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1. Introduction

In this paper we are interested in homogenization of the Peierls—-Nabarro model, which is a phase
field model describing dislocations. In this model a dislocation is described by a phase transition.
Dislocations are moving defects in crystals that can be described at several scales by different models:

atomic scale (Frenkel-Kontorova model),

microscopic scale (Peierls—Nabarro model),

mesoscopic scale (discrete dislocation dynamics),

macroscopic scale (elasto-visco-plasticity with density of dislocations).

Several changes of scales already exist in the literature: see for instance [12] for a presentation of rig-
orous passages from atomic scale to microscopic scale, from microscopic scale to mesoscopic scale and
from mesoscopic scale to macroscopic scale. Notice that the passage from Peierls-Nabarro model to
the Discrete dislocation dynamics is only done in dimension 1 (see [12] and [19]). On the contrary in

* Corresponding author.
E-mail addresses: monneau@cermics.enpc.fr (R. Monneau), spatrizi@math.ist.utl.pt (S. Patrizi).

0022-0396/$ - see front matter © 2012 Published by Elsevier Inc.
http://dx.doi.org/10.1016/j.jde.2012.06.019


https://core.ac.uk/display/82191263?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.jde.2012.06.019
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jde
mailto:monneau@cermics.enpc.fr
mailto:spatrizi@math.ist.utl.pt
http://dx.doi.org/10.1016/j.jde.2012.06.019

R. Monneau, S. Patrizi / J. Differential Equations 253 (2012) 2064-2105 2065

higher dimensions, the large scale limit of a single phase transition described by the Peierls—Nabarro
model shows that the line tension effect is the much stronger term. The limit model appears to be
the mean curvature motion (see [25]).

Our goal in this paper is to understand the large scale limit of the Peierls-Nabarro model in the
case of a large number of phase transitions (i.e. of dislocations), recovering at the limit a model with
evolution of dislocation densities. In other words, we want to perform a direct passage in any dimen-
sions from the microscopic scale (Peierls-Nabarro model) to the macroscopic scale (elasto-visco-plasticity with
density of dislocations). In physics and mechanics, it is a great challenge to try to predict macroscopic
elasto-visco-plasticity properties of materials (like metals), based on microscopic properties like dis-
locations. In our work, we try to tackle this question in a very simplified geometry where all the
dislocations are contained in the same slip plane with the same Burgers vector. For a physical in-
troduction to the Peierls—-Nabarro model, see for instance [20]; for a recent reference, see [38]; we
also refer the reader to the paper of Nabarro [35] which presents an historical tour on the Peierls—
Nabarro model. See also Section 2 for a more physical presentation of the Peierls-Nabarro model and
an interpretation of our results.

1.1. Setting of the problem

The Peierls-Nabarro model has been originally introduced as a variational (stationary) model (see
[35]). The time evolution Peierls-Nabarro model as a gradient flow dynamics has only been introduced
quite recently, see for instance [33] and [10]. In the present paper we consider such a time evolution
Peierls—-Nabarro model that can be written at the microscopic scale for the parameter € =1 as the
following equation

€ € / uc t x : + N
du =Ty[u’(t, )] -w - +o b inRT x RV, (1)

u€(0, %) = up(x) onRN.

For the physical application that we have in mind, we consider a three-dimensional crystal which
contains a crystallographic plane RN with N = 2. This plane contains the dislocations that are rep-
resented by transitions of the phase function u€. Here u€ solves the non-local (and non-linear) heat
equation (1.1). Indeed Z; stands here for an anisotropic half Laplacian (whose expression will be pre-
cised below). Here the anisotropy comes both from the possible anisotropy of the elasticity of the
crystal and from the fact that the Burgers vector is assumed to be contained in the slip plane R¥
which creates a preferable direction. The dynamics is assumed to be fully overdamped and then the
right hand side of the equation is the sum of three force terms: Z;[u€] is the elastic stress created
by the dislocation themselves, —W’ is the force deriving from the potential W describing the misfit
between the two half crystals separated by the plane RN, and o is a stress created by the obstacles
in the crystal or/and an applied exterior stress. For simplicity o is assumed to be periodic in order to
analyze by homogenization the effect on the dynamics of periodic obstacles everywhere in the crys-
tal. We consider time periodicity for two reasons: one in order to take into account exterior periodic
loads, and the second for generality. Indeed, if o (t/¢€, x/¢) is replaced by an oscillation at a different
scale like o (t/eV,x/eY) with y # 1, then we expect (but it is not proven) that there is a two-scales
homogenization effect. If y > 1, then we expect that there is first homogenization of o, where only
its mean value will be taken into account at the microscopic scale, and in a second step, we get the
macroscopic model by homogenization of the Peierls—-Nabarro model with constant o. If y <1, we
expect first to freeze o and get the macroscopic model by homogenization of the Peierls-Nabarro
model for constant o, and in a second step we remind us that o is slowly oscillating, and there is a
second homogenization of the macroscopic model.

Here € describes the ratio between the microscopic scale and the macroscopic scale, and then
is a small parameter. After a suitable rescaling at the macroscopic scale, the Peierls-Nabarro model
becomes (1.1). In this paper we investigate the limit as € — 0 of the viscosity solution u¢ of (1.1).
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We give the precise definitions and assumptions on the terms involved in (1.1). Here Z; is an
anisotropic Lévy operator of order 1, defined on bounded C2-functions for r > 0 by

1
U = / (U<X+Z>—“(")‘V”(X)'Z)|z|N+1g<|_§|)dz

lzIsr

1
+ / (U(x-l—z)—U(x))'z'THg(é)dz, (1.2)

|z|>1
where the function g satisfies
(H1) geC(SN-1), g> 0, g even.
On the functions W, o and up we assume:

(H2) W e CM1(R) and W (v +1) = W(v) for any v € R;

(H3) 0 € COT(RT x RY) and o(t +1,x) =0 (t,X), o(t,x+k) =o(t,x) for any k€ ZN and (t,x) €
R* x RN;

(H4) ug € W2 (RN).

When g = Cy, with Cy a suitable constant depending on the dimension N, then (1.2) is the in-
tegral representation of ,(,A)% for bounded real smooth functions defined on RN (see Theorem 1

in [11]). We recall that (—A)% is the fractional operator defined for instance on the Schwartz class
S(RN) by

(—A)Iv(E) = E[VE), (13)

where W is the Fourier transform of w.
We prove that the limit u® of u€ as € — 0 exists and is the unique solution of the homogenized
problem

deu=H(Vsu, Ti[u(t,)]) inR* xR,

(14)
u(0, x) = ug(x) onRN,

for some continuous function H usually called effective Hamiltonian. The function u® will be inter-
preted later as a macroscopic plastic strain satisfying the macroscopic plastic flow rule (1.4). Moreover
Z;[u®] will be the stress created by the macroscopic density of dislocations.

1.2. Main results

As usual in periodic homogenization, the limit equation is determined by a cell problem. In our
case, such a problem is for any p € RN and L € R the following:

{A—Fafv:I][v(r,')]—i-L—W’(V+At+p-y)+6(r,y) inRT x RV, s)

v(0,y)=0 onRV,
where A = A(p, L) is the unique number for which there exists a solution v of (1.5) which is bounded

on Rt x RN, In order to solve (1.5), we show for any p € RN and L € R the existence of a unique
solution of
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dew=Ti[w(r, )] +L =W (w+p-y)+o(r,y) inR" xR,

(1.6)
w(0,y)=0 on RN,

and we look for some A € R for which w — At is bounded. Precisely we have:

Theorem 1.1 (Ergodicity). Assume (H1)-(H4). For L € R and p € RN, there exists a unique viscosity solution
w e Cp(RT x RN) of (1.6) and there exists a unique A € R such that w satisfies: @ converges towards

A as T — 400, locally uniformly in y. The real number A is denoted by H(p, L). The function H(p, L) is
continuous on RN x R and non-decreasing in L.

Unfortunately, we cannot directly use the bounded solution of (1.5), usually called corrector, in
order to prove the convergence of the sequence u€ to the solution of (1.4). Nevertheless we have the
following result:

Theorem 1.2 (Convergence). Assume (H1)-(H4). The solution u€ of (1.1) converges towards the solution u
of (1.4) locally uniformly in (t, x), where H is defined in Theorem 1.1.

Let us mention that in a companion paper [32], we show that we can recover Orowan’s law in
dimension N =1 for 0 =0, i.e.

H(Sp,8L) ~co8?|p|L ass — 0

i.e. the plastic strain velocity is asymptotically proportional to the product of dislocation density |p|
by the effective stress L.

1.3. Brief review of the literature

This non-local equation (1.1) is related to the local equation

€ x u‘ € : + N
out =F| —,—,Vu inR™ x R,
€ € (1.7)

u¢(0, x) = up(x) onRV,

that was studied in [23] under the assumption that F(x, u, p) is periodic in (x,u) and coercive in p.
The homogenization problem (1.7) when F does not depend on u, has been completely solved by
Lions Papanicolaou and Varadhan [31]. After this seminal paper, homogenization of Hamilton-Jacobi
equations for coercive Hamiltonians has been treated for a wider class of periodic situations, cf. Ishii
[27], for problems set on bounded domains, cf. Alvarez [1], Horie and Ishii [21], for equations with
different structures, cf. Alvarez and Ishii [4], for deterministic control problems in L*°, cf. Alvarez
and Barron [2], for almost periodic Hamiltonians, cf. Ishii [26], and for Hamiltonians with stochastic
dependence, cf. Souganidis [37]. More recently, inspired by [23], Barles [6] gave an homogenization
result for non-coercive Hamiltonians and, as a by-product, obtained a simpler proof of the results [23]
of Imbert and Monneau but under slightly more restrictive assumptions on the Hamiltonians. We can
also mention the work of Imbert, Monneau and Rouy [24] where the authors studied homogenization
of certain integro-differential equations depending explicitly on u€ /€. Notice that in the present paper,
the operator Z; involves a singular kernel which creates some additional difficulties that were not
present for instance in [24].

Notice also that the model studied in [24] was introduced to approximate a level set model like
in [14]. The phase field model in [24] was therefore closer in the spirit to a model for discrete
dislocation dynamics at the mesoscopic scale. On the contrary, the Peierls-Nabarro model (1.1) is
a well-established physical model which is really devoted to the description of dislocations at the
microscopic scale.
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1.4. Organization of the paper

The paper is organized as follows. In Section 2, we give more details about the Peierls-Nabarro
model yielding to the study of (1.1) and the mechanical interpretation of the homogenization results.
In Section 3 we present briefly the strategies of the main proofs. In Section 4, we state various compa-
rison principles, existence and regularity results for solutions of non-local Hamilton-Jacobi equations.
In Section 5, we prove the convergence result (Theorem 1.2) by assuming the existence of smooth
approximate sub and supercorrectors (Proposition 3.1). In order to show their existence, in Section 6,
we first construct Lipschitz continuous sub and supercorrectors (Proposition 6.1). As a byproduct, we
prove the ergodicity of the problem (Theorem 1.1) and some properties of the effective Hamiltonian
(Proposition 5.4). Proposition 3.1 is then proved in Section 7. The proofs of Lemma 4.7 and of Propo-
sition 6.2 are done in Appendix A.

1.5. Notations

We denote by B(x) the ball of radius r centered at x. The cylinder (t — 7, t+ 7) x By(x) is denoted

by Q¢ r(t, X).
|x] and [x] denote respectively the floor and the ceil integer parts of a real number x.
It is convenient to introduce the singular measure defined on RN \ {0} by

1 z
n(dz) = Wg(a> dz = po(2)dz,

and to denote

IU, x] = /(U(x+z)—U(x)—VU(x)-z)/L(dz),

lzI<r

Ilz’r[U,x]= f(U(x+z)—U(x)),u(dz).

|z|>r

Sometimes when r =1 we will omit r and we will write simply I} and I12.
For a function u defined on (0,T) x RN, 0 < T < 400, for 0 <« <1 we denote by ()¢ the
seminorm defined by

o [u(t, x) —u(t,x)|
W := sup —_—
(t,%),(t,X)€(0,T) xRN [x — X'l

X#X

and by C¢((0,T) x RN) the space of continuous functions defined on (0, T) x RN that are bounded
and with bounded seminorm (u)¥.

Finally, we denote by USC,(RT x RN) (resp., LSC,(RT x RN)) the set of upper (resp., lower) semi-
continuous functions on Rt x R¥ which are bounded on (0,T) x RN for any T > 0 and we set
Cp(RT x RN) := USC, (Rt x RN) NLSC,(RT x RN).

2. Physical modeling and mechanical interpretation of the homogenization results
2.1. The Peierls-Nabarro model

Dislocations are line defects in crystals. Their typical length is of the order of 10~%m and their
thickness of order of 10~2m. When the material is submitted to shear stress, these lines can move in
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the crystallographic planes and their dynamics is one of the main explanation of the plastic behavior
of metals.

The Peierls-Nabarro model is a phase field model for dislocation dynamics incorporating atomic
features into continuum framework. In a phase field approach, the dislocations are represented by
transition of a continuous field.

We briefly review the model (see [20] for a detailed presentation). As an example, consider an
edge dislocation in a crystal with simple cubic lattice. In a Cartesian system of coordinates xjxzxs,
we assume that the dislocation is located in the slip plane x1x, (where the dislocation can move)
and that the Burgers’ vector (i.e. a fixed vector associated to the dislocation) is in the direction of
the x; axis. We write this Burgers’ vector as beq for a real b. The disregistry of the upper half crystal
{x3 > 0} relative to the lower half {x3 < 0} in the direction of the Burgers’ vector is ¢ (x1, x), where ¢
is a phase parameter between 0 and b. Then the dislocation loop can be for instance localized by the
level set ¢ =b/2. For a closed loop, we expect to have ¢ >~ b inside the loop and ¢ >~ 0 far outside
the loop.

In the Peierls—-Nabarro model, the total energy is given by

E=¢g 4 gms, (2.1)

n (2.1), E™ is the so called misfit energy due to the non-linear atomic interaction across the slip
plane

EMS(¢) = / W(p(x)dx with x=(x1,x2),

R2

where W (¢) is the interplanar potential. In the classical Peierls—-Nabarro model [36,34]|, W (¢) is
approximated by the sinusoidal potential

b? 2
o= (1 -(52))

where d is the lattice spacing perpendicular to the slip plane.
The elastic energy £¢ induced by the dislocation is (for X = (x, x3) with x = (x1, x2))

Se’(qb,U):%fe:A:edX with e:e(U)—¢(x)80(X3)eO and

]R3
e(U) = %(vu + (V)T

1
e’ = 5(61 ®es3+e3®eq),

where U : R® — R3 is the displacement and A = {Ajji} are the elastic coefficients.
Given the field ¢, we minimize the energy £¢(¢,U) with respect to the displacement U and
define

elp) = igfé‘e’(qb, U).

Following the proof of Proposition 6.1 (iii) in [3], we can see that (at least formally)

1
&l(g) = -5 / (coxP)op

R2
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where cg is a certain kernel. In the case of isotropic elasticity, we have
Ajjkl = M8ijbi + 1 (Sikd ji + 8i1d ji)

where A, u are the Lamé coefficients. Then the kernel ¢y can be written (see Proposition 6.2 in [3],
translated in our framework):

" 1 . 1 A
co(X) = —|0p— +yo0 with =—— and v=———
o 4:1( 2Ix ”“||> YT 200+ )

where v € (—1,1/2) is called the Poisson ratio.

The equilibrium configuration of straight dislocations is obtained by minimizing the total energy
with respect to ¢, under the constraint that far from the dislocation core, the function ¢ tends to 0 in
one half plane and to b in the other half plane. In particular, the phase transition ¢ is then solution
of the following equation

Tilp] =W'(¢) onR?, (22)

where formally Z;[¢] = co * ¢, which is the anisotropic Lévy operator defined in (1.2) for N =2 and
2(z1,22) = %((Zy - 1)2% + 2 - y)zg). Let us now recall the expression of the kernel after a Fourier
transform (see Paragraph 6.2.2.2 in [3])

Q) = —m(s2 +y&D).

Then for y =1 and p =2, we see that 7; = —(—A)%. In that special case, we recall that the solution
¢ of (2.2) satisfies ¢ (x) = ¢(x, 0) where ¢(X) is the solution of (see [30,19])

Ap=0 in {x3 > 0},

By _
8—¢ =W/'($) on{x;=0}.
X3

Moreover, we have in particular an explicit solution for b=1, d =2 (with W/(¢) = 5L sin(2m ))

_271

q)(X) + ! arctan all
T x3+1)

Then by rescaling, it is easy to check that we can recover the explicit solution found in
Nabarro [34]

b b 2(1 —
o) =-+ — arctan<ﬂ> (edge dislocation),
2 d
b b 2xy . .
¢(x) = - + —arctan| —= (screw dislocation).
2 d

In a more general model, one can consider a potential W satisfying

(i) W(v+b)=W(u) for all veR;
(ii) W(bZ) =0 < W (a) for all a e R\ bZ.
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The periodicity of W reflects the periodicity of the crystal, while the minimum property is consistent
with the fact that the perfect crystal is assumed to minimize the energy.

In the face cubic structured (FCC) observed in many metals and alloys, dislocations move at low
temperature on the slip plane. In the present paper we are interested in describing the effective
dynamics for a collection of dislocations curves with the same Burgers’ vector and all contained in a
single slip plane x1x,, and moving in a landscape with periodic obstacles (that can be for instance pre-
cipitates in the material). These dislocations are represented by a single phase parameter u(t, x1, x2)
defined on the slip plane x1x,. The dynamic of dislocations is then described by the evolutive version
of the Peierls—Nabarro model (see for instance [33] and [10]):

du="Ty[u(t, )] - W@ + o, x) inRT xRV (2.3)
for x € RN with the physical dimension N = 2. In the model, the component 01"3'"“ of the stress
(evaluated on the slip plane) has been introduced to take into account the shear stress not created by
the dislocations themselves. This shear stress is created by the presence of the periodic obstacles and
the possible external applied stress on the material.

We want to identify at large scale an evolution model for the dynamics of a density of dislocations.
We consider the following rescaling
t X
u(t,x) = eu(—, —>,
€ €

where € is the ratio between the typical length scale for dislocation (of the order of the micrometer)
and the typical macroscopic length scale in mechanics (millimeter or centimeter). With such a rescal-
ing, we see that the number of dislocations is typically of the order of 1/€ per unit of macroscopic
scale. Moreover, assuming suitable initial data

u(0, x) = %uo(ex) onRN (2.4)

(where ug is a regular bounded function), we see that the functions u€ are solutions of (1.1). This
indicates that at the limit € — 0, we will recover a model for the dynamics of (renormalized) densities
of dislocations.

Remark 2.1. Fractional reaction-diffusion equations of the form

du=n[ul+ fw) inRt xRN (2.5)

where N > 2 and f is a bistable nonlinearity have been studied by Imbert and Souganidis [25]. In
this paper the authors show that solutions of (2.5), after properly rescaling them, exhibit the limit
evolution of an interface by (anisotropic) mean curvature motion.

Other results have been obtained by Gonzalez and Monneau [19] for a rescaling of the evolutive
Peierls—-Nabarro model in dimension N = 1. In the one-dimensional space, the limit moving interfaces
are points particles interacting with forces as 1/x. The dynamics of these particles corresponds to
the classical discrete dislocation dynamics, in the particular case of parallel straight edge dislocation
lines in the same slip plane with the same Burgers’ vector. In [14], considering another rescaling
of the model of particles obtained in [19], the authors identify at large scale an evolution model
for the dynamics of a density of dislocations, that is analogous to (1.4). In the present paper, we
directly deduce the model (1.4) at larger scale from the Peierls-Nabarro model at smaller scale in any
dimension N > 1. That way we remove the limitation to the dimension N =1 that appears in [19].

Finally, let us mention that in [17] and [18] Garroni and Muller study a variational model for
dislocations that is the variational formulation of the stationary Peierls-Nabarro equation, where they
derive a line tension model.
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2.2. Mechanical interpretation of the homogenization

Let us briefly explain the meaning of the homogenization result. In the macroscopic model, the
function u®(t, x) can be interpreted as the plastic strain (localized in the slip plane {x3 = 0}). Then
the three-dimensional displacement U(t, X) is obtained as a minimizer of the elastic energy

uc, )= argmjnéfe'(uo(t, ), 0)
U

and the stress is
o=A:e with e=eU)— uo(t, x)(So(X3)e°.
Then the resolved shear stress is
) = o
The homogenized equation (1.4), i.e.
du® = H(Vxu®, 7y [u’(t, )])

which is the evolution equation for u®, can be interpreted as the plastic flow rule in a model for
macroscopic crystal plasticity. This is the law giving the plastic strain velocity 3;u° as a function of
the resolved shear stress alob“ and the dislocation density Vu®.

The typical example of such a plastic flow rule is the Orowan’s law:
H(p,L)=~|plL.
This is also the law that we recover in dimension N =1 in a forthcoming paper [32] in the case
where there are no obstacles (i.e. al"3b5t = 0) and for small stress L and small density |p|. When

0103b$t # 0 with zero mean value (i.e. (O’%‘?St) =0), we expect a threshold phenomenon as in [24] (see
also Norton’s law with threshold in [16]), i.e.

H(p,L)=0 if|L|is small enough.

This means more generally that our homogenization procedure describes correctly the mechanical
behavior of the stress at large scales, but keeps the memory of the microstructure in the plastic law
with possible threshold effects.

3. Strategies of the main proofs
3.1. Strategy for the proof of convergence

3.1.1. The general approach
It has been already noticed that for problems periodic in u€/e, we have to introduce twisted
correctors (see for instance [23]). It is also known that if we can claim that the limit function satisfies

qu’£0 or Vyu®=#£0 (31)
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then we do not have to introduce an additional dimension to perform the proof of convergence. The
idea (see [23]) is that we can twist the corrector either dividing by p; := axiuo for some index i, or
by A := 9:u® like considering the ansatz:

’

0

£,X)—p-
us(t,x):uo(t,x)+gv<w f)_
ex &

On the contrary, we do not know how to deal with the case where both quantities in (3.1) vanish,
except adding a dimension and considering twisted correctors in higher dimension. Here we have to
face a similar difficulty in the much more involved framework of non-local equations. Notice also that
it does not seem possible to apply the approach of Barles [6]. Therefore following the idea in [23], we
consider the solution U€ of

U¢ t x
QU =T1[UC(t, - xn11)] — W/<?> +a(; g> inRT x RNT1,

U (0, X, XN+1) = Ug(X) + PN1XN+1 on RN*1,

(3.2)

where py+1 # 0. We then consider the following ansatz:

t x U, x, x —At—Dp-X
UG(t,x,me:U°<r,x,xN+1>+eV(—,—, (&, % XN 1) P )
€€ €PN+1

where UO(t, x, xy11) = u%(t, ) + pn+1Xn+1. This ansatz turns out to be the good one, and plugging
U0t x.xN41)—At—px ,

this expression of U€ into (3.2), we find formally with T = é, y= é YN+1 = PNLIE

A+ 0 V=L+T[V(T,  yns1)] =W (V+Dp -y + DNr1YN+1 +AT) +0(T,y),  (33)

where
=000 % xnp) = 06,0, p= VU, X, X)) = Ve (£, %)
and
L=Ti[U°, - xn41)] = Ta [ul(E, )]

Then, we expect u® to be solution of (1.4) with H(p, L) = A(p, L). This heuristic computation, that
permits first of all to identify the cell problem in the higher dimensional space, can be made rigorous
through the perturbed test function method by Evans [13].

3.1.2. Additional difficulty
Let us enter a bit more in the details of the proof. Fix Py = (to, X0, X?v+1) e Rt x RN*1 and define

(3.4)

s

t x Uo(t,x,xN+1)—M—p-x>
€€ €PN+1 ’

US(t, X, xn1) = UC(E, X, Xn41) + eV(

where V is solution of (3.3) with A = 3U%(Po), p = VxU%(Po) and L =Z;[U°(to, -, X} ;). xo]. Let us
UU(t,x,xNH)fAtfpx

PN+1 N
proof of convergence consists in showing that U€ is a solution of (3.2) in a cylinder (tg —r,tg +71) X
Br(xo,x?vﬂ) for r > 0 small enough, up to an error that goes to 0 as r — 0%. This will allow us to

call F(t,x,xN+1) = . Here we assume for simplicity that U and V are smooth. The
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compare U€ with U¢€ and, thanks to the boundedness of V, to conclude that U¢ converges to U as
e — 0. -
When we plug U€ into (3.2), we find the equation

A+0:V=L+T[V(T,.yns1)] =WV +p-y+pns1ynet +AT) +0 (T, y) +0,(1) + 6,

F(t,%,XN+1)
€

: t X
W1thr=;,y=;,yN+1= , Where

0 = (8:U°(Po) — 3 U°(t, X, Xn+1))dyy., V (T, ¥, YN+1)

F .
+I; [V(r, . M)} —Ti[V(T,- yn41)].

Then, U¢ will be a solution of (3.2) up to a small error if 6, =o0,(1) as r — 0+. This last property
holds true if the corrector V satisfies: |V, |dyy,, V| < C in R x RN+ for some C > 0, and

dyn.1 V(T,-,-) is Holder continuous, uniformly in time. (3.5)

In the case of the local first order equation (1.7) considered in [23], or non-local equations consid-
ered in [24], approximate correctors were only required to be Lipschitz continuous in the additional
variable. Here the additional regularity (3.5) is required because we deal with an operator Z; whose
kernel is singular.

Since in (3.3), the quantity Z;[V (t, -, yn+1)] is computed only in the y variable, we cannot expect
this kind of regularity for the correctors. Nevertheless, we are able to construct regular approximated
sub and supercorrectors, i.e., sub and supersolutions of approximate N + 1-dimensional cell problems,
and this is enough to conclude. Finally, this construction works for any py+1 # 0 and to simplify the
presentation we take pyy1 =1.

3.2. Strategy for the construction of smooth approximate correctors

As explained in the previous subsection, in the proof of convergence we will need smooth ap-
proximate sub and super-correctors on Rt x RN*1 je, for P = (p,1) e R¥! and L € R, sub and
supersolutions of

At dV=L+T[V(T, ynsD)] = W/(V+P-Y +r1) +0(r,y) inRT x RN

36
V(0,Y)=0 on RN, (3.6)

Here and in what follows, we denote Y = (y, yn+1). More precisely, we will prove the following
proposition.

Proposition 3.1 (Smooth approximate correctors). Let A be the constant defined by Theorem 1.1. For any fixed
peRN, P=(p,1), L eR and n > 0 small enough, there exist real numbers A;(p, L), Ag(p, L), a constant

C > 0 (independent of , p and L) and bounded super and subcorrectors V., Vi i.e. respectively a super and
a subsolution of

Myt VE =L+ TV yne)]
—W/(Vy+P-Y+i;7)+0(t,y)Fo,(1) inRT x RN, (3.7)
V,(0,Y)=0 on RN,

where 0 < 0,,(1) — 0 as § — 07, such that
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lim A (p,L)= lim A, (p,L) =A(p, L), (3.8)
n—07t n n—07t n
locally uniformly in (p, L), k% satisfy (i) and (ii) of Proposition 5.4 and for any (t,Y) € Rt x RN+1

V(T V) <C. (3.9)

Moreover V,f are of class C*> w.r.t. yn41, and forany 0 < a < 1

WH
1<y, Vy < W lloe n”OO’ (3.10)
2 + +\&
185 iymes Vi oo <Cio {Byna Vi )y <Cpa- (3.11)

Here in order to build Lipschitz sub/super correctors, it does not seem easy to apply a kind of
truncation of the Hamiltonian like in [23] or [24]. Therefore we use a different method to build such
approximate correctors (similar to the one in [15]).

The proof of Proposition 3.1 is mainly performed in two steps:

Step 1. Constructions of Lipschitz correctors. Using the modified Cauchy problem
#U=L+DL[U(,  yn+)] =W U+P-Y)+0(T,y)
+nao+infu(z. V') = U@ )iy, U +1i inR* x RN1,
U©,Y)=0 on RN*T,

we construct Lipschitz correctors. The Lipschitz bound comes formally from the equation satisfied by
w =3y, U:

dew =T [w(T,, yny) | =W/ U+ P -Y)(W+1)—nw(t,Y)|w+1]
+ n[ao + i‘rll/fU(‘[, Y') - U(r, Y)} sign(dy,,, U + Dy, w in Rt x RN+,
w(0,Y)=0 on RN*1

and the comparison principle implies that

W oo
—

—1<w< (3.12)

On the other hand we are able to show (as in [24]) that infy, U(t,Y’) — U(t,Y) remains bounded
independently on 5. Then an appropriate choice of ag large enough (resp. negative enough) provides
us bounded supercorrectors W,;r (resp. subcorrectors W ). We also show using Proposition 4.7 and
the bound (3.12) that we have the following Holder estimate:

Step 2. Constructions of smooth correctors. We make a convolution with respect to yn+1 of the Lipschitz
correctors built in Step 1, with a sequence (ps)s of mollifiers:

Vs, ynat) = Wit v, ) % ps ().
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Those functions are finally the smooth approximate sub/super correctors of Proposition 3.1 with some
small error term 0,(1) on the right hand side of the equation, for a suitable choice § =§().

4. Results about viscosity solutions for non-local equations

The classical notion of viscosity solution can be adapted for Hamilton-Jacobi equations involving
non-local operators, see for instance [5]. In this section we state comparison principles, existence and
regularity results for viscosity solutions of (1.1) and (1.4), that will be used later in the proofs.

4.1. Definition of viscosity solution

We first recall the definition of viscosity solution for a general first order non-local equation with
associated initial condition:

ue=F(t,x,u, Du, Z1[u]) inRT xR",

(4.1)
u(0, X) = ug(x) onRV,

where F(t, x, u, p, L) is continuous and non-decreasing in L.

Definition 4.1 (r-Viscosity solution). A function u € USC,(RT x RN) (resp., u € LSC, (Rt x RN)) is an r-
viscosity subsolution (resp., supersolution) of (4.1) if u(0, x) < (ug)*(x) (resp., u(0, x) > (ug)«(x)) and
for any (tg,x0) € R* x RN, any 7 € (0, tg) and any test function ¢ € C2(RT x RN) such that u — ¢
attains a local maximum (resp., minimum) at the point (to, Xo) on Q(z r)(to, Xo), then we have

3 (to, o) — F(to. Xo, u(to, Xo), Vx (to, Xo),I}’r[qﬁ(to, ). Xo] +112’r[u(t0, ), X0]) <0

(resp., = 0).

A function u € Cp(RT x RN) is an r-viscosity solution of (4.1) if it is an r-viscosity sub and superso-
lution of (4.1).

It is classical that the maximum in the above definition can be supposed to be global and this will
be used later. We have also the following property, see e.g. [5]:

Proposition 4.1 (Equivalence of the definitions). Assume F(t, x, u, p, L) continuous and non-decreasing in L.
Letr > 0andr’ > 0. A function u € USCp (Rt x RN) (resp., u € LSC, (R x RN)) is an r-viscosity subsolution
(resp., supersolution) of (4.1) if and only if it is an r’-viscosity subsolution (resp., supersolution) of (4.1).

Because of this proposition, if we do not need to emphasize r, we will omit it when calling vis-
cosity sub and supersolutions.

4.2. Comparison principle and existence results

In this subsection, we successively give comparison principles and existence results for (1.1)
and (1.4). The following comparison theorem is shown in [29] for more general parabolic integro-
PDEs.

Proposition 4.2 (Comparison principle for (1.1)). Consider u € USC,(Rt x RN) subsolution and v €
LSCp(R* x RN) supersolution of (1.1), thenu < v on RT x RN,

Following [29] it can also be proved the comparison principle for (1.1) in bounded domains. Since
we deal with a non-local equation, we need to compare the sub and the supersolution everywhere
outside the domain.
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Proposition 4.3 (Comparison principle on bounded domains for (1.1)). Let £2 be a bounded domain of
R* x RN and let u € USC, (Rt x RN) and v € LSC, (Rt x RN) be respectively a sub and a supersolution of

€
du =TIy [u(t, )] — W(”—) +0<£, 5)
€ € €

in 2.Ifu < v outside $2, thenu < v in £2.

Proposition 4.4 (Existence for (1.1)). For € > 0 there exists u¢ € C,(R* x RN) (unique) viscosity solution
of (1.1). Moreover, there exists a constant C > 0 independent of € such that

|lu€(t, x) — uo(x)| < Ct. (4.2)
Proof. Adapting the argument of [22], we can construct a solution by Perron’s method if we con-

struct sub and supersolutions of (1.1). Since ug € W2, the two functions u®(t, x) := ug(x)=Ct are
respectively a super and a subsolution of (1.1) for any € > 0, if

C > Dy lluollz.co + [W/[ o, + 110 llco-
with Dy depending on the dimension N. By comparison we also get the estimate (4.2). O

We next recall the comparison and the existence results for (1.4).

Proposition 4.5. (See [24], Proposition 3.) Let H : RN x R — R be continuous with H(p, -) non-decreasing
onR forany p € RN. Ifu € USC, (Rt x RN) and v € LSC, (R x RN) are respectively a sub and a supersolu-
tion of (1.4), then u < v on Rt x RN. Moreover there exists a (unique) viscosity solution of (1.4).

In the next sections, we will embed the problem in the higher dimensional space Rt x RN+1
by adding a new variable xy1; in the equations. We will need the following proposition showing
that sub and supersolutions of the higher dimensional problem are also sub and supersolutions of
the lower dimensional one. This in particular implies that the comparison principle between sub and

supersolutions remains true increasing the dimension.

Proposition 4.6. Assume F(t,x,xn+1, U, p, L) continuous and non-decreasing in L. Suppose that U €
LSCp (Rt x RN*1Y (resp., U € USC,(RT x RN*1)) is a viscosity supersolution (resp., subsolution) of

Ue=F(t, %, xn41, U, DxU, T [U(E, - an41)]) inRY x RN, (43)
then, for any xy+1 € R, U is a viscosity supersolution (resp., subsolution) of
Ue=F(t, % xn+1, U, DyU, [U(t, - xn11)]) inRT x RN,

Proof. Notice that in (4.3), there is no derivative with respect to xy+1 and no integral with respect to
dxn+1. Therefore xy1 only appears as a parameter that can (at least formally) be frozen.
We now do the (rigorous) proof for supersolutions. Fix X%H € R. Let us consider a point (tg, Xo) €

Rt x RN and a smooth function ¢ : R x RN — R such that

U(t, X, X3 41) — @ (t, X) > U(to. Xo. Xy,1) — @ (to. X0) =0 for (t,X) € Qe r(to, Xo),

with r = 1. We have to show that



2078 R. Monneau, S. Patrizi / J. Differential Equations 253 (2012) 2064-2105
0 0 1
3@ (to, Xo) = F(to, X0, Xy 1. U(to, X0, Xy 1). Dx@(to, X0), Z{ [@(to, -). Xo]
2 0
+Z7[U(to. - XN11). %o])-

Without loss of generality, we can assume that the minimum is strict. For € > 0 let ¢ : Rt x RN*1 —
R be defined by

1 0 2
Pe(t,X,XN+1) = @(t, X) — < ’XN+1 _XN+1|

Let (te, xe,foH) be a minimum point of U — ¢, in Q¢ r(to, Xo, x%_H). Standard arguments show that
(te. Xe. X5, 1) — (to, X0, X} 1) as € — 0 and that lime_o U (te, Xe, X5 1) = U (to, X0, X% ;). In particu-
lar, (te, Xe, x,evﬂ) is internal to Q¢ ;(to, Xo, X?V_H) for € small enough, then we get

0 p(te, xe) = F(tesxe, U(te,X67x1€v+]), Dyo(te, Xe), I1] [Qﬁ(te ')»Xe]
+ U (ter s X)) xe])- (4.4)

By the Dominate Convergence Theorem lime_.oZ] [@(te, ). xe] = Z][@(to, ), Xo]; by Fatou’s Lemma
and the convergence of U (t¢, Xe, foH) to U (tg, X0, X%+1), we deduce that

TR{U(t0. K1) 30] < HMINT[U . ). e

Then, passing to the limit in (4.4) and using the continuity and monotonicity of F, we get the desired
inequality. O

4.3. Hélder regularity

In this subsection we state a regularity result for sub and supersolutions of semilinear non-local
equations. The proof is postponed in Appendix A.

Proposition 4.7 (Holder regularity). Assume (H1) and let g1, g2 € R. Suppose that u € C(Rt x RN) and
bounded on R x RN is a viscosity subsolution of

dqu=T[u(t,)]+g inR" xRN,
u(0,x) =0 on RN,

and a viscosity supersolution of

dqu=Ti[u(t,)]+g inRT xRN,
u(0,x) =0 on RN,

Then, forany 0 <o <1, u € C¥(R* x RN) with (u)¥ < C, where C depends on ||ulco, g1 and g.

Notice that this regularity result will be used to establish a bound on the Hélder regularity in
y of dyy., V,’i for smooth approximate correctors V,jf that will be used in Step 1.2 of the proof of
Lemma 5.5 used in the proof of the convergence result (Theorem 1.2).
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5. The proof of convergence

This section is dedicated to the proof of Theorem 1.2. As explained in Subsection 1.3, we imbed
our problem in a higher dimensional one. We consider U€ solution of

U¢ t x
o U€ ZIl[Ue(t, ',XN—H)] - W/<?) +O’(E, g) in Rt x RN‘H,

U0, X, XN+1) = Uo(X) + XN41 on RN*1,

(5.1)

By Proposition 4.6 and Proposition 4.2, the comparison principle holds true for (5.1). Then, as in the
proof of Proposition 4.4, by Perron’s method we have:

Proposition 5.1 (Existence for (5.1)). For € > 0 there exists U¢ € Cp(RT x RN*1) (unique) viscosity solution
of (5.1). Moreover, there exists a constant C > 0 independent of € such that

|U€ (¢, X, xN41) — Uo(X) — XN41| < CL. (5.2)
Let us exhibit the link between the problem in RN and the problem in RN+1,

Lemma 5.2 (Link between the problems on RN and on RN*1). If u€ and U€ denote respectively the solution
of (1.1) and (5.1), then we have

X
‘Uf(t,x,xw) —us(t, x) —{%H <e,

U¢ (t,x, XN+1 +E{§J> =US(t,x, XN1+1) + ELSJ foranya e R. (5.3)

This lemma is a consequence of the comparison principle for (5.1), the invariance by e-translations
w.r.t. Xxy+1 and the monotonicity of U¢ w.r.t. Xy11.
Let us now consider the problem

{ oU=H(ViU,Ti[U(t, -, xn+1)]) inRF x RN, (5.4

U0, %, Xn41) = Uo(®) +xn41  onRNFL
The link between problems (1.4) and (5.4) is given by the following lemma (analogue to Lemma 5.2).
Lemma 5.3. Let u® and U be respectively the solutions of (1.4) and (5.4). Then, we have
UO(t, %, xn41) = u0(6, %) + XN
Lemma 5.3 is a consequence of the comparison principle for (5.4) and the invariance by transla-
tions W.r.t. XN41.
We need to make more precise the dependence of the real number A given by Theorem 1.1 on its

variables. The following properties will be shown in the next section.

Proposition 5.4 (Properties of the effective Hamiltonian). Let p € RN and L e R. Let H(p, L) be the constant
defined by Theorem 1.1, then H : RN x R — R is a continuous function with the following properties:

(i) H(p,L) — +oo as L — 4oo forany p € RV,
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(ii) H(p, -) is non-decreasing on R for any p € RVN.
(iii) Ifo(t,y) =0 (tr, —Yy) then

H(p,L)=H(-p,L).
(iv) fW/(=s) =—-W'(s)and o (t, —y) = —o (T, y) then

H(p,—L)=—H(p,L).
5.1. Proof of Theorem 1.2

Step 1. The classical approach. By (5.2), we know that the family of functions {U€}¢-¢ is locally

bounded, then U™ :=limsup}_ ,U€ is everywhere finite. Classically we prove that U% is a subso-
lution of (5.4).
Similarly, we can prove that U~ = liminf,._,oU€ is a supersolution of (5.4). Moreover

UT(0,x,xn11) =U"(0,x,Xy11) = Ug(X) + Xy11. The comparison principle for (5.4), which is an im-
mediate consequence of Propositions 4.5 and 4.6, then implies that U+t < U~. Since the reverse
inequality U~ < Ut always holds true, we conclude that the two functions coincide with U°, the
unique viscosity solution of (5.4).

By Lemmata 5.2 and 5.3, the convergence of U¢ to U® proves in particular that u€¢ converges
towards u® viscosity solution of (1.4).

To prove that Ut is a subsolution of (5.4), we argue by contradiction. In what follows we will
use the notation X = (x, Xy11). We consider a test function ¢ such that U™ — ¢ attains a zero maxi-
mum at (tg, Xg) with to > 0 and X = (X, X%_H). Without loss of generality we may assume that the
maximum is strict and global. Suppose that there exists # > 0 such that

3 (to, Xo) = H(Vxe (to, Xo), Lo) + 6,
where
Lo = / (#(to. xo + X, X} 1) — B (to. Xo) — Vxp (to, Xo) - X) s (dx)
[X<1

+ f (U™ (to, X0 +x,X3,1) — U™ (to, X)) (dx). (5.5)

x|>1

Step 2. Construction of ¢€. By Proposition 5.4, we know that there exists L1 > 0 (that we take minimal)
such that

H(Vxg (to. Xo). Lo) + 6 = H(Vxé (to. Xo). Lo + L1).
By Propositions 3.1 and 5.4, we can consider a sequence L, — Ly as 7 — 0%, such that A;(qub(to, Xo),

Lo + Ly) = A(Vx¢ (to, Xo), Lo + L1). We choose 1 so small that L, —0,(1) > L1/2 > 0, where 0;(1) is
defined in Proposition 3.1. Let V,;r be the approximate supercorrector given by Proposition 3.1 with

p = Vx¢ (to, Xo), L=Lo+Ly
and

b = (0, Lo+ L) = 3 (to, Xo).
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For simplicity of notations, in the following we denote V = V,T. We consider the function F(t, X) =
¢(t, X) — p-x— At, and as in [23] and [24] we introduce the “xy1-twisted perturbed test function”
¢€¢ defined by:

t x FX) in (fo
¢(t7X)+GV(EsE7 T)"'Eké 1n(752t0)XB%(X0)7
U€(t, X) outside,

o (t, X) = { (5.6)

where k¢ € Z will be chosen later.

Step 3. Checking that ¢€ is a supersolution.
Step 3.1. Outside Qr r(to, Xo). We are going to prove that ¢€ is a supersolution of (5.1) in Qrr(to, Xo)
for some r < 3 properly chosen and such that Qp(to, Xo) C (2, 2t0) x B (Xo). First, remark that

since Ut — ¢ attains a strict maximum at (tg, Xo) with UT — ¢ =0 at (tg, Xo) and V is bounded, we
can ensure that there exists €y = €o(r) > 0 such that for € < ¢€p

t x F(t,X)
€€ €

U(t, X) < o(t, X) +€V< ) — ¥ in (%0,3to> x B1(x0) \ Qr.r(to, Xo0) (5.7)

for some y, = o0,(1) > 0. Hence choosing k. = [_Z'W we get U¢ < ¢€ outside Q, ,(to, Xo).-
Step 3.2. Inside Qy, r,(to, X0): ¢€ tested by . Let us next study the equation. From (5.3), we deduce
that Ut (t,x, xy11 +a) = U™ (t,x,xy+1) +a for any a € R, from which we derive that Oxn,1 F (t0, Xo) =

Oxn.1 9 (to, Xo) = 1. Then, there exists ro > 0 such that the map

Idx F: Qro,ro (to, Xo) —> Ur,

(t» X, XN+1) [— (ta X, F(tv X, XN+1))

is a C1—diffeomorphism from Qry,r,(to, Xo) onto its range Uy,. Let G : Uy, — R be the map such that

Id x G : Uy —> Qrq.r, (to, Xo)

(t. %, En+1) — (£, %, G(t, X, EN41))

is the inverse of Id x F. Let us introduce the variables 7 =t/e, Y = (¥, yn+1) With y = x/e and
Yn+1 = F(t, X)/€. Let us consider a test function v such that ¢€ — y attains a global zero minimum
at (t, X) € Qry.ro (to, Xo) and define

1
ré,y)= E[\//(ET, €y,G(eT,€y,€yN11)) —P(€T, €y, G(eT, €y, €YNnt1))] — ke.

Then

Y, X)=¢(t, X) +€I"€<t i, @) + €ke

€€
and I'€ is a test function for V:
re<@,Y)=V(,Y) and I'“(z,Y)<V(z,Y) forall (et,€Y) € Qryrolto, Xo), (5.8)

where T =t/¢, y =X/€, yni1 = F(t,X)/€, Y = (¥, Yn4+1). From Proposition 3.1, we know that V is
Lipschitz continuous w.r.t. yn41 with Lipschitz constant M, depending on 7. This implies that

|0y TET, V)| < My (5.9)
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Simple computations yield with P = (p, 1) e RN*1:

340 TEE,Y) = 0y (€ K) + (14 yy,, 76T, 1) (06 (t0, Xo) — e (E, X)),

¢€ (i—’ X) 3 (510)
€

MTH+P-Y+V(ET,Y)= ke.

Using (5.10) and (5.9), Eq. (3.7) yields for any p >0

W (&, X)+0,(1) = Lo+ Ly + I [TE@, - Ine). T+ I7 P [V(E, -, Ina1), V]

_W/<M)+O’<£,§>_On(l)_ (5.11)
€ € €

With the following lemma (which will be proved in the next subsection), we make rigorous the
heuristic computations done in Subsection 3.1.2 to estimate the error when plugging (3.4) in (3.2).

Lemma 5.5 (Supersolution property for ¢€ ). For € < €9(r) < r < rg, we have

WY& X) > I (Y. Xng1). ] + I [¢€ . - Xnp) . ]
o .
—W(M)Jro(f,f)—on(1)+or(1)+Ln.
€ € €

Let r <rg be so small that o,(1) > —Lq/4. Then, recalling that L, — 0, (1) > L1/2, for € < €p(r) we
have

Iy EX) =T [W(E, - Ins), K] + T [0 &, - Rns1), X]

€(F, X tx L
—W’<7¢ ( )>+0(—,—>+—1,
€ € € 4
and therefore ¢ is a supersolution of (5.1) in Q;r(to, Xo).

Step 4. Conclusion. Since U€ < ¢¢ outside Q. r(to, Xo), by the comparison principle, Proposition 4.3,
we conclude that U€(t, X) < ¢ (t, X) +eV (L, & @) +¢€ke in Q r(to, Xo) and we obtain the desired

€ e
contradiction by passing to the upper limit as € — 0 at (to, Xo) using the fact that U%(tg, Xo) =

¢(to, Xo0): 0 < =Y.
This ends the proof of Theorem 1.2.

5.2. Proof of Lemma 5.5
The result will follow from (5.11) and the following inequality
1, - _ 2, _ _
Lo+Z,°[M @, N, Y]+ Iy [VE@. - IN). T ]
>I0 W Rngn) K]+ I3 [ E - Rvga) &) + 0, (1), (5.12)

To show the result, we proceed in several steps. In what follows, we denote by C various positive
constants independent of €. We start to call
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1_ 0
Ly= / (¢(to, X0 +x,x3 1) — ¢ (to, Xo) — Vo (to, Xo) - x) i (dx),
X1

Lg= / (U™ (to, X0 + %, x3,1) — U™ (to, X)) 14 (dx).

IxI>1

Then, recalling the definition (5.5) of Lo, we can write
_ 1 2
Lo=1Ly+ L. (5.13)

Keep in mind that yn4+1 = @ Since ¥ (t, X) =¢(t, X) +el (L, X @) + €ke, we have

€ e
1,1 P -
I [w @ Xng1) X =1 + 1o, (5.14)
where

I =

6( €’ € € ) ( ) ) I,L(dx)’
S|

—VyI(T,Y) -2 =8y, TET,V)VRF(EX) - 2

€

I = / (PE X +x,3n+1) — (E X) — VO(E, X) - x) 1u(dX).

IxI<1
In order to show (5.12), we show successively in Steps 1, 2 and 3:
1, - — 2, - _
L <P [FE@, - Ine) Y]+ I [VE@L - INe1). I+ or(D) + Cep,
I <Ly +0:(1),
T [¢€ (. - Xn41), X] < L3 + 07 (D).
Because the expressions are non-linear and non-local and with a singular kernel, there is no simple
computation and we have to carefully check those inequalities sometimes splitting terms in easier
parts to estimate.
Step 1. We can choose €y so small that for any € < ¢y and any p > 0 small enough
1, - — 2, - = —
L <IP[FE@, - Yne) Y]+ I [VE, - Yng). §] + or(D) + Cep.
Take p > 0, § > p small and R > 0 large and such that €R < 1. Since g is even, we can write
L=C+0+1+1,

where

t x+x FE,X+xX _ = _ = X
= | 6<F6<E, tr ThAE ”*“)—rf(r,w—vyrfa,v)-g

IxIep

— Oy TE(T,Y)VkF(E, X) - g)mdx),
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t X+x F{E,X+x,X _ -
I} = € FG(—, rx (tx+ N“))—FE(I,Y))M(UIX),
€ € €
€p<|x|<e€s
t X+x FE, X+xX _ =
7= e Fé(—, tx Fhxs ”*”)—mr,w)u(dx),
€ € €
€8 |x|<€eR
t X+x F({E,X+x,X _
= / e(re(—, tx Rbxt ”“))—mf,Y))u(dx).
€ € €
€RLX|K1
Moreover
2, _ _ _
I [VE@. - IN4). V] =J1+ J2 + 3.
where

Ji= / (VE@.¥+2z.Yn41) — V(T.Y))u(d2),
p<lz|<s

Ja= / (V@.¥+2 Yn11) — V(T,Y))u(d2),

s<|zI<R

Is= / (V(E, ¥ +2,YN+1) — V(T,Y)) u(d2).

|z|>R

Step 1.1. Estimate of 19 and I, " [T (%, -, In+1), V-
Since I'¢€ is of class C2, we have

101 |2 P [T - Ins1). ]| < Cep (5.15)

where C. depends on the second derivatives of I"¢. Remark that if we knew that V is smooth in y
too, we could choose p =0.

Step 1.2. Estimate of I} — J5.

Using (5.8) and the fact that g is even, we can estimate I} — J1 as follows

F(t, X X _ F(t, X
II—J1< / V(i?+z,M)—V<f,y+z, (Ex)ﬂu(dZ)

€
p<lzI<é
F(t,x+€z,X _ F(t, x
- [ {[v(f,erz,—( ha N“)>—v<r,y+z, ( )>
€ €
p<izl<s

F(t, X)

=y V(f, y+z, )VXF(E, X) -Z]

+ [dynaa V@, Y + 2, IN41) =y VT, V)] VRF (E, X) - Z}M(dl)~



R. Monneau, S. Patrizi / J. Differential Equations 253 (2012) 2064-2105 2085

Next, using (3.10) and (3.11), we get

1}—h<cl/0a?HﬂH%an<cw. (5.16)

z|<8

Step 1.3. Estimate of I3 — J>.
If My, is the Lipschitz constant of V w.r.t. yn1, then

1%—]2< / <V<f,y+z’w)_V<f’y+z,@>)u(dz)

€
s<|zI<R

n(dz)

V%ﬁi+eziw+o FG,YW

<M,
€ €

s<|zI<R

<My / su<p |VXF(E,)‘<+ez,RN+1)|Iz|M(dz).
<R
5<|zI<R g

Then

I3 — J2 < C sup |VxF (T, X+ €z, Xy11)| log(R/9). (5.17)
lZI<R

Step 1.4. Estimate of I3 and J3.
Since V is uniformly bounded on Rt x RN*1, we have

F Ev_ »_ — 37
Re [ (%iﬂaw)—ww))mn
R<lz<?

C
< / 20 ocrafd2) < . (5.18)

|z|>R
Similarly

[J3] < (5.19)

x| 0

Now, from (5.15)-(5.19), we infer that

L <TP[FEE, - Ine)s V] + TP [V(E, - Ine1), §] + 2Cep + C8%

o _ R C
+C sup |VxF(E, X+ €z, Xn41)| 10g<—> + =
lzI<R s/ R
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We choose R = R(r) such R — 400 as r — 0T, €g = €g(r) such that Reg(r) <r and § =8(r) > 0
such that § — 0 as r — 0" and rlog(R/8) — 0 as r — 0F. With this choice, for any € < €g and any
p <

a Fter 3 RY, C_ +
C8% +C sup |VxF(f, X + €z, Xn41) | log +—=o0r(1) asr— 0T,
lZI<R 8/ R

and Step 1 is proved.
Step 2. I; <L} +o,(1). For 0 < v <1 we can split I, and L} as follows

12: / (¢(57R+X9RN+1)_¢(E5 X)_v¢(f7x)x)ﬂ(dx)

x|

+ / ($(E, X+ %, Xn11) — S (E, X)) u(dx) = 13 + 13,
v XK1

Ly= / ((to. X0 + X, X3 11) — ¢ (to, Xo) — Vb (to, Xo) - x) pe(dx)

x| <v

+ / (¢(f0,X0+X,XR1+1)—¢(f0,Xo))M(dX)=T1+T2-
v X[

Since ¢ is of class C2 we have
13, Ty < Cv.

Using the Lipschitz continuity of ¢ we get

3-T,= / Cru(dx) < c%.

v<xI<1
Hence, Step 2 follows choosing v = v(r) such that v — 0 and r/v — 0 as r — 0.
Step 3. Z;'[¢€ (£, -, Xn+1), X] < L2 + 0,(1). Remark that
US(E,x+x,Xn41) —d(E, X) —eV(T,Y) — ek
< U™ (to. x0 + X, X} 1) — $(to. Xo) +0e (1) + 0r(1).
Then, recalling that ¢ (to, Xo) = U™ (tg, Xo), for € < g we get
TP [¢ (@, -, Xn41), X] — L§ < 0r(1)

and Step 3 is proved.
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Finally (5.13), (5.14), Steps 1, 2 and 3 give
MW@, - *ngn), X] + T2 [66 E, - k1), K]
1, R — 2, - - _
S P[FE@. - YN+ Y]+ 7P [V(T. - YN41). ¥] + Lo + 0r(1) + Cep,

from which, using inequality (5.11) and letting p — 0T, we get for € < €g

Oy @ %) > T [W T Ruan). K] + 22 [0 E R). K] — W(@) n a(f, 5)
—op(D) +0,(1) + Ly
and this concludes the proof of the lemma. O
6. Building of Lipschitz sub and supercorrectors

In this section we construct bounded sub and supersolutions of (3.6) that are Lipschitz w.r.t. yn+1.
As a byproduct, we will prove Theorem 1.1 and Proposition 5.4.

Proposition 6.1 (Lipschitz continuous sub and supercorrectors). Let A be the quantity defined by Theorem 1.1.
Then, for any fixed p € RN, P = (p, 1), L € R and n > 0 small enough, there exist real numbers A;(p, L),
Ay, (p, L), aconstant C > 0 (independent of n, p and L) and bounded super and subcorrectors W,J{, wy ie.
respectively a super and a subsolution of (3.6) (with respectively A; and Ay in place of \) such that
lim A} (p,L)= lim A, (p,L)=A(p,L),
Ay (p. D) I, Ay (p,L)=A(p.L)
k;’t satisfy (i) and (ii) of Proposition 5.4 and for any (t,Y) € Rt x RN+1

Wiz, V)| <C. (6.1)

Moreover W,’i are Lipschitz continuous w.r.t. yn+1 and a-Hélder continuous w.r.t. y for any 0 < o < 1, with

W//
=1 <y, Wr:7t < |—| n”oo’ (6.2)
(w;)‘;‘ <Gy (6.3)

In order to prove the proposition, for n >0, ag, L € R, p e RN and P = (p, 1), we introduce the
problem

0U=L+T[U(T., yn+D)] = W' U +P-Y) +0(t,y)
+ n[ao +infu(r.Y) - UG, Y)]|ayN+] U+1]  inR* x RN, (6.4)
U@,Y)=0 on RN*+1,
We have the following result whose proof is postponed to Appendix A.

Proposition 6.2 (Comparison principle for (6.4)). Let U1 € USC, (Rt x RN*1) and U, € LSCp(RT x RN+1)
be respectively a viscosity subsolution and supersolution of (6.4), then U < U on Rt x RN+1,
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6.1. Lipschitz regularity

Proposition 6.3 (Lipschitz continuity in yny1). Suppose 1 > 0. Let Uy € Cp (Rt x RN*1Y be the viscosity
solution of (6.4). Then U, is Lipschitz continuous w.r.t. yn41 and for almost every (t,Y) e Rt x RN+1

W ]loo

—1< By, Uy(T,Y) < (6.5)

For a formal argument, we refer the reader to Step 1 of Subsection 3.2.

Proof. Let us define ﬁ(r, Y)=U(r,Y)+ yn+1, then U satisfies

#U=L+T[U(t, yn+1)] =W T +p-y) +0(1,y)
+ n[ao + ig/f(U(r, Y') = yiit) — (U, Y) - yN+1)]|ayNHU| inRT x RN, (6.6)

U(0,Y) = yn+1 on RN+1,
We are going to prove that Uis Lipschitz continuous w.r.t. yy4+1 with

e W//
0<dy,, UT,Y) <1+ TW oo

By comparison, ﬁ(t,y,yNH) < ﬁ(t,y,yNH +Ah) for h 20, from which immediately follows that
dyy,, U > 0. In particular we can replace |9y, ,U| by dy,,U in (6.6).

Let us now show that ByNHf] <14 % We argue by contradiction by assuming that for some
T > 0 the supremum of the function U(t, y, yn+1) — U (T, ¥, Zn+1) — K|YN4+1 —2N41] on [0, T] x RN+

is strictly positive as soon as K > 1+ % Then for 8, 8 > 0 small enough, M defined by

—~ —~ )
M= max <U(t, Y, YN+1) —U(T, ¥, 2ZN+1) — K|YN+1 — ZN41| — BY(Y) — —)
(7,)€l0,TIxRN T—-1
YN+1.ZN+1€R

where v is defined as the function v in the proof of Proposition 4.7, is positive. For j > 0 let

Mj=  max (mr, Y, yn+1) — UGS, 2, 2n41) — KIYN+1 — Zns1] — BY(Y)
7,5€[0,T],y,zeRN
YN+1.ZN+1€R

; 2 ; 2
—Jjlt —=s|” = -z17 ),
77 I I“=Jly |>

and let (4, yJ, y{;,H, sd, 2, Z{IH) € ([0, T] x RN*1)2 be a point where M; is attained. Classical argu-

nlerltsishowithat Mj — M (T, y/, y{\,ﬂ,sf,.zf,z{\,ﬁ) — (T,Y,YN+1-T, ¥, 2ZN+1) as j — +oo, where
(T,Y,YN+1,2ZN+1) IS a point where M is attained.

Remark that 0 < T < T, moreover, since U(T, ¥, Yyn+1) > U(T, ¥, zZn+1) and U is non-decreasing in
YN+1, it is

YN+1 > ZN41- (6.7)
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In particular y{;,ﬂ # Z{;I-H and 0 <sj, 7j < T for j large enough. Hence, for r > 0, we obtain the
following viscosity inequalities

8 .
m‘*‘](tj—sj)

<L+ Cnir+ BT [0 (5 i) VI T [O (- vig)s V]
WOy ) +p-¥) + o (2 y) +nao +inf(D (1. ¥) = Vi)
J

J

~ i Yng1 —Z

_(U(ijy]»yfwr])—vaH)](K ?J+1 N-+1 + By ¥ (0, yN-H)) (6.8)
1YNg1 — N+1|

and
jti—sp = L—CN]T+I [U( , ,szH) zf]—W(U(sJ 2, zN+ )+p-2)+o(s],2)
/ Tled i YN+1 va+1
+nfao+inf(0(s. V') = yyer) = (O 2 2) = 2hy) [
|yN+l Zy 41l
(6.9)

; ] . P P . . .
l/lvhere Cy is a constant depending on N. Since (77, y/, yy, 4,587,272/, zy,) is @ maximum point, we
ave

Oy 45 V) =0 (0 Y V) SO 2 402l ) ~ 09,2, 2))
+ B[ (Y +x Y1) = v (7 )]
for any x € RN, which implies that for any r > 0
I]Z’r[ﬁ(rf,-,yf;l+1),y]<z "o, ’ZN-H) ZJ]"’ﬂIzr[w("yilﬂ)vyj]'

Hence, subtracting (6.8) with (6.9), sending r — 0" and then j — 400, we get
5 WG s _
T2 SB[V N T+ W (UE. . 2v41) +p - §) = W (UE. Y. In41) +P - V)

~ ~ — - YN+1 — ZN4+1

- n[U@, ¥, In41) — U@, ¥, Zn41) — (IN+1 — ZN41) [K =————

|YN+1 — ZN41]
+ B3y ¥ (Y, ?NH)U[GO + igf(ﬁ(f, Y') = yhi1) — (ﬁ(i V. YN+1) — ?NH)]

< W) JUE. T, Ins1) — UE. T, Zng0)

~_ _ _ ~ _ - - YN+1 — ZN+1
—Kn[UT, 3. I8+1) — U@, ¥, Zn41) — (IN41 — ZN+1)]}_}+7_Jr
|YN+1 — ZN41]

Then, using (6.7) and that K|yn+1 — Zn+1] < G(f,y, YN+1) — ﬁ(?,y,ZNH), for B small enough, we
finally obtain

(W] o +n=nK)(UE.¥.In11) = UT.¥.2n41)) 2 0

which is a contradiction for K > 1+ % O
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6.2. Ergodicity

Proposition 6.4 (Ergodic properties). There exists a unique A, = A, (p, L) such that the viscosity solution
Uy, € Cp(RY x RNt) of (6.4) with n > 0, satisfies:

|Up(t,Y) = AyT| <C3 forallt >0, Y e RNTT, (6.10)

with C3 independent of n. Moreover

L— W[ = lIollc +na0 < Ay <L+ W]+ llo ]l + 1d0. (6.11)
Proof. For simplicity of notations, in what follows we denote U = U, and A = A;.
To prove the proposition we follow the proof of the analogue result in [24]. We proceed in three
steps.
Step 1. Existence. The functions W (7,Y)=C*7 and W~ (1,Y) = C~t, where

Cr =L+ |W| %10 llo + nao,

are respectively sub and supersolution of (6.4). Then the existence of a unique solution of (6.4) follows
from Perron’s method.

Step 2. Control of the oscillations w.r.t. space. We want to prove that there exists C; > 0 such that
|U(t,Y)—=U(r,2)|<Cy forallt >0, Y, ZeRNTL (6.12)

Step 2.1. For a given k € ZNt1, we set P-k = I+a, with € Z and « € [0, 1). The function lNJ(r, Y)=
U(t,Y + k) + « is still a solution of (6.4), with U(0, Y) =« Moreover

U@O,Y)=0<U©,Y)=a<1=U(@,Y)+1.

Then from the comparison principle for (6.4) and invariance by integer translations we deduce for all
T2>0:

U(T,Y +k) —U(r, V)| <1, (6.13)

Step 2.2. We proceed as in [24] by considering the functions

M(t):= sup U(r,Y), m(t):= inf U(t,Y),
YERNJrl

Y eRN+1
q(t):=M(t) —m(r) =o0scU(t,").
Let us assume that the extrema defining these functions are attained: M(t) =U(t,Y?), m(t) =

U(t, Z%).
It is easy to see that M(t) and m(t) satisfy in the viscosity sense

IM<L+IF[U(T. . yiiqg) Y] =W (M+P-YT) +0(t.¥7) + nlao + m(t) — M(1)].
dm>L+THU (v, 25 4). 2" | =W/ (m+P-Z7) + o (1. 2") + nao.
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Then q satisfies in the viscosity sense

0 <T[U(T. . i)y ]~ LU 2fy). 2]~ W/ (M4 P YY)
+W'(m+P-Z%)+o(r,y")—o(r.27)
STU(T - ¥Ra) Y = BU(T - 2500) 2] +2[ W + 2110 .
Let us estimate the quantity £(7) := I]Z[U(‘L', -,yLH),yT] —Ilz[U(‘L', A,Z’TVJH),ZT] from above by a

function of q. Let us define k™ € ZN*! such that Y* — (Z% + k%) € [0, DN*! and let Z7 := Z7 +k®.
Using successively (6.13) and the first inequality in (6.5), we obtain:

L(T) < / (U(t.y" +2,y51) = U(7.YT))(d2)

lz|>1

- / (U(.Z +2.75,,) - U(t. Z°))uds) + 7

|z|>1

< [ Wy +255n) ~ U Y

lz|>1

- [ WEE 2R - U 2 + 20,

lz|>1

where [t = || ol 11 g\ B, (0))- NOW, let us introduce ¢* = # and §T = # e [0, %)N so that y* =
c' + 48" and Z° =c* — §*. Hence

L(T) <20+ f (U(t.c"+2+87, yfq) —U(T,Y7))u(d2)

lz|>1

— / (U(t, " +2-8%,y§4q) —U(7, Z7))u(dz)

lz]>1

<2+ / (U(t. " +2,y541) —U(T.YT))po(z—8%) dz

|z—87|>1

— [ U ) - U 2ol + 5 dz
|z4+87|>1

<2 — / (U(t.Y") = U(z, Z7)) min{uo(z — 87), no(z +87) } dz
(12=58T |>1)N{|24+87 |>1)

<20 —coq(T)
where cg > 0. We conclude that g satisfies in the viscosity sense

39:q(1) <2|W'| 4 2llolleo + 272 — coq(T),

with q(0) =0, from which we obtain (6.12).
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If the extrema are not attained, it suffices to consider for g > 0, Mg(7) := supygn+1 (U(T,Y) —
BY(Y)), mg(t) :=infy cgn1(U(T,Y) + By (Y)), and qg(7) := Mpg(t) —mp(t), where  is defined as
the function v, in the proof of Proposition 4.7. By the properties of ¥, Mg(7) and mg(7) are attained.
Then, the previous argument shows that

qp < C1+CB,
and passing to the limit as 8 — 0" we get (6.12).
Step 3. Control of the oscillations in time. We follow [24] by introducing the two quantities:

U(t+T,0)—U(z,0 U(t+T,0)—U(z,0
3y = sup LEFLO V@O g -1y = g LEHLO V@O
>0 T >0 T

and proving that they have a common limit as T — +oo. First let us estimate A*(T) from above. The
function U™ (t, Y) := U(z,0) + C; + C*t, is a supersolution of (6.4) if C* =L+ [|[W/||0c + |0 |l0c + Nd0.
Since UT(0,Y) > U(z,Y) if Cq is as in (6.12), by the comparison principle for (6.4) in the time interval
[T, T + 10], for any 79 > 0 and t € [0, T9] we get

U(T+tY)<U(T,0)+C +CTt. (6.14)
Similarly
UT+t,Y)>U(,00—C1+Ct, (6.15)

where C~ =L — |W/|lco — IO loo + nap. We then obtain for 7o =t =T and y =0:

_ + / C]
<SAT(M <A <L+ W Hoo+||o||oo+nao+7.

(6.16)

C
L— W' — ol +nao — 7]

By definition of A*(T), for any § > 0, there exists * > 0 such that

UT*+T,0—U(tt,0) -

AE(T) — <.
(T) T

Let us consider a, 8 €[0,1) such that t¥ -t~ —B=keZ, and U(zT,0) - Uzt —k,0) +a €Z.
From (6.12) we have

U(e*,Y)<U(t",0)+ G <U(th =k, Y) +2C + (U(tT,0) —U(c " —k,0))
SU(TT =k Y)+2[C1+ (U(z+,0) —U(t" —k,0) + ).

Since o(-,y) and W’'(-) are Z-periodic, the comparison principle for (6.4) on the time interval
[tT, Tt + T] implies that:

U(tt+T,Y)<U(Th —k+T,Y)+2[C11+U(r",0) —U(z" —k,0) + 1.
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Choosing Y =0 in the previous inequality we get
Ut +T,0)—U(tT,0)<U(tt —k+T,0)—U(t" —k,0) +2[C1] + 1
=U(t"+B+T,0)—U(t” +8,0)+2[C1]+1,
and setting t =8 and Tt =7~ + T in (6.14) and T =7~ in (6.15) we finally obtain:
TAT(T) STA™(T) +4[C11+ 14+ 2|W'||  +2llo ]l + 26T
Since this is true for any § > 0, we conclude that:

4[Ci1+142|Wlloo +2[0 I
T :

IAHT) =2~ (D) <

Now arguing as in [23] and [24], we conclude that there exist lim7_, 400 AT(T) =: A and

ATC1T+ 14+ 2|W' o + 2] |l0o
T :

A E(T) — A <
which implies that
|U(T,0) = AT| <4[C1T+ 1+ 2[W/]loc + 2[|0 [|oo,

and then, using (6.12) we get (6.10). The uniqueness of A follows from (6.10). Finally, (6.11) is obtained
from (6.16) as T — 4+o00. O

6.3. Proof of Theorem 1.1

Let us consider the viscosity solution of (6.4) for n = 0. By Proposition 6.4 we know that there
exists a unique A such that U(z, Y)/t converges to A as T goes to 4-oo for any Y € RN*1. Moreover,
by Proposition 4.6, U(t, y, 0) is viscosity solution of (1.6). Hence, the theorem follows immediately
from the uniqueness of the viscosity solution of (1.6).

6.4. Proof of Proposition 6.1
Step 1. Definition of W,T. Let us denote by U;]* the solution of (6.4) with ap = Cy, where Cy is de-

Ut (r.Y
"(TT ) and

fined as in (6.12), and by U, the solution of (6.4) with ag = 0. Let )L; = lim¢— 400

. Uy (t.Y . . .
Ay = lim;_ 40 ’7(; ); the existence of A; and Ay s guaranteed by Proposition 6.4. Now, we set

+ gyt +
Wn (r,Y):= U,] (r,Y)— )‘n T
and
W;(I,Y) = U;(T,Y)—A;r.

Step 2. Limits of)%. By stability (see e.g. [7]), for n — 0" the sequence (U,;r),7 converges to U solu-
tion of (6.4) with n = 0. Moreover by (6.11) the sequence (A;),, is bounded. Take a subsequence
nn — 0 as n — +oo such that )\;]*" — Aoo aS N — +o0o. We want to show that A, = A, where
A =lim;- 400 @ By the proof of Theorem 1.1, we know that XA is the same quantity defined
in Theorem 1.1. Using (6.10), we get
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U(z,0 U(r,0) Up(z,0)0| |U}(z,0)
Ik—koolg‘x— ( )’+‘ @9 Zm ‘+ . — A [+ [ = Ao
T T T
U(z,0 U(r,0) U (t,0)]
<‘A— ( )‘+‘ ©0 ‘+—3+|A;n—xool
T T T T

where C3 does not depend on n. Then, passing to the limit first as n — 4oc and then as 7 — +oo0,
we obtain that A = A.. This implies that )\;7F —Xrasn—0.

The same argument shows that Ay = Arasn—0.

Step 3. W,‘7* and W, are respectively sub and supersolutions. Since by (6.12), Cg + infy, U,J;r(r, Y —
Uf(z,Y) 20, W is supersolution of (3.6) with A = A;}". Moreover, by (6.10), W+ is bounded on
R+ x RNt1 uniformly w.rt. 1: IWi(,Y)| <C3 forall (z,Y) e RT x RNFT.

Step 4. Regularity properties of Wni. By (6.5), W,f is Lipschitz continuous w.rt. ynyy1 and —1 <

dyy Wit < % This implies that W is also a viscosity subsolution of

)»:,r-i-arV =L+Ti[V(T,-, yn+1)] - W' (V +Aj7rr+P -Y)
+oT,y)+C(|W|, +n) inRT xRN (6.17)
V(0,Y)=0 on RN*1,

By Proposition 4.6, W,J{ is supersolution of (3.6) and subsolution of (6.17) in RT x RN for any
yn+1 € R. Then by Proposition 4.7, W;IF is of class C* w.r.t. y uniformly in yyy1 and 7, for any
O<a<l.

Similar arguments show that Wn_ is subsolution of (3.6) with A = A7, is bounded on Rt x RN+t1,
Lipschitz continuous w.rt. yn4+1 with —1 <9y, ,, W,7+ < % and Holder continuous w.r.t. y. This
concludes the proof of Proposition 6.1.

6.5. Proof of Proposition 5.4
The continuity of H(p,L) follows from stability of viscosity solutions of (1.6) (see e.g. [7])

and from (6.10). Indeed, let (pn,L,) be a sequence converging to (po,Lo) as n — +oo and set
An = A(pn, Lp), n > 0. By (6.10), we have for any 7 >0

An

_ W@y G
T S

Stability of viscosity solutions of (1.6) implies that w, converges locally uniformly in (t,y) to a
function wg which is a solution of (1.6) with (p, L) = (po, Lo). This implies that limsup,_, , o, [An —
Mol < @ for any 7 > 0. Hence, we conclude that lim;_, 4 An = Ao.

Property (i) is an immediate consequence of (6.11).

The monotonicity in L of H(p, L) comes from the comparison principle.

Let us show (iii). Let v be the solution of (1.5) and A = A(p, L). Set V(t, y) := v(t, —y). Remark
that Zy[V(z, ), yl =Z1[v(z, ), —y]. If o (T, ) is even then V satisfies

{A+8{\7:I1[V(r,-),y]+L— W&+at—p-y)+o(r,y) inRf xRV,
¥(0,y)=0 onRN.

By the uniqueness of 1 we deduce that A(L, p) = A(L, —p), i.e. (iii).
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Finally let us turn to (iv). Define V(z, y) := —v(z, —y). If W/(-) and o (7, ) are odd functions, vV
satisfies

A+ & V=L[V(r, ). y]-L-W @ —it+p-y)+o(r,y) inRT xRV,
{7(0,3’)=0 on RN,

As before, we conclude that A(—L, p) = —A(L, p), i.e. (iv).

7. Smooth approximate correctors

In this section, we prove the existence of approximate correctors that are smooth w.r.t. yn+1,
namely Proposition 3.1. We first need the following lemma:

Lemma 7.1. Let uq, up € Cp (Rt x RN) be viscosity subsolutions (resp., supersolutions) of (3.6) in RT x RN,
then uq + u; is viscosity subsolution (resp., supersolution) of

20+ 0;v=2L+T1[v]—W/'(u1 +P-Y + A1)
—W/'(ua+P-Y+2r1)+20(t,y) inRT xRN,
v(0,y)=0 onRN.
For the proof see Lemma 5.8 in [8].

Next, let us consider a positive smooth function p : R — R, with support in B1(0) and mass 1. We
define a sequence of mollifiers (ps)s by ps(s) = %p(%), seR. Let W,‘7* (resp. Wn_) be the Lipschitz

supersolution (resp. subsolution) of (3.6) with A = A; (resp. A = )Lg), whose existence is guaranteed
by Proposition 6.1. We define

V,fa(t,y,ywﬂ):: Wt y, -)*pa(-)=/W$(t,y,2)ps(yw+1 —2)dz. (7.1)
R

Lemma 7.2. The functions V,;f s and V,; s are respectively super and subsolution of

My 40V =L+ TV s(t, yne)]
+o(r,y)—/w/(w,f(r,y,z)
5 (7.2)
+D-y+z+0T)ps(YNt1 —2)dz inRT x RN,
V;(0.Y)=0 on RN*1,

Proof. We prove the lemma for supersolutions. Let Qﬁ =e+[—h/2,h/2), ps(e,h) = fQIe ps(y)dy and

(@, y, yne) = Y W, (T, ¥, yni1 —e)ps(e, h).
echZ

The function Iy is a discretization of the convolution integral and by classical results, converges uni-
formly to V;]f5 as h — 0. By Proposition 4.6, W,I is a viscosity supersolution of (3.6) also in R x RN,
Then, by Lemma 7.1, for any yn4+1 € R, Ip(7, Y. Yn+1) is a supersolution of
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M40V =L+ T[V(T, ynp)]+o(T.y) ) psleh)
echZ
— > W (Wit y. yne1 —e)
echZ
+p-y+ (YNt —e) + 4, T)ps(e, h) in R x RN,
V(0,y)=0 onRN.

Using the stability result for viscosity solution of non-local equations, see [7], we conclude that VI s
is supersolution of (7.2) in RT x RN and hence also in RT x RN*1, [

7.1. Proof of Proposition 3.1

e defined in (7.1), are respectively super and subso-

We first show that the functions V,‘; sand V
lution of

My 40V =L+ TV s (T, yne) | = W (Vs + P Y +257)
+0(t,y)FCn.s inRt x RN*1, (7.3)
VE©0,Y)=0 on RN+,

where Cy s = W |loo (28| W [loc/1 + 8). Using (6.2) and the properties of the mollifiers, we get

‘W’(Vjﬂg(r, Yo YN4D) + DY+ YNt + A5 T)

— / W/(W,ﬂ;(r, y,2)+p-y +z+A$r)p5(yN+1 —2)dz

R
< /‘|W/(V,:7t,5(f,ya}’N+l) +p-yYy+ YNt —i—knﬂ:‘r)
R

~W (W, (.9, +p-y+2+21,7)|ps(yns1 —2)dz

<w”., f[lv,fa(t, Y YN+ — Wi (T y. )| + lyns1 — 2] ps(ynsa — 2) dz
R

< ||W”||m/[/lw,7i(r,y,r)— Wi (T, y,2)|ps(Ynt1 — 1) dr + |y _Z|]06(YN+1 —2)dz
R R

(W
< IIWNHOO/[ f ; 2 —zlps(Yn+1 — D) dr + |yn+1 — 2| | ps(Yn41 — 2) dz
R JyN1-TI<S

W llo

< W' (IyN+1 — 2 +8) + |YNg1 — Z|]p8(YN+1 —2)dz

[YN+1—2|<8

"
< ||W”||Oo<25% +a).
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From this estimate and Lemma 7.2, we deduce that V;a and Vn_s are respectively super and subso-

lution of (7.3). Now, we choose § =8(1) such that [|W"|lo(28|W" |lce/n + 8) = 0,(1) as n — 0 and
define

+ _yE
Vy(T,Y):= Vn,S(n)(T’ Y).
Then the functions V;’—L are the desired super and subcorrectors. Indeed, we have already shown that
they are super and subsolution of (3.7) with A; and Ay satisfying (3.8). Properties (i) and (ii) of
Proposition 5.4 can be shown as in the proof of the proposition. Finally, (3.9)-(3.11) easily follow
from (6.1)-(6.3) and the properties of the mollifiers. O

Appendix A

Proof of Proposition 4.7. Heuristic arguments. Before entering in the proof, let us start with a heuristic
explanation. Indeed, replacing d:u by u, we should get a similar result for a stationary solution of

Ti[ul+ g2 <u < Zi[u] + g1.
At a point (x, y), with x # y, of supremum of
u@) —u(y) — Kix—y|*
we have forr >0

u) < g1+ KIZ}'[| - —y1% %] + 2" [u, x],
u(y) =g — K2, [Ix — 1%, y] + T2 [u, y1.

Setting e = ‘X yI ¢¥u(z) = |z|* and using the homogeneity of the functions, we get for r=o |x — y|

=y x] = —lx = y[* 7' =] [Ix — 1%, y] with —c§ =7, [ga,el.
Therefore we get
u() —u(y) — Kix—y|* < g1 — g2 — Klx = y1* = 2K|x — y*~"'¢g + 77 "Tu, x] — I, "u, y1.
By the maximal property of (x, y), for any z <€ RN we have
ux+2z)—u(y+2) <u®) —u(y)
which implies that
TP u,x) — 77 [u, y1 <0
We conclude that
u() —u(y) —Kix—y|* < g1 — g2 — KIx— y|* = 2K|x — y|*~'c§.
We can show that ¢ > 0, for o small enough and then an optimization on |x — y| shows that for K

large enough, the right hand side is negative. This shows the Holder estimate.
It turns out that the condition cJ > 0 is not satisfied for large values of o.
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Rigorous proof. We use standard techniques from the theory of regularity of viscosity solutions of
uniformly elliptic second-order local operators, see [28], adapted to our context.

We argue by contradiction, assuming that u does not belong to C¥(R™ x RN). Let u€ and Ue el
be respectively the double-parameters sup and inf convolution of u in Rt x RN, i.e.

€€ _ 1 2 1 2
u®t (t,x)= sup us,y) — s—Ix=ylI° ==t —-97),
(s,y)eRT xRN 2e 2e

. 1 1
Ue e (t,X) = inf <u(s, V) + —x— y|2 +—t- s)z).
(s,y)eR+ xRN 2€ 2¢€

Then u€€ is semiconvex and is a subsolution of

du =T [us(t, )] + g1 in (ter, +00) x RN
and u¢ ¢ is semiconcave and is a supersolution of

dle.e =T [Ue,e(t, )]+ g2 in(ter, +00) x RY,

where t. — 0 as €/ — 0, see e.g. Proposition II1.2 in [5].
Since u is not Holder continuous in x, there exists « € (0, 1) such that for any K > 0 and €,¢’ >0

sup U (E,x1) — Ue o (£, X2) — K[X1 — Xo|*
(t,x1,X2)eRT xR2N
> sup u(t,x1) —u(t,x2) — K|x; — x2|%
(t,x1,x2) R+ xR2N
> 0.

In order to make the supremum attained at some point, let us introduce smooth positive func-
tions ¥ (t) and v (x) with bounded first and second derivatives such that v (t) — +o00 as t — +oo0,
Y2(X) — 400 as |x| — 400 and there exists Ko > 0 such that |2(x)| < Ko(1 + 4/[x[). The last as-
sumption on v, assures that 112[1//2] is finite at any point. Then, for any K > 0 and ¢, € > 0 and
B > 0 small enough, the supremum on Rt x R%N of the function

USE (£, X1) — Ue e/ (8, X2) — P(E, X1, X2), (A1)

where

@ (t, x1,%2) = K|x1 — x2|% + By (t) + Bya(x1),

is positive and is attained at some point (t, X1, X2) € [0, +00) x R2N_ For €, € small enough, X # xy.
Moreover, since u€€ (0,x) = u¢ ¢(0,x) =0 for any x € RN, it turns out that actually f > t... Remark
that

1
25Up ¢ vyer+ xRN [U(E, X)|>ot o

X1 —X2| <

- (LPune
The function (A.1) is semiconvex, hence, by Aleksandrov’s Theorem, twice differentiable almost

everywhere. Let us now introduce a perturbation of it, for which we can choose maximum points of

twice differentiability. First we transform (, X1, X2) into a strict maximum point. In order to do that,
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we consider a smooth function h : Rt — R, with compact support such that h(0) =0 and h(s) >0
for 0 <s <1 and we set 6(t, X1, x2) = h((t = H)2) + h(|x1 = X1|2) + h(|xz — X2|2). Clearly (£, %1, %) is a
strict maximum point of u¢ € (t, x1) —Ue ¢ (t, X2) — P (L, X1, X2) —O(t, X1, X2). Next we consider a smooth
function x : RYN — R such that x(x) =1 if [x| <1/2 and x (x) =0 for |x| >

By Jensen’s Lemma, see e.g. Lemma A.3 of [9], for every small and positive § there exist % € R,
5. g5 € RN with |s°|, |g3], [g5] < & such that the function

D(t, X1, %2) = U (t,X1) — Ue e (t, X2) — K|x1 — X2|% — @01(¢, X1) — g2(x2), (A3)

where

1(t.x1) = Y1 (0) + Br2(a) +h((€ = D) +h(jx1 = %1 2) +5°t + X (1 = )} - ¥,
@2(x2) = h(|x2 — X21?) + X (x2 — X2)q5 - x2,

has a maximum at (%, x§, x}), with

[t

(A4)

and u®€ (t, x1) — e e/ (t, x2) is twice differentiable at (¢%,x3,x3). In particular u®€ is twice differen-
tiable w.r.t. X1 at (t°,x3) and u, ¢ is twice differentiable w.r.t. x, at (¢%, x3). The function x has been
introduced to make Z?[¢1] and Z?[¢>] finite.

For § small enough, we can assume x‘i #+ x‘; and this will allow us to compute the derivatives
of (A.3). Since (%, x3, %) is a maximum point, we have

Vi u© (10.2) = Vi 1 (0. 2) + @k =] (4 — ).
Vit o (2, %) = =V, 02 () + K [ —x3|* 7% (x3 — x3). (A5)

Moreover the inequalities

<D(t‘3,x‘i +z, xg) <I>(t xl,xg),
dﬁ(t‘3 x1,x2+z)<<b( x],xg),
(%, +2,x +2) < (2, %, %),

for any z € RN, with together (A.5), give respectively:
ue*e,(t‘s,ﬁ +2)— u“/(t‘s, X)) — Vy, ue’é/(t‘s,x‘i) -z
<@1(t, % +2) — 1 (2. %)) — Vi1 (£, %3) - 2
FK|E 42— x| — K[ — x| —ak [ =" — ) -z, (A6)
—(ue.er (€% +2) —ue e (€0, %) — Vgl o (£°,%3) - 2)
<0(0+2) —02() — Ve (%) 2
FK|E —z— x| — K[ — x| +ak [ -] T (x — ) -z, (A7)

and for any r > 0
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use (60, x5 +2) —u (£, x3) — Vi uee (2, %) - 215, (2)
Suee (%8 +2) — e e (%) — Ve o (62, X5) - 215, (2)
+@1(t°, % +2) — @1(t°, %) — Vi1 (£, %7) - 215,(2)
+ 02X +2) — 92(X) — Vi 02(X3) - 213, (2), (A8)

where B, = B;(0). The last inequality in particular implies that
u (). 8] <L fuee (0.). 8]+ 5 [0 (€. ). 6]+ I [ 8] (A9)

Next, in order to test, we need to double the time variables. Hence, for j > 0, let us consider the
maximum point (t/,x], s/, x5) of the function

/ J
U x1) — U er(5,%0) = W (E X1, %) = S = sI?,

where

2 2 2
W(t,x1,%2) = K|x1 — X2|% + @1(6, %1) + @2(x2) + [t = | + [x1 = 2§ |" + [x2 — &}

)

on Qpp(t‘s X1) X Qpp(t xz) for p > 0 sufficiently small. Standard arguments show that
(4, x1,sf xz) — (89, x1,t‘S xz) as j — +oo. Hence for j large enough there exists p > 0 such that
Qp,p(t?, x1) X Qp,p(sf xz) C Qp,p(t x1) x Qp, (t‘S x2) and x1 ;éxz Testing, we get
i =) 2t = 0) F o (. x]) STy [W () X+ TP [ () ] + g,
i i 1, ,
it =s') = -1 "[ll/(tf,x1, ')v"z] +I1 Pluc.e(s’, ')’Xz] + 82-

Subtracting the two last inequalities, and then letting j — 400, we have

o (0. 6) ST [0 (0 8). 4]+ I [0 (0. ). %3]
F TP [uC (¢,), 5] = 7 [ue oo (¢, ), 5] + &1 — g2

)

Since u€€'(t%,-) and ue ¢ (t%,-) are twice differentiable respectively at x; = x{ and x, = ), we can

pass to the limit as o — 0T and obtain

a1 (£0.67) <Ti[u (€, ). ] = Tofue. e (€. ). 5] + g1 — g2
Using (A.9), we finally get
dpr (£, 4) S [u (0, ). 4] = ) uee (€. ). 3]
+ 1 (6, ), ] + T2 [@2, K] + &1 — &2 (A10)

Next, let us estimate the term Ill’r[u“'(ta, ), %51 —I}’r[ue,ez(t‘s, ), X5] and show that it contains a
main negative part. For 0 < vg < 1, let us denote

Ar:={z € B(0),

2 (4~ 4)| > volel|¥; ).
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Then
1,r[,,€,€ (48 3 1,r 3 3
Lu (@) 1] = 4 uee (£, ). %]

= /[ue’e/(t‘s,x‘i +2) —u€ (0, 1) — Vi uee (6,53) - 2

A
— (uee (% +2) —ue e (£, X)) — Viyue o (t°,%3) - 2) | (d2)
+ / [.1ud2)
BAA
=T1+T>.

From (A.8) we have
T, <C.
Here and henceforth C denotes various positive constants independent of the parameters. Let us es-

timate Ty. Using (A.6) and (A.7), and successively making the change of variable z — —z, we get the
following estimate of Ty:

T1 < /[K|x‘i +z2-X]" —K[x] —x|" — oK |x] —xg|a_2(x‘i — X)) - z]udz) +C
Ar

+ /[K|x§ —z2-X|" —K[x§ —|" +aK|x —xg]a_z(x‘i —x) - z)u(dz)

Ar

:2/[I<|x‘i Fz=X| = K[ — x| —ak | —x|* (3 — ) - z]udz) + C

Ar

< ozl(/ sup {|x3 =% + 2] (¥ =2 + ez 12 — @ — ) [ (¥ — X +12) - 2]*) }u(dz) + C.
t1<1

Let us fix r=o[x; —x3|, o > 0, then for z € A,
= +12] < (40— ).
(06 =5+ £2) 2] > (4 =) 2] — 1282 > (o — )|} — ] .
Let us choose 0 < o < vy < 1 such that
Co=—(1+0)*+Q2—-a)(v—0)*>0,

then

T1 < —CCoK|x] —xg\a_2/|z|zu(dz)+C.

Ay
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By homogeneity

/|z|2u(dz) =Cr.
Ar
Then, we conclude
T1 < —CCoK|[x} — xg|a_2r +C < —CCoK|x] — xg|°l_1 +C,
and from (A.10)
-1
CCoK|x§ —x5|* 7 < —aer (6%, %)) + 81 — g2+ C

+ 2o (€, ), K]+ 1 [g2, %]

<g—-g+C

Letting § go to O, from the previous inequalities and (A.4) we finally obtain

K% —%|*71<C,

where C is independent of K. This is a contradiction for K large enough, because of (A.2), hence
ueC¥@R* xRN). O

Proof of Proposition 6.2. Let us define the functions Vq(t,Y) := e *U;(t,Y) and Vy(z,Y) :=
e ¥TU,(7,Y), where k:= |W”|x + 1. It is easy to see that V; and V, are respectively sub and
supersolution of
3V =Le " + Ty [V(T. yns1)] + 8(T.Y. V)
+[ao + et (i?/fv(r, V)= V@ )]l v+ inRE xRN ann)

V(0,Y)=0 on RN*1,
where g(7,Y,V)=—e KW/ (@"V +P.Y)—kV + e ¥ o (1, y). Remark that, by the choice of k,

8T, Y, V1) — g(r, Z, Vo) < —(Vi — Vo) +e X (|W"| 1P|+ |0/ | )IY = ZI.  (A12)

To prove the comparison between U; and Uy, it suffices to show that Vi(z,Y) < Va(t,Y) for all
(t,Y) e (0,T) x RNt and for any T > 0.

Suppose by contradiction that M = sup; y)c.1)xgv+ (V1(T,Y) — Va(T,Y)) > 0 for some T > 0.
Define for small v, V2, 8,8 > 0 the function ¢ € C2(RT x RN*1)2) py

1 1 P
1,Y,5,2)= — |t —s|* + —|Y — Z? Y) 4+ —|
o( ) 21)]I | +2v2| |+ By ( )+T_T

where v is defined as the function v, in the proof of Proposition 4.7. The supremum of Vi (7,Y) —
Va(s, Z) — ¢(t,Y,s, Z) is attained at some point (T, Y,5, Z) € ((0, T) x RN*t1)2, Standard arguments
show that, because U; and U, are assumed bounded
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~

T.Y.5,2)—> (7,7,Y,Z) asvi—0,

VI(T,Y) = Vi@,Y), Va(5,Z)— Va(T,Z) asv; — 0,

where (7,7, Z) is a maximum point of V1 (z,Y) — Va(z, Z) — 2172|Y —Z|? = By (Y) — L. Moreover,
it is easy to see that

lim sup i‘r(l/fV1 (7.Y) < i}r(l/fV1 (T.Y). liminfinf v, (5.Y)> i}r/l/sz (T.Y).

v —0 v1—0
Since V1 and V; are respectively sub and supersolution of (A.11), for any r > 0 we have

8 +f—§
(T —7)? V1

- C _ _ o B o o
<Le ¥ + vi; + B W YN V] A T [VIE, L e, V] + &(F. Y, Vi(F, 7))

YN+1 — ZN+1

+[ao + et (i}r(llfV1 (.Y = V(. ?))]‘ o B (D e (A1)
and
fv_l S le k- Cv—”;r +I7T[VaG, - 2n41), 2] + 8(5. Z, V25, 2))
+n[ao + ¢ (igfvz (5.Y)-V26.2)] w +e |, (A14)

where Cy is a constant depending on the dimension N. Since (T,Y,5,Z) is a maximum point, we
have

Vi@, ¥+ X In+1) — VI(T.Y) < Vo, 2+ %, Zn41) — V25, 2) + B[v (T + X, Ing) — ¥ (V)]
for any x € RN, which implies that for any r > 0

Ilzj[vl (fa ) yN+])v y] < I]Z,r[vz(ga ) 2N+])7 z] + ﬁI]z’r[vf(, yN-‘r])? y]

Then, subtracting (A.13) with (A.14) and letting r — 01, we get

) _ - _ —_ — —
T < Le™ —e™) + BTy [y (. In41). Y] + &(T. Y. V1(T. V) — 8(5. Z, V2 (5. 2))

+ By (V) + e

- N1 TNt — 2
+ a0+ (i{}fw (7.Y)-v1@.9)] ‘ M
' 2

) N\ VN — 2 ]
—nfao+ ekS(iyfv2(§, Y') = V36, Z))]‘M +e .
! 2
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Next, letting v1 — 0 and using (A.12), we obtain

)
(T —7)2
B[V TN, ] = (ViR Y) = Va@, 2)) + e X (IW” [loo| P + 107 l00)IY — Z| + CB

_ _ , _ R e A TNe =3 e
+ el [i?fvl (2.Y) =infV2(2.Y') = (Vi@ ¥) = Va(E, 2))] M +e k7|,
! / 2
(A15)
It is easy to prove that
liminf (V1(Z,Y) - V2(%,2)) =M (A.16)
(8.5)—(0.0)
and
Y - Z?
—— <(,
V2

where C is independent of 8 and §. Up to subsequence, T — 19 € [0, T] as (B,8) — (0,0) and by
(A.16), we have

limsup [infV1(2,Y') —infV2(2.Y) = (V3. 9) - V2(3.2))]

B.H—0,0Y
< i}r(l/fv(ro, Y') — i‘gl,fvz(to, Y') —sup(Vi(0.Y') — V2(10.Y'))
y/
<0.

Then, passing to the limit first as (8, 8) — (0,0) and then as vy — 0 in (A.15) we finally get the
contradiction:

M<O0,
and this concludes the proof of the comparison theorem. O
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