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INTRODUCTION

In his famous memoir [2] (see also pp. 303-312 of the book [3]) Hadamard
obtains the following variational formula for Green’s function G, and Neumann’s
function G, associated with the Laplace operator 4 in a bounded 3-dimensional
domain £ with boundary 8£2:

. Go(-
8G,(x, y) = fa i 3G{}j§\; %) 9 5§v 2 5N o, )
3Gy, ¥) = — fm (grad Go(', x) grad Go(', )

(G )+ G — 45) N, ()

where 8N denotes variation of £ in the direction of the exterior normal of 22,
and S and H denote respectively the surface arca and the mean curvature of
29, o being the standard surface area element. An analogous formula holds
also for the fundamental solution G, associated with the biharmonic operator 42
{(with Dirichlet boundary conditions), namely

PGy, %) @G-,
3Gulx, ) = [ i x) FO0I) 5N . @)

In fact the most part of [2] is devoted to a study of the biharmonic operator.

However the derivation given by Hadamard does not entirely meet up to
present day standards of rigor.

In the book [1] by Bergman-Schiffer an entirely rigorous derivation of (1) and
(0) based on integral equations is obtained in the case of 2 dimensions for the
operator —4 4- ¢, ¢ a positive function. (In the case (0) the formula has to be
modified somewhat: the terms involving .S drop out, instead appears the term
¢Gy(", x) Go(*, 3).)
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In [5] the extension of (0) to general second order elliptic operators is given
but the proof is not quite complete.

The purpose of the present note is to provide a rigorous, up-to-date proof of
the analogous formula associated with a general energy integral of type

E(w,v) = Y aw Du Dyo.

foajgm. |B]<m

Now £ is a relatively compact domain of an n-dimensional manifold .4 and
a chosen volume element on .#. We pick up a vector field N on .# which is
transversal on @82. For a given function (or distribution) f on .4 we seek a
function % vanishing up to order & on 8Q, k being a fixed integer with 0 <C & < m,
such that

E(x, v) = fn foo

for any test function v on .# which too vanishes up to order & on 0. (Thus
there are m 4 | separate possibilities.) By integration by parts we see that this
is the same as to impose

Au = fon £

Niy =00n R0 <5< k)

Bu=00ndQ &k <j<m
where A and Bj are certain partial differential operators on £2 and 6{2 respectively,
the latter also depending on the choice of N. We make the basic assumption that
this is a correctly posed boundary value problem in suitable Sobolev spaces

H3(Q). If Gy, denotes the corresponding fundamental solution our generalization
if Hadamard’s formula reads:

3Gu%y) = [ (€G- 9), Gulx, )

oF or
+ 5% G 9) BEaGil, *) + BuaGil', 3) 55 Gal, ) 8N o
(k)
where we have put
e(u, v) = Y au4(x) Dy Dgo
and where B;+ are the operators obtained in an analogous fashion as B, when u

and v are interchanged. We also briefly indicate a generalization to the non-
linear case.
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All necessary information on elliptic partial differential operators can be
found in the book [4] by Lions-Magenes. (That we work on a general manifold
and not in R” is of course immaterial.)

Sections 1-2 contain preliminary material. The variational formula itself is
established in Section 3. Section 4 is devoted to the non-linear case.

1. BounparY VALUE PROBLEMS ASSOCIATED WITH ENERGY INTEGRALS

Let .# be a paracompact orientable #-dimensional C* manifold. If U C .#
is a local coordinate neighborhood with corresponding local coordinates &,..., x”
we set D, = 0/0x, ' 0[0x, Where a = ay oy is a multi-index of degree
k = | a]. We pick up once for all a volume element (n-form) w on #, i.e.
locally holds

w = p(x) dx* - dx™

where p is a positive C* function defined in U.
By an energy form on # of degree m we mean a bilinear differential expression
(“Differenzialausdruck’) which locally is of the form

e, v) = Y anp(*) Dyu Dgo
o] <m, 18] <m

where a,4 are certain C* functions defined in the local coordinate neighborhood
U in question. Given an energy form on £ we can for each relatively compact
domain £ C .# with C* boundary 82 form the energy integral

E(u, v) = f e(u, v)w. (1)

Let us choose a vector field N on .# which is transversal on 0f2. As surface
area element on &2 we can then use the (n — 1)-form ¢ = N _| w. Then
holds the following Green’s formula:

m—1

E(u, v) = fn Auvw -+ Lg Y. BuN've. 2

=0

Here A is a partial differential operator on 2 of degree 2m and the B; are partial
differential operators on 28 of degree 2m — 1 — j (j =0, 1,..., m — 1). They
are uniquely determined. The B, depend on N byt A4 can in fact be defined on
the whole of .# independent of 2, Namely holds the formula:

Au =Y Dg*a,s Du
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where Dg* is the adjoint of Dg (with respect to w):
Dyt = p7}(—D)gp-

To prove (1) we perform a partition of unity. We then see that it suffices to
consider the case when the a,5 vanish outside a local coordinate neighborhood U.
We can also take U so small that N can be taken of the form N = (1,..., 0). But
then everything reduces to a simple integration by parts.

We can now formulate the following boundary value problem for every 2, and
every integer k with 0 <<k < m: If fe H*™ = H*""(.#) (Sobolev space;
see [4]) is given find u € H*(82) vanishing up to order & on 02 such that

E(u, v) = fQ fow 3)

for every C= test function v which vanishes up to order & on 2. In view of our
above Green’s formula this is the same as to require

Au = fon £
Ny =00n 0Q (0 <j < k) 4
Bju=00noQk <j<m—1).

If & = m this is Dirichlet’s problem for E and if £ = 0 Neumann’s problem.
We shall assume that 4 is elliptic and that the operators N7 and B, in (4) cover 4
in the usual sense (cf. [4]). Then it is known that for s sufficiently large holds
the Fredholm alternative. For simplicity we also assume that we are in the case
of uniqueness and existence so that we have an entirely correctly posed problem.
(This in particular rules out Neumann’s problem for —4; see Introduction.)

Our problem is to investigate how the solution u varies if 2 is varied.

2. DERIVATIVES

Consider generally an element u € H*(£2) which depends on £ (“‘a function of
domain’). We can then write # = u, . We wish to define derivatives of u.

To this end consider more specifically a deformation 2, of a given domain £,
i.e. a family of domains which depend smoothly on a parameter #, with 2, = Q.
(Below we will make this vague notion more precise.) We then have a family
of functions (distributions) u;, = ug, € H'(£2;). For an interior point x e
Wwe now can set

uy(x) — u(x)

t (h

(x) = ltl—{{)l
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if the limit exists. This formula makes sense because for ¢ sufficiently small we
have x € 2, . However this presupposes the continuity of #; and in praxis will
require the restriction s > n/2 (by Sobolev’s lemma!). A better definition is
therefore

() — ()

ue) = lim —— 5

where v is any C* test function whose support is a compact subset K C £ (and
where we have written

u(v) = L u(x) v(x)w,

with the integral interpreted in the distribution sense, if necessary). Again
K C Q, for t sufficiently small so (2) too is a meaningful formula. The drawback
of both (1) and (2) is that we have to keep away from the boundary.

To obtain a more workable notion of derivative we proceed as follows. We
adopt the general point of view that, heuristically speaking, the set of all s is a
kind of “manifold”’ on which operates a group, namely the group G of all diffeo-
morphisms of .# onto itself. There is also a natural well-defined candidate for the
“Lie-algebra” of G, namely the space g of all C= tangent vector fields over .#.
Moreover we can use the elements of g to define “tangent vectors” at £2 (regarded
as an element of our hypothetical “manifold”). More precisely let ¢, be a “curve”
in G, i.e. a C= family of diffeomorphism of .#, with ¢, = 1. Then we can set
2, = ¢,(£2) which may be considered as a “‘curve” in our manifold. Leaving
heuristics aside we have now an entirely well-defined notion of deformation. Putting

d,
x-S 3)

we get a vector field on .# which realizes the “tangent vector” corresponding
to this deformation. Turning again back to the heuristical picture we can now
consider the assignment £ +— H*(82), for s fixed, as a “vector bundle” over our
“manifold” on which G operates (on the left): If ¢ € G is a diffeomorphism of
A and u e H(Q) then the effect of the action of ¢ on u is the element ¢—1*u
H3(¢(£2)). Consider a “curve” u; in the “vector bundle”, whose projection to
the base is precisely the above “curve” 2, = ¢(Q), i.e. u, € H*(£2;) as above.
Then for each ¢ holds ¢*u, € H*(£2) and we are free to put (with 2z = u,)

Oxu = % qS?‘ut (Lie or flow derivative) C))
=0

where the derivation is taken in the sense of the topology of the space H5(£2).
As (3) previously, (4) can be regarded as an entirely rigorous definition for which
the heuristics only served as a motivation.
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It is easy to relate the two kinds of derivatives. Assume that f;u exists (and is
thus an element of H*(£2)) and that ¥ € H**(2) (not only u € H*(£2)). Then #
too exists and we have

Oyu = u + Xu. 6))
For the proof of (5) it suffices to write down the identity
$*u—u = ¢, — w) + ($ — Du.

Again (5) implies that in the said assumption holds # € H¥(£2).

3. THE VARIATIONAL FOorRmMULA

We return to the set-up of Section 1.

Let us make a deformation £2; = ¢,(£2) corresponding to the vector field X
(see Section 2, (3)). Then we have for each ¢ a boundary value problem in £,:
To find u, € H¥($2,) vanishing up to order & on &2, such that (compare Section 1,

€)))
Efu, , v) = fg fow

for all test functions v vanishing up to order & on 8£2; . Here we have put (com-
pare Section 1, (1))

Ey(u, v) = f e(u, v)w.

t

We claim that this is again for ¢ sufficiently small a correctly posed problem.

The simplest way to do this is to transform it to a problem on 2. Let v be a
test function for the unperturbed problem (on £), i.e. we have Niv = 0 on 082
for0 <{j < k. Then¢—*vis for each ¢ a test function for the perturbed problem
(on £,). Thus we obtain

J‘ e(u, d vy = f fé ow
2, @
or, making a change of variable in the integrals,
[ eddtue, o) gfw = [ $ifople )
2 Q

where we have defined e, by

edu, v) = ¢ (e($:""u, $:*0)).
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It is clear that e, is again an energy integral

efu, v) = Y a,p/*) Du Dy
|algm. B[<m

with coefficients a5, depending smoothly (C*) on ¢. Also ¢fw is a new volume
element and we have ¢fw = A, where A, too depends smoothly on ¢. It follows
now from simple Functional Analysis arguments that we here have a correctly
posed problem for determining ¢Fu, . A little more generally we can consider
the case when f is replaced by f, . We now assume that 8y f exists and belongs
to H*(8). (In particular this is so in the preceding special case f; = f with
fe Hs™1 in which case 8yf = Xf, by Section 2, (5).) Then it follows easily
that 6yu exists and belongs to H*(£2). By Section 2, (5) then # too exists.

There remains only to find a more explicit expressions for #.

Formal differentiation of (1) (with f replaced by f;) yields, using once more
Section 2, (5) and defining fye and §,w in the obvious way,

J.Q (e(it + Xu, v) + Oxe(u, v))w + e(u, v) Oxyw
= [ U+ XN + foxe. (2)

We now need concrete expressions for fye and 8.
First we notice that fe is given by

Oye(u, v) = X(e(u, v)) — e(Xu, v) — e(u, Xv). (3)
To handle 8w it is convenient to introduce the divergence div X by the formula
Oyw = div Xw. 4
It clearly obeys the product rule
div(fX) = fdivX 4+ Xf (5
where f denotes a scalar function. We have the following integral formula.

Lemma. For any scalar function f holds
f Xfw -+ f f div Xo» = f fXno (6)
@ o o

where Xy is the “normal” component of X in the obvious decomposition of X into
a sum of a tangential and a “‘normal” component (X = XyN + Y, Y tangential).
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Proof. We first recall E. Cartan’s general formula:

where 8y stands for the Lie derivative of forms and 7, for interior multiplication.

Using this along with (4) and (5) we get
d(f(X _] w)) = Xfw + fdiv Xw.

Now X _| w = Xy _| o = Xyo. Thus (6) follows upon application of Stokes’
theorem.

If we use (3) and (6) in conjunction with (2) we see that many terms cancel:
We get on one hand

f Oxe(u, v)w = f e(u, v) Xyo — f e(u, v) div Xw
2 a0 ey

— f o Xu, v)ow — f e(u, Xv)o,
fo) ol
on the other hand
f Xfow = f foXyo — f fXvw — f div Xfow.
fe) o0 fe) 0
This is thus the outcome:

J'Q e(it, v)w + LQ e(u, v) Xyo

| etw, X0 — [ fXvo + [ foot [ foXyo. ™

If we also invoke our Green’s formula, Section 1, (2), recalling that du = f,
we see that the two first terms of the right hand side of (7) give

’—1
Y | BuNiXve.
i—0 Yo

Next recall also that Nio = 0if 0 <{ j <C kon 0€Q2. Writing again X = X,,N 4 Y,
Y tangential, it is quite easy to see that this implies

0 if 0<j<k—1
N’X”“ngNkv ik —
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Thus we get in fact

J‘Q e(i, v)w + LQ e(u, v) Xyo

f
_—
e}
2
7
S
3
<
Q
-+
—_—
i
|__
—_
y
Q
_—
o0
~—

which might be considered as a formula for recapturing #. If v vanishes in a
neighborhood of 9£2 (8) simplifies to

L e(tt, VYo = L fow

which gives A4 = f. (This latter result can of course be seen more directly too.)
(8) does provide the additional boundary conditions needed for specifying .

The final result can be put in yet another form. Interchanging the rdles of
and v have the following dual form of our Green’s formula (Section 1, (2))

m—1
E(u, v) = | udto NiyBto
( ) J;; w - o ;Z;) j vo (9)
where 4% and B;t are certain partial differential operators having analogous
meaning as A4 and B, . In particular A+ is the formal adjoint of 4. Let now
satisfy the dual boundary conditions to #, i.e. in addition to N;o = 0 for 0 <
7 << k we likewise impose B;tv = 0 for k < j << m — 1. Then (8) gives

=
L e(i, v)w = L wAtvw + fan Z;) NuB;tve.

Recall now that Niu, = 0for0 <{j < kon 892, . Equivalently ¢} Nigp; ¥fu, =0
on 0Q. Differentiation of the latter relation yields

[X, Nilu + Niz = 0
which again leads to

for j<k—1

0
N = z—XNNku for j— k.

Thus we end up with the formula

J‘Q uAtvw = fgf‘l)w + LvaXNo

(10)
+ J- (—e(u, v) + N*uB{_ v + By juN"0) Xyo
o9
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which we regard as a generalization of Hadamard’s formula. Namely if we apply
(10) formally to the situation when v is the fundamental solution of the dual
problem with singularity at x € 2, i.e. v = G, *(-, x), we get

a(x) = f (—e(u, GiH(, ) + N*uBi G () %) + B_uN*G,*(:, x)) Xyo.
o (10%)

Again taking u = G-, y) with y € 2, and noticing that G, *(x, ¥) = G( ¥, x)
(10") yields

Culx, y) = fa (G, 9), Gl )

+ N¥Gi(, ) BiGulx, ) + BraGil(', 3) N'Gylx, ) Xno.  (10”)
This is essentially Introduction, (k).
We consider in particular the two extremal cases, viz. R = m and &k == 0.

If £ = m (Dirichlet’s problem) then the three terms in the surface integral of
(10) are all of the form aN*uN%v. Thus (10) simplifies to

[ Atow = - — aN*uN*9 X yo
v an

where the dots now stand for the f terms (unaltered!). To (10”) corresponds now
Gu(,3) = [ aN*Gp(y, ) N*G,(:, %) Xyo
Elel

which is indeed very similar in form to Introduction, (1) and (2).
If £ = 0 (Neumann’s problem) then, since we have to make the interpretation
B_, = 0, the last two terms in (10). Thus (10) takes the form

fg udty = - —fas? e(u, v) Xyo

and similarly (10”) gives

Gy, y) = — fa Gy, ), Gy, ) Xno

which should be compared to Introduction, (0).

A final remark on formula (10) is in order. Namely (10) contains explicitly
the transversal vector field N which does not enter explicitely in the original
formulation of the problem. It is however quite easy to see directly that thanks
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to the boundary conditions imposed on % and v all the five factors containing N—
remember that B; and B;* too depend on N—really are independent of N. (In
the same way as the Hessian of a function at a critical point is independent of
the local coordinates!)

4, ON THE NoN-LiNeAR CaSg

Now we drop the basic assumption (see Section 1) that our energy form
e(u, v) is linear in u, i.e. we assume from now on that

e(u, v) = Y, ag(x, D™u) Dy

[Bl<m

where D™u stands for the collection of all derivatives D,u of degree <C m. The
right hand side f can now be absorbed into E so our boundary problem is simply
defined by the relation

Eu,v)=0 1)
to hold for the same test functions v as in Section 1, (3). 4 and B, are then also

non-linear partial differential operators. Consider a deformation 2, of 2. We
then get the equation (cf. Sec. 3, (1))

[ eddtue, o) gfw =0

with the analogous definition of e, . Differentiation yields
f (en(u -+ Xu, v) |- Oxe(u, v))w + e(u, v) Oxw =0
Q

where we have introduced the fiber derivative e, of e at u,

., 7) — lim e(u + tw, v) — e(u, v) ]
-0 t

(Notice that ¢, is linear in both variables!) For the Lie derivative 8ye of e holds
now the following formula analogous to Sec. 3, (3):

Oxe(u, v) = X(e(u, v)) — e,(Xu, v) — e(u, Xv),

to which it reduces in the linear case. Using Section 3, Lemma we get corre-
sponding to Section 3, (7)

L e, v)w + L el ) Xyo = L e(u, Xo)o @)



346 JAAK PEETRE

(It is even a formally simpler expression than the latter precisely because there
are no f terms present!) Finally introducing the fiber derivatives 4, and Bj,
corresponding to A and B; we get (compare Section 3, (10))

f 1A ve = f (—e(u, v) - N*uBy, o + By, uN*w) Xyo.  (3)
2 a5

Notice in particular that # satisfies the variational or Jacobi equation 4,4 = 0.
Let Gj, be the corresponding fundamental solution of 4}’. Then (3) gives

u(‘x) = L.Q (—e(u> Glju(‘) x) + NkuBlj-lGl_cFu(B ‘x) + Bk—luNkG?c_u('r x)) Xno
(3"

which is as close as we can come to Hadamard’s formula. (There is no funda-
mental solution in the non-linear case!) If & == m (Dirichlet’s problem) or £ = 0
(Neumann’s problem) we get

i(x) = L _aN'N'G (-, %) Xyo

respectively
i(w) = = [ el Gy, ) Xno:

Note (added Sept. 1979). We recently noticed that the same problem, in a slightly
different setting, already has been treated by Fujiwara and Ozawa (Proc. Japan. Acad.
Sci. Ser. A 54 (1978), 215-220). See also the very interesting note by Ozawa (Proc. Japan.
Acad. Sci. Ser. A 54 (1978), 303-340) dealing with the parabolic case.

REFERENCES

1. S. BErgMAN AND M. ScHIFFER, ‘“Kernel Functions and Elliptic Differential Equations
in Mathematical Physics,” Academic Press, New York, 1953.

2. J. Hapamarp, Mémoire sur le probléme d’analyse relatif 4 ’équilibre des plaques
élastiques encastrées, Mém. Acad. Sci. Inst. France (2) 33, No. 4 (1908), 128-254.

3. J. Hapamarp, Legons sur le calcul des variations, Paris, 1910.

4. J.-L. Lions aND E. MaAGeNES, ‘“Problémes aux limites non-homogenes,” Vol. 1
Dunod, Paris, 1968.

5. J. PeeTtre anD I. A. Rus, Sur la positivité de la fonction de Green, Math. Scand.
21 (1967). 80-89.

>



