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1. INTRODUCTION

This paper is concerned with a problem on control theory of hyperbolic
differential equations as proposed by Russell in a paper [1] where he solves a
related problem. Russell considers the equation:

*u %u
a2 T — g =)0, 0<x <, (1.1)

where y belongs to L0, I], r is continuous on the interval [0, /] and the function
f is an admissible control on the interval [0, T'] where T <C co, provided f is an
element of L0, T7.

He assumes that u(x, ¢) obeys the boundary conditions

agu(0, t) + by % 0, t) = ay(l, t) + b, %‘ (1) =0, (1.2)

where a,, b, , a, , b, are constants with
0 # a2 + by? a? -+ b2~ 0.

The state space, I, consists of all pairs of functions uy(x), vy(x) with d2uy(x)/dx?
and dvy(x)/dx in L%0, 1], the boundary condition corresponding to (1.2) is
satisfies by u(x), and the initial condition:

U 0) = wlx), o (x, 0) = eylx). (1.3)

He defines a system as (1.1), (1.2) to be controllable in a fixed time T > 0 if,
for each initial conditions in [, there exists an admissible contrel on [0, 7] such
that the solutions of (1.1), (1.2), (1.3) further satisfy

u(xr, ) =0, o(x,T)=0, x€[0,]. (1.4)
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This control problem is reduced to a moment problem, and using results of
the theory of nonharmonic seties he arrives at the following facts:

(I) If T < 2I the system (1.1), (1.2) is not controllable in time 7.

(II) If T > 2I the system (1.1), (1.2) is controllable in time T, and for
each set of initial conditions in I the problem has infinitely many solutions
feL?o, T].

(I11) K T = 2lthen

(i) When b, = b; = 0 the system (1.6) is controllable in time T = 2l
and for each set of initial conditions in I the solution set for the problem is of
the form f(t) + E, where f(t) is a certain specified solution of the problem and E
is a fixed (for all initial conditions in I) one-dimensional subspace of L,[0, 21].

(i) When exactly one of the numbers b, , b, is different from zero,
the system (1.1) is controllable in time 7' = 2/ and for each initial condition in J
the problem has a unique solution.

(iii) When neither of the numbers b, , 4, is equal to zero, the system (1.1)
is not controllable in time T = 2!/ but becomes controllable if we replace I by
a certain  C I whose complement in I is one-dimensional.

At the end of his paper, Russell proposes the question: What happens for
T = oo ? This motivates the problem which we consider here. The requirement
T = oo must be thought of as the condition (1.4) replaced by:

. . Ou
111’)12 u(x, t) =0, lgrg T (x, 1) =0, (1.5)

for every x € [0, I]. The limit will be taken in the sense defined below (1.6).

If I < oo the answer is trivial. (For if we take some T, 2] << T' < oo and apply
Russell’s result IT we find a control f(¢) for ¢ € [0, T). Then extending f(¢) to be 0
for ¢+ > T we answer the question affirmatively with the construction of a
suitable control.)

Consequently we are going to consider the case [ = co. Then we have to
replace the conditions (1.2) by:

aOu(07 t) + bo '2"% (0, t) = 0, a02 + b()z # O, ‘
(1.6)
a limu(y, 0) + by lim o (v, 1) = 0, a + b2 0,

and (1.5) by the L*-limit as # — co.

In order to solve this controllability problem, we again reduce it to a moment
problem. But to solve it we cannot use nonharmonic series method because
the interval is not finite in our case. Instead we use interpolation in the Hardy
space H? of all analytic functions defined on the right half plane and such that
J%. | G(x + #y)| dy is bounded uniformly in » > 0.
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This way we arrive at a condition on infinite products of the eigenvalues of an
appropriate boundary value problem. Such a condition is satisfied for example
if the eigenvalues are A, = K(n +o(n*-1)); n = 1,2,... with 1 << § <2,
K a constant which is the case if r(x) = x? for p > 2. To prove the condition
on the eigenvalues for this case we follow a method used by Fattorini in [2].
As a preliminary to our controllability theorem we prove in Section 2 the
existence and uniqueness of a weak solution of the system (1.1), (1.3), (1.6) for
(x, t) € R, 2 under the conditions arising in the control problem.

2. WELL-PoSED NATURE OF THE CONTROL PROBLEM

We shall consider the controllability problem with control input y(x) f(t)
distributed on 0 < x <C oo for each ¢ > 0 as specified by the real hyperbolic
partial differential equation:

Pu 2

otu
g — T — =5 = (=) f0) @1
We assume:
(i) r(x) is continuous on [0, o0); lim,_, 7(x) = oo, and

(ii) y(x)€L¥0, o) and the controller f(t) € L* N L[0, o0).

The boundary conditions are:
ou . cu .
au(0, t) + by P 0,t) =0= ’lcgg [ayu(x, t) + & P (x, )] (2.2i)

for constants ap? -+ b2 # 0, a2 + 8% # 0.
The initial conditions are:

W 0) = 1) e (5, 0) = o) (2.2ii)

for real, continuous functions #, , v, in L2[0, o) we seek for each such controller
f(£) and initial data #,(x), v,(x) a response or solution u(x, f) in 0 < x < oo,
0 < t < oo satisfying (2.1) in the open quadrant R,2, and also the given con-
ditions (2.2).

Since the coefficient y(x) f(¢) may not be continuous, the solution u(x, t) is
only required in the weak sense that u(x, £) € L, (R,2) and

J‘0°° J:D u(x, t) [ow — 7(x) ¢ — $y] dx dt — J:D vo(%) S, 0) dx
[ ) i, 0 e = [ [ o) fl0 e 2.3)
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where ¢(x, t) is an arbitrary real function Cy°(R?%) with compact support in
R. xR

Let us first note that any classical solution #(x, ¢) € C¥[R,?) must satisfy (2.3)
(this can be easily proved using a standard integration by parts argument) and
hence it is necessarily a weak solution.

In order to construct a weak solution we proceed by the method of Fourier
series and seek first a product solution # = e"*tp(x) of the homogeneous
equation

o%u *u

W—r(x)u—w =0.
This yields the eigenvalue problem:
@'(%) —r(®x) p(x) + Ap(x) =0 on 0 <L x < o0, (2.4)

with boundary data
2,%(0) + by¢'(0) = 0 = lim [a,p(x) + b,¢'(¥)]-

Under our assumption (2.1i) there exists an increasing sequence of eigenvalues
{\.} with corresponding eigenfunctions ¢, , & = 1, 2,..., that form an orthonormal
basis for L0, c0). (See [3, p. 26, Theorem 2.7(ii)].) Also lim, ., A, = +c0.

TuroreM 1. Consider the partial differential equation (2.1} with boundary
and initial data (2.2), as above. In terms of the eigenvalues A; and orthonormal
eigenfunctions ¢, (x), & = 1, 2,..., for (2.4) consider the Fourier expansions in
L0, o)

y(x) = g 7ipr(%),

uy(x) = i pr(%),

) — Y nnl)
k=1
Then there exists a unique weak solution #(x, ) in the sense of (2.3).

Proof. We seek a weak solution #(x, ¢) as a Fourier series
u(x, t) = Y Bilt) ealx)-
k=1

The partial differential equation (2.1) indicates that §;(t) should be defined as
the solution of

Br(t) + MBi(t) = —yif(t)  on 0<t <o (2.5)
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with
Bi(0) = pu Bi'(0) = v, (2.6)

which, for A, > 0, is:

Bu(t) — sin(A)"? t[(/\ ¥~ o )1,2 J £(s) cos(h)! % ds]

-t
4 cos(A)L2 [m + g )1,2 J £(5) sin(Ag)"'2s ds]. 2.7)
Then for all ¢ > 0 and each & > &k, = min{k | A, > 0}.

where M = min,; A, . Since B,(t) forms a sequence in /2 we conclude that

u(x, t) = Z Bi(t) u(x)

belongs to me(R 12). It is easily seen that u(x, t) satisfies (2.3). In order to prove
that u(x, t) is unique let Yy(x)e C™(R,) with | ¥Pp(x)] <1 for every x,
Yn(x) = 1 on [0, N], and supp ¥x C [0, N + 1], let ¢(t) € Co*(—o0, T1].

For a function { let {, = {*g,, where g(x) = (1/¢) exp(—x?/e) denote the
mollifier function.

Set 1,11 £) = (Ofpelx) Pa()l. -

If u(x, ) is a solution of (2.3)

T 52,
[ ] g TSEN (x, 1) d dt
0 YRpt+

:J;T J‘ u(x, t) nskN(.x t)dx dt — '[T J' u(x, ) r(xme .~ (%, t) dx dt

R+ 0 v Rt

: : &k
— | @) nenn, 0) dx + | u(x) P (v, 0) dx

Rt RT

+ LT fw Vi S (Eme kv (%, 1) dx dt.

Therefore,

AT o
lim lim J J u(x, t) ”M(x 1) dx dt
0

N-x g "+

= f: fw u(x, 1) 7(2) py(x) dx dt = fo i ) $7(2) dt,

where a(t) = [g+ u(x, t) ,(x) dx.
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On the other hand,

No» e»x

T 2
lim lim L f u(x, t) [?—g;—;‘ﬂ (%, 1) — 7(x) 7e 1. n(x, t)] dx dt
Rt

:mmmffqmwmpmmwwmaw
R+

Nor e»m 0

- J-OT J ) u(x, 1) $(£) [—Aepp(s)] dx dt.

R

Furthermore,

lim lim | vo(x) non(x, 0) dv = [ vy(®) $(0) @ale) dx — (O,
R R

N-xo ¢

N-o 0

lim lim %m@%immw=mﬁw
|R+

tim i [ [ ) nntes ) drdt = [y f(@) 40 .
0 Ypt 0

Nowx -0

Then taking limits in (2.7) for N — o0; € — 0 we have:
T T
fo wt) () dt = — [ $(0) hau(t) dt +$(0) v — p#'0)
T
() — [ (0 (e at. 29

Hence , is a solution in the weak sense of (2.4), (2.5). Also a; is unique in
such a class. If there should be another solution «,%t) the function &,(t) =
ay(t) — oy %(2) satisfies

fo ' a(?) [4°(8) + Ad(®)] dt = 0. (2.10)

On the other hand, for each { belonging to Cy* we have a solution ¢ of $"(¢) -+
A1) = {(t) with ¢ in Cy™ then

T
fo &) () dt = 0

for every { belonging to Cy®. Therefore d,(t) = 0. Since the problem also has
a regular classical solution, the regularity of the weak solution «, follows. Then
u(x, ) = Y5 alt) (%) with o(r) satisfying (2.4) and (2.5).
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Remarks. (1) Set ky = min{k; A, > 0}. Since for k& > k,

20 f i e | [ v | | s |
o) < el Ll ]

we have

2 2 2 ko
e, 0y < 2 100 TN | T¥ol e 5 g
k=1

Thus the mapping
T: Rt — LYR+),
T:t — u(0, 1)

is an element of the space L=(R, , LYR.)). The reader can easily verify that in
fact T'maps R, into C(R*, L¥(R.)), since the 8;’s are continuous.

(2) If {u(A.)%y,} is an element of /% as it is required in the control
problem, it follows that

B << 20 ye HUFI A+ P |+ M2 e |

fork = ky + 1, ky + 2,....
Also

TR, — LYR,)
T:t—ul,1)

is bounded and continuous.

3. INTERPOLATION PrOBLEM AND MAIN RESULT

From Theorem 1 we have that the solution of (1.1), (1.3), (1.6) can be written
as:

u(x, t) = z Br(t) p(x).
Since

s, 0 = S 1808 5o = Xm0

2,

in order to fulfill conditions (1.5) it must be
lim Br) = 0, lim () = 0. @3.0)

It follows from remarks (1) and (2) to Theorem 1 that they are quivalent.
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Case Where All the Eigenvalues A, k = 1, 2,... Are Positive

In this case the solutions B, of (2.4) are as on (2.6), thus conditions (3.1) for
this case are fulfilled if the following conditions arise for £ = 1, 2,... .

J‘If(s) COS(/\;.-)' 2 ds — _Vk/n_yk = a,,
0

[ 76 sina 2 ds = g 2y = by

To continue our analysis we must make use of interpolation on H? and
therefore we need to impose the condition that the sequences {a}, {b,} be
elements of /2, Then the problem is reduced to: Find fe L*0, o) such that for
a given sequence {C,} € [? it is true that:

Co= [ fl)ew™ d, (3.2)

o0
where C;, = a, + b, .
The assumption that {a,} and {b,} belong to /? is satisfied, for example, if
[ug(x) r(x)], [vofx) 7(x)], and (d%,/dx*)(x) belong to L*0, cv) and lim inf
[(A) 2, | > Oy, 5= 0, since in this case:

By = J: uo(x) pi(x) dx = — % f: [%‘22‘ (%) prlx) 4 r(x) uy(x) <Pk(x)] dx

:“/\_l"k

with i, e [%

Also in the same way v, = (L/A) D, , 9, € /2

We consider the moment problem (3.2). In order to solve it we will use facts
on the Hardy space H? of the half-plane. We recall that because of the Paley—
Wiener theorem a complex valued function G in the right half-plane belongs to
the class H? if and only if G has the form:

Glw) — [0 " g(t)et di

for some function g € L0, o0).
Thus if we can find a function G € H? such that

G(1 — i) = €y (33)

the problem will be solved because in this case:

G(l — iA)V?) = f " gt s ds — (3.4)
0
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and the solution to the control problem will be: f(s) = g(s) =%, consequently
fe(?n LYo, ).

It is known (see [4, p. 202, Lemma 4]), that if the sequence {2;}, 2, € D is an
interpolating sequence (D is the open unit disk in the complex plane), i.e., it
satisfies the condition:

[[122=50 250, k=12 3. (3.5)

=
J#k I 1 — zszl

then for any square-summable sequence {«;} there is a function g in H¥D) such

that:
. 2 _
(i) llgnkg(l—zlog&;m{z,
(i) gzl — 1z P2 =0, k=1,23,..

By a conformal mapping z = (w — 1)/(w + 1) of the right plane in D, the
sequence {w,}

w, = 1 — (A3, k=1,273,.., (3.6)
is transformed in
. ) _
SO ST WVEE k=1223.., 3.7)
and for this sequence the condition (3.5) is:
At — (A5)'2 |
5 =6 >0. 3.8
L@ eo o= =~ )
If the condition (3.8) is satisfied we denote o:
Gl — s
¥ 1 — z,
with the z;, from (3.7). It follows that | o | = ! C; | and then the sequence {o;}

is square-summable.
From the above result on interpolation for {2,} and {«;} we have a function
g € H¥(D) such that

g(zk)(l — | 2 P =y
Let

h(z) = g(a)1 — 2).
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Then the function G analytic on the right half plane G(w) = h((w — 1)j(z + 1))
belongs to H? of the right half-plane and
G(1 — i) = k=) = Ci..
Case Where There Are Negative Eigenvalues

Since A;}oc there are only a finite number of negative eigenvalues. Let &, =
max{k; A, <C 0}.
For k = 1, 2,..., k, the variation of parameters formula yields:

Bilt) =

e“k|1/2‘ [

t
Vi Vi i, 1/2
R fo Fls)e et ]

g'Mkllth

ot
v % I2g
2 ["’“ |)uckl”2 WJO fls)e ds]'

If f is a function such that:

14

fim el [V Y (gt g] 0, (3.99)
P BN Hr ENEEA ’

fim e [, — s+ f f@)em e ds] =0 (3.9ii)

ko

condition (3.1) will follow.
If the function G in addition to condition (3.4) satisfies the condition:

G(L+ (A v?) = 2 Bo ) pe — g b, (3.10)
‘ Yk Yr
That is:

[ g(s)esels ds — ff(s)em"*<d - ’;H,\ 1z (3.10)

then conditions (3.9) are satisfied since:

12 v 1A, (12
o], Akk\”2+” © T T |1/2J Fla)eritet™™e de

[ fenert as| < Ll (<1501

= elhIt?

| ,\ |l/2

but f belongs to L![0, o) and therefore the last integral tends to zero when ¢
tends to infinity,
For (3.9ii) let us denote by I(t):

¢
I(2) = e—“klm‘f f(s)elMs ds,
0

LI < 1Y% for every te [0, ).
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Let ¢, be such that _[:z | f(s)| ds < /2, and T > t, such that:
. . €
T £y < S
Therefore
T ‘
| [(T)| = ‘ €“|Ak|l/2(T_t0)I(t()) + e*i"k\”ETJ. F(s)ee e ds
tg

T
e | £l 4 [ f(s)] ds <545 =
to pA
Thus lim,_, Bi(¢) = 0, and since

P A 1V 2e11\k|”2t

Bk’(t) = [I X Il 5 T M — A |1/2J f(s)r At dS]

A |”2e—w"2'

3 [m- IA 11,2 + | )\ |1,2 Jatf(s)e‘akx“'zs ds]

it follows that lim,_, 8,/'(¢) = 0.
Now we seek a condition on the sequence {),} (analogous to (3.8)) so that {z,}
is an interpolating sequence suitable for the verification of (3.4) and (3.10).

By the conformal mapping 2z = (w — 1)/(w + 1)thepointsw,, = | + | A, 12,
k=1,2,..,k,, are transformed in

I )\l‘ ]1/2

Thus the condition (3.8) is replaced by the two conditions

H |2 12— | A, 12 y 13[ PA 2 000 22+ 1)2 )
b T I TR AL @ T T T Ry
>8>0, 7=12.,k, (3.113)
and
I_o[ (N1 4 M A, V2 4 zpe ﬁ W2 — ()2 |
L@ A 72 £ (T [y [y X 13 @+ (A2 = (L) p)ie
1=k +1
28>0,k =ky— 1,k + 2.
(3.11ii)

Case Where A, = O is an Eigenvalue
The solution to (2.4), (2.5) is in this case:

But) = oy = vt = | Lt — ) f(s) ds.
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In order to verify (3.1) for k = k, we seek an f that in addition to conditions
(3.4) and (3.10") also satisfies:

[ o6 ds = — i (3.12i)

lim ¢ ( _[ ) ds — iglvig) = 0- (3.12ii)

The conformal mapping z = (w — 1)/(w + 1), maps w, = 1 into 2, = 0.
If the sequence {z;} (the transformal of {1 4 i{(A)/23}, k = 1, 2,..., ky, ky + 1...)
is an interpolating sequence we may require that the function G verify (3.4),
(3.10) and

6() = [ g ds = [ £0) ds = mym,.
Therefore, since
l t J’j £(s) ds l - [ t L " gs)e? ds | <t ft " 12O &) (p2).

Then

e[ 102

):lim(tjtwf(s)ds) =0

>0

and (3.11ii) follows.
On the other hand, for the interpolating sequence {2,} we can find a function
O € H, such that:

Qwy) =0 for k # ky, Q(wko) =Q(l) = 1.
Set

H(w) = (~ bo em) w—1) (Tv‘jr—l).

Since H € H* of the right half-plane, the function Q - H belongs to >,
Set F:

F(w) = G(w) + Q(w) H(w).

Clearly
F(w,) = G(w,), k=1,2,..,

and
F(1) = —pfve, -
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F has a representation:

F(w) == ‘[) gi(s)ee ds
with g, € L?[0, o).
F() = [ g} ds = vy,
0
F) = — [ el ds = —purig.

Therefore for f(s) = gy(s) e=* conditions (3.12) are verified, moreover

conditions (3.4) and (3.10) are also verified.
In this case the conditions which turns out from (3.5) are:

7»10_[1 ]Ak Il 2 % = ( k)ll2 >8> 0 (3 13)
9 = 101
bt __|_|>\\1/2 Lk+1(4+A)12

LN L L

I a5y e
ik (3.13ii)
D (R " (RN R ) =2 P
i @+ TP EA( A A e /7 B
ﬁ( B (EYLESD) N O (i
1 ((2 + | )\ ]1/2)2 -+ Ak(l 4+ | )\ ‘1 2)2)1/2 ’ (4 + Ak)1/2

(3.13ii)

et )1/3 (A )1/2 l
L G o G = R Rt bk 2
11

j=7\'0+1

Hence collecting results we have proved the following theorem.

THEOREM 2. If the conditions of Theorem | are satisfied, and

(i) The sequences {p(A) 2y} and {viy.} are elements of I2,
(i) On each of the following cases:
(I) If all the eigenvalues A, , k = 1, 2... are positive the condition (3.8)
is satisfied,;
(TX) If some eigenvalues are negative the conditions (3.11) are satisfied;

(IIT) If some eigenvalues are negative, and also A, = 0 is an eigenvalue;
the conditions (3.13) are satisfied.
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Then the system (1.1), (1.3), (1.6) is controllable for T = co. (Note: When
ko = 0 conditions (3.13) become:

<N
].—I (4 + )\k)1/2

(D2 T 0 — 0
@y e ey

=6>0,

>8>0, j=12..)

Remark. When r(x) = 2% b > 2 the corresponding eigenvalues A, verify
A = M(k® + o(k* 1)) 1 <5 < 2. In this case, if the condition (i) of the
theorem is satisfied, the system (1.1), (1.3) and (1.6} is controllable for T = oo,
since:

Lemma. If A, = M[R® 4 o(k*)], | < s <C 2, the condition (4.5) is satisfied.
Proof. If A, = M(k® + o(k*1)) then A./* = M2ks/%(1 4 o(1/k)). When

k — oo we call w, = JA}/? then

(M2 — )22 1

T O — 7~ T T —
let P:
Ny e R
= iy —oyr ~ U1 - 7@, =y

Set N, (u) the function defined by:
Ny(u#) =0 if 0<<u <oy,
=k if w,<u<wy,,y, k#n
=n—1 if o, <u<w,,.

log P =Y log (l ———1—)

1%k N 1 + (wk - w])2

Wpe1 1
- [w log (1 — R ) dN,(w)

+f log(l— I

Wni1 1+ (wn - u)2

) dN(w).
Integrating by parts and using the following facts
Ny(w,) = 0,
. - 1
Ll_{g Nn(u) lOg (1 — m) = 0,
Nn(wn—l) = Ny(Wppy) =n — 1
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we have:

log P = (n— 1) [log (1 T r (w,,l—~ Wy g)? )

—log (1 - m)]

et 2N,,(x)
* le T @n — 0, — )
f 2N, (u)
Wy 11 [1 + (wn - u)z](wn - u)
2N,(x)
= f [T G — wfly — )
= 2N, ()

T T @ — 0,
The asymptotic relationship (4.1) implies:
—2 4 o(1) < N,(u) — u*5 < o(1).

Then:
log >f: s L
+ f [+ (s —z—ui;](wn —uy 4
S o
-1, T oy =y =B R b I

+ (W, — W (o —wy)* L
fim log (w, —u) 0;  log 1 (w0, — w)E ° (n)’
Wpya — Wy 1 4 (wn - wn_1)2 _ .
log Wy — Wpy o log 1+ (w, — woy)* o

we have Iy + I, = o(1).
Also:

(D — (w0, — 0)?°
T+ o

11+12_—2J' dv

W=y, 1(w + v)2/s ©  (w, -+ )
A e ol N e

= 8 Sy — 855

dv



WAVE MOTION ON THE HALF-LINE 111

from (w, + o)*/* — (w, — v)?/* < w(v)?/¢ it follows that:

5, <offos (1)) - Ko

Qv + w,)*'s _
S<Lwlﬂ+ﬁ dv — M

and as ((w, + ©)/%)/((1 + 2?)v) is an increasing function

%<m+n———i 1=

'_ZU

2;‘ =N + o(l).

Then
P > e K-N-N+ol) > § > (),
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