2n)] with

wa (Fi_]:'v[_"}_s 1+L:|) SCOW‘2 (fvl,[o, 1]) ) (14)
n 2n 2nl/, n v )

then there exists a nonnegative C' quadratic spline s on [0, 1] with the interior knots
{(2¢ — 1)/(2n)}_, such that

Hf—ﬂpSCCwm<ﬁl[QH), 15)

Ev
p
where C is an absolute constant.

If f fails to have a nonnegative extension satisfying (1.4), then the order deteriorates at the
ends of the interval, and that leads to the order of w;.

THEOREM 2. Let f € L,[0, 1], 1 < p < oo, be nonnegative, and let n > 0 be an integer. Then
there exists a nonnegative C! quadratic spline s on [0, 1] with the interior knots {(2i—1)/(2n)}™,
such that )
If=sllp < Cw (f, -) : (1.6)
"y
where C is an absolute constant.

Because positive approximation is a special case of copositive approximation, it should not be
surprising that the theorem below does not give an order higher than that in (1.6). We suspect
that all these are the highest possible orders, especially for 1 < p < oo, just as the case of
polynomials, since as far as we know in all known cases, splines with equally spaced knots have
the same approximation power as polynomials, except that the latter approximate better near
the ends of the interval; see [1-4,8] and the references therein.

THEOREM 3. Let f € L,[0, 1}, 1 < p < 0o, change its sign k < 0o times at 0 < y; < yp < -+- <
yr < 1. Denote § := min;?:o(yj.,.l ~y;), where yo := 0 and yx41 := 1. Then for every n > 67}
there exists a C! quadratic spline s with at most 2n + 16k interior knots that is copositive with
f and satisfies

1

I = sl < Cu(£.7) a7

"y
where C is an absolute constant.

Using the average modulus 7,, which is more suitable than w,, in this context, one can get a
better estimate than (1.7), as stated in Theorem 4 below. In view of (1.2), this result is consistent
with those for copositive approximation in C, which say the best order in that case is ws; see the
beginning of this section.

THEOREM 4. Let f € C[0, 1] change its sign k < oo times at 0 < ;3 < yg < -+- < yp < 1.
Denote 6 := min;?:o(yjﬂ —y;), where yo := 0 and yk4y := 1. Then, for every n > §~! there
exists a C! quadratic spline s with at most 16n knots that is copositive with f and satisfies

15 sl <0 (£3) | (1.9

P
where C is an absolute constant.

REMARK. The requirement of f € C is justified by the facts (1.3), with |a, b] viewed as any
subinterval of [0, 1]. Also see Theorem 5 in Section 2.

The corollary below follows directly from the inequality (Sendov and Popov, [7, Theorem 1.5])

T, t)p < Crmtwm-1(f',t)p,  t>0. (1.9)
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COROLLARY 1. If the function f in Theorem 4 is also in W;,[O, 1], then

1f = sllp < Ol (f%) , (1.10)

p

where C is an absolute constant.

2. PRELIMINARIES

In the proofs, we will make repeated use of the following relationship between the uniform and
L, norms of polynomials as described in [9].

LEMMA 1. Ifk > 0, ¢ > 0, there is a constant C > 0 depending at most on q, k and n such that
for each q < p < o0, each polynomial P € Py, and each n-cube @ C R",

(ISJI/ !qu>‘/"< ([ql;,/ ’Plp)l/p< (Iclél/ lqu)l/q- (2.1)

When either g or p = oo the corresponding expression is replaced by || P|eo,Q-
REMARK. If ¢ > 1, the constant C above can be chosen so that it is independent of g.
The auxiliary lemma below allows us to blend local overlapping polynomials into a smooth

spline with the same approximation order.

LEMMA 2 (BEATSON, [10, LEMMA 3.2]). Let r > 2 be an integer and d = 2(r — 1)%. Let
T = {t;}°_, be a strictly increasing knot sequence with to = a and t; = b. Let g;, g2 be two
polynomials of degree < r. Then there exists a spline g of order r with knot sequence T such
that

(1) g(z) is a number between g,(z) and go(z) for each z € [a, b],
(2) g =g1 on (—o0, a] and g = g3 on [b, 00).

Although simple and well-known, this fact is useful in our constructions:

PROPOSITION 1. Let L be a bounded linear operator on Ly[a, b], 1 < p < co. Then,
|f — Lfllp < Cwr(f,b—a), forsomeC =C(r)>0, (2.2)

if and only if L reproduces all polynomials of degree < r.

We now construct linear operators L by interpolating integral averages of f as follows. Let
I, Iz,. .., I. be subintervals of [a, b], and c1,¢g,...,cr their midpoints. Let z; be the integral

average of f on I;:
),
zii=— [ f, i=1,2,...,r
L

Define L : L, — P,_; by Lf = Py, where Ps is the polynomial of degree < r interpolating
(ciyz:), i =1,2,...,7.

LEMMA 3. Let L be the linear operator defined above. Then

If = Lfllp < Cwa(f.b - a)p, (2.3)

where the constant C depends on r, and the ratios (b —a)/(ci+1 — ¢;) and (b—a)/| 14|

PRrOOF. It is trivial to see that L is linear and (only) reproduces all linear polynomials. We only
need to show | L||, is finite. Let f € Lp[a, b] be arbitrary. Since [|gf] := max; |g(c;)| defines a
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norm || - || for the space Pr_i[a, b] which is equivalent to || - |oc (with the equivalence constants
depending on r and the ratios (b - a)/(ciy1 — ¢;)). By Lemma 1, we have

_
(b—a)i/r

< [ 52  f10 Sh < =l

where, and throughout this paper, C' denotes a constant whose value does not depend on f but
may vary from one occurrence to another, even in the same line. Therefore, ||L}|, is finite. ]

IZAllp < ILflloo < CULFIl = C max |z < CZ |2:]

We will also need the following trivial variation in the constructions.

LEMMA 4. If at least one of the midpoints c; is replaced by another point d; € I, then the
resulting operator L satisfies

If = Lfllp < Cw(f,b—a)y, (2.4)
with C depending on the same quantities.

V. H. Hristov and K. G. Ivanov estimated the error of one-sided approximation by polynomials

Em(f)l) = lnf{”P - Q”P : PvQ € Pm[a’ b]a P 2 f 2 Q}7

see [11,12] and the references therein. They also kindly confirmed to the author the validity of
the following Whitney-type theorem and sketched the proof in their letter.

THEOREM 5. Let f € Cla, b]. Then
E._1(f)p~m(fib—a)y, r=12,..., (2.5)

with the constants of equivalence depending only on r.

PROOF. Denote by P, @, P and C;~) best one-sided approximations of f by polynomials of degree
< r from above and below in the spaces L, and C, respectively. Then by the definitions and
Lemma 1

Ec1(f)y=1P-Qll, <IIP-Qlly < (b~ a)|P - Qlloo = (b — ))/PEr_1(f)oo

and
(b—a)"?| P - Qlloo < (b—a)"'?|P -~ Qllos < CIIP ~ Qllp-

These give the equivalence of E,_y( f)p and (b — a)V/ PE,_1(f)oo. Now denote by P* the best
unconstrained polynomial approximant of f of degree < r in C, that is, F := E,_1(f)eo =
Ilf — P*||oo. By the definitions and Lemma 1 again, we have

Ero1(foo = 1P = Qlisc 2 I1f = Plloo 2 |1f = P*llo = E

and

Er 1(foc = 1P = Qllco S N(P" + E) = (P" = E)|loo = 2B.
These give the equivalence of E‘T_l( floo and Er_i(f)oo, and now (2.5) follows from Whitney’s
Theorem and (1.3). ]

Let subintervals J; form a partition of the interval J, then from the definition of the T-modulus
it is obvious that

> tm(fit, J)B < T8, T)E.
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If J;’s intersect each other, but each = € J is contained in at most k such subintervals, then this
still holds true with the constant & added to the right hand side:

D Tmlfit, )b < kr(fit, D)3, (2:6)

Similarly, but not trivially, we have [13]

Y wmlfots J)b < Cwm(f,t, T, (2.7)

where C depends on m. Inequalities (2.6) and (2.7) will be used in estimating the error of spline
approximant from the information about its polynomial pieces.

3. PROOFS OF MAIN THEOREMS

Proor OF THEOREM 1. For the sake of simplicity, we still use the lower case letter f for the
extension F'. Fix n > 0. Let z; := (i/n), t; :== (2¢ — 1)/(2n) and

tita
Zii=n 1, i=0,1,...,n.
tl

Let I; be the line through the two points P;(x;, 2;) and Pip1(%i41,2i+1), 1 =0,1,...,n — 1, and
3 the broken line with vertices P;, ¢ = 0,1,...,n. By Lemma 3,

. 1
1f = 3llp.es, ziga] = 0NF = billpfei ziga) SNF = lillp i ti40) < Cwo (f’57 [tis t,~+2]> . (31)
Y4

By (2.7), we have

n—1 n—1 P
- . 1
I1f = 381P 0. = Z If =817 (2 20an) SC7 sz (f» o [ti, t¢+2]>
1=0 i=0 » (3.2)
1 1 1 P 1 4
< CPwp (f, =, [——, 1+ ——]) < CPClwo (f, =, [0, 1]) .
n 2n 2n P n v
That is,
- 1
”f - s“P,[Oy 1] S Ccowz (f7 '7;) [0) 1]) . (33)

P

The spline 3 is nonnegative and has the desired order of approximation, but is merely in C°.
We now smooth it into a C! spline with the same order of approximation. Denote the midpoint
(i, (zi—1+2i)/2) of the line segment P, P, by Q;,i =1,...,n. It is readily seen that there exists
a quadratic polynomial s; on [t;, ¢;4+1] that is tangent to I;_; and [; at Q; and Q;,1, respectively,
and has its graph inside the triangle Q;P;Q;+1. This s; cuts off the corner of the broken line
P,_1P,P,; and stays nonnegative. Therefore, the spline s defined by

lo(x), x € [0, t1]
s(z) =< s;(x), ZE [ty tip1], t=1,...,n-1 (3.4)
ln-—l(‘r)v TE [tni 1]

has a continuous derivative and n simple knots t;, ¢ = 1,...,n.
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To show (1.5), we need an estimate of ||s — 5]/, (0, ;. Denote by I; the straight line through the

two points Q; and Q;41. Fori =1,...,n — 1 we have
1 P 1 P
CPuwy (f» =, [ti—1, ti+2]> > wa (5, =, [zi-1, ti+1]>
n P n P

)

y toy 1) 0i (£ + 1 + 5(z)
_2:,_.18 :r+n s:c.2n s:r.
i 1 1
I/ l; (I+ l> — 11 (.’L’+ —) + 11 (l‘ + —> -2l (I+ '-1—> +li_1(1?)
s n n n 2n
t, 1 Y4
:/ li<l‘+—)—li_1<l’+l)
i1 n n

1

2r ~
= %|li(ti+1) — i1 (tir)P = %lli(%‘) —li(zq)|?

P

= ||li lio 1”,,[95” :+1] ”l 'lz 1” Azi, tor1)

N

where we have used (3.1) in the first step, the fact that AZ(l,z) = 0 for any linear function [ and
any h in the fourth step, Lemma 1 in the sixth and a property of similar triangles in the last.
This is equivalent to

() — Bi(z2)] < C(2m) 7w, (f Lt m]) (3.5)

P

Basic analytic geometry on linear and quadratic polynomials gives

2075 = 8llpjee, 1] = (20) PNl = Bllpgen, esa) = 27 20)YPlsi = Bl (o, 0y
= (2-20) P llsi = Lillp. o, tra] ~ 186 = Lillooes ] = 18:(22) = Li(z4)]
1~
= §|l (@) = Li(=y)).

Combining this and (3.5) yields
1
lls — SHp,[t, ti] S Cw2< —, [ti-1, 1+2]>
P
The same argument as that in (3.2) produces

15 = Sl o] <Ccow2< 10, 1})

P

and (1.5) now follows from this and (3.3). []
PrOOF OF THEOREM 2. We change the definition of 29 and z, in the proof of Theorem 1 by

t1 1
20 := 2n/ f and 2p = 2n/ f
0 tn

wa(fr 6, 1)p < 2w(f. 2, Iy,

and notice that

then an almost identical proof gives (1.6). 1

Because the proof of Theorem 3 is a modification of that of Theorem 4, we need to prove
Theorem 4 first.

PROOF OF THEOREM 4. Fix n > 67!, Let z; := i/2n. We call the interval I, := [z,. zi11]
contaminated if z; < y; < x;41 for some point y; of sign change of f, 1 < j < k. Since 6 > 1/n,



144 Y.-K. Hu

there is exactly one y; in each of the contaminated intervals Ip,;, j = 1,...,k. For convenience
we also denote mg := —1, and mg4 := 2n, then
m; <mj +2 <mjga, i=0,1,...,k, (3.6)

that is, between I,; and Ip,,,, for any 0 < j < k there is at least one interval I; that is not
contaminated. Note that f does not change sign between I,; and I, ,,.

If mj41 > m; + 2, that is, there are at least two noncontaminated intervals between I,,; and
In,,,, we apply Theorem 5 with r = 3 on each of the intervals [z;, Tiy2], 1 = m; + 1,m; +
2,...,my41 — 2 and obtain two quadratic polynomials P; and Q; such that

Pl(m) > f(.’L‘) 2> Qz(z)v Vr e [xiv $i+2]*

] 3.7
1P = Qillp,(es, 2i02) < CTs (f7 o [xi, l'i+2]> . (3.7)
P
Set g; := P; if f > 0; q; := Q; if f <0. Hence, g; is copositive with f and satisfies
1
1£ = Gillp o2, 2sa1 S 1P = Qillp o0y < O (f e ””’*"’]) ‘ Y
p

Near each point of sign change of f, we construct a local quadratic polynomial by interpola-
tion. More precisely, on each [Tm,_1, Tm;+2], j = 1,...,k, we interpolate f at zm;—1, y; and
Tm,;+2 by a quadratic polynomial gm;—1. It is obvious that this parabola is copositive with f on
[Tm, -1, :rm].+2]. For its approximation error, we consider the two quadratics P, 1 and Qm;-1
guaranteed to exist by Theorem 5. Since

ij—l(x) 2 f(x) 2 Qm]’—l(x)v Vz € [xmj"l’ $mj+2], (39)

it holds true at Zm; -1, ¥; and T, 42 in particular. Because the distance between any two of these
points is no less than 1/2n = (T, +2 — Tm,-1)/3, the norm || - || for the space Pa[Tm;—1, Tm,+2]
defined by

lall == max{|g(zm,-1)|: lg(¥;)], la(zm,+2)}

is equivalent to | - |leo With equivalence constants being absolute ones. Therefore, it is also
equivalent to (2n/3)/?|| - ||, by Lemma 1. From (3.9), we have

NPm;—1 = @m;—1ll < WPm;-1 — Qm;—1ll,

hence,

1
”ij—l - Qm,—lllp < O”ng—l - Qm,—l”p < C17—3 (f~ E’ [xmy—lv wm,+2]) .
P

and finally
f— Qmj—lllp < “f - Pm,v—l“p + ”PmJ—l - Qmj—-IHP

1 3.10
S CT3 (faﬁs[xmj—l» .’L'mj+2]> ( )

p

Having constructed the overlapping local quadratics which are copositive with f and have
approximation order 73, we now blend them for a smooth spline approximant s with the same
approximation order. If I;_; is a noncontaminated interval and ¢;_; and g; overlap on I;, then I;
must be noncontaminated, too, or there would be no g; at all. We insert d—1=2(3-1)2-1=7
equally spaced interior knots in (z;, 2;+1). By Lemma 2, there exists a spline s; on I, on these
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knots that connects with g;_; and ¢; in a C! manner at r; and z;,1, respectively. Moreover, the
graph of s; lies between those of ¢;_; and g;, hence s; is also copositive with f and satisfies

/Il‘f"sivpf/]'If—Qi—1|p+/Il|f—qi|P’

Y4 14
I sillZ,, < OP (r3 (f,%,[x,-_l, xm]) rr (f, s $i+2]> ) e

p P

or

If I,_; is a contaminated interval, then I; is noncontaminated by (3.6), and this time it is g;_2
and g; that overlap on I,. We construct s; the same way as above and, noticing that ¢;_o is an
approximation of f on [z;—2, Zi+1], have

P P
I f —silly;, <CP (Ts (f, %,[%—2’ $i+1]> + 73 (ﬂ %,[% $i+2]) ) - (3.12)

p P

In both (3.11) and (3.12), the interval in the second 7-modulus will be [z;, z;4+3] instead of
[€i, Tit2] if ;41 is contaminated, but this makes no difference in the rest of the proof.

We define the final spline approximant s on each I; as follows: if there is only one local quadratic
polynomial over I, set s to this quadratic; if there are two quadratics overlapping on I;, then
there must be a blending local spline s;, we set s to s;. It is clear from its construction that s
is copositive with f on the whole interval [0, 1], that it lies in C!{0, 1] and has no more than
d(2n—1) < 16n single interior knots. Using the fact that each s; is determined by the behavior of
f on no more than four (consecutive) intervals of the form I;, we obtain from (3.8), (3.10)-(3.12)

and (2.6)
2n~1

p P P ! ?
If = sllp0,4 = ; /1,|f_s| < CPr3 (f,E,[O, 1]>p, (3.13)

which is (1.8). |
ProoOF OF THEOREM 3. We use all the notation defined in the first paragraph in the proof of
Theorem 4. If m;; > m; + 2, we apply Theorem 2 with [0, 1] replaced by [zm 11, Tm,,,] and
n by m;;11 —m; — 1, and obtain a C! quadratic spline 8m; on this interval with interior knots
(2k—1)/(4n), k =m; +2,m; +3,...,m;j41, and

1
||f - Smj “p’[zvnj+lv Imj+1] S CCL) <f’ ;’ [:Emj+1’ :L‘mj+1]> : (314)
p

Near each of the points y; of sign change of f, we construct a quadratic polynomial ¢r,; on [T, —
1/4n, Tm, 41+ 1/4n], 5 = 1,...,k, as follows. Suppose at y;, f changes sign from nonpositive to
nonnegative for certainty. Let h(t) := 2n f:_l Jonf > then h is continuous with h(y; +1/2n) > 0
and h(y;) < 0. Therefore, there exists a t; € [y;, y; + 1/2n] such that h(t;) = 0. Let zj; :=
h(xm,;) <0 and z;3 := h(Tm;+2) > 0. Let gn,; be the quadratic polynomial that interpolates
(Tm, — 1/4n, z;1), (¥, 0) and (T, +1 + 1/4n, 2;3). Then it is copositive with f. Since the
z-coordinates of these points are at least 1/4n away from one another, it has approximation
order w; by Lemma 4:

1
”f — qm; ”Py[l‘mj—l/‘in, il:mj+1+1/4n] < Cw (fa 57 [xmj—la xmj+2]) . (315)
P
Inserting 7 equally spaced interior knots into each of the intervals [z,,, — 1/4n, zr,,] and
[Tm;+1> Tm;4+1+1/4n), 5 =1,...,k, we can blend all of s,,, and gn,; into a C! quadratic spline

s that is copositive with f and satisfies (1.7} in the same way as in the proof of Theorem 4. 1§
CAMWA 30:3/6-K
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