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INTRODUCTION

In many questions of analysis we encounter the problem of approximating
a given norm by “‘simpler” ones. For example, if

lal = sup [aGx),

a suitable candidate for an approximate norm is

lal, = max !a(—’];—)

0k <m—1 >

with m large. More generally,

1 1/»
all = a(x)|? dx =1
lall = (] 1a@rds) " (=D
can be approximated by

lallm = (mil

k=0

kP 1A\Y?
a () Tn“) :
These are examples of so-called discrete approximations. In other problems,
one would like to approximate

lall = sup | a(x)|
by

1/9p,

laln = ([ la@P=ax)

where p,, ~> 0.
We believe that it is worth while to put the above on a more formal basis.
The present paper is a first, modest attempt in this direction. In particular,
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our general point of view allows us to treat, in a more systematic fashion, the
convergence of a number of algorithms in approximation theory (discretiza-
tion of continuous Tschebycheff-approximation, Pélya algorithm etc.) We
also give a new look at the little (or Hausdorff) moment problem. These
general ideas are also very useful in connection with the theory of interpola-
tion spaces but this we shall treat elsewhere.

A notion of convergence of normed or, more generally, metric linear spaces
has been studied in a paper by Semadeni [7] but there seems to be hardly
any connection with the present work. (More close to our viewpoint comes
a paper by Kripke [3].)

The plan of the present paper is as follows. In Section 1, the general
definitions are given. In Section 2, we briefly review some known facts in
linear approximation theory. In Section 3, we give a general theorem on the
convergence of algorithms, along the lines of a theorem by Cheney [1] dealing
with the concrete case of approximation by algebraic polynomials. This case
is studied here in Section 4. Finally, in Section 5, we use our ideas in
connection with the moment problem, mentioned above.

1. Basic DEFINITIONS
Let A be any vector space over R.

DeFINITION 1.1. By a norm || ||, we mean a mapping 4 —R* :a— | a||
such that

lat+bl<fal+{al
[ Aafl = Alllaj.

Consider the linear subspace N = {a || a| = 0}. If N = 0, we speak of a
proper norm. If N is of finite codimension, we speak of a discrete norm.

We have, thus, departed slightly from the usual terminology.

Our terminology Usual terminology
Norm Seminorm
Proper norm Norm

DEFINITION 1.2. By a normed space we mean a vector space 4 with a fixed
(usually proper) norm || || = || l4.
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Next, we consider sequences of norms | ||, on A4 (where, usually,
m=1,2,.).

DerINITION 1.3, || ||, is an approximation of || || if
limjial, =[all (YaecA).

If all norms {} ||, are discrete, we speak of a discrete approximation.

DerFmNiTION 1.4. || |, is a null-sequence if
limjlall, =0 (VaeA).
The following result is obvious.

ProrositioN 1.1, || |, is an approximation of || || if there exist null-
sequences || |X and || |[X* such that

lal <llalm+llalm, (1.1)
lal <llall+lalx* (1.2)
DEFINITION 1.5. || ||* is called a majorant of the approximation and || [|X*

a minorant,

The following is a general way of constructing approximations: Let A4,, be
a sequence of normed spaces. Let there be given, for each m, linear mappings
Qn:A— A, and P,, : A,, — A such that

U,—1 {(pointwise convergence: || U,a — a || — 0)

where we have set U,, = P,,Q,, . Then we may take
lall, =1l Qnalls, -
If
| Pnalls =llala,,

lim || Qna s, < all

then clearly (cf. Theorem 5.1)

lallm—>llall=lal.

640/3/3-2
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If U,, is of finite rank then this is a discrete approximation. Question: Does
any (separable) normed space admit a discretization of this type ? The answer
is trivially positive if the space posseses a Schauder basis.

2. THE FUNDAMENTAL PROBLEM OF LINEAR APPROXIMATION THEORY

Let B be a given subspace of a normed space A. Let us set

E(a) = E(a, A, B) = ti;relg” a-—bl.
Clearly
E@ <lla—bll (VbeB)
and in particular (take b = 0),
E(a) <|lal.

The fundamental problem of linear approximation theory consists of finding
b € B such that

E(@) = a—b]|
We say that b is a solution. It is a classical fact that a solution always exists in

the following two cases:

(a) Bis finite dimensional (see [1], p. 20).
(b) A is uniformly convex, B is complete (see [1], p. 22).

(For more recent results in this direction, see also Cheney and Wulbert [2].)
Concerning uniqueness, we list two typical cases where it holds:

(«) A strictly convex, B finite dimensional (see [1], p. 23).

(B itall a Tschebycheff-norm (maximum-norm), B a Haar subspace
(see [1], p. 80).

(For more recent results, see, e.g., Phelps [6], Singer [8].) If uniqueness holds,
we denote the unique solution by Ta (Tschebycheff-operator). Clearly,

E@) = lla— Ta|| <lla—b]| (Vb e B).
We say that we have strong uniqueness if
ylib—Tall+lla—Tal|<lla—b| (VbeB)

where y > 0 depends on a only. Strong uniqueness is known to hold in case



APPROXIMATION 247

(B) above (see [1], p. 80). In case («), strong uniqueness does not hold. How-
ever, we have the following substitute

B@ 8, (L2 + e~ Tall < la— b1,

where
bi(e) = (1 + 98 (),
8(e) denoting the modulus of convexity.

DerFmNITION 2.1. By an algorithm for T we mean a sequence of
Tschebycheff-operators T,, corresponding to an approximation || - ||, of || - [I.

3. CONVERGENCE OF ALGORITHMS (GENERAL CASE)

We consider the following situation: T, is an algorithm for the
Tschebycheff-operator 7. We assume (strong uniqueness) that

$llb—Tal) +lla—Tali<lla—bl| (VbeB), (3.1
(ﬁm(” b — Tma ”m) _I' ” a— Tma ”m < ” a—b Hm (Vb € B)9 (32)

where ¢ and ¢,, are positive functions depending on a. We also assume that
there are given a majorant || ||X for | ||, such that

|bllm < Nullbll (VbeB) (3.3)
and a minorant || |[** such that
Noln* < Ni*ibll  (VbeB) (B34

for some constants N, * and N}*. If B is finite dimensional, the existence of
such constants is automatically guaranteed. Also N,,* — 0 and N} * — 0 as
m — oo, First we prove:

LemMma 3.1. If (3.3) holds and N,,* < 1, then

18] < =35 lbln (BB, (3.5)

Proof. From (1.1) and (3.3)

NoI < Ublm +110lm <Ubllm + Nu* 111
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Hence

(=N BN <N Bl -

Our main result is

THEOREM 3.1. Assume that (3.1), (3.2), (3.3), and (3.4) hold and that
N, * < 1. Then

¢l Ta — Tpall) + bulll Ta — T llm)

* k% 2Nm* * 3k
Slalm +laln™ + 3wl aln +2Na"lall (Vacd). (3.6)

Proof. Using (3.1) and (3.2), we get

#(| Ta — Tual) + bull Ta — Tna )
Slla—Tuall—lla—Tal) +(la —Talm — @ — Tna|wn)-

But, by (1.1) and (1.2), we have

la— Twall —lla—Ta| <|la— Tyalm — lla— Tall +lla — Tpaln,
la—Talw—lla — Tnalm <la—Tall = lla— Tpaln+lla — Tualn*.
Adding up, we arrive at

$(1 Ta — Tpal)) + éull Ta — Tpallm) <lla — Tnalln + lla — Tallz*.

We estimate each term separately. Using (3.3) and (3.5), we get D
la— Tualls <Ilalis + No* | Tuall <l + 122 Tolo
But
| T lln <N @llw + 1@ — Tt lln <21 @llm .
Hence
la— Tuallf <llalii + 22 aln- (3.8)

Next, using (3.4), we get

la— Taln* <laln*+ Ni*| Tal.
But, again,
[Tall<lall+lla—Tall <2|al
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Hence,
la— Talln* <|| alln® 4 2Nx* |l a||. (3.9)
Inserting inequalities (3.8) and (3.9) into inequality (3.7), we end up with (3.6).
Q.E.D.
Two special cases deserve special mention.

CoROLLARY 3.1. If || [¥* =0, so that ||a|l, <|al (VacA), and if
N, * <1, then

2N, *

#(| Ta — Tpa|) + ¢l Ta — Tpallm) <l alm + 1————Nm_*” all. (3.10)
COROLLARY 3.2. If| |IX¥ = || X, NX* = N,* <1, then
¢(l Ta — Tral) + éulll Ta — Tnaim)
* 2N * *
<2Hallm+1—-_——*llallm+2Nm llall (3.11)

4. CONVERGENCE OF ALGORITHMS (CONCRETE CASES)
We now turn to concrete applications of the results of Section 3.

ExaMpLE 4.1. We take
A = C* = the set of continuously differentiable functions on I = [0, 1],

B = the set of algebraic polynomials of degree <n,

la|l = max | a(x)l,
lallm = max [ a(x)l,

where I, is a finite subset of I consisting of points x;, , which we call nodes.
lla|l,, is a discrete norm. Moreover,
lal. <lal,

so we can take (as in Corollary 3.1)

lals* =0.
Choose
k

X = k=01,.,m—1).
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(A slightly more advantageous choice would have been

o — K0/

- (k=0,1,.,m—1);

cf. [1], p. 93). Let x, < x < x;, + 1/m. Since
a() = a(x) + | a9 d,

! 1 !
la@@)| < | a(xe)| + (x — x) max | @'(§)] < | all. + el CRIE
Hence we get
.,
lal <laln+—-lidl,
so that we may choose

1
ES
lalm =—Ia"l.

If b € B(i.e., b is a polynomial of degree <(n), we have by Markoff’s inequality
(cf. [11, p. 91)

N I
||bl|m—m|fb\|< el LR

Thus, we may take

2n?
Nm* B —};l— .

Applying Corollary 3.1, we now get with #(g) = yo (dropping the term
involving ¢,,):

1 2(2n%/m)

vyl Ta— Tyal <m”a'”+—l—m”a“ (m > 2n?%, (4.1)

an inequality essentially contained in Cheney [1], p. 92. We are here particu-
larly interested in the behavior of the left hand side of (4.1) as m — co.
Obviously, (4.1) implies

| Ta — Tpall = O (—'1;) 4.2)

To improve this estimate we have to put further restrictions upon the
functions a. [Cheney’s result in [1], p. 92, is in the opposite direction. He
requires just continuity of a and gets a weaker estimate in terms of
the modulus of continuity w(¢, a).]
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ExampLE 4.2. Take

A = C? = the set of twice continuously differentiable functions on I = [0, 1},
B, | all, || allx as in Example 4.1. We augment, however, I, , by adding to it
X, = m/m = 1. Thus, we have

¥x, <x<x;+ l/m = x4, we use the formula
a(¥) = a(x) sy — 3) + aCe) mx — x) + [ Kx, 8 a'(©) dé,
with )
K(x, &) = (x — xp )€ — Xps1) if x <¢,

(é — X)X — Xgia) if x=¢
and deduce

la(x)] < max(| a(xg)l, | a(xe2)) + $0x — x)(Xea — x) max | a"(€)]
<laln+ g la'lh
Hence
lall <llal + 5z la’]

and we are lead to take

lallk = grzlial

If b € B we get, again, by Markoff’s inequality (iterated)

U BT
ol = oz 1671 < 5 110

and subsequently

. n
No* = 5.
Corresponding to (4.1), we thus have
1 ” 2(n*/2m?) =
| — e S S A 2
vl Ta — Tpall < e ha"ll + 1= (2 lall  (m>1/vV2r¥) (43)
and corresponding to (4.2},
1
| 7Ta — Tpall = O (—}- (4.4)

We have improved the previous O(1/m) to O(1/m?). It does not seem likely
that this can be easily improved further; O(1/m?) is about the optimum which
we can hope for.
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Remark 4.1. A theoretical possibility of improving the estimate is,
however, the following. For each m, we consider the mapping (function to
sequence)

Qm ca— (a(xo),"-a a(xr,,,))
and the mapping (sequence to function)
Pm:a_) Z hmk(x)ak,
k=0

where h,,,(x) are given functions and r,, = 1 + card [, . (In Example 4.1 we
had

1
1 if xe xk,xk'{——‘—,
Bri(x) = [ " ] Fp=m,
0 elsewhere,

and in Example 4.2,

m(x — xXpy)  if X €[xp-, Xz),
hai(%) = {M(Xp4q — X) it xelxg, Xpal rm=m -+ 1.)
0 elsewhere

The basic assumption is that
U,—1 as m-— o0,

where U, = P,Q,,. The corresponding assumptions on h,;(x) are well-
known. Indeed, under suitable assumptions on h,,(x), it is even possible to
prove a much stronger result, namely,

C
la— Unall <=1 a™].

For example, it suffices to assume that

5 ho(9) = 1,

k=1
Y (x — xp) hrx) = 0,
k=1

T'm

Y (6 — x)N Thm(x) = O,

k=1

sup 3 [ x — X [V hu(%)] < 0.
k=1
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With
A = CV = the set of N times continuously differentiable functions on
I=10,1], |lals=1Unall
and B, || a || as before (Examples 4.1 and 4.2), we are, then, lead to

| Ta — Tpal = O (%)

(4.5)

The problem is that || a ||,,, is quite a complicated norm, in general not of the
Tschebycheff type, so in concrete cases the computation of 7,,a might cause
difficulties and the fact that we have a better estimate will be of little actual
help.

ExampPLE 4.3. We take 4 and B as in Example 4.1; 4 = C!, B = the set
of polynomials of degree <(n, but change the norms, namely,

lal = (] 1ae )",

and
el = (S laor )" (withx = 1)

Here 1 << p < o0. We have
m—-1 l

lalP—lals = [ laGoPdr— 3 |aGai® o

m—1 Zp+l/m

- ;;o L (Il a(x)|” — | a(x,)I7) dx

m—1  &t+1l/m

k=0

(I° #1 a0 a9 a6 ) a.

In view of Holder’s inequality, the last integral is bounded above by

) (]

p-+1/m

oI

and, thus, the corresponding summand is bounded above by the last expression

Tp+1l/m ?

1/
PGL df) :

13 Tk
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multiplied by 1/m. Thus, using once more Holder’s inequality (for sums), we

get
lla
k=0" Zp

=L japrjay.

On the other hand,

Hal? —falnl =lal®™ llall —lall,
and so,
_ Poaa
Hlhall laln | < —-lial.
Thus, we can take
x _ *x _ P
lain =llalm" = —~ldail.

rtainl < Z(E [T aera) (T wor )

1/p

If b € B, we may apply the L, -version of Markoff’s inequality (cf. Stein [9])

and get

pA,,n

10l =1bln* < 16",

where A4, is a constant depending on p only. Thus, we may take

N*=N**=
m m

2
BT (with B, = pA,)

Applying Corollary 3.2, we now get with ¢(u) = yu?, 1/g = max(}, 1 — 1/p),

2(Bn?/m)
1 — (B,n*/m)

ZB,,n

lall + Il @l

(m > B n?),

A,
vl Ta — Taale < 22 1@ +

which, in particular, implies

| Ta — mal[—O( 1 ).

l/q

ExampLE 4.4. [Pélya (or de la Vallée—Poussin) algorithm.] Take

A = C° = the set of continuous functions on 7 = [0, 1],
= the set of algebraic polynomials of degree <(n,

Il all = max | a(x)},

1/Dp

ally = ([ 1aGPdx) ",

(4.6)

4.7
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where p,, — o0 as m — co. From the inequality
lax)] < la@) +1x—Elldl,

we obtain by virtue of the L -triangle inequality for p > 1,

o ([ 1t < ([ 1aorde) "+ ([ 1x—erae) e

where J,, is any subinterval of 7 of length & <C 4, containing x. This yields
lal <A™ |alln +hla |
= {18 + ("M — Djlal, + ki l).

On the other hand, it is trivial that

hal, <liall.
We now choose

h = hy, = 18Pm
Pm

(This is about the best choice.) We then end up with

Il <llal <laln+ L2 (a]+]a )

m

with C independent of m. Accordingly, we choose

m

lajt = —C—ll‘j—gﬂ(|lal| Flad),  lalit=o.

If be B, Markofl’s inequality is again available. We do not include the
details and content ourselves with the estimate

| Ta — Tpall = O (l°—§p’"—), m— oo. (4.8)

We feel that it is unlikely that this can be improved upon very much.

5. AN ABSTRACT MOMENT PROBLEM

Let A be a normed space and let 4, be a sequence of such spaces. Let
P, :A,— Aand Q,, : A— A, be as in Section 1, with

Up — 1, 5.1
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where U,, = P,Q,, . If ¢ is a continuous linear functional on 4, its norm is
by definition given by

Il ¢lle = sup| $@)l/iiall.
Let us define, for each m, a continuous linear functional ¢, on 4,, , by setting

$ul(a) = $(Pna).

The corresponding norm is
| émlla,y = sup | dm@\/ll @lla,, = sup | (Pna)l/ll all,, -

What we term as a moment problem is to relate the norms || ¢ |4+ and
| ém lla,- . To this end, we prove

THEOREM 5.1. Assume that besides (5.1), we have

| Prally < llall,, (5.2)
i || Qna s, < all. 5.3
Then
lim || b lla, =1l bl -

Proof. We have by (4.2)

| $ml@)] = 1¢(Prd)| <l @llu | Pratlla <l bllarll@la,-

Therefore
'1?_;{10 l ¢m ”A,,,’ </ 95 lLa” -

To prove an inequality in the opposite sense, choose, for € > 0, an a such
that

| @] = ¢ lla(l — o), lallg=1,
and m so that
la— Unall <e
we have used (5.1). It follows that

| $(Unma@)| =1l ¢ [La(1 — 2e).
But
(ﬁ(Uma) = ¢(P QOa) = ¢m(Qma)5
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so that
lim | $(Un@)| < [im || $pn |la,] lim {f Upa |
= [lim || ¢ llg, ]l @ll = Hm || $ lla,, -
Therefore

im |} b lla, = 1l ¢ Il — 2e),

m-

and, € > 0 being arbitrary,

im [| ¢ e, =11 6 L - Q.E.D.

m->0

We now give a concrete application (corresponding to the classical little
moment problem; cf., e.g. [10], Chap. I1I).

ExamMPpLE 5.1. We take

A = C° = the set of continuous functions on 7 = [0, 1},

1/p )
lale=lal, = ([ laGrdx) " with 1<p <o
(interpreted as max la(x)| if p = ),

A, = Buclidean (m 4 1)-space,

oty =laly = (% 1P o)

k=0

(interpreted as  max la | if p = o0),
= 3 i — (M & m-—k
Put)) = Y. B ar,  With Bund) = (1) %71 — 9,
k=0

Ona = (a(O), a (_nl?)’ a (%),, a(l)).

We check the validity of (5.1), (5.2), and (5.3). That (5.1) holds is the classical
theorem of Bernstein (cf. [1], p. 66-69). Note that U, = P,Q, is the
Bernstein operator. That (5.3) holds is obvious (existence of Riemann
integral, cf. also Example 4.3). There remains thus (5.2), i.e., the inequality

” Ppa ”13 < “ a ”1» for 1 <p Koo, (54)
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In view of the Schur interpolation theorem (a special case of the M. Riesz
interpolation theorem), it suffices to prove (5.4) in the extremal cases p = 1
and p = 0. We obtain

m
| Paaly < 31 Bom | 0| < il mas | Bon ]l
Pral < | 3 Bin | el = Vil
k=0 W

Using the Euler integrals, we have

1Benlh = () [ 5401 — v

) k= ) Tk £
k! (m — k)!
= (z) (;Sn+1)!) Zmi1<i

so that|| P,al; <[ al;. Let ¢ be any continuous linear functional on 4. We
now have

8ol@ = HPo) = 3 BBen) a0 = ¥ D s (59

with A,,, = m¢(B;n). Therefore we find

u SN 1,1
a— » R — —_— =
Il = (Z 10 5) Gt =1)
Application of Theorem 5.1 thus yields
. m o 1 1/p’
bl = tim (12 ) 5.6)

This should be compared with the classical results (cf., notably, [8]).

Remark 5.1. Using a more general interpolation theorem we can cover
the case of an arbitrary rearrangement invariant norm (in place of the L,
norm || |,); cf. [3], p. 80. This is the widest range for Schur interpolation.
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ExAMPLE 5.2. We take

A = C! = the set of continuously differentiable functions on 7 = [0, 1],

_— ’
lally = jmax |a'(x),

A,, = Euclidean (m + 1)-space

lal, = ogl;flgﬁ_l [ @g4a — ar |,

P, and 0, as in Example 5.1.
The following formula is of interest:
DP,, = mP,,_,4. (5.7

Here D and 4 denote differentiation and the difference operators, respectively,
ie.,

Da(x) = d'(x), da, = .y — ay -
Using (5.7), it is not hard to see that

Jmax, | DU a(x) — Da(x)| — 0 as m — c0.

In other words, (5.1) holds in this case, too. Also (5.2) and (5.3) can be
readily verified. If ¢ is any continuous linear functional on A, the corre-
sponding ¢,, is again given by (5.5) and we have

m-1 1
I mlla = 2 | Aam |,

par
where A,,, is defined by
Ay ym — Apm = Meom k=1.,m—1),
(5.8)
‘Ao.m = /\O,m » Am,m = /\m.m .

Note that A, is well-defined since the compatibility condition

M3

)‘k,m = 0

k=0

I

for the solvability of (5.8) is obviously fulfilled. Application of Theorem 5.1
now yields

m—1
1 $le = lim 5 | A | (59)
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Remark 5.2. The result (5.9) can be extended in several direction. For

example, we can treat the case of Lipschitz norms (i.e.,

fally=supla(x) ~a(y/ix—yl*

with 0 << « << 1). Here it is advantageous to use the theory of interpolation
spaces. Note that these spaces were used by Lofstrom [4] to solve a dual
problem.

10.
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