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The present paper is concerned with the first boundary value problem for a certain
class of quasilinear non-uniformly parabolic equations. New a priori estimates of
the solution and of its gradient are obtained. These are independent of the smoothness
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INTRODUCTION

The primary question for quasilinear uniformly and non-uniformly para-
bolic equations consists in obtaining an a priori estimate for the gradient
of the solution |Vu|. In the case of one space variable this estimate have
been obtained without any restriction on the smoothness of the coefficients
(see [1]). In the higher dimensional case the main idea, that goes back
to S. N. Bernstein, involves the preliminary boundary estimate of |Vu|,
differentiation of the equation and application of the maximum principle
(see [2]).

In the present paper (Section 3) we consider the first boundary value
problem for a certain class of quasilinear non-uniformly parabolic equations
for cylinders with a strictly convex base. We obtain an estimate for |Vu| in
the whole domain without differentiation of the equation. The estimate is
independent of the ellipticity coefficient, of the smoothness of the coef-
ficients of the equation and is found explicitly. Based on this a priori
estimate and known results [ 1, 3, 4] the existence theorem is proved. In
deriving an a priori estimate for |Vu| the idea of introducing an additional
spatial variable [ 1] is used (see also [5-8]).

In Section 1 and 2 we consider the first boundary value problem for the
general quasilinear non-uniformly parabolic equations in arbitrary domains.
A new sufficient condition for the boundedness of a classical solution is
obtained. The generalization of the uniqueness theorem (Theorem 2.8 from
[2]) is given.
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264 A. S. TERSENOV
1. ESTIMATE OF THE SOLUTION

Consider the following problem

aii(t,x,u,Vu)ux_x_—u,zf(t,x,u,Vu) in Q,=0x(0,T7), (L.1)

L)

(we assume the summation convention)
u(0, x) = @(x) on Q and u=y(s) on S=002x[0,T], (1.2)

where Q<= R" is bounded domain, x=(xy, X,, ..., x,), Vu={(u,, .., u,),

*n

az=ay, i, j=1,2, .., n. Assume that the functions a;, f are defined on the

set O,x R x R?, are bounded for (¢, x) € O, and for finite u, Vu and
a;¢,.8;=0, V&eR" (1.3)

Suppose that there exist an index i,, without loss of generality set i, =1,
such that f satisfies, for (¢, x) e O, and any u, p, the structure condition

|f(t5 Xa u, pla 05 (3] O)l <all(ta X, U, pla 0> (3%} 0) ‘M|P1 |) (14)

where /(p) is a continuously differentiable function such that (p)>1 for
p=0and

+ oo
| L (15)

v(p)

Lemma 1.1. Let u(t,x) be a classical solution (u(t,x)eC%(Q;)n
CrA0,\(SuQ))) of the problem (1.1), (1.2) and assume that conditions
(13), (14), (1.5) hold. Then

sup |ul| < M,
Or

where the constant M depends only on y, m =max{sup |§|, sup |x|} and d,
d is the size of the domain Q in the direction of the variable x,.

Proof. Without loss of generality assume that Q is lying in the slab
0<x,<d. Let
2n
L(u)Eall(uxlxl_l_lp“uxl|))+ z aijux,-xj_ur'

i+j=3

Introduce the function A(x,) such that

h" +y(|h'])=0, h(0)=m, h(d)=H,



QUASILINEAR NON-UNIFORMLY PARABOLIC EQUATIONS 265

where H is a constant to be specified below. Represent the solution in
parametrical form (which is an easy matter when using the substitution

h'=q)
Lt M@=y

where g €[ ¢y, ¢,] and ¢,, ¢, are chosen so as to have ¢, >¢,>0 and

apd a d
W)= 275 -

q dﬁ
J, o

which is possible due to (1.5). We put

xl(q = =d>

a pdp dp
- LO

Obviously, #'(x,)=¢>0 and hence u—/h<0 on QU S. Besides L(h)=0
and thus for w=u—h we have

2n
L(u)_L(h)ELO( )_all( ‘(1\1+ﬁw + Z atjm;‘cx w,

i+j=3

= f(t, X, u, Vu) +ay (1, x, u, Vu) Y(Ju,, |).

In view of the fact that u(f, x) is a classical solution_and that the function
W(p) is a C' function we obtain that |f| < + o0 in 0, \(SuU Q).
Consider the function w=we ~'. We have that

2n
Lo(w)=a,(W, . + )+ 3 ag, . —Ww—w,

i+j=3

= e_t(f(t’ X, U, VM) +a11(t’ X, U, VM) l/j(|u,\fl |))

If the function W attains its positive maximum at the point Ne O, \(Su Q)
then at this point Viv=0 ie. u, =h',u, =0 for i=2,3, ..n. By virtue of
(1.4) we obtain

2n
ay(Wy o+ )+ Y AW =W =10, | y
i+j=3

= eit(f(ta X, U, ux]a 0, () 0) +a11(ts X, U, uxla 05 sees 0) lp(|ux] |))|N>0

This contradicts the fact that W attains its positive maximum in O, \(S U Q).
In view of the non-positivity of # on the S € we conclude that w <0 on
QO and consequently w=u—h <0 on Q.
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Since /4’ >0, the function v=u+/h is not less than zero on SuU Q.
Obviously

Ll(u) = aijuxix/_ u, :f(ta X, U, VH) and Ll(h) = _all(ta X, U, Vu) W(|h,|)
It is clear that for o =ve " we have

aijﬁxix-_ 5_51‘ zeil(f(ta X, U, V”) _all(ta X, U, Vu) W(|h,|))

J

If the function ¢ attains its negative minimum at the point Ne 0, \(Su Q)
then at this point Vi=0 ie. u, = —/', u, =0 for i=2, 3, ..n. By virtue of
(1.4)

aijljx»x._5_5I|N:eit(.f(t’ X, U, _h,, Oa ooy 0)
7a11(t5 X, U, 7h,7 O’ ooy O) w('h’|))|N<0
This contradicts the fact that ¢ attains a negative minimum at N. Taking

into account that o= (u+h)e >0 on SUQ we conclude that >0 on
O and hence v =0 on Q. This completes the proof of the lemma.

Remark 1.1. Instead of (1.5) it is sufficient to require the existence of «,
and a, (o, >0 >0) such that

fld—p:d.

x Y(p)

Remark 1.2. 1If the condition (1.5) is fulfilled for y(p) such that y(0) =0
(instead of Y(p)>=1), then (1.5) can be replaced by the following condition

+ o0 dp
— =40
J0 Y(p)
For example we can take y(|u, |)=lu,, | for any non-negative constant

keR.

We will now prove the estimates of the solution near the boundary in
a special case. These will be used in Section 3 for the estimation of the
gradient of the solution.

DeriNITION.  We will say that the domain Q satisfies the condition (a) if
Q is strictly convex, Q = {x: 4,<x,;<B,, i=1,..n}, where 4,<0, B;>0,
0QeC? and (4,,0,0,..,0,0), (0,4,,0,..,0,0),.., (0,0,0,..,0,4,),
(B;,0,0,..,0,0), (0, B,,0,..,0,0), ..., (0,0,0, ..., 0, B,) € 0Q.

Obviously if Q satisfies the condition (a) then it is possible to represent
the parts of 02 which are lying in the half-spaces x,<0 and x;>0,
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i=1,.,n in the form of the functions x,=F;(X, ., X;_ 1, X;415 - Xp)s
X; =G (X1, ey X;_15 X;415. X,) Tespectively, where F;, G; i=1,..,n are
C? functions. Introduce the functions /;(x;), hy(x,), i=1,2, .., n by the
following

hi;+y(|hy;]) =0, hy(4;)=0, hyi(A;+70) =2M, (1.6)
2T W) =0, hy(B;i—10) =2M, hsi(B;) =0,
where y now satisfies the following condition
+ o0 p dp
—— =+ (1.7)
J w(p)

and M =sup, |ul. To define 7, represent /1, in parametrical form

_ped L dp
0=1 o 0= 0

where ge€[q,,q,] and ¢,, g, are chosen so as to have ¢, >¢q,>m; >0,
i=1,..,nand

a1 pdp
h(q)=| % =2
! (q) 0 lp(p)

which is possible due to (1.7). The constants m, will be specified in
Section 3. We put

9 dp
To=| ——.
0 490 l//(p)

Suppose that instead of (1.4) the following condition is fulfilled

|f(t9 X, U, p)|<a11(17 X, U, p) l//(lpll) (18)

for (¢, x) e Q, |u| <M and any p, where p=(p,, ..., p,,)-

Lemma 1.2. Suppose that Q satisfies the condition (a). In addition
suppose that y =0, a; =0 for i # j and

19(X)| <hyi(Er)  InDyy, k=12
where &, =x; — Fi(X')+ A4, &y =x1— G(X')+ By, X' =(x5, ..., X)),
D, =Qn{x:F|(xX)<x,<F(x')+719; 4;<x;<Bj,i=2,..,n},
D, =Qn{x:G(X)—1o<x, <G (X'); A;<x;< B, i=2, .., n}.
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If the conditions (1.3), (1.7), (1.8) are fulfilled then for any classical solution
u(t, xX) of the problem (1.1), (1.2) we have the estimates

(2, X)| < 7yt (Eir) in D% =D, x[0,T], k=1,2.

Proof. Obviously, |u(t, x)| <hy (&) on Dy, u (0D, x[0,T]), k=1, 2.
Let

n

LO(“)Eall(uxlxl+W|uxl|)+ Z ajjux/x/_ut'

j=2

We have Ly(u)>=0 and

NgE

LO(hll(éll)) = 4

J

Lo(hzl(ézl)) = 4

J

" 2 ’
aj/'(hlllej_hlllejxj) <0,

2

2
aj/'(hgl Glxj_ h’21 Glx/-x/-) < 0’

G

since 2 is convex domain, A}, >0, i5, <0 and A7, <0, A3, <0. Arguing in
the same manner as in Lemma 1.1 we obtain that u(z, x) </h,,(&;,), k=1,2
on D, .

Now let L(u) Eq[,ux/_x/_—utzf(t, X, u, Vu). Obviously L(/h,,(&;,)) <
—ay(t, x, Vu) Yy(|h(Exy)]). Again arguing in the same manner as in
Lemma 1.1 we obtain that u(, x) > —hy (&), k=1, 2 on D%'. The lemma
is proved.

Let us state a lemma whose proof is similar to the proof of Lemma 1.2.

LemMmA 1.3. Suppose that the conditions of Lemma 1.2 are fulfilled and
in addition we have that

(2, %, u, p)l <ay(t, X, u, p) Y(lp,l) (1.9)
and |p(xX)| < h (&) on Dy, for i=2,..,n, k=1,2 where
D, =Qn{x: F,(x')<x,<F/(X')+10; 4;<x,<B,,
j=1,.,i—1i+1,..,n},
Dy=Qn{x:G,(x')—1o<x,<G,(x'); 4;<x,<B,,
J=1 ., i—1Li+1 ., n}
Then we have

|u(t, )| <hyi(Er)  on DY,
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where &, =x,—F,+A4;, ¢y=x;—G,+B, and D% =D, x[0,T] for
i=1,2,.,n k=1,2.

2. UNIQUENESS

Usually, the uniqueness is proved under the assumption of differentiability
of functions a,(z, x, u, p) and f(z, X, u, p) with respect to u and p (see for
example Theorem 2.8 from [2]). We will show that in a very simple manner
the assumption on differentiability with respect to p can be avoided.

THEOREM 2.1.  If the functions a;(t, X, u, p), f(t, X, u, p) satisfy the condi-
tion (1.3) and are bounded with their partial derivatives of first order with
respect to u for (t,x) e Q4 and finite u, Vu then the problem (1.1), (1.2) has
no more than one solution in the class of functions belonging to C% (Qr). If
in addition the functions a; and f are independent of u then the problem (1.1),
(1.2) has no more than one classical solution.

Proof. Suppose that there exist two solutions u, ve C3 {(Q7). For the
function w=u— v we have

a;(t, x, u, Vu) W =W, = f(¢t, x, u, Vu) — f(t, X, v, Vu) + f(¢, x, v, Vu)

—f(t,x, v, Vo) + (a;(t, X, u, Vv)
—ay(t,x, u, Vu)) Vs, + (a;(t,x, v, Vv)
—ay(t, X, u, Vv)) Vs,

Rewrite this relation in the following way

a;(t, X, u, Vu) W, — (]7+ dy‘v.xi,y,.) w—w,=F, (2.1)
where
F=f(t,x,v, Vu) — f(t, x, v, Vo) + (a;(t, X, u, Vv) —a;(t, X, u, Vu)) G

The existence of bounded functions f and d,; is guaranteed by the theorem
of the mean and the differentiability of the functions a,(f, x, u, p) and
f(¢t, x, u, p) with respect to the variable u. We have that | f+ &U«vxl_le < C,
< +0 because (Vu, Vv, v )€ C(Q,). For the function w=e~%'w we
obtain

L(W) = ay(t, X, u, Vu) W, — (f+ Ao+ Co) W—1, = e~ “'F (22)

Suppose that the function W achieves its positive maximum or negative
minimum at the point Ne Q,\(SuQ) where we have W, =0 Vi ie.
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Vu(N)=Vuv(N) and hence F(N)=0. From (2.2) we have that L(w)=0 at
the point N which is impossible, so we have that in Q,\(SuQ) the
function W cannot achieve a positive maximum or a negative minimum.
Taking into account that Ww=e¢~ “(u—v)=0 on SUQ we obtain that
u=von Qr.

The second statement of the theorem follows from the fact that in this
case instead of (2.1) we have

a;(1, X, u, Vu)M}x,»x,»_ w,=F.
Considering the function w'=e~‘w we obtain the required result.

Remark 2.1. 1f the functions a,; are independent of u and f = f(z, X, u, Vu)
than the problem (1.1), (1.2) has no more then one solution in the class of
functions belonging to C% {(Q7) N C{(Qr), because in this case instead

of (2.1) we have
a;(t,x, Vu) wx[xj—fw— w,= f(¢, x, v, Vu) — f(t, X, v, Vv),

and |f] < Cy < + 0.

Remark 2.2. If the function f can be written in the following form f{z, x,
u, Vu) = g;(t, X, Vu) u, + G(1, X, u) where G, is bounded for (7, x) € O, and
finite u and the coefficients a,; are independent of u then the problem (1.1),
(1.2) has no more then one classical solution. In this case instead of (2.1)
we have

a;(1, x, Vu) W, — Gw—w,=F",
where |G| < Cy< + o0, and F'=g,(t, X, Vu) u, — g:(t,x, Vo) v,.. Obviously

at the point N corresponding to the extremum of the function Ww=e"'w we
have F'(N)=0.

Remark 2.3. 1t is not difficult to see that it is sufficient to require the
boundedness of the derivative f,(G,) from below. This restriction cannot be
weakened (this follows from the linear case).

3. GRADIENT ESTIMATE AND EXISTENCE THEOREM

Consider the following problem

M=

all(ls X, U, Vu) uxlxl +

i

= f(t, X, u, Vu) in Qr, (3.1)
u=0 on S, and u(0, x) = ¢(x) for xeQ, (3.2)

aii(la X’a Vu) uxi,\'i - ut
2
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where x' = (x,, ..., X,,), u=1u(t, X). Assume that

0<a; for (t,x)eQr and Yu, Vu. (3.3)

LemMma 3.1.  Suppose that Q satisfies the condition (a) and that conditions
(1.7), (1.8), (3.3) are fulfilled. Moreover suppose that |¢. |<m,. Then, for
any classical solution of the problem (3.1), (3.2) we have the estimate

Sl,lp |ux1 | < Cl;
Or

where the constant C, depends only on M, , my, d, (M =supy,_|ul, d, is the
size of the domain Q in x, direction).

Proof. Consider the equation (3.1) at a point (7, {, x'), { # x,

ay(t &X' u, V) uge + Y a(t, X, Vu)u, . —u,
i=2

:f(tn gs X’) u, Vu) in QT:
u= u(tn g) X,)a VU(Z, Cs X’) = (uéa uxza ey Uy )

n

Subtracting this equation from equation (3.1) we obtain for the function
U(ta (7 X) Eu([5 X) _u(ta C) X/)

aY vy +a v —v,+ @ =~ 1O,
where a\i =ay(t, z, X', u(t, z,X'), Vu(t, z, X)), Vu(t, z, X') = (u, uy , ..., uy ),
O =£(t,z, X', u(t, z, X'), Vu(t, z, x')) and
D= i La;:(t, X', Vu(t, X)) u, (2, X) —a; (2, X', Vu(t, {, X") u, . (£, {, X') ].
=2 (3.4)
From (1.8) we have
Lv)=aiV v, +¥(lve DI +a o +¥(lo )] —v, > =D (3.5)
Let A(7n) be a solution of the problem
R'(m) +y (') =0,  h(0)=0,  h(zy) =2M, (3.6)

where 7, is the same as in (1.6) (in particular 4’ >m,). Consider (3.5) and
(3.6) in the domain P,= P x (0, T') where

P={({,x):{e(Fi(X), G\(X)), x, € (Fy(X), G\(x')),

X' €Q),0<x, — (<7}
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here 2, is the projection of the domain 2 on the plane x, =0. Functions
F,, G, are defined in Section 1. For w=v—h(x, —{) we have

L(v) = L(h)=a{Pw, . + 1w, 1+a'{[we + pow, ] —w, = — .

In view of the fact that u(z, x) is a classical solution and that the function
Y(p) is a C! function we obtain that |f,| < + o0 in P\(PuTl)fori=1,2
where I'=0P x [0, T']. Using the substitution w =we’, we obtain

Limy=aY [, + v, 1+a§ Db+ B ] — 0=, = —de " (3.7)

Suppose that 1 achieves its maximum positive value at the point Ne P\
(Pul) then at this point we have that w, =W, =--- =W, =Ww:=0
or u,(f,x)=u,(t,(,x'), for i=1,..,n Hence at this point Vu(z, x)=
Vu(t, , x') and by virtue of (3.4) e ‘@ |,=0. From (3.7) we see that this
contradicts the fact that W attains its positive maximal value at Ne P\
(PuT).

Now let us show that w=(v—h(x; —{))e '<0on PuT. For x,={ we
have that v —/ =0, for =0 we have that v <h because |§, | <m,</h". For
(=F(X"), x,e[Fi\(X), Fi(X')+10], X €Q,, 0<t<T we have that

v—h=u(t,x)—h(x, — F,(x')).

We show now that u(t, x) <h(x, — F,(x")). For this it is sufficient to show
first that h(x, — F(x"))=h,,(x;, — F,(x') + 4,) and then apply Lemma 1.2.
The previous equality follows directly from the fact that

() +y(Ih'(m))=0,  h0)=0,  h(zg)=2M, n=x—F(X),
R (Eaq) + (1R (E40)]) =0, hy(A4,) =0, hi (A, +19) =2M,

where &, =x, — F(X')+ A4,.
For x,=G,(x'), (e [G{(X') — 14, G4(X)], X' €Q,, 0 <t < T we have that

v—h=—u(t,{,x")—h(G(x")—={).
From
R'(m) + (IR (m) =0, h(0)=0,  h(zg)=2M,  n=G\(x)—(,
and
h5,($01) + (Ao (E)) =0, oy (B —70) =2M,
hy (B;) =0, & =0—-G(x')+ By,

follows that /(G ,(x") —{)=h({—G(X')+ B,) = —u(t, {, x").
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Thus we have proved that w<0 on Pu I". Hence (due to the fact that
W cannot achieve a positive maximum in P, \(Pu ")) we obtain that

u(t, x)—u(t,, x" )Y < h(x; —{) inP,.

By analogy, taking the function & = u(¢, {, x") — u(t, x) we obtain v = —h(x, —{)
in Pr.

In view of the symmetry of the variables x, and { in the same way we
examine the case { > x, in P,;= P, x (0, T') where

P, = {(C» X): (e (Fi(X'), Gy(X')), x; € (F(X'),
G(x), X' €Q,,0<{—x,<7,}.
As a result we have that in

{(x): (e [Fi(X), Gi(X)], xy € [Fi(X'), Gy(X)],
X’EQO» [x; — (] <To}\{x1 :C}

the inequality

|u(t, x) —u(t, & X)| _h(|xy —C]) —h(0)
Iy =] lx; =]
holds, implying that [u, (7, x)| </'(0) and the lemma is proved.

Now let us formulate the conditions guaranteeing a priori estimates of
the gradient. Consider the following equation

aii(tr xi’ Vu) uxixi_ ut =f(t’ X, U, Vu) in QT' (38)

LeEmMmA 3.2. Suppose that Q satisfies condition (a) and conditions (1.7),
(1.8), (1.9), (3.3) are fulfilled. Moreover suppose that supg |¢,|<m,,
i=1, .., n. Then for any classical solution of the problem (3.8), (3.2) we have

Sup |uxl|<cis i=19"'5 n,
Or

where the constant C; depends only on W, m; and d; (d; is the size of the
domain Q in the x; direction).

The proof of this lemma is similar to the proof of Lemma 3.1.

Remark 3.1. The fulfilment of the condition

|f(ta X, U, p)| <all(l‘a-xla p) W(|P1 |)
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for (#,x)e Q7, |u| <M and any p implies the a priori estimate |u, |<C;.
In order to obtain the a priori estimate |u,,| < C, it is sufficient to require
that

|f(t9 X, U, p)| <6122(1‘3 X2, p) lp(|p2|)

for (t,x)€ Qy, lu| <M, |p,| < C, and any p,, ..., p,,. To obtain the estimate
lu.,| <C5 we require the fulfilment of |f(z, x, u, p)| <ass(4, x5, p) ¥(|psl)
for (¢,x)e Qr, lu| <M, |p,|<C,, |p,| <C, and any ps, ..., p, and so on.

Remark 3.2. The estimates in Lemmas 1.2, 1.3 give us in fact the
boundary gradient estimates. In the more general case the boundary
gradient estimates where obtained in [9, 10] (see also [4, 11]).

We are now in position to prove the existence theorem.

THEOREM 3.1. Suppose that all conditions except (3.3) of Lemma 3.2 are
fulfilled and assume that

a;>0  for (,x)eQ; and VVu, (3.9)
peC'A(Q), ¢=0 on 09.

Suppose that some condition which quarantees the a priori estimate of u is
Sulfilled (see [2] or Lemma 1.1). Suppose in addition that for (t,x)e Qy,
lu| <M, |p;| <C,, i=1, .., n, functions a,(t, x,;, p) are continuously differen-
tiable with respect to x;,p and Holder continuous in t with exponent p,
Be(0,1) and function f(t,x,u, p) is Holder continuous in t,X,u, p with
exponent f.

Then there exist a solution of the problem (3.8), (3.2) belonging to
CLP TR0 N OO0

If the derivative f,(t, X, u, p) is bounded then the solution is unique.

Proof. The boundedness of |Vu| implies the Holder continuity of the
solution with respect to ¢ with Holder exponent 1/2 and Holder constant
depending only on sup |Vu| and on the maximum of the functions a,(z, x;, p),
|f(t,x,u,p)|ontheset D=0, x[ —M, M]x[-C,,C,]x ---x[=C,, C,]
(see [1]). The Holder estimate for Vu follows from [3, 4, 127 with Holder
constant and Holder exponent depending only on M, Cy, ..., C,, n, on the
minimum of a; and on the maximum of a;, |a;l, la;.l, [f| on D
see [4]).

These a priori estimates and Leray—Schauder theorem imply the existence
of the solution (see for example [2] or [4]).

The uniqueness follows from Theorem 2.1.
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THEOREM 3.2. Suppose that all conditions except (3.9) of Theorem 3.1
are fulfilled. Assume that

a;>0 for (t,x)eQr and YVu
and
a; =0 for (t,x)eSuQ and YVu.

Then there exist a solution of the problem (3.8), (3.2) belonging to
Cijﬁ’ ! +B/z(QT) NnC% :/Z(QT)> Vae (0, 1).
If the derivative f,(t, X, u, p) is bounded then the solution is unique.

Proof. The existence can be easily proved by adding to the left part of
the equation (3.8) the term ¢ Au and then passing to the limit using the
estimates of Lemma (3.2) and the above mentioned property of Holder
continuity of the solution with respect to ¢.

The uniqueness follows from Theorem 2.1.

Remark 3.3. The above mentioned result on Holder continuity with
respect to ¢t was proved first for quasilinear equations in many dimensions
[5], with not optimal Holder exponent (less than 1/2), then for linear
equations this result was proved with Holder exponent 1/2 [ 13] and finally
in [ 1] this result was proved for quasilinear equations with optimal Holder
exponent 1/2. In [1] the case of one space variable is considered but the
proof can be applied to the higher dimensional case almost without change.
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