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1. Introduction

Coupled systems of nonlinear differential equations on networks have been used to model a wide
variety of physical, natural, and artificial complex dynamical systems: from biological and artificial
neural networks [1,7,10,19], coupled systems of nonlinear oscillators on lattices [2,9], to complex
ecosystems [28,33] and the spread of infectious diseases in heterogeneous populations [8,34]. A math-
ematical description of a network is a directed graph consisting of vertices and directed arcs connect-
ing them. At each vertex, the local dynamics are given by a system of differential equations called
vertex system. The directed arcs indicate inter-connections and interactions among vertex systems. In
a model system, a vertex can be a single neuron, an oscillator, an ecological community or a patch,
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or a homogeneous group in a heterogeneous host population for an infectious disease; interactions
among vertices can be in the form of synaptic connections among neurons, physical connections
among oscillators, dispersal among patches, and cross infections among different host groups. The re-
sulting system is a large-scale coupled system of nonlinear differential equations. Many mathematical
questions have been investigated for coupled systems, from emergence of patterns, synchronization
and clustering, to phase transitions and bifurcations. We refer the reader to [9,19] for introductions
to mathematical studies of these problems.

A general approach to the investigation of coupled systems on networks is to determine the col-
lective dynamics based on individual vertex dynamics, often assumed to be simple, and couplings.
Of particular interest is to investigate in what degree and fashion the dynamical behaviors are de-
termined by the architecture of the network encoded in the directed graph. From the viewpoint of
stability and control of complex dynamical systems, it is of significance to investigate the global-
stability problem. Assume that, when isolated, each vertex system has a globally stable equilibrium,
the interest is to determine whether the coupled system has a globally stable equilibrium when ver-
tices are connected according to a directed graph. The method of Lyapunov functions is standard for
establishing global stability, especially for large systems. One can formulate the global-stability prob-
lem as follows: assuming that, when isolated, each vertex system has a globally defined Lyapunov
function V;, under what conditions of the couplings and the network does the coupled system have a
globally defined Lyapunov function V, when the vertices are connected? Moreover, is there a system-
atic approach to the construction of V from individual V;?

In this paper, we develop a general approach to the construction of a global Lyapunov function V
for the coupled system in the form

n
Vo =) aVi,
i=1

where c¢; > 0 are suitable constants. Using Kirchhoff's Matrix Tree Theorem in graph theory, we
present, in Theorem 3.1, a systematic way of deriving constants c;, based on properties of V; and
structures of the underlying graph. As we will show, the approach is sufficiently general to be ap-
plicable to a variety of coupled systems including coupled oscillators, patchy ecological models with
dispersal, and multi-group epidemic models. We also show that our approach can be applied to cou-
pled systems of delayed differential equations. Our approach is shown to work with several well
known types of Lyapunov functions in the literature, from the traditional energy-type functions to
functions of form x — x*Inx that are well known in mathematical ecology and epidemiology lit-
erature. In all examples considered in this paper, our approach allows significant improvements of
existing results in the literature.

Concepts from graph theory related to our development are reviewed in the next section. We
also prove two useful combinatorial identities based on Kirchhoff's Matrix Tree Theorem. Our main
results are presented in Section 3. In Sections 4-8, our main results are applied to several well-known
coupled systems in the literature to demonstrate their applicability and effectiveness.

2. Graph theoretical results

In this section, we prove several combinatorial identities that we will use in later sections. We
begin by recalling some definitions from graph theory. We refer the reader to [17,36] for detailed
discussions.

A directed graph or digraph G = (V, E) contains a set V ={1,2,...,n} of vertices and a set E of
arcs (i, j) leading from initial vertex i to terminal vertex j. A subgraph H of G is said to be spanning
if H and G have the same vertex set. A digraph G is weighted if each arc (j, i) is assigned a positive
weight g;;. In our convention, a;; > 0 if and only if there exists an arc from vertex j to vertex i in G.
The weight w(H) of a subgraph H is the product of the weights on all its arcs.

A directed path P in G is a subgraph with distinct vertices {i1, i, ..., in} such that its set of arcs
is {(ik,ik+1): k=1,2,...,m —1}. If i, = i1, we call P a directed cycle. A connected subgraph 7 is
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(A) (B)

Fig. 1. (a) A rooted tree. (b) A unicyclic graph.

a tree if it contains no cycles, directed or undirected. A tree 7 is rooted at vertex i, called the root,
if i is not a terminal vertex of any arcs, and each of the remaining vertices is a terminal vertex of
exactly one arc. A subgraph Q is unicyclic if it is a disjoint union of rooted trees whose roots form
a directed cycle. Note that every vertex of Q is the terminal vertex of exactly one arc. A rooted tree
and a unicyclic graph are depicted in Fig. 1.

Given a weighted digraph G with n vertices, define the weight matrix A = (a;j)nxn Whose entry
a;j equals the weight of arc (j, i) if it exists, and 0 otherwise. For our purpose, we denote a weighted
digraph as (G, A). A digraph G is strongly connected if, for any pair of distinct vertices, there exists a
directed path from one to the other. A weighted digraph (G, A) is strongly connected if and only if
the weight matrix A is irreducible [5]. The Laplacian matrix of (G, A) is defined as

Dkz1Gk  —G12 0 —dip
—21  Ypp@k - —Om
L= . 21)
—0n1 —0an2 s Zk;&n Qnk

Let c; denote the cofactor of the i-th diagonal element of L. The following result is standard in graph
theory, and customarily called Kirchhoff's Matrix Tree Theorem. We refer the reader to [21,30] for its
proof.

Proposition 2.1. Assume n > 2. Then

=y w(), i=12...n, (2.2)
TeT;

where T; is the set of all spanning trees 7 of (G, A) that are rooted at vertex i, and w(7T) is the weight of T .
In particular, if (G, A) is strongly connected, then ¢; > 0 for 1 <i<n.

Theorem 2.2. Assume n > 2. Let c¢; be given in Proposition 2.1. Then the following identity holds:
n
> caFixixp) =Y _w(Q Y Frs(xr.xo). (2.3)
i,j=1 QeQ (s.EE(Co)

Here Fij(x;,xj), 1 < i, j < n, are arbitrary functions, Q is the set of all spanning unicyclic graphs of (G, A),
w(Q) is the weight of Q, and Cg denotes the directed cycle of Q.

Proof. For a spanning tree 7 rooted at vertex i,

w(T)ajj = w(Q),
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Fig. 2. A unicyclic graph is formed by adding a directed arc (j, i) to a tree rooted at i.

where Q is the unicyclic graph obtained from 7 by adding an arc (j,i) from vertex j to the root
vertex i, see Fig. 2. As a consequence,

w(T)a;jFij(xi, xj) = w(Q)Fij(xi,xj), and (j,i) € E(Co).
When we perform this operation in all possible ways to all rooted trees in G, we obtain all unicyclic
graphs in G, and each unicyclic graph Q is created as many times as the number of arcs in its

cycle Co. The identity (2.3) follows from (2.2) if we reorganize the double sum on the left-hand side
as a sum over all unicyclic graphs in G. O

Theorem 2.3. Assume n > 2. Let c; be given in Proposition 2.1. Then the following identity holds:
n n
> ciaiGit) = Y ciaiiGj(x)), (2.4)
i,j=1 i,j=1
where G;(x;), 1 <i < n, are arbitrary functions.

Proof. Using Theorem 2.2, we know that both sides of (2.4) are equal to

ZW(Q) Z Gr(xk),

QeQ keV(Cg)
where V(Co) is the vertex set of Cg. O
3. Coupled systems of differential equations on networks
Given a network represented by digraph G with n vertices, n > 2, a coupled system can be built
on G by assigning each vertex its own internal dynamics and then coupling these vertex dynamics

based on directed arcs in G. Assume that each vertex dynamics is described by a system of differential
equations

u; = fi(ts ui)s (31)

where u; € R™ and fi:R x R™ — R™ Let gjj:R x R™ x R™ — R™ represent the influence of
vertex j on vertex i, and g;; =0 if there exists no arc from j to i in G. Then we obtain the following
coupled system on graph G

n
up= filtu) + ) gi(tupup, i=1,.2,....n (3.2)
=



M.Y. Li, Z. Shuai / ]. Differential Equations 248 (2010) 1-20 5

Here functions f;, gj; are such that initial-value problems to (3.1) and (3.2) have unique solutions.
Many large-scale dynamical systems from science and engineering can be represented as coupled
systems on networks in the form of (3.2). Several examples are considered in Sections 4-8.

We assume that each vertex system (3.1) has a globally stable equilibrium and possesses a global
Lyapunov function V;. Our objective is to investigate if the coupled system (3.2) has a globally stable
equilibrium, and if a global Lyapunov function V can be systematically constructed for system (3.2)
using individual V;. Such an investigation is significant for the stability and control of large-scale
dynamical systems.

Let D; Cc R™ be an open set. For a Lipschitz function V;:R x D; — R, we define the Lyapunov
derivative with respect to system (3.2) as

. aVi(t, u; aVi(t, u; -
Vi(t,uj) = ét ) + 8(u'u ) <fi(t, uj) + Zgij(t, uj, uj)). (3.3)

j=1

Llet D=Dy xDyx---x Dy CR™ m=mq+my+---+my, and u = (uy, Uy, ..., uy). For a Lipschitz
function V :R x D — R, we define

n

. % 1% .
V(t,u):= AAGLY) +Za W (fi(t,ui)+Zgij(t,ui,uj))- (34)

at 4 ou; ”
i=1 j=1

Let V;(t,u;) be a Lyapunov function for each vertex system (3.1). We are particularly interested in
constructing Lyapunov functions for coupled system (3.2) of form

n
Ve, )= cVilt, up). (3.5)
i=1
The following result gives a general and systematic approach for such construction.

Theorem 3.1. Assume that the following assumptions are satisfied.

(1) There exist functions V;(t, u;), Fij(t, u;, uj), and constants a;; > 0 such that

n
Vi(t,uj) < ZaijFij(t, uj,uj), t>0,ujeD;, i=1,2,...,n (3.6)
=

(2) Along each directed cycle C of the weighted digraph (G, A), A = (ajj),

Z Frs(t,ur, us) <0, t>0, u €Dy, ug e Ds. (3.7)
(s,r)€E(C)

(3) Constants c; are given in (2.2).

Then the function V (t, u) in (3.5) satisfies \;(t, u) <0fort>0andu e D, namely, V is a Lyapunov function
for (3.2).

Proof. Using (3.3), (3.4), and assumption (1), we obtain



6 M.Y. Li, Z. Shuai / ]. Differential Equations 248 (2010) 1-20
L] n L] n
Vit u) =Y aVilt,u) < Y ciaijFi(t, ui, u).
i=1 i, j=1
Applying Theorem 2.2 with weighted digraph (G, A), we obtain
n
> caFituup =Y w(Q Y Frs(t.ur, ug). (38)
i,j=1 QeQ (s,r)eE(CQ)

Since w(Q) > 0 and along directed cycle Cg

Z Frs(t, ur, us) <0,

(s,nN€E(CQ)

by assumption (2), we arrive at \;(t, u) < 0, completing the proof of Theorem 3.1. O

A weighted digraph (G, A) is said to be balanced if w(C) = w(—C) for all directed cycles C [31].
Here, —C denotes the reverse of C and is constructed by reversing the direction of all arcs in C. For a
unicyclic graph Q with cycle Cg, let Q be the unicyclic graph obtained by replacing Cg with —Cgo.
Suppose that (G, A) is balanced. Then w(Q) = w(Q). In the right-hand side of relation (3.8), we can
further pair Q with Q and obtain

n
1
> ciaFituup =23 w@Q Y [Frs(tur.us) + For(t,us. up)]. (39)
i,j=1 QeQ (s,NEE(CQ)

The same proof shows that the conclusion of Theorem 3.1 holds if the assumption (2) is replaced by
the following:

(2’) Along each directed cycle C

Z (Frs(ty Uy, us) + Fg (t, us, ur)) <0, t>0, ur€Dy, useDs. (3.10)
(s,r)€E(C)

We thus have the following result.

Theorem 3.2. Suppose that (G, A) is balanced. Then the conclusion of Theorem 3.1 holds if condition (3.7) is
replaced by (3.10).

Consider a Volterra predator-prey system

n
x§=xi<ei+2pijxj>, i=1,2,...,n, (3.11)
j=1

where x; € Ry represents population density of the i-th species, e; € R, p;; <0, and pjjpji <0 if
pij #0, i # j [13]. Suppose that (3.11) admits a positive equilibrium E* = (x],X3,...,x}), X/ > 0,
i=1,2,...,n. Let

xi
* * 1

Vitxi) =x; — X —x{ In et

i
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Differentiating V; along (3.11) gives
R n n n
Vi=eix; + Zpijxixj - eixl’»‘ — Zp,'szk)(j = Zp,-j(xi — X;k)(Xj — X}k)
j=1 j=1 j=1

n
= ZaijFij(XivXjL

j=1

where a;j = |pjj| and Fjj(x;, xj) = sgn(pij) (X —x;‘)(xj—xjf). In particular, Fij(x;, xj) = —Fji(Xj, Xi), 1 # J,
and condition (3.10) is satisfied. Let ¢; be given in (2.2). Then, by Theorem 3.2, V(x1,x2,...,%;) =
> ciVi(x) is a Lyapunov function for (3.11) provided that (G, A) is balanced. This extends an
earlier result on global Lyapunov functions for (3.11) in [31]. We remark that [31] contains extensive
applications of graph theory to global analysis of Volterra systems.

Conditions (3.7) of Theorem 3.1 and (3.10) of Theorem 3.2 can be readily verified if there exist
functions Gi(t,u;), i=1,2,...,n, such that

Fij(t, ui, uj) < Git, ui) — Gj(t,uj), 1<i,j<n. (3.12)
We thus have the following corollary.

Corollary 3.3. The conclusion of Theorem 3.1 or Theorem 3.2 holds if condition (3.7) or (3.10) is replaced
by (3.12).

If each V; satisfies a stronger condition

n
Vit u) < —biVi(t, up) + Y aiiFij(t,uj, up), >0, ujeDj, 1<i<n, (313)
j=1

for constants b; > 0, then a stronger conclusion can be drawn for V. The following result can be
proved the same way as Theorems 3.1 and 3.2.

Theorem 3.4. Assume that the following assumptions hold.
(1) There exist V;(t, u;), Fij(t, uj, uj), ajj > 0, and b; > 0 such that (3.13) holds.
(2) Either (3.7) or (3.12) holds, or if (G, A) is balanced and (3.10) holds.

(3) Constants c; are given in (2.2).

Then the function V (t, u) in (3.5) satisfies

V(t,u) < —bV(t,u) fort>0, ueD,
where b = min{bq, ba, ..., bn}.

To demonstrate that mere existence of Lyapunov functions V; for each vertex system is not suffi-
cient for the existence of V, we consider the following example, which shows that two asymptotically
stable linear systems can be coupled through linear diffusion to form an unstable system.
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] 1). Two eigenvalues of A are —% + 41’, and the zero solution of the vertex

/ :
(§)eals) oo
Yi Yi

is globally asymptotically stable. Consider the following linearly coupled system

(ﬁ):A(;>+<&8M>,

1

x5\ X2 X1 — X2

(y’z)_A<Yz>+< 0 ) G4

Example. Let A = (
systems

whose coefficient matrix

-3 3 1 0
-11 0 O
1 0 -3 3
0 0 -1 1

has a positive eigenvalue @’3, and thus the zero solution to the coupled system (3.14) is unstable.

In the rest of the paper, to demonstrate the applicability and effectiveness of the approach de-
scribed in our main results, we consider the global-stability problem for several classes of coupled
systems. We show that Lyapunov functions for these coupled systems can be systematically con-
structed from well-known Lyapunov functions for individual vertex systems. In all the cases consid-
ered, our approach allows significant improvements of the best known results in the literature.

4. Coupled oscillators on a network

Given a weighted digraph (G, A) with n vertices, A = (a;j), n > 2, a coupled system of nonlinear
oscillators on G can be built as follows: each vertex i is assigned a nonlinear oscillator described by

X +oaixi + fi(x;) =0, (41)
where o; > 0 is the damping coefficient, f; :R — R is the nonlinear restoring force, and the influence
from vertex j to vertex i is provided in the form a;;(x; — X;) [12]. Here weight constants a;; > 0, and

a;j =0 if and only if no arc exists from j to i in G. We arrive at a coupled system of second order
differential equations

n
Xi +oixi + fi(xi) + Zaij(ki —x)=0, i=1,2,...,n,
j=1
or in the form of first order systems
X =Yi,

Vi=—aiyi — fi(x;) —Zaij(yz‘ -¥j. (4.2)
=1
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Assume that there exists x{ such that fj(x;) = 0 iff x; = x{, and the potential energy F;(x;) =
f % fi(s)ds has a global minimum at x; = x{. Then it is standard that, if o; > 0, the total energy

2

Vilxi, yi) = y? +Fix) (43)

is a global Lyapunov function for the global asymptotic stability of x; = x; for vertex system (4.1).
It can be verified that E* = (x],0,x;,0,...,x;,0) is an equilibrium of the coupled system (4.2). We
investigate conditions under which E* is globally asymptotically stable.

Theorem 4.1. Assume (G, A) is strongly connected. Suppose that there exists k such that o > 0. Then E* is
globally asymptotically stable in R2".

Proof. We want to verify that V;i(x;, y;) in (4.3) satisfies the assumptions of Theorem 3.1. Differenti-
ating V; along (4.2) gives

n
Vi=—aiy; - Zaij(.]/i —Yjyi
j=1

n
1 1, 1
=—aiy} + Z‘M(‘E(Yi — Y4y - 5)/?)
j=1

. 1 1
Y R )
<Zau<2y]' 23’,’)-
j=1
Let
1 1
Fij(yi,yj) = 5)’? - Ey,.z.
We have
. n
Vi< ZaijFij(Yi, Vi)
j=1
and along every directed cycle C of the weighted digraph (G, A),
1, 15,
Z Frs(}’r»}’s): Z EyS_Eyr :0
(s,r)€E(C) (s,r)€E(C)
Assumptions (1) and (2) of Theorem 3.1 have been verified. Let c¢; be the cofactor of the i-th diagonal
element in the Laplacian matrix of (G, A), as given in (2.2). Then, by Theorem 3.1,
n
VX1, Y150 X Y) = Y GiVixi, yi)

i=1

is a Lyapunov function for (4.2), namely, \; <0 for all (x1,y1,...,%q, yn) € RZ,
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To show E* is globally asymptotically stable, we examine the largest compact invariant set where

\; =0. Since (G, A) is strongly connected, ¢; > 0 for 1 <i < n. Therefore, \; =0 implies that ot,-yi2 =0
and aj;(y; — yj)2 =0 for all 1<1i,j<n.As a consequence, y; =0 if @; > 0; and y; = y; if a;; > 0,
or if there exists an arc from j to i in (G, A). By our assumption, there exists k such that o > 0,
thus y, = 0. Let [ # k denote any vertex of (G, A). Then, by the strong connectivity of (G, A), there
exists a directed path P from I to k. Applying the relation y; = y; to each arc (j,i) of P, we ob-

tain that y; = yx. Hence, \./ =0 implies y; =0 for all i. From the second equation of (4.2), we
have 0 = y; = —fi(x;), and thus x; = x}. This implies that the largest compact invariant subset of

{(X1, Y1, ..., %0, Yn) € R¥" | \; =0} is the singleton {E*}. Therefore, by the LaSalle Invariance Princi-
ple [24], E* is globally asymptotically stable in R**. O

Theorem 4.1 shows that in a strongly connected network, the existence of one damped oscillator
is sufficient to stop all oscillations in coupled system (4.2).

5. A single-species ecological model with dispersal

Consider the following system that describes the growth and dispersal of a single species among n
patches (n > 2)

n
X =xifia)+ ) dij(xj—ayxi), i=1,2,....n. (5.1)
=1

Here x; € R, represents population density of the species in patch i, f; € C'(Ry,R) represents the
density dependent growth rate in patch i, constant d;; > 0 is the dispersal rate from patch j to patch i,
and constants «;; > 0 can be selected to represent different boundary conditions in the continuous
diffusion case [27]. Hastings [18] studied the local stability of a positive equilibrium of (5.1). Sufficient
conditions for uniqueness and global stability of the positive equilibrium were derived in Beretta and
Takeuchi [3] and in Lu and Takeuchi [27]. In this section, we interpret (5.1) as a coupled system on
a network. Using Theorem 3.1, we prove a global-stability result that is stronger than those in [3]
and [27].

A digraph G with n vertices can be constructed for system (5.1) as follows: each vertex represents
a patch, a directed arc (j,i) is assigned if the dispersal rate d;; from patch j to patch i is positive,
and no such arc exists if djj = 0. The dynamics at each vertex are defined by the scalar ordinary
differential equation x; = x; fi(x;). The coupling among vertices are provided by the dispersal among
patches. We remark that the dispersal network G is strongly connected if and only if the dispersal
matrix (d;;) is irreducible.

Theorem 5.1. Assume that the following assumptions hold.

(1
(2
(3
(4

Dispersal matrix (d;;) is irreducible.

fixi) <0,x% >0,i=1,2,...,n, and there exists k such that f,: (xr) # 0 in any open interval of R.
System (5.1) is uniformly persistent.

Solutions of (5.1) are uniformly ultimately bounded.

O —

Then system (5.1) has a globally asymptotically stable positive equilibrium E* in RT,..

Proof. Uniform persistence, together with uniform ultimate boundedness of all solutions, implies that
(5.1) has at least one positive equilibrium [6,32]. Let E* = (x]*, X5, oo X, xl* >0,i=1,2,...,n, denote
a positive equilibrium of (5.1). Then x;° satisfies
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n X;

_Zdij(x—* —aij ). (5.2)
=t

We show that E* is globally asymptotically stable in R", and thus is unique.
Set Vi(x) =x; — x{ +x{ ln . It can be verified that V;(x;) > 0 for all x; > 0 and V;(x;) =0 if and

only if x; = x{’. Direct calculatlon and (5.2) yield

Vi=(xi— )[f,(xz) + Zdu<— —%)}

j=1

i Ea(-) oo S (2 )|

n k
X Xi XiXj
= (% —x) (fitx) — fi(x})) + Zdijxj(x—; - x—' +1-— xl-x’f ) (5.3)
j=1 J i 17
Let ajj = dijx}, Fij(xi, x}) = —;{ - ’)‘(_?" +1- );:,{ and G;(x;) = )’:—:L +ln)’<‘—l§;. Then we have

n
<ZaijFij(Xi»Xj)s

j=1
and
*

Fij(xi»xj)=Gi(xi)—cj(xj)+]—l ' +1n
XX

x,x] <Gi(x) — Gj(x)).

Here we use two facts: (x; — x)(fi(x;) — fi(x{)) <0, and 1 —a+Ina <0 for a > 0 with equality
holding iff a = 1. We have shown that V;, Fjj, G;, and a;; satisfy the assumptions of Theorem 3.1 and
Corollary 3.3. Therefore,

Vxa.....x) =Y Vi)

as defined in Theorem 3.1 is a Lyapunov function for (5.1), namely, \; <0 forall (x1,...,x,) e RY.. Us-

ing the strong connectivity of (G, A) and a similar argument as in Section 4, we can show that \; =0
if and only if x; = x{* for all i. By the classical Lyapunov stability theory, E* is globally asymptotically
stable in R" . This completes the proof of Theorem 5.1. O

Theorem 5.1 contains an earlier result in Lu and Takeuchi [27], in which the global stability of E*
was proved under much stricter conditions that f,f(x,') <0 in (0, +o0) for all i.
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6. An n-patch predator-prey model

In this section, we consider a predator-prey model in which preys disperse among n patches
(n>2),

n
X =xi(ri —bixi —eiyi) + Y dij(xj — aijxi),
= (6.1)

yi=yi(=vi—é&iyi+ex), i=12,....n

Here, x;, y; denote the densities of preys and predators on the patch i, respectively. The parameters
in the model are nonnegative constants, and e;, €; are positive. The dispersal constants d;;, o;j are
similarly defined as in the previous section. We refer the reader to [13,23] for interpretations of
predator-prey models and parameters. When n = 2, Kuang and Takeuchi [23] proved the uniqueness
and global stability of a positive equilibrium by constructing a Lyapunov function. In this section, we
regard (6.1) as a coupled system on a network. Using a Lyapunov function for single-patch predator-
prey models [20] and our main result Theorem 3.1, we establish that a positive equilibrium of the
n-patch model (6.1) is globally asymptotically stable in Ri” as long as it exists.

A digraph G with n vertices for system (6.1) can be constructed similarly as in the previous section.
Each vertex represents a patch and (j, i) € E(G) if and only if d;; > 0. At each vertex of G, the vertex
dynamics is described by a predator-prey system. The coupling among these predator-prey systems
are provided by dispersal among prey populations.

Theorem 6.1. Assume (d;j) is irreducible. If there exists k such that b > 0 or 8 > 0, then, whenever a positive
equilibrium E* exists, it is unique and globally asymptotically stable in the positive cone Ri”.

Proof. Let E* = (X1, y7.....X;. ¥5), X{, ¥y > 0 for 1 <i<n, denote the positive equilibrium. Consider
a Lyapunov function in [20] for a single-patch predator-prey model

Vi(xi, yi) = €i(xi — x} Inx;) + e (yi — y; Iny;).

We show that V; satisfies the assumptions of Theorem 3.1. Following similar steps as in (5.3) we can
verify

2 7 < Xj X XiX:
J 1 M
Vi= —E,'b,'(xi — X;k) — e;d; (yi - y,*) + E 1 d,‘jE,’X}k»<Xjf — XT* +1-— Xjfxl,' >
j=

Ky
X'Xj
xix;f'

Set ajj = dijeix}, Fij(xi,x;) = % — ;‘—XL +1-— and Gi(x;) = —;‘—l_i + ln)’f—ii. Then, as in the previous
section, V;, Fjj, G;, and a;; satisfy the assumptions of Theorem 3.1 and Corollary 3.3. Therefore, the
function V(x1, y1,...,Xn, Yn) = Z?:] ¢iVi(xi, yi) as defined in Theorem 3.1 is a Lyapunov function
for (6.1), and \; <0 for all (x1,Yy1,.--,Xn,Yn) € ]Rf_”. Using a similar argument as in Section 4, we can

show that the only compact invariant set on which \; =0 is the singleton {E*}. The LaSalle Invariance
Principle [24] implies that E* is globally asymptotically stable in Ri". This also implies that E* is
unique in Ri", completing the proof of Theorem 6.1. O

The existence requirement for E* in Theorem 6.1 can be satisfied through persistence analysis,
which only involves dynamics on the boundary. Theorem 6.1 generalizes a global-stability result
in [23] from 2 patches to arbitrary n patches.
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7. A multi-group epidemic model with nonlinear incidence

In this section, we consider a coupled n-group epidemic model in which nonlinear couplings are
provided by inter-group cross infections. The model

n
Si=Ai—d’S;i— Zﬂijfij(si, I,
=
n
_ (7.1)
E,{ = Zﬂ,-jfij(si, Ij) - (d,E +€i)Ei, i=1,2,...,n,

j=1
I =&Ei— (di + )i,

describes the spread of an infectious disease in a heterogeneous population, which is partitioned into
n homogeneous groups. Each group i is further compartmentalized into S;j, E;, and I;, which denote
the subpopulations that are susceptible to the disease, infected but non-infectious, and infectious,
respectively. The nonlinear coupling term B;; fi;(S;, I;) represents the cross infection from group j to
group i. All parameters in (7.1) are nonnegative constants. For detailed discussions of the model and
interpretations of parameters, we refer the reader to [15,34]. Let G be a digraph with n vertices, in
which each vertex represents a group. An arc (j, i) exists if and only if g;; > 0, namely, if the disease
can be transmitted from group j to group i. System (7.1) can thus be regarded as a coupled system
on G. We note that G is strongly connected if and only if transmission matrix (f8;;) is irreducible.

Assume that €; > 0 and d > 0, where d} = min{d?, df, d! + y;}. Based on biological considerations,
we assume that f;(0, 1) = O fij(5i,0) = 0 and f,j(S,,I ) >0 for S; >0, I; > 0. We also assume that
fij(Si, I}) are sufficiently smooth. For each i, adding the three equations in (7.1) gives (S; + E; +1;)’ <

—di(Si+E;j+1;). Hence limsup;_, o (S; +E; +1;) < A;/dj. Similarly, from the S; equation we obtain
limsup;_, o, Si < Ai/dis. Therefore, omega limit sets of system (7.1) are contained in the following
bounded region in the nonnegative cone of R3"

A

_ A
:{(51,51,11,...,5n,5n,1n)eRi” i <@ S+E+Il\d*,

1<i<n}. (7.2)

It can be verified that region I" is positively invariant. System (7.1) always has the disease-free
equilibrium Py = (59,0,0,...,5%,0,0), on the boundary of I", where S = A;/d?. An equilibrium
P* =(S7,E7, I3, ..., Sy Ey, I*) in the interior I" of I' is called an endemlc equilibrium, where S

I¥ > 0 satisfy the equlhbrium equations

A =d’S} +Zﬁufu L), (7.3)
j=1

(df +&)E} _Z,B,,fu I, (7.4)
j=1

&EF = (dl + )1t (7.5)

In the rest of this section we consider the following basic assumptions on functions f;;(S;, I;):

(H1) 0 <limy o+
(Hz) fij(Si, 1) < Cij(Sp); for sufficiently small Ij;

= Cij(Si) < 400, 0 < S; < SY;

1

fij(Si, 1))
Ij
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(H3) fij(Si, Ij) < Cij(Spij for all 1> 05
(Ha) Cij(Si) < Cij(S?), 0 < S; < S0.

Classes of fij(Si, Ij) satisfying (Hy)-(H4) include common incidence functions such as f;;(S;i, Ij) =

Pj qi
Pj cqi I s;'
I;Si, fij(Si, 1) =1;"S}", and fij(Si, Ij) = WW‘

Assume that f;;(S;, I;) satisfies (Hy), and let

Ro = p(Mo) (7.6)

denote the spectral radius of the matrix

Bij€iCij(S9)
M():M(SO’SO,._.’SE):(# ,
(di +€)d; +v1) /1< j<n

If ij(S?) = 400 for some i and j, we set Ry = +o0o. The parameter Rq is referred to as the basic
reproduction number. Its biological significance is that if Rp < 1 the disease dies out while if Ry > 1
the disease becomes endemic [11,35]. The following results for system (7.1) are standard and can be
proved the same way as in [14,34].

Proposition 7.1. Assume that B = (B;;) is irreducible and f;;(S;, I) satisfies (Hy).

(1) If Ro < 1 and assumptions (Hy) and (Hg) hold, then for system (7.1), Py is locally asymptotically stable.

(2) If Ro < 1 and assumptions (Hz) and (Hy) hold, then Py is the unique equilibrium and it is globally asymp-
totically stablein I'.

(3) If R > 1, then Pg is unstable and system (7.1) is uniformly persistent. Furthermore, there exists an en-
demic equilibrium P* for system (7.1).

A mathematical challenging question for system (7.1) is that whether the endemic equilibrium P*

is unique when Rg > 1, and whether P* is globally asymptotically stable when it is unique. We have
the following result.

Theorem 7.2. Assume that B = (B;j) is irreducible and fij(S;, I;) satisfies (H1). If Ro > 1 and f;j(S;, 1)
satisfies the following conditions

(Si = SH(fir(Si, IF) = fir(ST. 1F)) > 0, Si# St (7.7)

(fis(Si I fii (S 1) = fi (ST 17) fii (Si. I7))
fiiSi 1) fii(SE, 15y fiy (S, 19 fii(Si 1)
( T B It

> <0, S;,1;>0, (7.8)

then there exists a unique endemic equilibrium P* for system (7.1), and P* is globally asymptotically stable
inI.

Proof. The case n =1 is proved in [22]. We only consider n > 2. Let P* = (S}, E{, I],..., S}, Ex. 1),
ST Ef, If >0 for 1 <i<n, denote an endemic equilibrium which exists from Proposition 7.1(3).

We prove that P* is globally asymptotically stable in I”. In particular, this implies that the endemic
equilibrium is unique. Let
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S I9) df + ¢
f“( 01D ge 4 gy EfInEi+ ~ YL = IFIny),
i

V(S,,E,,I)—ff”(g o

a Lyapunov function for a single-group model considered in [22]. We verify that V; satisfies the
assumptions of Theorem 3.1. Using equilibrium equations (7.3)-(7.5), we obtain
*

. i (SF, I¥ . E
Vi= (1 fc ((S' 61 )(A,- —d’si =Y Biifij(Si, 1;)) + (1 - —) (Zﬁuﬁ](sz, 1)
i (91, 1 =

dE i I*
-t vepen) + X (1= Y- 40
dSS*—i_ZﬂUfif 1’1) dssl Zlgufzj(sulj)

fll 17 l )(
=1~ I i ij
( fii(Si. 1) = =

( )(Zﬂufu(sul)—Zﬂufu ) )

1 fij (S*,I* I* € E*I;
Z A2 ] 1— i 61E1 1t
= [ I
@; fi(SE 1)
== (Si = S{) (fii(Si. I}) = fia (S} I}) (sp.1%)(3 - = is D
f,-i(si,l,*)( = S Ua(Se 1) = fu(St 1 +Z’3”f” ( fii (S, IF)
N fiSi IDfu(SE 1) fy(Si IpEF L E,-I;‘) 79)
fij(S,’-k,If)fu(Sz,If) fii(SEIDE IF EfL ' '
Let aij = Bij fij (57, 17), Gi(li) = —I'—l_‘; +1In ,’—% and
fu(shl )fu(s,*sl;k) fij(sislj)E?< . ﬁ_ Eil;k
fiy(S;. IDE:  IF EfL

fil (S, I
Fij(Si, Ei, i, 1) =3 — 1)
v fii(Si, IF)

_l’_
fl](S;k’ I}k)fll(slvl )

Then, by condition (7.7),
n
Vi< Z aijFij(Si, Ei, Ii, I ).

i,j=1

Let @(a) =1—a+Ina. Then & (a) <0 for a > 0 and equality holds only at a = 1. Furthermore
I fij(S7. 1) fii (Si, 1?))

Fii = Gi(x: Gi(x:)+ @ f”(s;k’lzk @ Eil;k @
y =Gl =6+ (fu<s,,11*> (E?‘11>+ (17fij(si,zj)fif(sr,1;‘>
q)(fij(si’lj)E?) n (fl](slaI])fﬂ(S:k’I;k _1><1 _ I]fU(ST,Ij-‘)fii(Si,If))
fij(SF. IDE; [ii(SE. ) fii(Si, 1) I fij (Si 1)) fii (57, 1)
flj(slvl )fu(sl*,l;k )( I]fl] I )fu(shl,* )
Gi(x) — Gj(xj) + 1)(1-
() = i) (fu(S;",I;‘)fn(Sz,I) I*fU(Sl,I ) fi(SE TF)
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Under condition (7.8), we can show that V;, Fj;, Gj, a;; satisfy the assumptions of Theorem 3.1 and
Corollary 3.3. Therefore, the function V = Y"1 ; ¢;Vi(Si, E;, I;) as defined in Theorem 3.1 is a Lyapunov

function for (7.1), namely, \; <O for all (S1,E1,14,...,Sh,En, 1) € I". 1t can be verified similarly as

in Section 4 that the only compact invariant set where \./ =0 is the singleton {P*}. By the LaSalle
Invariance Principle [24], P* is globally asymptotically stable in I". This completes the proof of Theo-
rem72. O

Remarks.

1. Condition (7.7) holds if fj;(S;, I}') is strictly monotonically increasing with respect to S;.
2. In the special case fi;j(S;, Ij) =h;(S;)g;(I}), condition (7.8) becomes

(] s i(r
g,(l.)_g,]"f M_M gO. (7.10)
(830t~ g (57 - 7
J

If gj(I;) is C! for I; > 0, then a sufficient condition for (7.10) is

gy
[

Ogg;(lj)g , I;>0. (711)

Furthermore, if g;(I;) is monotonically increasing and concave down, then (7.11) holds, so does
(7.10).

3. In the special case fij(S;,I;) = Silj, system (7.1) becomes the standard multi-group SEIR model
studied in [15]. Theorem 7.2 generalizes Theorem 1.1 in [15].

4. When n = 1, Theorem 7.2 contains earlier results on single-group SEIR models, see [22,25,26] and
references therein.

8. A multi-group epidemic model with time delays

In this section, we demonstrate that the general approach described in Section 3 can also be
applied to establish global stability of coupled systems of delay differential equations. We consider a
multi-group epidemic model with time delays that is described by the following system of functional
differential equations

n
Si=Ai—d?Si— Y _ BySilj(t — )),
. (81)

n
I;=Z/3,'j5,'1j(t— Tj) — (dll +Vi)1i, i=1,2,...,n.
=1

The parameters in (8.1) are nonnegative and interpreted the same as in (7.1). Here the time delays t;
are the result of disease latency. Similarly to (7.1), we regard (8.1) as a coupled system of differential
equations on a digraph G with n vertices. In G, (j, i) € E(G) if and only if g;; > 0. The vertex dynamics
at each vertex is defined by a system of delay differential equations describing a single-group SIR
model with latency [4],

S = Ai — d7 Si — BiiSili(t — ),

} . (8.2)
Ii=giSilit — ) — (dj + yi)li, i=1,2,....n.
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The coupling between vertices i and j are provided by cross infections pg;;S;Ij(t — 7;) and
BjiSjli(t — ;). For each vertex system (8.2), a Lyapunov functional is considered in [29]

Ir
Vi(Si, Ii()) =Si — S*—S*ln§+1,—1* 1*1n1—;
i
. ¢ Iit—1)
ji—r
+Zﬂ,-js;*/<lj(r—r)—rjf —Iiln %) dr. (83)
j=1 0 J

We will use V; and our approach in Section 3 to construct a global Lyapunov functional for sys-
tem (8.1).

Denote T = max{t;: i=1,2,...,n}. Let C be the Banach space of continuous functions on [—t, 0]
with uniform norm. We consider system (8.1) in the phase space

x=[]®xo0. (8.4)
k=1

We consider nonnegative initial conditions for system (8.1)

Si(0) =si 0, lio=¢i, i=1,2,...,n, (8.5)

where s; o € Ry and ¢; € C satisfies ¢;(s) > 0 for —7; < s < 0. It can be verified that solutions with
initial condition (8.5) remain nonnegative. Furthermore from the first equation of (8.1) we obtain
Sit) < Aj — dSS (t). Hence, limsup;_, o, Si(t) < . For each i, adding the two equations in (8.1)
gives (Si(t) + I;:(0)) < Aj — di (Si(t) + 1;¢(0)), Wthh implies that limsup;_, . (Si(t) + I[;:(0)) < i*,
where df = min{d?, d' + y;}. Therefore, the following set is positively invariant for system (8.1)

1771

Aj
@):{(51,11(.), Sy In() eX’O d—S’ 0<S;i+1;(0) < _*'

I,-(s);O,se(—ti,O],i:l,...,n}. (8.6)

Let

Ai Al
={(51.H O, S () e X|0< 5 < S 0<Si+ 10 <

; @

Ii(s) >0, se (—1;,0], i:],...,n}. (8.7)

It can be shown that @ is the 1nterlor of ®. In ©, system (8.1) has the disease-free equilibrium

Po=(59,0,...,5%,0), where S? = dS' and an endemic equilibrium P* = (S%,1%,..., Si, I}) satisfies
S7, If >0 and

Ai= Zﬁ,js*1*+d55* Zﬁus*r*— (d +y)r.
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Using the method in [11], it can be verified that the basic reproduction number Rg = p(Mp) for (8.1)

is the spectral radius of the matrix
;i S9
Mo = <_’? S )
d; +vi/nxn

The following result is standard and its proof is omitted.
Proposition 8.1. Assume that B = (B;j) is irreducible.

(1) If Rg < 1, then Py is the unique equilibrium for system (8.1) and it is globally asymptotically stable in ®.
(2) If Ro > 1, then Py is unstable and there exists a unique endemic equilibrium P* for system (8.1).

Our main result in this section is given in the following.

Theorem 8.2. Assume that B = (B;j) is irreducible. If Ro > 1, then (8.1) has a unique endemic equilibrium P*,
and P* is globally asymptotically stable in ©.

Proof. The case n =1 is proved in [29]. We consider the case n > 2. Let P* = (S7,I7,...,S;. I}),

where S,*,Il* > 0 for 1 <i < n, denote the unique endemic equilibrium of system (8.1). Let V; be

defined in (8.3). We show that V; satisfies the assumptions of Theorem 3.1. Notice that

Tj Tj

d L L= 9 R IS
/5<Ij(t—r) If=I*ln 7 ) _—/E(Ij(t—r)—lj—IjlnT>dr.
0 0

Similar steps as in (7.9) lead to

. dS S L Silje—tpIF I Ii(t — 1))
R S*I*l2—- L — — — e A b 1 11-1# .
Vi ; +Zﬂ” < Si IF SI%; + I + I
Let ajj = Bi; S} ;‘ Gi(Ij)) =— +ln i ®(@)=1-a+Ina, and
S¥ I Silit—tTHIF Ii(t—1j)
Fii(Si, Ii, 1i(- =2__’__1_¥ 2 mul
u( i 1i, Ij( )) S T 5;‘1711' + 17 + I;

Then V; < Zij a;jFij(S;, Ij, 1;(+)), and

Silj(t — Tplf

S*
Fij = Gi(I;) — G(1])+<D<S>+<D< 5}"1711'

) <Gl — G

Therefore, Vi, Fij, Gj,a;j satisfy the assumptions of Corollary 3.3, and the functional V =

St ciVi(Si, Ii(+) as defined in Theorem 3.1 is a Lyapunov functional for (8.1), namely, \; <0 for
all (S1,11(), ..., Sn, I4(-)) € ®. Using a similar argument as in Section 4, we can show that the only

compact invariant set where \./ =0 is singleton {P*}. By the LaSalle-Lyapunov Theorem for delayed
systems (see [24, Theorem 3.4.7] or [16, Theorem 5.3.1]), we conclude that P* is globally attractive in
® if Ro > 1. Furthermore, it can be verified that P* is locally stable using the same proof as that for
Corollary 5.3.1 in [16]. This completes the proof of Theorem 8.2. O
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Remarks.

1. When 1; =0,i=1,2,...,n, system (8.1) becomes the standard multi-group SIR model without
delays studied in [14]. Theorem 8.2 generalizes Theorem 3.3 in [14].

2. When n =1, Theorem 8.2 gives a global-stability result of McCluskey [29] for a single-group SIR
model with delay.
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