
Arab J Math Sci 20(2) (2014), 177–190ARAB JOURNAL OF

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 
MATHEMATICAL SCIENCES
* Co

E-m

tel.n

Peer

1319

http
Weighted Ostrowski type inequalities for functions with one point

of nondifferentiability
rresp

ail add

et.ba

review

-5166

://dx.d
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1. INTRODUCTION

The well known Ostrowski inequality states:
fðxÞ � 1

b� a

Z b

a

fðtÞdt
����

���� 6 1

4
þ

x� aþb
2

� �2
ðb� aÞ2

" #
ðb� aÞk f 0k1: ð1:1Þ
It holds for every x 2 [a,b] whenever f : ½a; b� ! R is continuous on [a,b] and differen-
tiable on (a,b) with bounded derivative. Ostrowski proved it in 1938 in [15] and since
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then it has been generalized in a number of ways. Over the last decades some new
inequalities of this type have been intensively considered and applied in Numerical
analysis and Probability (see for instance [1,3,5–10,12] or monographs [2,11,13]).

M. Niezgoda in the recent paper [14] considered Ostrowski type inequalities for con-
tinuous functions with possibly one point of nondifferentiability. For c0 2 [a,b], let
Dðc0Þ be the class of all continuous functions f : ½a; b� ! R differentiable on the set
Æa, c0æ [ Æ c0, bæ and such that
Ml ¼ sup
x2ha;c0i

jf 0ðxÞj <1 and Mr ¼ sup
x2hc0;bi

j f 0ðxÞj <1:
In case c0 = a (resp. c0 = b) we set Ml = 0 (resp. Mr = 0). M. Niezgoda in [14] estab-
lished the following Ostrowski type inequality:

Theorem 1. Let f : I! R, where I � R is an interval, be a function differentiable in the
interior I�of I, and let ½a; b� � I�. Suppose that f 0 2 Dðc0Þ for some c0 2 [a,b]. Denote
Kl ¼ sup
x2ha; c0i

j f 00ðxÞj <1 and Kr ¼ sup
x2hc0; bi

j f 00ðxÞj <1;
where for Kl = 0 (resp. Kr = 0) if c0 = a (resp. c0 = b). Then for x 2 [a, b] we have
the following three inequalities
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞ dt� x� aþ b

2

� �
fðbÞ � fðaÞ

b� a

����
����

6

b�a
2ðpþ1Þ1=pðqþ1Þ1=q

½Klðc0 � aÞ�p c0�a
b�a þ ½Krðb� c0Þ�p b�c0

b�a
� �1=p

if 1 < p <1;
1
4
½Klðc0 � aÞ2 þ Krðb� c0Þ2� if p ¼ 1;

1
4
ðb� aÞmax Klðc0 � aÞ;Krðb� c0Þf g if p ¼ 1:

8>><
>>:
where 1/p + 1/q = 1.

The aim of this paper is to give a weighted generalization of Theorem 1 involving
derivatives of the function f of arbitrary order. This will be done using the following
extension of Montgomery identity via the Taylor’s formula recently obtained in [4]:

let f : I! R be such that f (n�1) is absolutely continuous for some n P 1; I � R an
open interval, a,b 2 I, a < b. If w:[a,b] fi [0,1æ is some normalized weighted function.
Then the following identity holds
fðxÞ ¼
Z b

a

wðtÞfðtÞdt�
Xn�2
i¼0

f ðiþ1ÞðxÞ
ðiþ 1Þ!

Z b

a

wðtÞðt� xÞiþ1ds

þ
Z b

a

Kn
wðx; tÞf ðnÞðtÞdt ð1:2Þ
where
Kn
wðx; tÞ ¼

1
ðn�1Þ!

R t

a
wðuÞðu� tÞn�1du; a 6 t 6 x;

� 1
ðn�1Þ!

R b

t
wðuÞðu� tÞn�1du; x < t 6 b:

8<
:
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Since we assume
P�1

i¼0� ¼ 0, for n = 1, (1.2) reduces to the weighted Montgomery iden-

tity obtained by J. Pečarić in [16] which states
fðxÞ ¼
Z b

a

wðtÞ fðtÞ dtþ
Z b

a

Pwðx; tÞ f 0ðtÞdt ð1:3Þ
where Pw(x,t) is the weighted Peano kernel
Pwðx; tÞ ¼
R t

a
wðuÞdu; a 6 t 6 x;R t

a
wðuÞdu� 1; x < t 6 b:

(
ð1:4Þ
Here and hereafter the symbol Lp
½a; b� (p P 1) denotes the space of p-power integrable

functions on the interval [a,b] equipped with the norm
kfkp ¼
Z b

a

jfðtÞjpdt
� �1

p

and L1½a;b�denotes the space of essentially bounded functions on [a,b] with the norm
kfk1 ¼ ess sup
t2½a;b�
jfðtÞj:
2. WEIGHTED GENERALIZATION INVOLVING DERIVATIVES OF THE FUNCTION F

OF ARBITRARY ORDER

We denote
Tn
wðf; xÞ ¼ fðxÞ �

Z b

a

wðtÞfðtÞdtþ
Xn�2
i¼0

f ðiþ1ÞðxÞ
ðiþ 1Þ!

Z b

a

wðtÞðt� xÞiþ1dt:
In the next theorem we will obtain a bound for the T n
wð f; xÞ for functions f such that

f ðn�1Þ 2 Dðc0Þ.

Theorem 2. Let f : I! R, where I � R is an interval, be a function differentiable in the
interior I�of I, and let ½a; b� � I�. Suppose that f ðn�1Þ 2 Dðc0Þ for some c0 2 [a,b] and
w:[a,b] fi [0,1æ is a normalized weighted function. Denote
MlðnÞ ¼ sup
x2ha;c0i

jf ðnÞðxÞj <1 and MrðnÞ ¼ sup
x2hc0;bi

jf ðnÞðxÞj <1:
Then for x 2 [a,b] we have
jTn
wðf; xÞj 6

Kn
wðx; �Þ

		 		
q
½MlðnÞpðco � aÞ þMrðnÞpðb� coÞ�1=p

Kn
wðx; �Þ

		 		
1
maxfMlðnÞ;MrðnÞg

(
ð2:1Þ
where 1 6 p <1 and 1/p + 1/q = 1.

Proof. Since f (n�1) is absolutely continuous, from (1.2) we have
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Tn
wðf; xÞ ¼

Z b

a

Kn
wðx; tÞf ðnÞðtÞdt ¼

Z c0

a

Kn
wðx; tÞf ðnÞðtÞdtþ

Z b

c0

Kn
wðx; tÞf ðnÞðtÞdt:
By taking the absolute value and applying triangle inequality and Hölder inequality we
get
T n
wðf; xÞ

�� �� 6 Z c0

a

Kn
wðx; tÞf ðnÞðtÞdt

����
����þ

Z b

c0

Kn
wðx; tÞf ðnÞðtÞdt

����
����

6 Kn
wðx; �Þ

		 		
q;½a;c0�
k f ðnÞkp;½a;c0� þ Kn

wðx; �Þ
		 		

q;½c0;b�
kf ðnÞkp;½c0;b�:
In case 1 6 p <1 we apply discrete Hölder inequality
Kn
wðx; �Þ

		 		
q;½a;c0�
k f ðnÞkp;½a;c0� þ Kn

wðx; �Þ
		 		

q;½c0;b�
k f ðnÞkp;½c0;b�

6 Kn
wðx; �Þ

		 		
q;½a;c0�

MlðnÞðco � aÞ1=p þ Kn
wðx; �Þ

		 		
q;½c0;b�

MrðnÞðb� coÞ1=p

6 MlðnÞpðco � aÞ þMrðnÞpðb� coÞ½ �1=p

� Kn
wðx; �Þ

		 		
q;½a;c0�


 �q
þ Kn

wðx; �Þ
		 		

q;½c0;b�


 �qh i1=q
¼ ½MlðnÞpðco � aÞ þMrðnÞpðb� coÞ�1=p � Kn

wðx; �Þ
		 		

q
:

Thus we have
Tn
wð f; xÞ

�� �� 6 MlðnÞpðco � aÞ þMrðnÞpðb� coÞ½ �1=p � Kn
wðx; �Þ

		 		
q
:

In case p =1 (q = 1) we have
Kn
wðx; �Þ

		 		
1;½a;c0�
k f ðnÞk1;½a;c0� þ Kn

wðx; �Þ
		 		

1;½c0;b�
kf ðnÞk1;½c0;b�

6 Kn
wðx; �Þ

		 		
1;½a;c0�

þ Kn
wðx; �Þ

		 		
1;½c0;b�

h i
�maxfMlðnÞ;MrðnÞg

¼ Kn
wðx; �Þ

		 		
1
maxfMlðnÞ;MrðnÞg
and
Tn
wð f; xÞ

�� �� 6 maxfMlðnÞ;MrðnÞg Kn
wðx; �Þ

		 		
1

which completes the proof. h

If we take a normalized weighted function wðtÞ ¼ 1
b�a, t 2 [a,b] in the last theorem we

obtain the next corollary.

Corollary 1. Suppose that all assumptions of Theorem 2 hold. Then for x 2 [a,b] we have
jTnð f; xÞj 6 kKnðx; �Þkq½MlðnÞpðco � aÞ þMrðnÞpðb� coÞ�1=p

kKnðx; �Þk1 maxfMlðnÞ;MrðnÞg

(
ð2:2Þ
where 1 6 p <1 and 1/p + 1/q = 1,
Tnð f; xÞ ¼ fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdtþ
Xn�2
i¼0

f ðiþ1ÞðxÞ ðb� xÞiþ2 � ða� xÞiþ2

ðiþ 2Þ!ðb� aÞ
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and
Knðx; tÞ ¼
�1

n!ðb�aÞ ða� tÞn; a 6 t 6 x;

�1
n!ðb�aÞ ðb� tÞn; x < t 6 b:

(

Corollary 2. Suppose that all assumptions of Theorem 2 hold. Then for x 2 [a,b] we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt
����

����
6

1

b� a

ðx� aÞqþ1 þ ðb� xÞqþ1

ðqþ 1Þ

 !1
q

½Mlð1Þpðco � aÞ þMrð1Þpðb� coÞ�1=p;
where 1/p + 1/q = 1, while for p = 1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt
����

����
6

1

2
þ 1

b� a
x� bþ a

2

����
����

� �
½Mlð1Þðco � aÞ þMrð1Þðb� coÞ�;
and for p =1
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt
����

����
6
ðx� aÞ2 þ ðb� xÞ2

2ðb� aÞ maxfMlð1Þ;Mrð1Þg:
Proof. We take a normalized weighted function wðtÞ ¼ 1
b�a, t 2 [a,b], and n = 1 in (2.2).

Thus we have
T1ðf; xÞ ¼ fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt

K1ðx; tÞ ¼
1

b�a ðt� aÞ; a 6 t 6 x;
1

b�a ðt� bÞ x < t 6 b:

(

and for 1 6 q <1
kK1ðx; �Þkq ¼
1

b� a

Z x

a

jt� ajqdtþ
Z b

x

jb� tjqdt
� �1

q

¼ 1

b� a

ðx� aÞqþ1 þ ðb� xÞqþ1

ðqþ 1Þ

 !1
q

;

and
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kK1ðx; �Þk1 ¼
1

b� a
maxfx� a; b� xg ¼ 1

2
þ 1

b� a
x� bþ a

2

����
����:
Taking all this in (2.2) the proof follows. h

Corollary 3. Suppose that all assumptions of Theorem 2 hold. Then for x 2 [a,b] we have
1

ðb� aÞ

Z b

a

fðtÞdt� fðxÞ þ f 0ðxÞ ðb� xÞ2 � ða� xÞ2

2ðb� aÞ

�����
�����

6
1

2ðb� aÞ
ðx� aÞ2qþ1 þ ðb� xÞ2qþ1

ð2qþ 1Þ

 !1
q

Mlð2Þpðco � aÞ þMrð2Þpðb� coÞ½ �1=p;
where 1/p + 1/q = 1, while for p = 1 we have
1

ðb� aÞ

Z b

a

fðtÞdt� fðxÞ þ f 0ðxÞ ðb� xÞ2 � ða� xÞ2

2ðb� aÞ

�����
�����

6
1

2ðb� aÞ max ðx� aÞ2; ðb� xÞ2
n o

½Mlð2Þðco � aÞ þMrð2Þðb� coÞ�
and for p =1
1

ðb� aÞ

Z b

a

fðtÞdt� fðxÞ þ f 0ðxÞ ðb� xÞ2 � ða� xÞ2

2ðb� aÞ

�����
�����

6
ðx� aÞ3 þ ðb� xÞ3

6ðb� aÞ maxfMlð2Þ;Mrð2Þg:
Proof. We take a normalized weighted function wðtÞ ¼ 1
b�a ; t 2 ½a; b�, and n = 2 in

(2.2). Thus we have
T 2ðf; xÞ ¼ fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdtþ f 0ðxÞ ðb� xÞ2 � ða� xÞ2

2ðb� aÞ ;

K2ðx; tÞ ¼
�1

2ðb�aÞ ða� tÞ2; a 6 t 6 x;

�1
2ðb�aÞ ðb� tÞ2; x < t 6 b:

8<
:

and for 1 6 q <1
kK2ðx; �Þkq ¼
1

2ðb� aÞ

Z x

a

jt� aj2qdtþ
Z b

x

jb� tj2qdt
� �1

q

¼ 1

2ðb� aÞ
ðx� aÞ2qþ1 þ ðb� xÞ2qþ1

ð2qþ 1Þ

 !1
q

and
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kK2ðx; �Þk1 ¼
1

2ðb� aÞ max ðx� aÞ2; ðb� xÞ2
n o

:

Taking all this in (2.2) the proof follows. h

Our next goal is to obtain a bound for
Tn
wðf; xÞ �

1

b� a

Z b

a

Kn
wðx; tÞdt

Z b

a

f ðnÞðtÞdt
for functions f such that f ðnÞ 2 Dðc0Þ. We will show that this is a weighted generaliza-
tion of Theorem 1 involving derivatives of the function f of arbitrary order.

For that purpose we shall need Sonin’s identity(see [17])
Z b

a

wðtÞfðtÞgðtÞdt�
Z b

a

wðtÞfðtÞdt
� � Z b

a

wðtÞgðtÞdt
� �

¼
Z b

a

wðtÞðgðtÞ � kÞ fðtÞ �
Z b

a

wðtÞfðtÞdt
� �

dt
where f; g : ½a; b� ! R are two Lebesgue integrable functions, w:[a,b] fi [0,1æ is some
normalized weighted function and k is an arbitrary real number.

Theorem 3. Let f : I! R, where I � R is an interval, be a function differentiable in the
interior I�of I, and let ½a; b� � I�. Suppose that f ðnÞ 2 Dðc0Þ for some c0 2 [a,b] and
w:[a,b] fi [0,1æ is a normalized weighted function. Then for x 2 [a,b] and 1 6 p <1
we have
T n
wðf; xÞ �

f ðn�1ÞðbÞ � f ðn�1ÞðaÞ
b� a

Z b

a

Kn
wðx; tÞdt

����
����

6
1

ðpþ 1Þ1=p
½Mlðnþ 1Þpðc0 � aÞpþ1 þMrðnþ 1Þpðb� c0Þpþ1�

1=pkKn
wðx; �Þ � lkq;

ð2:3Þ

where 1/p + 1/q = 1, while for p =1 we have
T n
wðf; xÞ �

f ðn�1ÞðbÞ � f ðn�1ÞðaÞ
b� a

Z b

a

Kn
wðx; tÞdt

����
����

6 maxfMlðnþ 1Þðc0 � aÞ;Mrðnþ 1Þðb� c0ÞgkKn
wðx; �Þ � lk1

ð2:4Þ
where l ¼ 1
b�a
R b

a
Kn

wðx; tÞdt.

Proof. By using the identity (1.2) we have
T n
wðf; xÞ �

1

b� a

Z b

a

Kn
wðx; tÞdt

Z b

a

f ðnÞðtÞdt

¼
Z b

a

Kn
wðx; tÞf ðnÞðtÞdt�

1

b� a

Z b

a

Kn
wðx; tÞdt

Z b

a

f ðnÞðtÞdt
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and further by applying the Sonin’s identity for the functions Kn
wðx; tÞ and f (n)(t) with

k = f (n)(c0) and wðtÞ ¼ 1
b�a ; t 2 ½a; b�, we obtain
Z b

a

Kn
wðx; tÞf ðnÞðtÞdt�

1

b� a

Z b

a

Kn
wðx; tÞdt

Z b

a

f ðnÞðtÞdt

¼
Z b

a

ðf ðnÞðtÞ � f ðnÞðc0ÞÞ Kn
wðx; tÞ �

1

b� a

Z b

a

Kn
wðx; tÞdt

� �
dt

¼
Z c0

a

ðf ðnÞðtÞ � f ðnÞðc0ÞÞ Kn
wðx; tÞ � l

� �
dt

þ
Z b

c0

ðf ðnÞðtÞ � f ðnÞðc0ÞÞ Kn
wðx; tÞ � l

� �
dt:
It is obvious that
R b

a
f ðnÞðtÞd ¼ f ðn�1ÞðbÞ � f ðn�1ÞðaÞ. By taking the absolute value and

then applying the triangle inequality and Hölder’s inequality we get
T n
wðf; xÞ �

f ðn�1ÞðbÞ � f ðn�1ÞðaÞ
b� a

Z b

a

Kn
wðx; tÞdt

����
����

6

Z c0

a

ðf ðnÞðtÞ � f ðnÞðc0ÞÞ Kn
wðx; tÞ � l

� �
dt

����
����

þ
Z b

c0

ðf ðnÞðtÞ � f ðnÞðc0ÞÞ Kn
wðx; tÞ � l

� �
dt

����
����

6 kf ðnÞð�Þ � f ðnÞðc0Þkp;½a;c0� K
n
wðx; �Þ � l

		 		
q;½a;c0�

þ kf ðnÞð�Þ � f ðnÞðc0Þkp;½c0;b� K
n
wðx; �Þ � l

		 		
q;½c0;b�

:

In case 1 6 p <1 we apply discrete Hölder inequality
T n
wðf; xÞ �

f ðn�1ÞðbÞ � f ðn�1ÞðaÞ
b� a

Z b

a

Kn
wðx; tÞdt

����
����

6 kf ðnÞð�Þ � f ðnÞðc0Þkpp;½a;c0� þ kf
ðnÞð�Þ � f ðnÞðc0Þkpp;½c0;b�

h i1
p

� Kn
wðx; �Þ � l

		 		q
q;½a;c0�

þ Kn
wðx; �Þ � l

		 		q
q;½c0;b�

h i1
q

:

Since the mean value theorem guarantees the existence of n 2 Æt,c0æ such that f (n)(t) �
f (n)(c0) = f (n+1)(n)(t � c0) we have
f ðnÞðtÞ � f ðnÞðc0Þ ¼Mlðnþ 1Þðt� c0Þ

and thus
f ðnÞð�Þ � f ðnÞðc0Þ
		 		p

p;½a;c0�
6Mlðnþ 1Þp

Z c0

a

ðc0 � tÞpdt ¼Mlðnþ 1Þp ðc0 � aÞpþ1

pþ 1
:

The same reasoning leads to
k f ðnÞð�Þ � f ðnÞðc0Þkpp;½c0;b� 6Mrðnþ 1Þp
Z b

c0

ðt� c0Þpdt ¼Mrðnþ 1Þp ðb� c0Þpþ1

pþ 1
:
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Finally for 1 < q <1 we have
Kn
wðx; �Þ � l

		 		q
q;½a;c0�

þ Kn
wðx; �Þ � l

		 		q
q;½c0;b�

h i1
q ¼ Kn

wðx; �Þ � l
		 		

q;½a;b�
and
Kn
wðx; �Þ � l

		 		
1;½a;c0�

6 Kn
wðx; �Þ � l

		 		
1;½a;b�

Kn
wðx; �Þ � l

		 		
1;½c0;b�

6 Kn
wðx; �Þ � l

		 		
1;½a;b�;
which implies the first inequality.
In case p =1
T n
wðf; xÞ �

f ðn�1ÞðbÞ � f ðn�1ÞðaÞ
b� a

Z b

a

Kn
wðx; tÞdt

����
����

6 kf ðnÞð�Þ � f ðnÞðc0Þk1;½a;c0� K
n
wðx; �Þ � l

		 		
1;½a;c0�

þ kf ðnÞð�Þ � f ðnÞðc0Þk1;½c0;b� K
n
wðx; �Þ � l

		 		
1;½c0;b�

6Mlðnþ 1Þðc0 � aÞ Kn
wðx; �Þ � l

		 		
1;½a;c0�

þMrðnþ 1Þðb� c0Þ Kn
wðx; �Þ � l

		 		
1;½c0;b�

6 maxfMlðnþ 1Þðc0 � aÞ;Mrðnþ 1Þðb� c0Þg Kn
wðx; �Þ � l

		 		
1;½a;b�
and the second inequality is proved too. h

Corollary 4. Let f : I! R, where I � R is an interval, be a function differentiable in
the interior I�of I, and let ½a; b� � I�. Suppose that f 0 2 Dðc0Þ for some c0 2 [a,b]. Then
if x 2 [a,b] and 1 < p <1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� fðbÞ � fðaÞ
b� a

x� aþ b

2

� �����
����

6
ðb� aÞ1=q

2ðpþ 1Þ1=pðqþ 1Þ1=q
Mlð2Þpðc0 � aÞpþ1 þMrð2Þpðb� c0Þpþ1
h i1=p

;

ð2:5Þ
while for p = 1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� fðbÞ � fðaÞ
b� a

x� aþ b

2

� �����
����

6
1

4
Mlð2Þðc0 � aÞ2 þMrð2Þðb� c0Þ2
h i

;

ð2:6Þ
and for p =1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� fðbÞ � fðaÞ
b� a

x� aþ b

2

� �����
����

6
1

4
ðb� aÞmaxfMlð2Þðc0 � aÞ;Mrð2Þðb� c0Þg:

ð2:7Þ
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Proof. If we take a normalized weighted function wðtÞ ¼ 1
b�a, t 2 [a,b] and n = 1 in

(2.3) we have
Z b

a

K1ðx; tÞdt ¼
Z x

a

t� a

b� a
dt�

Z b

x

b� t

b� a
dt

� �
¼ ðx� aÞ2 � ðb� xÞ2

2ðb� aÞ

¼ x� aþ b

2

� �
;

l ¼ 1

b� a

Z b

a

K1ðx; tÞdt ¼ 1

b� a
x� aþ b

2

� �
;

T1ðf; xÞ � fðbÞ � fðaÞ
b� a

Z b

a

K1ðx; tÞdt

¼ fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� fðbÞ � fðaÞ
b� a

x� aþ b

2

� �
and for 1 6 q <1
kK1ðx; �Þ � lkq ¼ K1ðx; :Þ � 1

b� a
x� aþ b

2

� �				
				
q

¼ 1

ðb� aÞ

Z x

a

ðt� aÞ � x� aþ b

2

� �����
����
q

dtþ
Z b

x

ðt� bÞ � x� aþ b

2

� �����
����
q

dt

� �1
q

:

First we observe I1 ¼
R x

a
ðt� aÞ � x� aþb

2

� ��� ��qdt. In case x 2 a; aþb
2

� 

we have
I1 ¼
Z x

a

t� xþ b� a

2

� �q

dt ¼
b�a
2

� �qþ1 � aþb
2
� x

� �qþ1
qþ 1

;

while in case x 2 aþb
2
; b

� 


I1 ¼

Z x�ðb�aÞ=2

a

�tþ x� b� a

2

� �q

dtþ
Z x

x�ðb�aÞ=2
t� xþ b� a

2

� �q

dt

¼
x� aþb

2

� �qþ1 þ b�a
2

� �qþ1
qþ 1

:

Now, observing I2 ¼
R b

x
ðt� bÞ � x� aþb

2

� ��� ��qdt in case x 2 a; aþb
2

� 

we have
I2 ¼
Z xþðb�aÞ=2

x

�tþ xþ b� a

2

� �q

dtþ
Z b

xþðb�aÞ=2
t� x� b� a

2

� �q

dt

¼
b�a
2

� �qþ1 þ aþb
2
� x

� �qþ1
qþ 1

;

while in case x 2 aþb
2
; b

� 


I2 ¼

Z b

x

�tþ xþ b� a

2

� �q

dt ¼
� x� aþb

2

� �qþ1 þ b�a
2

� �qþ1
qþ 1

:
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Finally, in both cases we have I1 þ I2 ¼ 2
qþ1

b�a
2

� �qþ1
and (2.5) is proved. Since all this is

also valid for q = 1 (p =1) we have
kK1ðx; �Þ � lk1 ¼
1

4
ðb� aÞ
and (2.4) implies (2.7). Last case for q =1 (p = 1)
kK1ðx; �Þ � lk1 ¼ sup
t2½a;b�
jK1ðx; tÞ � lj

¼ 1

ðb� aÞ max sup
t2½a;x�

ðt� aÞ � x� aþ b

2

� �����
����; sup

t2½x;b�
ðt� bÞ � x� aþ b

2

� �����
����

( )

¼ 1

ðb� aÞ max x� aþ b

2

� �
;
b� a

2

� �
¼ 1

2

follows from (2.5). h

Remark 1. Inequalities from the last Corollary are identical to those from the
Theorem 1 since
ðb� aÞ1=q

2ðpþ 1Þ1=pðqþ 1Þ1=q
Mlð2Þpðc0 � aÞpþ1 þMrð2Þpðb� c0Þpþ1
h i1=p

¼ ðb� aÞ1�1=p

2ðpþ 1Þ1=pðqþ 1Þ1=q
½Mlð2Þpðc0 � aÞpþ1 þMrð2Þpðb� c0Þpþ1�

1=p

¼ b� a

2ðpþ 1Þ1=pðqþ 1Þ1=q
½Mlð2Þðc0 � aÞ�p c0 � a

b� a
þ ½Mrð2Þðb� c0Þ�p

b� c0
b� a

� �1=p

:

The last goal is to obtain a bound for
Tn
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt
for functions f such that f ðnÞ 2 Dðc0Þ.

Theorem 4. Suppose that all assumptions of the Theorem 3 hold. Then for x 2 [a,b] we
have
T n
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt

����
����

6

1

ðpþ1Þ1=p
Mlðnþ 1Þpðc0 � aÞpþ1 þMrðnþ 1Þpðb� c0Þpþ1
h i1=p

Kn
wðx; �Þ

		 		
q

max Mlðnþ 1Þðc0 � aÞ;Mrðnþ 1Þðb� c0Þf g Kn
wðx; �Þ

		 		
1

8<
:

ð2:8Þ



188 A. Aglić Aljinović et al.
Proof. By applying the identity (1.2) we have
Tn
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt ¼

Z b

a

Kn
wðx; tÞðf ðnÞðtÞ � f ðnÞðc0ÞÞdt
and further by taking the absolute value, applying the triangle inequality and Hölder’s
inequality we get
T n
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt

����
����

6

Z c0

a

Kn
wðx; tÞ f ðnÞðtÞ � f ðnÞðc0Þ

� �
dt

����
����þ

Z b

c0

Kn
wðx; tÞðf ðnÞðtÞ � f ðnÞðc0ÞÞdt

����
����

6 kf ðnÞð�Þ � f ðnÞðc0Þkp;½a;c0� K
n
wðx; �Þ

		 		
q;½a;c0�

þ f ðnÞð�Þ � f ðnÞðc0Þ
		 		

p;½c0;b�
Kn

wðx; �Þ
		 		

q;½c0;b�
:

In case 1 6 p <1 we apply discrete Hölder’s inequality
T n
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt

����
����

6 kf ðnÞð�Þ � f ðnÞðc0Þkpp;½a;c0� þ f ðnÞð�Þ � f ðnÞðc0Þ
		 		p

p;½c0;b�

h i1
p

� Kn
wðx; �Þ

		 		q
q;½a;c0�

þ Kn
wðx; �Þ

		 		q
q;½c0;b�

h i1
q

:

The same reasoning as in the proof of the Theorem 3 leads to
kf ðnÞð�Þ � f ðnÞðc0Þkpp;½a;c0� þ kf
ðnÞð�Þ � f ðnÞðc0Þkpp;½c0;b�

6Mlðnþ 1Þp ðc0 � aÞpþ1

pþ 1
þMrðnþ 1Þp ðb� c0Þpþ1

pþ 1
;

which implies the first inequality. In case p =1
T n
wðf; xÞ � f ðnÞðc0Þ

Z b

a

Kn
wðx; tÞdt

����
����

6 f ðnÞð�Þ � f ðnÞðc0Þ
		 		

1;½a;c0�
Kn

wðx; �Þ
		 		

1;½a;c0�

þ f ðnÞð�Þ � f ðnÞðc0Þ
		 		

1;½c0;b�
Kn

wðx; �Þ
		 		

1;½c0;b�

6Mlðnþ 1Þðc0 � aÞ Kn
wðx; �Þ

		 		
1;½a;c0�

þMrðnþ 1Þðb� c0Þ Kn
wðx; �Þ

		 		
1;½c0;b�

6 maxfMlðnþ 1Þðc0 � aÞ;Mrðnþ 1Þðb� c0Þg Kn
wðx; �Þ

		 		
1;½a;b�
and the second inequality is proved too. h

Corollary 5. Suppose that all assumptions of the Theorem 4 hold. Then if x 2 [a,b] and
1 < p <1 we have
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fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� f 0ðc0Þ x� aþ b

2

� �����
����

6
ððx� aÞqþ1 þ ðb� xÞqþ1Þ1=q

ðb� aÞðpþ 1Þ1=pðqþ 1Þ1=q
½Mlð2Þpðc0 � aÞpþ1 þMrð2Þpðb� c0Þpþ1�

1=p
;

ð2:9Þ
while for p = 1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� f 0ðc0Þ x� aþ b

2

� �����
����

6
1

2
þ 1

b� a

bþ a

2
� x

����
����

� �
Mlð2Þðc0 � aÞ2 þMrð2Þðb� c0Þ2
h i ð2:10Þ
and for p =1 we have
fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt� f 0ðc0Þ x� aþ b

2

� �����
����

6
ðx� aÞ2 þ ðb� xÞ2

2ðb� aÞ maxfMlð2Þðc0 � aÞ;Mrð2Þðb� c0Þg:
ð2:11Þ
Proof. If we take a normalized weighted function wðtÞ ¼ 1
b�a, t 2 [a,b] and n = 1 in

(2.8), as in the proof of the Corollary 4 we have
T1ðf; xÞ ¼ fðxÞ � 1

ðb� aÞ

Z b

a

fðtÞdt;
Z b

a

K1ðx; tÞdt ¼ x� aþ b

2

� �
and
kK1ðx; �Þkq ¼
1

ðb� aÞ

Z x

a

jðt� aÞjqdtþ
Z b

x

jðt� bÞjqdt
� �1

q

¼ 1

ðb� aÞ
ðx� aÞqþ1 þ ðb� xÞqþ1

qþ 1

 !1
q

;

which proves (2.9), while
kK1ðx; �Þk1 ¼
ðx� aÞ2 þ ðb� xÞ2

2ðb� aÞ

proves (2.11) and finally
kK1ðx; �Þk1 ¼ max sup
t2½a;x�

t� a

b� a

��� ���; sup
t2½x;b�

t� b

b� a

����
����

( )

¼ max
x� a

b� a
;
b� x

b� a

� �
¼ 1

2
þ 1

b� a

bþ a

2
� x

����
����

� �
proves (2.10). h
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