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ABSTRACT

Smallest and largest possible extensions of triangular norms on bounded lattices are discussed. As such
ordinal and horizontal sum like constructions for t-norms on bounded lattices are investigated. Necessary
and sufficient conditions for the lattice guaranteeing that the extension 1s again a t-norm are revealed.

1 INTRODUCTION

Many-valued logics are usually based on a bounded lattice (L. <.0.1) of truth
values [17,18,25,31,36,37], not necessarily being a chain (a first attempt in this
direction is described in [17, Section 15.2], compare [4,12] and also the paru-
consistent logic in [8]). In such a case, the conjunction is interpreted by some
triangular norm on L. The structure of t-norms (fulfilling the intermediate value
property) is known in some special cases only (closed real intervals, especially the
unit interval, finite chains), see [3,21]. In this paper we are interested in the problem
of extending a t-norm acting on a (complete) sublattice of L to a t-norm acting
on L, discussing the largest and smallest possible extensions. Although in many of
the before mentioned cases the lattices involved tend to be distributive we will not
make any additional assumptions on the lattice structure except for its boundedness.

Let (L. <.0. 1) be a bounded lattice. An operation T : L? — L which turns L into
an ordered abelian semigroup with neutral element 1 will be called a triangular
norm ot, briefly, a t-norm on L [10]. In fact, (T. L) is a commutative integral
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[-monoid [20] (compare also Examples 1.1-1.4 of commutative semigroups in [16])
if and only if T: L? — L is a triangular norm on L additionally fulfilling T'(x. v Vv
2y=Tx.y)vT(x.z)forallx.y.ze L.

Note that the structure of the lattice L heavily influences which and how many
t-norms on L can be defined. However, on each bounded lattice L with |L| > 2 there
are at least two t-norms, the minimum A and the drastic product Tp” defined by

Tol (x. v) = xAy iflefx. vy},
; 0 otherwise,

which are also the greatest and smallest t-norms on the lattice L (if |L] =2 then
A and Tp’ coincide with the standard boolean conjunction).

Now consider a bounded sublattice (S. <.a.b) of L and a t-norm 7°5: 52 — §
on S. We are investigating the strongest and weakest possible extension of 7%
leading to a t-norm 7" on the lattice L.

Inspired by ideas of Clifford [7] (in the context of ordinal sums of abstract
semigroups) and [14,24,29,34,35] (ordinal sums of t-norms on the unit interval),
define the binary operation TTLS :L?> > Lby

(LD) TTLS(,V.)‘):{TS(X"V) if(x.y.)eSz,
XAY otherwise.

More recently, similar constructions (fowers of irreducible hoops [1,6]) have been
applied to characterize BL-chains [18]. Evidently, T/ is an extension of 7.
Moreover, if TTLS is a t-norm then it clearly is the strongest t-norm extending 75,

In the following sections we shall investigate under which conditions, starting
from an arbitrary t-norm 7 on some sublattice S, the extension TTLS always is a
t-norm on L. We will show that the arbitrariness of the choice of 7° on S, for
TTLS to be always a t-norm on L, leads to some restrictions on the structure of the
sublattice S. As a consequence also to restrictions on the structure of L, in case
that not only any choice of 7 but also any choice of S shall be admissible. Based
on these results we further discuss the strongest extension of families of arbitrary
t-norms on some corresponding families of arbitrary sublattices and a few further
properties of triangular norms. Finally, we turn to the determination of the smallest
possible extension W%S of a t-norm 75 on a bounded and complete sublattice S.

2 S AND L WITH COMMON BOTTOM AND TOP ELEMENTS

Fix a bounded lattice (L. <.0. 1) and consider a bounded sublattice (S. <.a.b) of
Landatnorm 7T5: 5% — Son S. Obviously, TTLS as defined by (1.1) is commutative
and has neutral element 1. Since S is also a sublattice of ([a.D]. <.a.b) with
[a.b]={x € L |a <x <b}, we have

L L
TTS = TT[ngy
T
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i.e., we may first extend 7 to [a.D] via (1.1) and repeat the same procedure to
extend TT[‘g‘b] to L. Because of

[a.b] L
TTL:lg = TTS'[a,b]l'

a necessary condition for TTLS to be a t-norm is that TT[“S‘b] is a t-norm. Therefore,
without loss of generality we may restrict ourselves first to sublattices of L having
the same bottom and top element as L.

Proposition 2.1. Lef (L. <.0. 1) be u bounded luttice and (S, <.0. 1) a sublattice
of L. The following are equivalent:

(1) For all (x.y) € (S\{1}) x (L\ S) we have x Ay € [0, x} and for all (x.y) €
(L\ 8)2 it holds that x Ay € S = x A y=0.
(i) For each t-norm TS : 8> — S on S, the operation TTLS is « t-norm on L.

Proof. To show necessity assume that condition (i) is fulfilled. It is immediate to
see that TTLS defined by (1.1) is commutative and has neutral element 1. Since for
each t-norm T we additionally have T (x. y) < x A ¥, for the monotonicity of TTLS
it suffices to check if T]%S(x. ) < TTLS (x*.y) forx <x*incase x ¢ S, x* € §, and
yeS\ (1.

If x* # 1, then, because of condition (i), x* A x = x € {0, x*} C S, contradicting
the assumption x ¢ S. Therefore, x* = 1, and we can conclude TTLS (X, ¥)=xAYyE€
{0.3], TTLS (x*.v)=T5(x*. v) = v, and, obviously, TTLS (x.my<y= TTLS (x*, ).

For proving the associativity, i.e., T(x. T (v, 2)) = T(T(x. v). z), it is obvious that
it holds whenever either all x. y.z € Sorall x, v,z € L\ Saswell as if 0 € {x. y. z}
or I € {x.y.z}. Therefore, let us first assume that x, v ¢ S and z € S\ {0, 1}. Then,
xAnze{0.z},yAze{0.z},and if x Ay € S then x A y =0 such that in all cases it
follows

T(x.T(y.2))=xAyAaz=T(T(x.y).z).

Similar arguments can be applied in case x.z ¢ Sand y € S\ {0. 1} resp. y.2 ¢ S
and x € S\ {0. 1}.

In case that only one element involved is element of the sublattice, let us first
assume that x ¢ Sand y.z € S\ {0.1},then x Ay e {0.y}, x Az€ 0.2}, yAz €
S\[1},and x AT (¥, z) € [0. T(». 2)}. Then the following can be argued: If x A y A
z = 0 then associativity is trivially fulfilled. Otherwise, if x Ay Az=y Az >0,
such that T(x.v) =y and therefore T(T(x.v).z) = T(y.z) and T{(x.T(y.2)) =
xAT(y.z)=T(y.z)since T(y.z) < y=x Ay <x. Analogous arguments can be
applied for proving the case z ¢ S and x.y € S\ {0. 1}. Finally, it remains to show
associativity for y ¢ Sand x,z € S\ {0, 1}. If x A y A 7 =0, then again it is trivially
fulfilled. Otherwise, necessarily x A y = x and v A 7 = z, such that

Tx.Ty.2)=Tx.yr)=Tx.2)=TxAy.2)=T(T(x.y).z).
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Conversely, assume that TTLS is t-norm for each t-norm 75 on S and fix some
(x, ) €(S\{1}) x (L \ S) such that x A y ¢ {0, x].
If x Ay € S consider the t-norm 75 on S given by

TS(u.v) = {0 if (. v) € ([0.x]N S)? \ {(x.x)),
uAv  otherwise,

and we obtain TL (T (x. x). ) = x Ay #0=TE(x. Tho(x. v)).
If x Ay ¢ S then

TTLDS (TTLDS(x. X). y) =0#xAy= TTLDS (x TTLDS(x. y)).

Moreover, fix some (x.v) € (L\ S)? such that x A y =z € S\ {0}. Then

L L ey 2 7L R
TTDS(TTDS()&._\).Q)—TTDS(Q.L)

=0<z= TTLDS(x. 7) = TTLDS(x. TTLDS()‘. ).
Since in all cases the associativity is violated, this proves that (ii) implies (i). O

Note that condition (i) equivalently expresses that for all x € S\ {1} and for all
ye L\ S either x Ay =0 or x < v is fulfilled and for all x € S\ {0. 1} and all
v.zeL\S,suchthatx < vandx <z,also yAze L\S.

3 EXTENSION OF T-NORMS ON AN ARBITRARY INTERVAL

First consider a fixed subinterval [a. b] of a bounded lattice (L.<.0.1) and an
arbitrary t-norm T'1%*! on [a. b]. We want to check under which conditions on the
interval [a, b] (and on the lattice L) the operation TTL[M] constructed by (1.1) will
be a t-norm on L (see also Theorem 4.8 in [33]). Recall that the open interval
la. b is defined by [a.b]\ {a.b}. Moreovet, if Ja.b[= @, then T1%b1 = A and also
TL . = Aclearly being a t-norm on L, so without loss of generality we can restrict

Tla.b]l —
in the sequel to subintervals [a. ] with Ja. D[+ @ only.

Proposition 3.1. Let (L. <.0.1) be a bounded luttice and [a. b] a subinterval of
L with la.bl#£ 8. The following are equivalent:

1) (xeL|avela.blx<yorx 2y} =[0.a]lUla.b]U[b.1].
(ii) For each t-norm TP :[a.b> — [a.b] on [a.D), the operation TTL[u.b] is «
t-norm on L.

Proof. Note that condition (i) expresses that whenever some lattice element x, not

necessarily from [a. b], is comparable to an interior element of the subinterval, then

it must be comparable to both boundaries of the subinterval, i.e., to a as well as to b.
Now assume that condition (i) is fulfilled. For the monotonicity of TTL[u.b] it

suffices to check the case x ¢ [a.b], {v. 2} € [a.D] and x < v. If x < a then

T]%[u,b] x.2)=xAz<aNnzi=a < T[a‘b](y~ )= T]é[zt,b](y~ z).
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If x and « are incomparable, then x ¢ [0, a]U [a. b] U [b, 1], i.e., x is incomparable
to all u € [a. b[, such that y = b and

T]%[u,b] (x.2)=xAzZ < = T[a‘b](y~ )= T]%[zt,b](y~ z).

Similarly, the associativity of TTL[M. » can be checked case by case. We illustrate the
case of x € L being incomparable to a and y. z € [a. b]. We prove the associativity
for this case by a series of properties:

Since x is incomparable to «, it is incomparable to all u € [, b[ and therefore it
follows that, necessarily x A v ¢ [a, b] forall v € [a, b].

Further, forall v € [a, b[ it holds that x Av = x Aa: If v = a, this is obviously true,
therefore assume that v € ]a, b[. In order to guarantee that x A v ¢ [a, D] it follows
from x A v < v < b that necessarily x A v < a and furtherx Av <a Ax <vAx due
to the monotonicity and the idempotency of A.

Based on these properties we can now conclude for the associativity of some
x € L being incomparable to @ and some v, z € [a, b] with y A z € [a. D[:

T(x.T(y.2))=xAT(y.z2)=xAa=xANaAz

=TxAa.z2)=TxAy.2)= T(T(x. ¥), z).

Ifyv=z=b,then T(x.T(y.2)) =TWx.b)=x AD=Tx AD.D)=T(T(x.v).2)
which concludes the case. The remaining cases for showing the associativity of T
can be checked analogously, thus showing that (i) implies (ii). Clearly, TTL[u.b] is
commutative and has 1 as a neutral element.

Conversely, let x € L be incomparable to b and comparable to some u €la.b[,
i.e., x > u, which implies » A x €]a, b[. Then

— 7y, la.b] _ 7L .
u="Tp""(b.uy= TTD[“~b] (b.x Au)

7L

L
Tpylet:2] (T

o) (b.x).u)

(l). T]{‘D[u'b] (x. ll)) = T]{‘D[u.b]

= ;D[“'b](b Ax)=Tp " b Ax.uy=a

contradicting u €Ja.b[ and showing that the incomparability of x to b implies
the incomparability to all elements of Ja.b[. In complete analogy we can show
that the incomparability of x to ¢ implies the incomparability to all elements of
la. b[ by proving a contradiction to T(T (u,u).x) = T(u, T (u, x)) in case that x is
comparable to some u €la.b[, i.e., in case x < u and choosing T1¢?1 = Tple-b1,
thus completing the proof that (i) implies (i). O

Corollary 3.2. Let (L.<.0.1) be a bounded lattice, (S.<.a.b) a bounded
sublattice of L and TS:S*> — S a t-norm on S. Assume that for each (x.y) €
(S\ (b)) x ([a.b]\ S) we have x A v € {a.x), that for each (x.v) € ([a.b]\ S)?
it follows that x Ay € S implies x Ay = a, and that, in case la. b #£ @, condition (1)
in Proposition 3.1 holds. Then TTLS is a t-norm on L.
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Note that the conditions in Proposition 3.1 heavily depend on the interval [a. b]
and on the lattice L. Now we look for conditions on L only guaranteeing that for
each subinterval each t-norm can be extended to a t-norm on L.

Recall that a bounded poset (X. <. 0. 1) is called a horizontul sum of the bounded
posets ((X,. <,.0. D))er if X =, o7 X, with X, N X, = {0. 1} wheneveri # j, and
x < yifand only if there is an 7 € I such that {x, v} € X, and x <, y (compare, e.g.,
horizontal sums of effect algebras [32]). A non-trivial example of a bounded lattice
which is a horizontal sum of chains is given by

L={-1.—-D. (1. )(=x.1 =x), (x.x — 1) ]| x €]0.1[}
equipped with the product order on R2.

Proposition 3.3 ([33]). Ler (L.<.0.1) be a bounded luttice. The following ure
equivalent:

(1) L is « horizontal sum of chains.
(i) Forallx.veL: {x Ay.x vy} C{0.x.y.1}.
(iii) For each subinterval [a.b] of L and each t-norm T'%P):[a.b]> — [a.b]
on la. bl, the operution TTL[u.b] is « t-norm on L.

4 T-NORMS ON HORIZONTAL SUMS OF CHAINS

Until now we have considered one subinterval of the bounded lattice (L. <.0.1)
only. However, Proposition 3.3 can be generalized to a system of pairwise disjoint
intervals.

Definition 4.1. Let (L. <.0. 1) be a bounded lattice and I some index set. Further,
let (]a,.b,[ e be a family of pairwise disjoint subintervals of L and (T'1@b:1y, ;
a family of t-norms on the corresponding intervals [a;. b,]. Then the A-extension
T:L*>— L,denoted T = ({[a,.b,]. T,)),e1, is given by

[a,.b,] X,V 1 X,y b 2
(4.1) T(x.y):{T (v i v el b,
XAY otherwise.
Corollary 4.2 ([33]). Let (L.<.0.1) be a bounded luattice. The following uare
equivalent:

(1) L is « horizontal sum of chains.

(i) For each family of pairwise disjoint subintervals (1a,. b, [ ),er of L and for each
Sfamily of t-norms (T%0y, o1 on the corresponding intervals [a,. b,] the A-ex-
tension ({[a;. b,). T,) )1 defined by (4.1) is a t-norm on L.

As an immediate consequence of Corollary 4.2 we obtain the ordinal sum
construction [14,24,29,34 35] for t-norms on the unit interval (see also [22] for
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a full investigation of the relationship with the concept of Clifford [7]) and on any
chain.

Moreover, applying consecutively Proposition 2.1 and Corollary 4.2 we obtain
the following general result:

Proposition 4.3. Let (L. <.0.1) be a bounded lattice which is a horizontal sum
of some fumily (Li)keg of chains, and let (S,. <. a,.b;),e1 be a family of bounded
sublattices such that the sets Sy, defined by S', =1a,.b,[N Ly are pairwise disjoint.

If for each i € I and for each (x,v) € (S, \ {b,}) x (Ua,. D, I\ S,) we have x Ay €
(a,. x), then for each family (T ),c1 of t-norms on the corresponding sublattices S,
the function T* : L> — L given by

TSx.v) if (x.y) €S>

Tx,v)= { i
XAY otherwise,

is a t-norm on L.

Proof. If for all i € I and all k € K, S, = ¢, it follows that S, = {0. 1} for all
i € I and therefore T = A. Otherwise, assume that for some ¢ € I and for some
ke K, S}, # 0. It remains to show that for all (x.y) € ([a,. D, ]\ S, 12 it follows that
x Ay eS, impliesx Ay=aq,.

In case @, # 0 or b, # 1, for any (x.y) € (S¥, \ S;)? it follows that x A y € {x. ¥}
such that x Ay ¢ S,. In case ¢, =0 and b, = | it might be that x € S}, \ S, C
la,.b,]\ S, and ¥ € S, \ S, Cla,. b ]\ S, with k # 1, however, then x A y =0 =
a, € S, follows immediately. Because of Proposition 2.1 we can further conclude
that 7'\, 5 1nz, 2 1S @ t-norm on the bounded sublattice (subinterval) ([a,.b,] N
Li.<.a,.b,) of L. Notice that in case ¢, =0 and b, =1, [a,.D,]N Ly = L; and
otherwise [a,. b, 1N Ly =[a,.b,]. O

The special structure of horizontal sums allows us to represent each t-norm as the
A-extension of its restrictions to the summands:

Proposition 4.4. Let (L. <.0.1) be a bounded lattice which is a horizontal sum
of some family (L) xex of bounded luttices. Then a binary operation T : L> — L is
a t-normon L if and only if T = ((L, T|Lk3) Veek -

Proposition 4.4 allows us to give a representation of certain types of t-norms on
horizontal sums of chains, thus generalizing the representation theorem [19,24,29,
30] of continuous t-norms on the unit interval and of t-norms on finite chains [26]
fulfilling the intermediate value property by means of additive generators. Recall
that a t-norm T : L?> — L on L fulfills the intermediate value property if it satisfies
that for all x.v.z € L with x < vy and for each u € [T(x.z). T{y.z)], there is a
v € [x. y] such that T(v.z)=u.

Corollary 4.5. Let (L. <.0.1) be a bounded lattice which is a horizontal sum
of bounded chains (Cy)rex, where each chain Cy is either finite or isomorphic to
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a non-trivial compact subinterval of the real line. If T: L* — L is a t-norm on L
fulfilling the intermediute value property, then there exist a family (S;. <.a;.D;)el
of subchains of L satisfyving the Ivpothesis of Proposition 4.3 and a family of
continuous, strictly decreasing real-valued functions (1, . S; — [0, o)), er satisfying
t,(by) = 0 such that for each (x.v) € L?

T v — {t,‘l(min(t, W) L) (@) i (. y) €S2
(x. )=

XAY otherwise.
Proof. From Proposition 4.4 we know T = ((Cy. Tle2)kek - If ¢ is finite then
the t-norm Tle,2 fulfills the intermediate value property, and the existence of the
subchains S, of C; and the functions 1, : S, — [0. oc] with the desired properties
follows from [26,27]. If (7, is isomorphic to a non-trivial compact subinterval of
the real line, then (Cy. T'|,2) is isomorphic to an /-semigroup [13], and the result
follows from [29] (compare also [21,30]). O

Due to the well-known structure of t-norms on the real unit interval and on finite
chains fulfilling the intermediate value property (in the latter case such t-norms
are uniquely determined by their non-trivial idempotent elements), we are able to
construct all such t-norms on bounded lattices which are horizontal sums of non-
trivial compact subintervals of the real line and finite chains [21,26,29].

As an immediate consequence, the number of t-norms on a finite lattice L which
is a horizontal sum of chains which fulfill the intermediate value property is given
by 2/21=2 (compare the result of [26] for divisible t-norms on finite chains). Observe
that the minimum A always satisfies the hypothesis of Corollary 4.5 (the index set [
being empty in this case) whereas, e.g., for L = {0, l . 1} the drastic product Tp*
does not fulfill the intermediate value property.

Further note that in Corollary 4.5 the hypothesis that the infinite chains involved
there be isomorphic to non-trivial compact subintervals of the real line cannot
be relaxed, in general. Take the chain (L.<) with L =]0.1[>U{(0.0). (1. 1)}
and < being the lexicographic order. Then the function T:L? — L given by
T({(x1.¥1). (x2.¥2)) = (x1¥1. x2y2) 18 a t-norm which fulfills the intermediate value
property and is not representable as a A-extension of some t-norm possessing an ad-
ditive generator since the semigroup (L \ {(0.0)}. T'| 1\(0.0,),2) 18 Archimedean and
cancellative, but has anomalous pairs (e.g., (0.5.0.6) and (0.5. 0.5)), compare [2,28]
and see [15] for the corresponding notions and related results. Moreover, take the
chain (L. <) with L = {—1} U [0. 1] and < the standard order on the real line. Then
the function T': L?> — L defined by

SN[

x+yv—1 ifx+vy>1,

Tx.yv)= .
. { —1 otherwise,

is an Archimedean t-norm fulfilling the intermediate value property but with no
additive generator.
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5 FURTHER PROPERTIES

A lattice (L.0. 1. <) equipped with some t-norm T:L> — L is called divisible
[20] if for all x. y € L with ¥ < x there exists some z € L such that y = T'(x.z)
(compare also the natural ordering of groupoids in [15]). Note that the divisibility
of a t-norm 7' is, in general, a weaker property than its intermediate value property
as the following example shows.

Example 5.1. Consider the bounded lattice (L. <. 0, 1) with L=1{0, l.a.b.c.d. e}
as displayed and define 7: L?> — L by

T|10 a b ¢ d e 1 |
0|10 0 0 0O 0O 0 0
al0 0 0 0 0 0 a e ¢
b0 0 0 0 0 a D
d b
c|0 0 0 a a b ¢
dl0 0 0 0 a d a
e |0 0 a a d e
1{0 a b ¢ d e 1 0

Then T is a t-norm on L which is divisible but does not fulfill the intermediate value
property (it suffices to choose forx =b, y=e¢ and z =c¢).

However, for chains the intermediate value property and divisibility coincide.
Moreover, the intermediate value property of a t-norm 7" on a lattice L which is a
horizontal sum is equivalent to the intermediate value property of 7 restricted to
the summands of L. Thus the requirement of the intermediate value property for T
in Corollary 4.5 can be relaxed to divisibility.

Further note that in many-valued logics, the algebraic background is mostly a
residuated lattice (L. 0, I, <. %, — ), where % L> — L is a t-norm on L. The t-norm
% modelling the conjunction operator and the operator — : L> — L modelling the
implication operator form adjoint operators linked to each other by the adjunction
relation

x#y<z ifandonlyif x<y—z
for all x. y. z € L. Note that a such residuated lattice is divisible if and only if
(5.1) X% (X —>yV)=xAY

for all x. v € L [20]. Observe that (5.1) is preserved by ordinal sums. However,
this is not more true for horizontal sums of chains. To see this, consider any finite
bounded lattice (L. 0, 1. <). Choosing % = A, then (L. 0. 1, <. A, —) is residuated
if and only if it is distributive, i.e., it does not contain as a sublattice a non-trivial
5-point horizontal sum [5,23]. Thus the only non-trivial horizontal sum of chains
which yields a residuated lattice (L. 0. 1. <. A. —) is the four-point diamond lattice
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which is also the product of two chains with two elements. Note that for this
lattice all t-norms 7" fulfill the intermediate value property and therefore divisibility,
but (5.1) is only fulfilled for * = A.

6 WEAKEST POSSIBLE EXTENSION

It was mentioned already in the beginning that the A-extension of some t-norm 7%
on some bounded sublattice S as given by (1.1) is the strongest possible extension of
T3. We have shown that guaranteeing that the A-extension is a t-norm independent
of the choice of the t-norm T° (and the sublattice S) demands rather restrictive
conditions on the underlying lattice. Quite different is the situation when looking
for the weakest possible extension of 7% on some single sublattice S.

Definition 6.1. Let (L. <.0, 1) be a bounded lattice, (S, <.a.b) a complete and
bounded sublattice, and T a t-norm on the corresponding sublattice S. Then define
TS0 (SU 0. 1)) — (SU{0.1}) by

XAY if 1 ef{x,y],
(6.1) T30 vy:=10 if0 e {x. v},
Tx.y) if(x.yv)e S2,

Further define Wl :L> — L by

XAY if 1 ef{x. v},

62)  Whix.y)= i
(6.2) sl TSYOIk x* y*)  otherwise,

with x* =sup{z |z < x.z e SU{0. 1}]}.

Lemma 6.2. Ler (L.<.0.1) be a bounded luttice and assume some complete,
bounded sublattice (S.<.a.b). Let TS be a t-norm on the corresponding sublut-
tice S. Then TSYO1 (S U [0, 112 — (SU{0. 1)) defined by (6.1) is a t-norm on
SU{0. 1}. Moreover, it is the unique t-norm extension of TS from S to SU {0, 1).

Proof. In case {0. 1} C S, then TSV} = TS Moreover, clearly this “extension”
is unique. For all other cases, it is immediate that 7SV0-1 = 73001 o suio.y
coincides with the strongest possible extension provided by means of (1.1) such
that indeed 75V} is a t-norm. For any extension 7" of T to the sublattice S U
{0. 1} which is also a t-norm it holds that T'(x.v) = T5(x. v) for any (x.y) € S°.
Moreover, T'(x.0) = T'(0. x) = 0 = TSV (x 0) = TSVI0-110, x) for any x € SU
(0.1}, and T/ (x. 1) = T'(1. x) = x = TSV (x 1) = TSV x) forany x e SU
{0. 1}, showing that T5Y1%-1} ig the unique and as such the weakest and strongest
possible t-norm extension of 75 on SU{0.1}. O

Proposition 6.3. Lef (L. <.0. 1) be a bounded luttice and ussume some complete,
bounded sublattice (S.<.a.b). Let TS be a t-norm on the corresponding sublut-

tice S. Then W%S : L?> — L defined by (6.2) is u t-norm on L.
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Proof. First note that in case some x is smaller or incomparable to all elements
of §, then x* = 0. If x is greater than some element in S, then x* € S since S is a
complete sublattice. Moreover, if x € S, then x* = x € S. Since in any case x* < x
it is guaranteed that W is well defined.

Moreover, for any x.y € L \ {0.1} it holds that WTLS(x. y) e SU{0.1} and
therefore Wlg(x. y)* = Wlg(x.»). It is immediate to see that W has neutral
element 1 and that it is symmetric.

Let us next focus on its monotonicity. Therefore, assume some x, x’, y € L such
that x < x" and let us show T(x.v) < T(x'.y). Since x < x’, also x* < (x")*.
Whenever 1 € {x, v}, monotonicity is trivially fulfilled. Therefore, assume that
x'=1butx#1and y# 1, then

Wi, ) = THVOD (X 3 <o anh <= Wis(Ly),
And, finally, for all other x. x’, y € L it holds that
Wy = TSOD (60 #) € PO () ) = WE ().
It remains to prove associativity, ie., Wls(x. WEi(v.2)) = WE(Wli(x.¥). 2)
for all x.y.z € L. Whenever all x.y.z € S, 1 € {x.y.z}, or 0 € {x* y*. 2%},
this holds immediately. However, for all remaining cases, we have W%S (x.y) =

TSU{O‘I}()C*. _\‘*) — TSU{O‘I}()C*. _\‘*)*, such that

W%S(WTLS(«V v). Z) — TSU{O‘I}(TSU{O‘I}(X*. \*) Z*)
_ TSU{O‘I}()C*. TSU{O,I}(},*. :*)) _ W%s (x W%S(y. z))

proving associativity and thus that W%S isindeed at-normon L. 0O

Proposition 6.4. Lef (L. <.0. 1) be « bounded luttice and ussume some complete,
bounded sublattice (S.<.a.b). Let TS be a t-norm on the corresponding sublut-
tice S. Then W%S : L?> — L defined by (6.2) is the smallest possible t-norm extension
of 75 on L.

Proof. Assume that 7’ is a t-norm extension of 75 on L. For all (x.v) € (S U
(0.1)% T'(x.v)= WTLS (x.v). Next, consider that either x ¢ SU {0. 1} or y ¢ S U
{0, 1}, then x* < x and y* < v, and further
T'(x.y) 2 T (x* y*) = T920D (x* y*) = W%S(x. ¥)
such that WTLS is indeed the smallest possible t-norm extension of 75 on L. O
So far we have considered one complete sublattice S of the bounded lattice

(L.<.0.1) only. Next, we aim at a generalization in case of families of complete
sublattices and corresponding t-norms.
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Definition 6.5. Let (L. <.0. 1) be a bounded lattice and I some index set. Further,
let (S,. <. a;.b;),e1 be a family of complete and bounded sublattices of L such that
the family (]a,.b,[),e; consists of pairwise disjoint subintervals of L. Finally, let
(T5),er be a family of t-norms on the corresponding sublattices S,. Then define
W;Sl L7 > Lby

XAY if 1 e {x.v},

, Wk (x.v) = ~
(6.3) TSz(" ) {Tslu{o,l}(x;ﬁ.yl*) otherwise,

with x* = sup{z | z <x.z €8, U{0. 1)} and define W:L?> — L by

(6.4) Wix.y):=sup W;Sl (x.¥).

el
Note that, by definition, W is a symmetric and monotone operation on L which
has neutral element 1. However, further restrictions on the family of sublattices

have to be applied in order to guarantee that W is indeed an extension of arbitrary
t-norms 7% on the sublattices S,.

Proposition 6.6. Ler (L.<.0,1) be u bounded luttice and I some index sef.
Further, let (S;. <.a,.b;)e1 be a family of complete subluttices of L such that the
family (la,. b ).eq consists of pairwise disjoint subintervals of L. Further ussume
that for all i, j € I with i & j it holds that

(i) ifxeS, then x} ¢ S, \{a,.b,},i.e,xe€{0.a,.Db)},
(i) ifx € S;\{b,;} und x} = a,, then (a;)’ = a,, und
(iii) if x € S;\{b,} and x} =Db,, then (a;)’ =Db,.

Then for all t-norms T on S, and for all t-norms 75 on S, with i # j it holds
that W;Sl (x.v) < TS (x.v) for all (x.y) € sz and W;S] (x.v) < TS (x.y) for all

(x.y) e Slz, ie.,
L s L s
WTSz|S,3<T 1 and WTS]|SZZ<T :

Moreover, W given by (6.4) is « monotone and symmetric extension of each T,
ie, Wig= TS for all i € I, which has neutral element 1.
1

Proof. Without loss of generality fix some t-norms 7%, T% on S, resp. S, with

i.jel,i#j,andlet (x.y) €S> Then x}. € (0.4,.b,). If x} =0 or 3} =0, it

follows immediately that W;Sl (x.¥) =0 < TS (x.y). If x* =D, or y* =b,, then
(a;)¥ = b, such that
W]stl (x.») <D, < a; < TSJ (x.¥).

Finally, for x = v* = a,, necessarily (a;) > a,, such that we can conclude

W;sl (x.y)=a, <(a;)f <a, < TS5 (x.y).
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Therefore, for all j € I and for all (x. y) € S,

sup W;Sl (x.m < 5 (x.y)
rela#j

and moreover, since W;S] s> = TS, Wx.y) = sup,o; W;Sl x.y) = TS5 (x.v)

showing that W is indeed an extension of 7% . [

Further note that the supremum of arbitrary t-norms on a lattice L need not be a
t-norm in general, compare also [11]. However, for particular and important classes
of lattices the operation W as defined by (6.4) is associative, i.e., is a t-norm.

Example 6.7. Let (L,.<.0,.1,),ie€{l...., n}, n € N, be arbitrary complete and
bounded lattices and consider their product lattice L =[],_, L,. Then for each i €
{1....n}, S, ={(01.....2 Nywnrns 0,) | x, € L,} is a complete and bounded sublattice
of L. Moreover, for each t-norm 7, on L,, the function 7 : Sl2 — S, defined by

T5 (x. y) = (01 ..... T(x ¥i)a e e 0,1)

denotes a t-norm on S,. Therefore, W : L? — L as defined by (6.4) can be computed
as

Wy = sup Wrkg (xy)=(Ti(xi. v T (X ¥n))
=1, .H

1=

and is a t-norm on L for arbitrary t-norms 7, on L,.

Example 6.8. Let (L. <.0.1) be a bounded lattice. Further, let (la,.b,[ )5 be
a family of pairwise disjoint, non-empty subintervals of L with (/. <) a linearly
ordered index set such that

o ({la,.D,[|i € 1})U({{1}} forms a partition of L and
o whenever i < j then x < y forall x € [4,.b,] and for all y € [a,.D,],

ie., L is a so-called ordinal sum of partially ordered sets ([a,.,[. <), i € I, and
({1}. <), see e.g. [9]. Let J be a finite subset of I, ie., J = {i1...., in} €1 for
some n € N, such that iy < ip < --- < i, and as a consequence a;, < a;, < --- < ay,,.
Additionally define a,, | := L.

Finally, let (T[alf oL )i el be a family of t-norms on the corresponding intervals
lar, . Dy, 1. Then, ([a, ;b )< es forms a family of complete and bounded sublat-
tices of L for which the requirements of Proposition 6.6 hold such that W defined
by (6.4) can be computed as

XAY if 1 ef{x, v},
o [alj‘blj](x. ¥ if vy €lay, . by, 12,
Wix. vy = XAYAD, ifa,} SXAY<a,,, andb,} <xVvy<lI,
0 ifx<a ory<a,.
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Moreover, W is associative, i.e., a t-norm on L.

Remark 6.9. Note that for J = I, itholds that4,, =0 and, foralli, € /J, b, =a,,,
and therefore x A vy A b,} =x Ay whenever x A v € [a,} . b,}] and b,} <xVy Asa
consequence, for J = I, the weakest extension W and the strongest extension 7" as
defined by (4.1) of t-norms (T1%-%:1),.; on corresponding intervals [a,. b,] coincide.

In case J & I, always W # T such that the present example provides another
way of obtaining t-norms on chains, in particular on [0. 1], which extend t-norms
(Tla-bdy, ; on corresponding intervals [a,.b,]. Note further that for L = [0, 1],
the weakest extension W is right-continuous whenever all (71%%:1),.; are right-
continuous.

In case of chains the previous result can even be strengthened.

Proposition 6.10. Ler (L. <.0. 1) be « chain. Further, let (1a,.b,[),er be ua fumily
of pairwise disjoint, non-empty subintervals of L and (T'%Yy.c; a family of
t-norms on the corresponding subintervals with (1. <) a linearly ordered index set.
Then W defined by (6.4) is ussociative, i.e., a t-norm on L.

Proof. From Proposition 6.6 we can conclude that W is a monotone and symmetric
extension of each T which has neutral element 1. Next choose arbitrary
x.v.z € L. In case 1 € {x, y,z] the associativity of W holds trivially, therefore
assume that 1 ¢ {x.v.z}.Incase x Ay Az €[a,.b,] for some i € I we can conclude
that

W(W(x. y).z) = Tl (Tl bd e Ab, oy AD). 2 A DY)
= Tl (x A b, TUPd(y A D, 2 A D))
=W{x. W(y.2).

Ifm=xAyAzeL\Jla.b], thenforalli € I suchthat b, < m it holds that

L L o L L Do
=P (WT[ul.bl](«L ¥).z)= L= (x. W, (34 ) =Db.

Ifa, > m, then W]l"‘[“pbz](W]l;[“pbz](x. v).z) = W;[ul.bl](x. W;[ul.bl](y. 2))=0.Asa
consequence W(W(x. v).2) =W, W,z =sup{b, | b, < m}). O

Proposition 6.10 can further be extended to horizontal sums of chains.

Corollary 6.11. Let (L. <.0.1) be « bounded luttice which is a horizontal sum
of some family (Lp)reg oOf chains. Further, let (la,.Db,[),e; be a fumily of puirwise
disjoint, non-empty subintervals of L and (T'%b )y, .1 a family of t-norms on the
corresponding intervals [a,, b,]. Then, for any k € K, W | L2 is a t-norm on Ly and
of the form uas described in Proposition 6.10. In case x € Ly \ {1} and v € Ly \ {1}
with k £1, W(x.y) =0, and in cuse 1 € {x. v}, W(x.v)=x A v, such that W is
also a t-norm on L.
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