Fuzzy Inf. Eng. (2014) 6: 279-297

LIGLIIED Y Available online at www.sciencedirect.com
; Fuzzy Information

ScienceDirect ElrEieering

Fuzzy Information and Engineering S

http://www.elsevier.com/locate/fiae =

The Rough Intuitionistic Fuzzy Ideals of Intuitionistic Fuzzy
Subrings in a Commutative Ring

ORIGINAL ARTICLE

Prasenjit Mandal - A.S. Ranadive

Received: 8 January 2012/ Revised: 20 July 2014/
Accepted: 20 September 2014/

Abstract The aim of this paper is to give some definitions of rough intuitionistic
fuzzy ideal, rough intuitionistic fuzzy radical, rough prime (primary) intuitionistic
fuzzy ideal and rough semiprime intuitionistic fuzzy ideal of an intuitionistic fuzzy
subring, and also to give some properties of such ideals. Moreover, we give their
nature under homomorphism.

Keywords Intuitionistic fuzzy set - Upper and lower approximations - Rough intu-
itionistic fuzzy subring - Rough intuitionistic fuzzy radical - Rough (prime, primary
and semiprime) intuitionistic fuzzy ideal

© 2014 Fuzzy Information and Engineering Branch of the Operations Research Society
of China. Hosting by Elsevier B.V. All rights reserved.

1. Introduction

The notion of rough sets was introduced by Pawlak [1] and is motivated by practi-
cal needs in classification and concept formation under insufficient and incomplete
information. There are mainly two generalized methods, for the development of this
theory, the constructive method and the algebraic method. By adopting these two
methods the rough set theory has been combined with other mathematical theories
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such as model logic [2], lattice [3, 4], group theory [5], ring theory [6-8], fuzzy sets
[9-11] and intuitionistic fuzzy sets (IF-sets for short) [12]. Among these research
aspects, more efforts have been focused on the approximations of fuzzy sets and IF-
sets.

After the introduction of fuzzy sets by Zadeh [13], there have been a number of
generalizations of this fundamental concept. The notion of intuitionistic fuzzy sets,
introduced by Atanassov [14-16] is one among them. While fuzzy sets give the degree
of membership of an element in a given set, intuitionistic fuzzy sets give the degree of
membership and a degree of non-membership. Furthermore the sum of two degrees
is not greater than 1.

In this paper, we study the rough intuitionistic fuzzy ideals (IF-ideals for short) of
intuitionistic fuzzy subrings (IF-subrings for short) in a commutative ring in details.

The remainder of this paper is organized as follows: We review some results and
definitions about rough sets and IF-sets in Sections 2 and 3. In Section 4, the concept
of 6-lower and 6-upper approximations of IF-sets in a ring is introduced and its basic
properties are discussed. The relations of rough IF-sets under the intuitionistic intrin-
sic product, intuitionistic sum and intuitionistic product are investigated respectively.
A new definition of rough IF-ideal of IF-subrings is proposed in Section 5. In Section
6, we introduce the concept of rough IF-radicals of rough IF-ideals in IF-subrings.
The definition of rough prime (primary) and semiprime IF-ideals, and their nature
under homomorphism is elaborated in Section 7. Finally, a conclusion is stated at the
end.

2. Basic Results on Rings, Congruence Relations and Rough Sets

In this section, some definitions and results of congruence relations and rough sets
are discussed. For more details see [8].

A ring R is an algebraic structure (R, +, -) consisting of a non-empty set R together
with two binary operations ‘+’ and ‘-’ (called addition and multiplication) such that
(R, +) is an abelian group, (R, -) is a semi-groupanda - (b + ¢)=(a - b) + (a - ¢),
b+c¢)-a=0b-a) + (c-a)foralla,b,c eR.

If the multiplication is commutative, then R is said to be a commutative ring and R
is said to have an identity say 1 ifa - 1 =1 - a = a, for all a € R. For the sake of
simplicity, we shall write ab =a - b (a,b € R).

Let 6 be an equivalence relation on a ring R. For x € R, the equivalence class (or
coset) of x modulo 8 is the set [x]y = {y € R| (x,y) € ). In the rest of the paper R is
a commutative ring with identity.

Definition 2.1 [8] Let 6 be an equivalence relation on R. Then 0 is called a full
congruence relation if (a,b) € 0 implies (a + x,b + x) € 6 and (ax,bx) € 6 for all
x€R.

Theorem 2.1 [8] Let 6 be an equivalence relation on R. Then (a,b) € § and (c,d) € 6
imply (a+c¢,b +d) € 6, (ac,bd) € 6 and (—a,—b) € 0 for all a,b,c,d € R.

Lemma 2.1 [8] Let 0 be an equivalence relation on R. If a,b € R, then

() [alg + [bly = [a + Do
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(i) [-ale = —[ale.

(iii) {xy | x € [alo. y € [blo} < [ablp.

If X and Y are non-empty subsets of R, let XY denote the set of all finite sums
{a1b1 +arby +---+a,b, | neN,a €X,b; € Y}

Definition 2.2 [8] A full congruence relation 6 on R is called complete if [ably =
{xy | x € [alg,y € [blg} for all a,b € R.

Definition 2.3 [8] Ler 6 be a full congruence relation on R and X a subset of R. Then
the sets

0X) = {x € R| [x]y S X} and 6(X) ={x € R|[x]yN X} # ¢

are called, respectively, the 0-lower and 6-upper approximations of the set X. 8(X) =
6(X), (X)) is called a rough set with respect to 6 if (X) # a(Xx).

The following proposition is well known and easily seen.
Proposition 2.1 For every subsets X,Y C R, we have
(i) 8(X) C X C 6(X).
(i) If X C Y, then 6(X) C 6(Y) and 6(X) C 6(Y).
(i) 6(X NY) = 6X) N 6(Y) and §(X U ¥) 2 6(X) U &(Y).
iv) BXUY)=06(X)UB(Y)and 6(X UY) C 6(X) U O(Y).
(v) 6(6(X)) = 8(X) and 6(6(X)) = 6(X).
A non-empty subset / of a ring R is an ideal if and only if fora,b € Rand r € R:
(i) a,bel=>a-bel,
(ii) ael,LreR=racl
"_I‘heorem 2.2 [8] Let 6 be a full congruence relation on R. If I is an ideal of R, then
6(I) is an ideal of R.

Theorem 2.3 [8] Let 6 be a full congruence relation on R and I be an ideal of R. If
0(I) is a non-empty set, then it is equal to R.

An ideal P(# R) is said to be prime in a ring R, if for all a,b € R, the condition
ab € P implies that eithera € Porb € P.

An ideal Q(# R) in a ring R is primary if for any a,b € R: a,b€ Qanda ¢ Q0 =
b" € Q for some positive integer n.

Theorem 2.4 [8] Let 6 be a complete congruence relation on R and P be a prime
(primary) ideal of R such that O(P) # R. Then O(P) is a prime (primary) ideal of R.

Theorem 2.5 [8] Let 0 be a full congruence relation on R and P be a prime (primary)
ideal of R. If O(P) is a non-empty set, then 6(P) is a prime (primary) ideal of R.
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An ideal S of R is said to be semiprime if, whenever a” € S for some positive
integer n, thena € S.

Theorem 2.6 Let 6 be a complete congruence relation on R and P be a semiprime
ideal of R such that 6(P) # R. Then 6(P) is a semiprime ideal of R.

Proof  Since P is an ideal of R. Then by Theorem 2.2, we know that (P) is an
ideal of R. Now let a" € 6(P) for some a € R and for some positive integer n, then
[a"]e N P # ¢. Since 6 is complete, so {u" | u € [als} N P # @, and so there exists
u € [a]g such that " € P, for some positive integer n. Since P is a semiprime ideal,
we have u € P. So [algN P # ¢. Hence a € é(P). Therefore §(P) is a semiprime ideal
of R.

Theorem 2.7 Let 0 be a full congruence relation on R and P be a semiprime ideal of
R. If 6(P) is a non-empty set, then O(P) is a semiprime ideal of R.

Proof Analogous to the proof of Theorem 2.6.

Theorem 2.8 [8] Let f be an epimorphism (an onto homomorphism) of a ring R, to
a ring R, and let 6, be a full congruence relation on R,. Then

1) 6; ={(a,b) € Ry X Ry | (f(a), f(b)) € 0,} is a full congruence relation on R .
(i) If 0, is complete and f is one-to-one, then 0, is complete.
(iii) £(61(X)) = Or(F(X)).

(iv) f(8,(X)) € 6,(f(X)). If f is one-to-one, then f(0,(X)) = 0,(f(X)).

Theorem 2.9 [8] Let f be an epimorphism (an onto homomorphism) of a ring R to
a ring R, and let 6, be a full congruence relation on R,. Let P be a subset of R;. If
01 ={(a,b) € Ry X Ry | (f(a), f(b)) € 02}, then

@) gl(P) is an ideal of R, if and only iféz(f(P)) is an ideal of R,.

(ii) If 6, is complete, 0,(P)isa prime ideal of R, if and only if@z(f(P)) is a prime
ideal of R;.

(iii) If 6, is complete, 0,(P) is a primary ideal of R, if and only if gz(f(P)) isa
primary ideal of R;.

For semiprime ideal, we have the following result:

(v) If 6, is complete, 6,(P) is a semiprime ideal of Ry if and only if 6,(f(P)) is a
semiprime ideal of R;.

Proof  (iv) Assume that EI(P) is a semiprime ideal of R;. Suppose that for some
Xx € R, and some positive integer n, such that x" € 6s( f(P)). Then there exists
a € R; such that f(a) = x. Thus [f(a")]p, N f(P) # ¢. Since 6, is complete, so
{f@") | fw) € [f(a)ls,} N f(P) # ¢, and so there exists f(u) € [f(a)ls, such that
f") € f(P) for some positive integer n. Then we have u € [a]y,, and there exists
¢ € P such that f(c) = f(u"). Hence u" € [a"]y, and ¢ € [u"]y. So c € [a"]y,.
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Thus [a"]ls, " P # ¢ which implies that " € 9_1(P)‘ Since 6,(P) is a semiprime
ideal of R;, we have a € 6,(P). From this and Theorem 2.8, we obtain that x =
f(@) € f(6,(P)) = 6,(f(P)). This means that 6,(f(P)) is a semiprime ideal of R,.
Conversely, assume that 65( f(P)) is a semiprime ideal of R,. Suppose that for some
x € R; and some positive integer n, such that x € (;1(P). Then by Thorem 2.8, we
obtain that f(x") € f ©,(P)) = 65( f(P)). Since 05 ( f(P)) is a semiprime ideal, we have
F(x) € f(B,(P)). If f(x) € f(8,(P)), then there exists a € 8,(P) such that f(x) = f(a).
Thus [alyg, N P # ¢ and x € [aly,. So [x]y, N P # ¢ which implies that x € él(P). This
means that 8, (P) is a semiprime ideal of R;.

Theorem 2.10 [8] Let f be an isomorphism of a ring R; to a ring Ry and let 6, be
a complete congruence relation on R,. Let P be a subset of Ry. If 6, = {(a,b) €
Ry X Ry | (f(a), f(D)) € 0}, then

(i) 8,(P) is an ideal of Ry if and only if 0,(f(P)) is an ideal of R,.
(ii) 0,(P)is a prime ideal of R if and only if 0,(f(P)) is a prime ideal of R;.
(iil) 0,(P) is a primary ideal of Ry if and only if 0,(f(P)) is a primary ideal of R,.
For semiprime ideal we have the following result:

(iv) 0,(P) is a semiprime ideal of Ry if and only if 0,(f(P)) is a semiprime ideal of
R>.

Proof ~ We prove only part (iv). By Theorem 2.8, we have f(6,(X)) = 6,(f(X)).
Now, remaining part is analogous by Theorem 2.9.

3. Basic Results on Intuitionistic Fuzzy Sets

A fuzzy set of R is a function ¢t : R — [0, 1]. Let u be a fuzzy set of R. For a € [0, 1],
the set u, = {x € R | u(x) > a} is called an a-level cut set of u.

Let i and A be two fuzzy sets on X. Then y is called a fuzzy subset of A if u(x) <
A(x) for all x € X and it is written as u C A.

A fuzzy set u in aring R is called a fuzzy subring of R [17] if it satisfies:

1) (Vx,y € R) (u(x - y) = u(x) A u(y)) and
(i) (Yx,y € R) (u(xy) = p(x) A p(y)).

A fuzzy set 1 in a ring R is called a fuzzy ideal of R [17] if it satisfies:
() (Vx,y € R) (u(x = y) > u(x) A pu(y)) and
(i) (Vx,y € R) (u(xy) = p(x)).

An intuitionistic fuzzy set (IF-set for short) A in a ring R is an object having the
form

A = {< x,ua(x), va(x) >| x € R},
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where the functions p4 : R — [0,1] and v4 : R — [0, 1] denote the degree of
membership (namely p4(x)) and the degree of non-membership (namely v4(x)) of
each element x € R for the set A, respectively, and 0 < pa(x) + va(x) < 1 for all
x € R. For the sake of simplicity, we shall use the symbol A = (u4, v4) for the IF-set
A = {< x,us(x),va(x) >| x € R}. Let IFS (R) be the set of all IF-sets of R.

Let A = (14, v4) and B = (up, vp) be two IF-sets in a ring R. Then

(i) ACB e (Vx e X) (ua(x) < up(x), va(x) > vp(x)).
(i) A=Be>ACBand BC A.

(i) AU B = {ua V up,va A vg}.

(iv) ANB = {ua Appg,va Vgl

(v) 0-=(0,1)and 1. = (1,0).

Let A = (ua,va) and B = (up, vg) be two IF-sets in a ring R. Then A = (14, v4) is
called an intuitionistic fuzzy subset (IF-subset for short) of B = (ug,vp) if A C B.

Let f be a mapping from a ring R to aring R,. Let A = (s, va) and B = (ug, vp)
be two IF-sets in R; and R, respectively. Then the pre-image of B = (ug, vg) under f
is defined to be an IF-set f~1(B) = (U s-1B), Vi-1(8))> Where pp-1p)(x) = pup(f(x)) and
V1) (x) = vp(f(x)) for all x € Ry, and the image of A = (ua,v4) under f is defined
to be an IF-set f(A) = (uf), Vfa)), Where

Vo), if 7o) # 9,
Hpay) = 9=/
0, otherwise,

A va), if iy #e,
Vf(A)(y): y=f(x)
1, otherwise

forally € R,.

Definition 3.1 [18] An IF-set A = (s, va) in a ring R is called an IF-subring of R
if it satisfies the following conditions:

(@) (Vx,y € R) (ua(x —y) = pa(x) A pa(y)).
i) (Yx,y € R) (ua(xy) = pa(x) A pa(y)).
(iii) (Vx,y € R) (va(x —y) < va(x) V va(y)).

@iv) (Vx,y € R) (va(xy) < va(x) Vva(y)).

Definition 3.2 [18] An IF-set A = (ua,va) in a ring R is called an IF-ideal of R if it
satisfies the following conditions:
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@ (Vx,y € R) (ualx = y) 2 pa(x) A pa ().

(i) (Vx,y € R) (ua(xy) = pa(y)).
(iii) (Vx,y € R) (va(x —y) < va(x) V va(y)).
(iv) (Vx,y € R) (va(xy) < va(y)).

Definition 3.3 [15, 16] Let A = (ua, va) be an IF-set in a ring R and «, B € [0, 1] be
such that a + 8 < 1. The (a, B)-level cut AP will be {x € R | ua(x) > a, va(x) < 8.
Analogously, the (a, B)-level strong cut A(;y’ B will be {x € R| pa(x) > a,va(x) < B}
and finally A% 9 = {x € R | ua(x) = 0, v4(x) = 0.

Theorem 3.1 Let A = (ua,va) be an IF-set of R. Then A = (ua, va) is an IF-subring
of R if and only if AP and AFY”’ B are, if they are non-empty, subrings of R for
(@, B) < (ua(0),v4(0)).

Proof  See Theorem 5.6 [19].

It is easy to prove that Theorem 3.1 is also valid if we replace IF-subring by IF-
ideal.

4. Rough IF-subrings and IF-ideals

In this section, let 6 be a full congruence relation on a ring R, and A = (u4, v4) and
B = (up, vp) be two IF-sets of R and N denote the set of all positive integers.

Definition 4.1 Let 0 be a full congruence relation on R, and A = (ua, va) be an IF-set
of R. Then we define the fuzzy sets 0(ua), 5(}1,;), 0(va), 0(va) as follows:

O = A pal@ and Oua)x) =\ pala),

a€lx]y aglx]y

000 =V va(a) and 0va)x) = A va(a).

a€lx]y aglx]y

The fuzzy sets 6(ua) and O(ua) are called, respectively, the 6-lower and 6-upper ap-
proximations of the fuzzy set ua; and the fuzzy sets 0(v4) and 0(va) are called, respec-
tively, the 0-lower and 6-upper approximations of the fuzzy set va; and the IF-sets
6(A) = (B(ua), 6(va)) and G(A) = (B(ua), 6(v4)) are called, respectively, the 6-lower
and 6-upper approximations of the IF-set A = (U4, va).
0(A) = (6(A), 6(A)) is called a rough IF-set with respect to 6 if 6(A) # 6(A), that

is, O(ua) # 6(ua) and 6(va) # O(va).
Definition 4.2 Let 0(A) = (9(A), 6(A)) and §(B) = (9(B), 6(B)) be two rough IF-sets
of R. Then

(i) 6(A) C O(B) if and only if 6(A) C 6(B), 9(A) C 6(B).

(ii) 6(A) = 8(B) < 6(A) C 6(B) and 6(B) C 6(A).

(iii)) 6(A) U O(B) = (8(A) U (B), 6(A) U 6(B)).
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(iv) 6(A) N 6(B) = (8(A) N 6(B), 6(A) N 6(B)).

Let 6(A) = (6(A), 6(A)) and 6(B) = (§(B), 6(B)) be two rough IF-sets of R. Then
0(A) = (6(A), O(A)) is called a rough intuitionistic fuzzy subset (rough IF-subset for
short) of 6(B) = (6(B), 6(B)) if 6(A) C 6(B).

Proposition 4.1 Let 6 be a full congruence relation on R, and A = (ua,va) and
B = (up, vp) be two IF-sets of R. Then

() 6(A) C A CHA).

(i) IfA C B then §(A) C (B) and 6(A) C 6(B).

(i) 6(A N B) = 6(A) N G(B) and §(A U B) = (A) U 6(B).

(iv) (A N B) = 6(A) N G(B) and 6(A U B) = 6(A) U 6(B).

(v) 8(68(A)) = 8(A) and B(B(A)) = B(A).

(Vi) 8(B(A)) = B(A) and B(0(A)) = B(A).
(Vi) B(ua)(x) = B(ua)(a) and 6(va)(x) = 8(va)(a), for all x € R and a € [x];.
(viii) 6(ua)(x) = 6(ua)(a) and 0(v4)(x) = O(va)(a), for all x € R and a € [x]g.
Proof  Straightforward.

Proposition 4.2 Let 0 be a full congruence relation on R, A = (ua, va) be an IF-set
of Rand X C R. Then

() 8(ua) (X)) = 8(ua)X) and 6(va) (B(X)) = O(v2)(X).
(i) Oua) (00X)) = Bua)(X) and 8(v4) (B(X)) = 6(va)(X).
(i) O(ua) (00X)) € Oua)(X) and O(v) (B(X)) € O(va)(X).
(iv) 6(ua) (O(X)) € 6(ua)(X) and 6(v,) (0(X)) S O(va)(X),

where for every ¥ € R, 0(us)(Y) = (0a)) |y € V). 60a)(¥) = (601)0) | y €
Y, Gun(¥) = (@) |y € Y, 80X = 0040 |y € Y.

Proof Follows from Propositions 4.1 and 2.1.

Theorem 4.1 Let 0 be a full congruence relation on R. If A = (ua,va) is an IF
-subring (IF-ideal) of R, then so is 0(A) = (5(;1,4), 0(v)).

Proof (i) For any x,y € R, we have

po-»="\/ m@

z€[x-yly

v

(1@ A a @)

a€[x]y, belyly

(\V m@)n(\/ uaw)

a€lx]g belyle

= B(ua)(x) A O(a) ().
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(ii) For any x,y € R, we have

) = \/ m@

z€lxyle

>\ (@A)

a€lxlp, belylo

=(V m@)a(\/ mo)

a€lx]g belyle

= 0(a)(x) A B(a)().

(iii) For any x,y € R, we have

oE-n=/\ m@

z€[x-yly

IA

(va@) v va@)
aglxly, belyly

= (A @)y ( N\ mw)
a€[x]y belylg
= 6(va)(x) V 6(v4)(y).

(iv) For any x,y € R, we have
) = [\ n@
z€[xylg

< /\ VA(a)\/VA(b))

a€lx]g, belyly

=( A\ @) v( A )

aelx]y be[yla
=)@ V 02 ).
At lflst, B
Oua)(xy) = V pa@@ = V paxb) >V pa(b) = 0ua)y)
. zelayle belyls belyls
an

0@ = A va@= A vabb) < A vab) = 004)()-
z€[xyly belyly belyly

Theorem 4.2 Let 6 be a full congruence relation on R. If A = (ua,va) is an IF-

subring (IF-ideal) of R, then so is 8(A) = (0(u4), 0(va)).

Proof  Analogous to the proof of Theorem 4.1.

Let A = (ua,va) be an IF-set of R, and 68(A) = (6(A), (A)) a rough IF-set. If
O(A) = (6(ua), 6(v4)) and O(A) = (6(u4), 6(v,)) are IF-subrings (IF-ideals) of R, then
we call 0(A) = (6(A), 0(A)) a rough IF-subring (IF-ideal). In view of this we have the
following corollary:
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Corollary 4.1 IfA = (ua, va) is an IF-subring (IF-ideal) of R, then 6(A) = (6(A), 9(A))
is a rough IF-subring (rough IF-ideal) of R.

Theorem 4.3 Let A = (ua,va) be an IF-set of R. Then A = (ua,va) is an IF-
ideal of R if and only if AP and AP are, if they are non-empty, ideals of R for
(@, B) < (1a(0), v4(0)).

Proof The proof is easy and hence omitted.

Theorem 4.4 Let 0 be a full congruence relation on R. If A = (ua, va) is an IF-set of
Rand a, B €0, 1], then

(8(A))@ P = A P) and (6(A) )P = gAL" P,
Proof See Theorem 3.7 [8].

Definition 4.3 [19] Let A = (ua,va) and B = (up, vg) be two IF-sets in a ring R. The
intuitionistic intrinsic product of A = (ua,va) and B = (up,vp) is defined to be the
IF-set A = B = (uaxp, Va<p) in R given by

= V| A (@) A pstt)) 1K € N,

> aibi=x

i=1

= A { v (vata v vte) 1k € ),

k
> aibi=x
=1

k

if we can express x = Y, a;b; for some a;b; € R, where each a;b; # 0 and k € N.
=

Otherwise, we define A « B = 0., that is, pa.p(x) = 0 and va.p(x) = 1.

Theorem 4.5 Let A = (ua,va) and B = (up, vg) be two IF-sets in a ring R. Then

(i) O(iasp) = Oua) * O(up); (i) O(uasp) = O(ua) = O(up);
(ifi) 60vap) = (va) * 8(vp); (iv) B(vacp) = 8(va) * 8(v).

Proof (i) For any y € R, we have

Uprd)®) = \/ 1aep()

Xelyly

=V A{ VAN (@ amso) ket
x€[yly ﬁ)‘u,h,:x 1<i<k

>\ AV m@)a( ) meo)himen)
%c,d,-:y 1<ism ~ ai€lcily bi€ld;ly

= Z\{}{ | A {(B0aaten) A (st} 1m e V)

i=1

= (60 * 80) ).
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_ _ _ %

Therefore O(ua-p) 2 6(ua) * O(up). On the other hand, let x € R and let x = ] a;b;,
i=1

where a;b; # 01in R. Since u(a;) A pp(by) < 0(up)(a;) A 0(ug)(b;) for 1 < i < k. Thus

A\ (at@ n ) < N\ (8@ A Bousrcon).

1<i<k 1<i<k

Therefore pa.p(x) < ((;(/JA) * (;QAB))(X). By Proposition 4.1, we have

B(pasp)(x) < (?)(;m Sy B))(x),
that is,
g(ﬂA*B) = g)(/JA) * 5(#3)

Hence 0(ua.5) = 0(1a) * O(1p)-
(ii) For any y € R, we have

Opa)y) = /\ HasB(X)

xe[yly

= E/{}{ ivb_{ ék (1@ A aan) 15 € N} }

< VAA{CA m@)a( A mo)jimen)
/:anc,d,:y I<ism  ai€lcily bieldile

=V { A\ {(ewnen) A (@)} 1m e )
; cidi=y I<ism

= (6600 = 005) ).

Therefore 8(ua.z) € 6(1a) * 6(p). On the other hand, let x € R and let x = Z a;b;,
where a;b; # 0in R. Since pa(a;) A pup(b;) > 6(ua)(a;) A 6(up)(b;) for 1 <i < k Thus

A\ (ata) w ) = A\ (6Gen)@) 1 8B,

1<i<k 1<i<k

Therefore p4.5(x) > (Q(y A) * Q(IJB))(X). By Proposition 4.1, we have

024.0)(9) > (810) * 0a0) ),

that is,
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O(uasp) 2 Oua) * Oup).

Hence 0(uasp) = 6(ua) * O(up). The proofs of part (iii) and (iv) are omitted as they
are easy.

Definition 4.4 [19] Let A = (ua,va) and B = (up,vp) be two IF-sets in a ring R.
The intuitionistic sum of A = (ua,va) and B = (up,vp) is defined to be the IF-set
A + B = (up+p, Va+B) in R given by

V (1@ Aps®). irx=a+b,
Ha+p(x) = Ja+b=x
0, otherwise

and

A (VA(a) \ VB(b)), ifx=a+b,

VA+B(x) = qatb=x
1, otherwise.

Theorem 4.6 Let A = (ua,va) and B = (up, vg) be two IF-sets in a ring R. Then

() O(uasn) = Oua) + O(up); (i) O(uasp) = O(ua) + B(up);
(iii) B(varn) = 0(va) + 8(vp); (iv) 0(vasp) = 0(va) + 0(vp).

The proofs are easy and so left to the reader.

Definition 4.5 Let A = (ua,va) and B = (up,vp) be two IF-sets in a ring R. The
intuitionistic product of A = (ua,va) and B = (up,vp) is defined to be the IF-set
A ® B = (Uaep, Vaep) in R given by

V (1a(@ Apis®), i x = ab,
Haep(x) = ab=x
0, otherwise

and

A (@ v va®). irx=ab,

VA.B()C) = qab=x
1, otherwise.

Theorem 4.7 Let A = (ua,va) and B = (up, vp) be two IF-sets in a ring R. Then

(i) O(aen) = O(1a)  B(up); (i) O(uaes) = O(ua) ® O(up);
(iii) 8(vaep) = 6(v4) ® 6(vp); (iv) 8(vaep) = 8(v4) ® B(vp).

The proofs are easy and so left to the reader.
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Let 6 be a full congruence relation on R. A = (us,v4) € IFS(R) is called a fixed
point of 6-lower approximation, if 8(A) = A, i.e., 0(ua) = pa, 8(va) = v4 and we put
Fix () = {A € IFS(R)| 6(A) = A}, i.e., Fix (6) = {A = (s, va) € IFS(R) | 6(u) =
Ha, 0(va) = val.

Proposition 4.3 Let 0, and 6, be two full congruence relations on a ring R. Then the
following statements are equivalent:

(i) For each A = (s, v4) € IFS(R), 6,(A) C 6,(A).
(i) Fix (8,) C Fix (6,).

Proof (1) = (ii)

Let A = (ua,va) € IFS(R) and §,(A) = A. Then A = 6,(A) C 6,(A) C A, so it
follows that 6,(A) = A.

(i) = (@)

Let A = (ua,va) € IFS(R). Since by Proposition 4.1, 0,(A) € Fix (9,), we
conclude that 6,(A) € Fix (6,). Thus, 6,(A) = 0,(6,(4)) € 6,(A).

Let 6 be a full congruence relation on R. A = (us,v4) € IFS(R) is called a fixed
point of 6-upper approximation, if 0(A) = A, ie., Z)(,uA) = Ua, 0(v4) = v4 and we put
Fix (@) = {A € IFS(R) | 8(A) = A}, i.e., Fix () = { A = (ua, va) € IFS(R) | 8(us) =
Ha,00v4) = va).

Proposition 4.4 Let 0, and 0, be two full congruence relations on a ring R. Then the
following statements are equivalent:

(i) Foreach A = (ua,va) € IFS(R), 61(A) C 6,(A).
(ii) Fix (6,) C Fix (6)).

Proof (1) = (ii)

Let A = (ua,va) € IFS(R) and 62(A) = A. Then A C 6,(A) C 6:(A) = A, so it
follows that 6, (A) = A.

(i) = (@)

Let A = (ua,va) € IFS(R). Since 6:(A) € Fix (6,), we have 6:(A) € Fix (6)).
Thus, 6;(A) € 8,(62(A)) = 6,(A).
5. Rough IF-ideals of IF-subrings

In this section, we study lower and upper approximations of IF-ideals of IF-subrings.
In the rest of the paper B = (ug, vp) is always IF-subring of a commutative ring R.

Definition 5.1 Let A = (ua, va) be an IF-set of R and B = (up, vg) be an IF-subring of
R such that A C B. Then the IF-set A = (ua, va) is called an IF-ideal of B = (ug, vp)
if it satisfies the following conditions:

(1) pa(x —y) = pa(x) A pa(y) for every x,y € R.
(i) pa(xy) = pp(x) A ua(y) for every x,y € R.

(iii) va(x —y) < va(x) V va(y) for every x,y € R.
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@iv) va(xy) < vp(x) V va(y) for every x,y € R.

If A = (ua,va) and C = (uc, ve) are IF-deals of B = (up, vp), then so are A = C =
(Hasc, Vasc) and A @ C = (lgec, Vaec)- (For the proof see Theorems 4.3 and 4.8 [19]).

Theorem 5.1 Let B = (ug,vp) be an IF-subring of R. Then A = (ua,va) is an IF-
ideal of B = (up, vs) if and only if AP and Aﬁa’ B are, if they are non-empty, ideals
of B and B for (@, B) < (1a(0), va(0)).

Proof Suppose that A = (ua,v4) is an IF-ideal of B = (up,vp), and (o, B) <

(1a(0), va(0)). Let x,y € A # and r € B P, Then pa(x) = @, va(x) < B, pua(y) 2 @,
va(y) < B, up(r) = a and va(r) < B. Hence

Ha(x = Y) = pa(x) A pa(y) 2 @,
Ha(rx) = pp(r) A pa(x) = a,
va(x =) < va(x) Vva(y) < B,

va(rx) < vp(r) V va(x) < B,

and therefore x —y € A@A and rx € AP for all x,y € A®P, r € B®P, The
converse part is proved by contradiction method and is left to the reader.

Theorem 5.2 Let 6 be a full congruence relation on R. If A = (ua, va) is an IF-ideal
of B = (ug, vg), then 8(A) = (0(uy), 6(v4)) is an IF-ideal of B = (115, vp).

Proof  Since A = (14, v,4) is an IF-ideal of B = (up, vg), by Theorem 5.1, we know
that A A is, if it is non-empty, an ideal of B‘*#. By Theorem 2.2, we obtain that
é(A(”* Ay is an ideal of B #. From this and Theorem 4.4, we know that (8(A))@: A
is an ideal of B #. Now by Theorem 5.1, we conclude that 8(A) = (6(u4), 6(v4)) is
an IF-ideal of B = (ug, vp).

Theorem 5.3 Let 6 be a full congruence relation on R. If A = (ua,va) is an IF-ideal
of B = (up,vp), then O(A) = (0(ua), 0(v4)) is an IF-ideal of B = (ug, v).

Proof  Analogous to the proof of Theorem 5.1.

Let A = (ua,va) be an IF-subset of B = (up,vp) and 6(A) = (6(A), A(A)) be a
rough TF-subset. If 8(A) = (B(ua), (va)) and 8(A) = (6(ua), 6(v4)) are IF-ideals of
B = (up, vp), then we call 64 = (6(A), (A)) a rough IF-ideal. In view of this we have
the following corollary:

Corollary 5.1 Let A = (ua,va) be an IF-ideal of B = (up,vp). Then 6(A) =
6(A), E(A)) is a rough IF-deal of B = (ug, vp).

6. Rough IF-radical of Rough IF-ideals
Throughout this section, N denotes the set of all positive integers.

Definition 6.1 Let A = (ua,va) be an IF-ideal of B = (ug,vp). The intuitionistic
Sfuzzy nil radical (IF-nil radical for short) of A = (ua,va) is defined to be an IF-set
R(A) = (1reay, Vreay) of B = (ug, vp) defined by
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() =V paG) A s
neN

and
wwm:(gmwﬂvwm

for all x € R and some n € N.

Proposition 6.1 For every IF-ideals A = (ua,va) and C = (uc,vc) of B = (up, vp),
we have

i) A S RA),
(i) A C C implies R(A) € R(C) and
(iii) R((R(A)) = R(A).
Proof  See Propositions 4.6, 4.7 and 4.4 [20].

Theorem 6.1 For any IF-ideals A = (14, va) of B = (up, vg), then R(A) = (Ur), Vra))
is an IF-ideal of B = (g, vp).

Proof See Theorem 4.3 [20].
Proposition 6.2 For every IF-ideals A = (ua,va) and C = (uc,ve) of B = (up, vp),
we have

R(A%C)=R(ANC)=RA)NRC)

and

R(A+C)CRA)+R(C)=RA+C).

Proof See Theorems 4.6 and 4.9 [19].

Theorem 6.2 Let 6 be a full congruence relation on R. If A = (ua, va) is an IF-ideal
()fB = ([JB, VB), then O(R(A)) = (G(IJR(A))’ Q(VR(A))) is an IF-ideal UfB = (].lB, VB)‘
Proof  Straightforward from Theorems 6.1 and 5.2.
Theorem 6.3 Let 6 be a full congruence relation on R. If A = (ua, va) is an IF-ideal
of B = (up,vp), then O(R(A)) = (O(ra)), O(Vre))) is an IF-ideal of B = (g, vp).
Proof  Straightforward from Theorems 6.1 and 5.3.

Let A = (ua,va) be an IF-subset of B = (up,vp) and 8(A) = (6(A), 6(A)) be a
rough IF-set. If (R(A)) = (O(urn)), 8(vr@))) and O(R(A)) = (8(ura)), 8(vra))) are

IF-ideals of B = (ug, vp), then we call 8(R(A)) = (B(R(A)), E(R(A))) arough IF-ideal.
In view of this we have the following corollary:

Corollary 6.1 Let A = (ua,vs) be an IF-ideal of B = (ug,vg). Then 8(R(A)) =
(6(R(A)), E(R(A))) is a rough IF-deal of B = (ug, vp).
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7. Rough Prime (Primary) and Semiprime IF-ideals

Throughout this section, N denotes the set of all positive integers and 6 denote a
complete congruence relation on R. For more details on fuzzy prime ideals see [21-
23].

Definition 7.1 A non-constant IF-ideal A = (ua,va) of B = (ug,vp) is said to be
prime IF-ideal of B = (up, vp) if it satisfies:
Ha(xy) A pp(x) A pp(y) < pa(x) vV pa(y)
and
va(xy) V vp(x) V vp(y) = va(x) A va(y)
forall x,y € R and foralln € N.

Definition 7.2 A non-constant IF-ideal A = (ua,va) of B = (ug,vp) is said to be
primary IF-ideal of B = (ug, vp) if it satisfies:

HaG9) A 50 A pis) < ) v (\/ a0")

neN

and

va(xy) V vp(x) V va(y) 2 vax) A ( A VA(y”))

neN

forall x,y € R and foralln € N.
Definition 7.3 An [F-ideal A = (ua,va) of B = (up,vp) is said to be semiprime
IF-ideal of B = (up,ve) if R (A) = A, that is,

(Yx € R) (rea)(x) = pa(x) and vreay(x) = va(x)).
Theorem 7.1 A = (uu,vy4) is a prime IF-ideal of B = (ug, vg) if and only if A P is
a prime ideal of B P for (@, B) < (114(0), v4(0)).

Proof Suppose that A = (u4, va) is a prime IF-ideal of B = (up, vg) and let (a, B) <
(14(0), v4(0)). By Theorem 5.1, A is a prime ideal of B #. Now, let x,y € B A
with xy € A@A. Then pp(x) > @, va(x) < B, ua(y) = @, va(y) < B, pa(w) = a,
va(xy) < B. Hence

HA() V paA(Y) = pa(xy) A pup(x) A ug(y) = @

and

va(X) Ava(y) < va(xy) V vp(x) V vp(y) < B

Therefore, either x € A@#A ory € AP This shows that A®# is a prime ideal
of B@ A Conversely, suppose that A@ A is a prime ideal of B®# for (e, B) <
(14(0),v4(0)). By Theorem 5.1, A = (u4,v4) is a IF-ideal of B = (ug, vp). The proof
of the theorem will be complete if we show that,



Fuzzy Inf. Eng. (2014) 6: 279-297 295
HAQey) A pp(xX) A pup(y) < pa(x) V Ha(y)

and

va(xy) V vp(x) V vp(y) 2 va(x) A va(x).
Suppose if possible,

Ha(xy) A pp(x) A pp(y) > pa(x) V pa(y)
and

va(xy) V vp(x) V vp(y) < va(x) A va(y).
Since A # isa prime ideal of B A for x, yin B@ P with Xy € A@ B let us choose
@ and S such that
Ha(xy) A pp(x) A pp(y) = @ > pa(x) vV pa(y)

and

va(xy) V vp(x) Vvg(y) < B < va(x) Ava(y).

It follows that xy € A A implies x ¢ AP and y ¢ A #. This is a contradiction
because xy € A A implies either x € A@ A ory € A@ A Therefore our assumption
is wrong and we conclude the theorem.

Similar to Theorem 7.1, we have the following two theorems:

Theorem 7.2 A = (u4,v,4) is a primary IF-ideal of B = (ug, vg) if and only if A% P
is a primary ideal of B P for (a, B) < (ua(0),v4(0)).

Theorem 7.3 A = (uy, v4) is a smiprime IF-ideal of B = (ug, vg) if and only if A% P
is a semiprime ideal of B P for (a, B) < (114(0), v4(0)).

Theorem 7.4 If A = (us,va) is a prime IF-ideal of B = (up,vp), then E(A) =
(B(up), O(vy)) is an IF-ideal of B = (ug, vg).

Proof Since A = (ua,v4) is a prime IF-ideal of B = (ug, vp), by Theorem 7.1, we
conclude that A@ A is, if it is non-empty, a prime ideal of B #. Then by Theorem
2.4, we obtain that (A #) is a prime ideal of B #. From this and Theorem 4.4,
we know that (6(A))@ P is a prime ideal of B #). Using Theorem 5.1, we obtain that
B(A) = (6(u4), 6(v4)) is a prime IF-ideal of B = (ug, vs).

Theorem 7.5 If A = (ua,va) is a prime IF-ideal of B = (up,vg), then 6(A) =
(O(ua), 8(va)) is a prime IF-ideal of B = (ug, v).

Proof  Analogous to the proof of Theorem 7.4.

It is easy to prove that Theorems 7.4 and 7.5 are also valid if we replace prime
IF-ideal by primary IF-ideal and semiprime IF-ideal.

Let A = (ua,va) be an IF-subset of B = (ug,vp) and 6(A) = (6(A), 6(A)) be a
rough TF-set. Tf 8(A) = (8(14), 8(v4)) and B(A) = (B(u4), 6(v4)) are prime (primary,
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semiprime) IF-ideals of B = (up, vp), then we call 64 = (6(A), E(A)) a rough prime
(primary, semiprime) IF-ideal. In view of this we have the following corollary:
Corollary 7.1 Let A = (ua,va) be an IF-ideal of B = (up,vp). Then 6(A) =
(6(A), 6(A)) a rough prime (primary, semiprime) IF-deal of B = (up, vp).

Theorem 7.6 Let f be an epimorphism (an onto homomorphism) of a ring R, to
a ring Ry and let 6, be a full congruence relation on R,. Let By = (up,,vp,) and
B> = (ug,,vs,) be IF-subrings of R\ and R», respectively, and A = (ua,va) be an
IF-subset of By = (up,,vp,). If 61 = {(a,b) € Ry X Ry | (f(a), f(b)) € 6,}, then

@) E_I(A) =6 (a), 61(v4)) is an IF-ideal of By = (up,,vs,) if and only if 6,(f(A)) =

(Qz(ﬂf(,q)), 92(Vf(A))) is an IF-ideal OfBz = (/JBZ, VBg)~

(i) 6,(A) = (HIQuA) 01(vy)) is a prime IF-ideal of B, = (ug,,vp,) if and only if
gz(f(A)) = (92(]1/(/;)) 02(1/](,4))) s aprlme IF ldeal ()fBz = (/JBZ, VBq

(i) 6,(A) = (él(yA), 0,(vy)) is a primary IF-ideal of By = (ug,,vs,) if and only if
02(f(A) = (O2(ura)), 02(vfw))) is a primary IF-ideal of B, = (ug,, vg,).

iv) 6,(A) = (91(;1A) 01(va)) is a semiprime IF-ideal of B\ = (ug,,vs,) if and only
if 0:(f(A) = (Hz(yf(A)) 92(Vf(A))) is a semiprime IF-ideal of By = (up,, vg,).

Moreover if f is one to one, then we have

(v) 6,(A) = (0,(a), 0,(va)) is anIF-ideal of By = (up,,vs,) ifand only if 8,(f(A)) =

6,(sa)), 0,(viw)) is an IF-ideal of By = (up,,vs,)-

(vii) 6,(A) = (8,(ua), 6,(va)) is a prime IF-ideal of By = (up,,vs,) if and only if
0,(f(A)) = (0,(ura)), 6,(vr))) is a prime IF-ideal of By = (ug,,Vs,)-

(vii) 6,(A) = (8,(ua), 6,(va)) is a primary IF-ideal of B\ = (ug,,vs,) if and only if
0,(f(A)) = (6,(s)s 8,(vrw)) is a primary IF-ideal of By = (up,, Vs,)-

(viii) 8,(A) = (8,(ua), 8,(va)) is a semiprime IF-ideal of B = (up,,vs,) if and only
if 0,(f(A)) = (6,(usn))s 0,(Vsa))) is a semiprime IF-ideal of By = (up,,Vs,).

Proof (i) By Theorem 5.1, we conclude that EI(A) = (él(yA), él(vA)) is an IF-ideal
of By = (up,,vp,) if and only if (@;(A))"# are, if they are non-empty, an ideal of
B for a, B € [0,1]. Using Theorem 4.4, we have (6;(4)){"” = 8(4\"?). By
Theorem 2.9, we obtain that 6, (A" ?) is an ideal of B(“ A if and only if 6,(f(AP))

is an ideal of B;" A Tt is clear that f(Aﬂ“ B )) ( f(A))(“ A From this and Theorem
5.1, we have

O(FA" ) = Bo((f AN D) = Ba(F(A) P

By Theorem 5.1, we obtain 8(£(4))®# is an ideal of B(Z‘t P for every @, B € [0, 1] if

and only if 62(f(A)) = (B2(itsn)s B2(vs(ay)) is an IF-ideal of By = (ug,, va,).
The proof of other parts is similar.

8. Conclusion
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The study of properties of rough sets on a ring is a meaningful research topic for
rough set theory.The existing research of rough sets on a ring is mainly concerned
with crisp sets. In this paper we concentrate our study on algebraic properties of

rough IF-sets with respect to a ring. Here we substitute a universal set by a ring and
we study on the algebraic structure of rough IF-ideals of IF-subrings in details.
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