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order of the recently obtained Ostrowski type inequality for functions with one point
of nondifferentiability.
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1. INTRODUCTION

The well known Ostrowski inequality states:

b _ a+b)?
1) == [ o] < §+% (b= )|/ (1.1)

It holds for every x € [a,b] whenever f': [a,b] — R is continuous on [a,b] and differen-
tiable on (a,b) with bounded derivative. Ostrowski proved it in 1938 in [15] and since
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then it has been generalized in a number of ways. Over the last decades some new
inequalities of this type have been intensively considered and applied in Numerical
analysis and Probability (see for instance [1,3,5-10,12] or monographs [2,11,13]).

M. Niezgoda in the recent paper [14] considered Ostrowski type inequalities for con-
tinuous functions with possibly one point of nondifferentiability. For ¢y € [a,b], let
D(cp) be the class of all continuous functions f: [a,b] — R differentiable on the set
{a, co) U{ ¢g, by and such that

M, = sup |f'(x)] <ooand M, = sup |f'(x)] < occ.
xe(a,co) xe(co,b)
In case ¢y = a (resp. ¢ = b) we set M; = 0 (resp. M, = 0). M. Niezgoda in [14] estab-
lished the following Ostrowski type inequality:

Theorem 1. Let f: I — R, where I C R is an interval, be a function differentiable in the
interior I of I, and let [a,b] C L. Suppose that f' € D(cy) for some ¢y € [a,b]. Denote

K= sup |f"(x)] <ooand K, = sup |f"(x)] < oo,
x€(a, o) x€(co, b)

where for K, = 0 (resp. K. = 0) if ¢o = a (resp. co = b). Then for x € [a, b] we have
the following three inequalities

( a+ b) f1b) —fla)

b—a
C a — C( l/ :
W {[K/(Co — a)]p 1;) " + [K,(b — C())]p I;_—;} ? if 1 < P < 00,
S HKi(eo — @)’ + K (b — )] ifp=1,
1 (b —a)max {K(co — a),K,(b — ¢o)} if p=oo.

where 1lp + 1/q = 1.

The aim of this paper is to give a weighted generalization of Theorem 1 involving
derivatives of the function f of arbitrary order. This will be done using the following
extension of Montgomery identity via the Taylor’s formula recently obtained in [4]:

let /: I — R be such that £“~V is absolutely continuous for some n > 1, I C R an
open interval, a,b € I, a < b. If w:[a,b] — [0,00) is some normalized weighted function.
Then the following identity holds

b n=2 r(i+1) X b |
fx) = / wfindi -3 L) / w(t)(t — x)"ds

= (+ 1!
b
+ [ K o (12)
where
1 f’w(u)(u—t)" ' du, a<t<x,
K:,(X, l) (n—1)! Ja 1
nl,f 0" du, x<t<b
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Since we assume Z:O- =0, forn = 1, (1.2) reduces to the weighted Montgomery iden-
tity obtained by J. Pecaric in [16] which states

b b
flx) = / w(t) f(t) dt +/ Py (x,t) f'(¢)dt (1.3)
where P,,(x,t) is the weighted Peano kernel
w(u)du, <<y,
Pu(e.t) = f[; w(u)du a X (1.4)
Lowu)du—1, x<it<b.

Here and hereafter the symbol L? . (p > 1) denotes the space of p-power integrable
functions on the interval [a,b] equipped with the norm

i, = ([ h v<z>|”dz)‘l}

and Lf;h]denotes the space of essentially bounded functions on [a,b] with the norm

1/l = esssup [f(1)]-
t€[a,b]

2. WEIGHTED GENERALIZATION INVOLVING DERIVATIVES OF THE FUNCTION F
OF ARBITRARY ORDER

We denote

b n—2 (i+1) X b o
T"(f: x) :f(x)—/ wr(t)f(z)dz+2{i+§)!)/ w(t)(t — x)"dt.

i=0

In the next theorem we will obtain a bound for the 7 (f; x) for functions f such that
S € D(cy).

Theorem 2. Let f: I — R, where I C R is an interval, be a function differentiable in the
interior I of I, and let [a,b) C I. Suppose that f""~V) € D(cy) for some c, € [a,b] and
w:fa,b] — [0,00) is a normalized weighted function. Denote

M;(n) = sup |f"(x)| < oo and M,(n) = sup |[f"(x)] < occ.

x€(a,co) x€&(co,b)
Then for x € [a,b] we have
n 1
|Tn(f X)| < { HKw(x7 ')Hq[M/(n)p(CO - a) + M,(l’l)p(b - CO)] &
’ HK":,()C, >Hl max{M/(”)er(n)}
where 1 <p < ocoand llp + 1/qg = 1.

Proof. Since /Y is absolutely continuous, from (1.2) we have
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/ K" (x, )" (¢)dt = / K" (x, 0)f " ()dz+/b1<;{(x, Nf ™ (1)dt.

€0

By taking the absolute value and applying triangle inequality and Holder inequality we

get
/ K (x, )" (t)dt| + / Kl (x,0)f" (t)dt
HKH ||q‘[a‘c’0]||f ||p,[u,c0] + || w Xy Hq’[CO’[,HV Pileo.b]*
In case 1 < p < oo we apply discrete Holder inequality
HK” H lasco] Hf(n) ”p,[a,co] + HK:(X7 ) ||q,[cq,b] ||f(n> ||p,[c0,b]
<K | ey Mo () (0 = a)'? + || K" (x, M, oy MrAm) (B = ¢ o)'77

< [Mi(n) (¢, — a) + M,(n) (b — c,)]'"
[0 )+ (182 ) T
= [My(n) (¢, — @) + M,(n)' (b — c)]"" - || K2(x, )|,
Thus we have
|T2(fx)] < [Mi(n) (e, — a) + M, (n) (b — e)]7 - || Ko, ),
In case p = oo (¢ = 1) we have
G 1 e ey + KRG g 1 e

< [HK\?'(X" Hl,[amo] + || W(x7.)|‘l,[g0,b]i| ~max{M,(n 7Mr(n)}
= ||K(x, ) ||, max{M(n), M, (n)}

and
| T3/ )] < max{M;(n), M (m)}]| K (. )
which completes the proof. [
If we take a normalized weighted function w(r) = 7, 1 € [a,b] in the last theorem we

obtain the next corollary.

Corollary 1. Suppose that all assumptions of Theorem 2 hold. Then for x € [a,b] we have

n 1Kol M) o — @)+ M) (b = )]
(£ x)| < q 2.2
A thwmmﬂMwJMM» >

where 1 < p < oo and 1/p + I/q =1,

n—2 x)l+2 7 (d . x)i+2

(i+2)!(b—a)

T"(fix) =N
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and

L _(a—10)", a<t<x
Kn(x, l) _ nl(b—a) ’
<t<b.

g (b= 10" x

nl(b—a)

Corollary 2. Suppose that all assumptions of Theorem 2 hold. Then for x € [a,b] we have

-t [

1 ((x—a)™ +(—x) Z ” ) e
gb—a( g+ 1) >Wf<‘><6o—a>+Mr<1> (b=,

where 1/p + 1/q = 1, while for p = 1 we have

) s [

< (3+5ma =23 e, - @+ d1)6 - ),
and for p = oo
, 1 b
1) = g [ A
<o ‘;)(b*_(j)_ D max{M(1), M, (1)}.

Proof. We take a normalized weighted function w(r) = ;- r € [a,b], and n = 1in (2.2).
Thus we have

1) =) =gy [ A0

7

X
A (t—b) x<t<b.

L (t—a), a<t<
K'(x,1) = {ba( ), as ;
b—a ~

and for 1 < ¢ < o0

1 X b {l/
||K1(x,~)|\q:b_ (/ \t—a|qd1+/ |bl|th>

_ ! <(x —a)™ 4 (b - X>"+l>%,

Q

(g+1)

and
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K 1 1 1 b+a
! . = — _ _ __
H (X7 )”oo biamax{x a,b x} 2+b, ‘ >

Taking all this in (2.2) the proof follows. O

Corollary 3. Suppose that all assumptions of Theorem 2 hold. Then for x € [a,b] we have

g [ S0 ) 0 = =
1 (x — @)™ 4 (b — x)2*! i ) P )

where 1lp + 1/q = 1, while for p = 1 we have

L o (b= = (a =)
G [ 0=+ P
1

< 72([7 =) max {(x — a)27 (b— xy}[M,(Z)(co —a)+ M,(2)(b-c¢,)]

and for p = oo

(b—x)—(a—x)’
2(b—a)

b
ﬁ / At — f1x) +1'(x)

(x—a)’ +(b—x)’
= 6(b—a)

max{M,;(2), M,(2)}.

Proof. We take a normalized weighted function w(t) =4, r€[a,b], and n = 2 in
(2.2). Thus we have

K*(x,1) =

and for 1 < ¢ < o0

1 X b . i
| K> (x, M, = 5 —a) (/ |t—a|2"dt+/ |b— t|21dz>

1 ((x _ a)2q+1 + (b o x)2q+1>$
)

2(b—a (2g+1)

and
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1K (x, )|, = Z(bl— ) max {(x —a)’,(b— x)z}.

Taking all this in (2.2) the proof follows. [

Our next goal is to obtain a bound for

T(f: b_ /K”xtdt/f

for functions f'such that /™ € D(c,). We will show that this is a weighted generaliza-
tion of Theorem 1 involving derivatives of the function f of arbitrary order.
For that purpose we shall need Sonin’s identity(see [17])

/a (AN — ( / ' w(t)f(t)dt) ( / ' w(t)g(z)dt)
_ / ") (e(0) — 2) (f(t) - / ' w(t)f(t)dt) d

where f, g : [a,b] — R are two Lebesgue integrable functions, w:[a,h] — [0,00) is some
normalized weighted function and 1 is an arbitrary real number.

Theorem 3. Let f: 1 — R, where I C R is an interval, be a function differentiable in the
interior I of I, and let [a,b] C I. Suppose that ") € D(cy) for some cy € [a,b] and
w:fa,b] — [0,00) is a normalized weighted function. Then for x € [a,b] and 1 < p < oo
we have

() _f(;m)(bb) :fa(n—l)(a) /b K

a

< ;1/,, [M(n+ 1 (eo — af' ™+ M,(n+ 17 (0 — o)1V IK 6, ) — il
P+1)
(2.3)
where 1/p + 1/q = 1, while for p = oo we have
(=1) () _ £(n—1) b

R L LG o4

< maX{M/(n + 1)(co — a), My(n 4 1)(b — co) K (x,-) — ully
where p = fa K!(x,1)d

Proof. By using the identity (1.2) we have

1
Tj(ﬁx)—b_a/K"xzdt/f

b
= [ K'(x,0)f"(¢) dt——/ K”xtdr/f

a
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and further by applying the Sonin’s identity for the functions K'!(x,¢) and f “(£) with
A= f"co) and w(t) = ;1,1 € [a,b], we obtain

/K"xt dl——/K"xtdl/f

-/ <f<"><t>f<><co>>(1<z<x,z>bia [ K{f,(x,t)dt)dt
= [0 - e (Kitx. 0 - w

" / (1 (1) = 1 (c0)) (K2 x, 1) = )

It is obvious that f fW(t)d = £V (b) — f"=V(a). By taking the absolute value and
then applying the trlangle 1nequahty and Holder’s inequality we get

T‘f(f;x)—f(” 1) _anl /Knx[dt
< ‘ /co (1) = /(o)) (Kp(x, 1) — ) dt

(f” — [ (co)) (KL (x, 1) — p)dt
< “f” B )n(c aé(]]HK 7’“” q,la,co)
+ “f () _4 (CO)‘ p,[co,b]H w ,UH
In case 1 < p < oo we apply discrete Holder inequality
(n—1) _ f(n—1) b
Tr(fix) L U’; SN R,
—a

a

¢[co,b]”

1

< [0 =@y + 1) = @]

1
' [HK»’Z(X7 ) - ﬂ”;[n,co] +[|K(x, ) - /‘HZ,[CO,M} E

Since the mean value theorem guarantees the existence of ¢ € (¢,¢o) such that f(r) —
o) = fDE — ¢o) we have

SOt = f"(co) = My(n + 1)(t = <o)
and thus

<y [ vt = wn 4 1y 29
) =1 @)y < Ml 17 [ (o= 0 = b 170
The same reasoning leads to

b b—c p+1
R R
o
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Finally for 1 < ¢ < oo we have

1
IRz ) = sl 4 15 =l ] = 2G5 = ]
and
HK“ —u, ] S K (x, ) — /‘Hm,[ab]
H Wl 'uH i[eo.) S HK"()C,-) _'uHOCv[“-,b]’

which implies the first inequality.
In case p = o0

(i) LT /bK,:xx,z)dz

b— a
<) =S o aq K ) = Al ey
+ Hf ( ) (CO)”oc [co.b] H - 'qu [co,B]
M/(}’l-f—l Cl)” 'qu[a(O]

+ M (n+ 1)(b — ) [[K(x,) = il o
< max{M;(n+ 1)(cy — a),M,(n + 1) (b — o) }||Kl(x, ) — #||1,[a,b]
and the second inequality is proved too. [
Corollary 4. Let f: I — R, where I C R is an interval, be a function differentiable in

the interior I of I, and let [a,b] C L. Suppose that [’ € D(c,) for some ¢y € [a,b]. Then
if x€[ab] and I < p < oo we have

TR = |

__ (b-a
C2p ) (g D)
while for p = 1 we have

‘f(x) / S)de — ‘/;(a) <x - er b> ’ (2.6)

< % [M,(z)(co —af + M) - )],

and for p = oo we have

g e (25

(b—a)maX{M,( Yeo — a), M, (2)(b — co)}.

(2.5)

{M/(2)p(co _ a)p-H + M,(Z)p(b B co)ﬂ+1i| l/p7

<

-
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Proof. If we take a normalized weighted function w(f) = t€labl and n =1 in

(2.3) we have

/ab’(l(x”)"’:(a Eri /b ) = x_g)w_—(j)_X)Z
:(x_a;rb),
= b— /let 1 ( a;b),

Tww_ﬁ%ggzbm@@d

- | Zf(t)dz O (a2

and for 1 < ¢ < o0

1K () — ] —HKI( y-L ( a;b)q

:ﬁ( (t—a) X — a+b> dt+[7 (z—b)—(x—a;rb>

First we observe [, = [ |(1 — a) — (x — £2)|"dr. In case x € [a,%2] we have

a4
x q ﬂq+l_ﬂ_ q+1
Il:/(—x+b2>dl‘ (2) (2 x) 7

q+1

b—a’

dt) .

while in case x € (442, 5]

x—(b—a)/2 b X b— q
11:/ ( t+x—> dl+/ (t—x+ a> dt
a 2 x—(b—a)/2 2

(=)™ + (59"
q+1

Now, observing I, = [ | (1 — b) — (x — 2)|"dr in case x € [a,%2] we have

x+(b—a)/2 b q b —a q
- (Hx+__)mf/ (o bV
x 2 x+(b—a)/2

TR
q+1
while in case x € (442, 5]

b _ q . 7a_+b’]+1 b;aqﬂ
12=/ (—z+x+b a)dt: (=) + (59 :

2 qg+1

)
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2 (b;u)q+1

4103 and (2.5) is proved. Since all this is

Finally, in both cases we have I}, + I, =
also valid for ¢ = 1 (p = o) we have

1K' (e, ) — aly = 5 (b~ a)

and (2.4) implies (2.7). Last case for g = oo (p = 1)
1K' (x,-) = ullo = sup |K' (x,1) —
t€(a,b]

*;max su (t—a)—(x—aer)
(b—a) re[ag—] 2 ’

:<b1a> ma"{(’“‘aTM)b;a}:%

follows from (2.5). O

sup
te[x,b]

-n-(-22)]

Remark 1. Inequalities from the last Corollary are identical to those from the
Theorem 1 since

(b—a)' p

2p+ 1) (g + 1)V

M(2) (co — a)’™ + M, (2)" (b — o)

(b—a) '
C2p+1)"(g+ )

[MA(2) (co — @) + M2 (b — oY ']

b—a
C2p+ 1) (g+ 1)

Co—a b — ¢ 1/p
14 {[M/(2)(c0 - a)]pm M (2)(b — ¢o)f %} '

The last goal is to obtain a bound for

Ti(fx) = (o) | Ki(x, 0)dr

a

for functions fsuch that /™ € D(cy).

Theorem 4. Suppose that all assumptions of the Theorem 3 hold. Then for x € [a,b] we
have

b
T x) — (o) / K"(x, 1)dt

< G 7 [Miln 4+ 17 (co = @™ + Mo(n + 1Y (b ”'} 1K (60,
max {M;(n + 1)(co — a), M,(n + 1)(b — co) }|| K2 (x, )|,
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Proof. By applying the identity (1.2) we have
b

(o / (e i)dt = [ K2, )7 () = £ (o))t

and further by taking the absolute value, applying the triangle inequality and Holder’s
inequality we get

Ti(f; co/ "(x,t)dt

/ K2, ) () — £ (co)) | + /K”xt D(1) — £ (¢o))dt

) (CO H a(’o]HK ||q‘[lhl’0]
+ an ’ _f( (co Hp,[cn,b]H w x")Hf]s[C’oJ’]'

In case 1 < p < oo we apply discrete Holder’s inequality

b
T2 1) [ Ko

a
1

< 0 =1 e oy + IO =S )

’ |:’|Klnf<x")‘qa¢0 +H ‘1 Hq[(ob]:|(
The same reasoning as in the proof of the Theorem 3 leads to

FC) =S o)l ey + W) = £ (o)l ey

(CO o a)p-l-l (b . CO)[H—I
p+1 p+1

which implies the first inequality. In case p = oo

b
T(fi x) =" (co) / K" (x, 1)dt

<) =1 e H e 1ECE M o
s ASOESACH] WH (x, )|

\Mz(”+1)(co—aH n(x, ||1,[a,m]
+ M, (n+1)(b— CO)HKS(?C? ')|’l<[c'0<b]

< max{M;(n+1)(co — a), M,(n+ 1)(b — CO)}HK»T'(x? ')Hl,[a‘b]

<Mn+ 1) + M. (n+1)

)

1,[co.b]

and the second inequality is proved too. [

Corollary 5. Suppose that all assumptions of the Theorem 4 hold. Then if x € [a,b] and
1 < p < oo we have
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0= s [ 0ar =t (-5

g+1 g+1\1/4 Up
< M (= a4 Y (e

while for p = 1 we have
- [ " i~ (co) (x-23%) »
<(%+F%Eb+a—%>@@@x%—aY+ALQxb—%f} o

2
and for p = oo we have

- [ 103

- o ath
2(b —a)
Proof. If we take a normalized weighted function w(r) =7, r€[a,b] and n = 1 in
(2.8), as in the proof of the Corollary 4 we have

T (i x) = 1) — (b_l) / i
/abKl(x,t)dl = (x—a—;b)

10) </ax|(z—a)|qdz+/xb|(t—b)|qdz)%

_ ((x—a)‘f“+(b—x)‘f“>é
(b—a) qg+1 ’

(2.9)

x)’ max{M;(2)(co — a), M,(2)(b — co)}.

and

1K (x, )l =

which proves (2.9), while

e

proves (2.11) and finally
t—b

K'(x =
et = o =5 el

xX—a b—-x| l+ 1
b—a'b—afl \2 b—a

, sSup
te[x,b]

b+a

3 — X

= max

)

proves (2.10). O
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