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Let m and A be positive integers. A set 4 of integers is called a basis of order h
for Z/(m) if every integer » is congruent to a sum of 4 elements in 4 modulo m.
Let m(h, A) denote the greatest positive integer m such that 4 is a basis of order
h for Z/(m). For any k > 1, define m(h, k) =max,, _,,, m(h, A). This generalizes a
function of Graham and Sloane. In this paper, it is proved that, for fixed k>4 as
h— o, mih, k)= a,(256/125)-%4 ) (h/k)* + O(h*~'), where o, =1 if k=0 or 1
(mod 4), $ if k=2 (mod 4), and Z if k=3 (mod 4). A lower bound for m(h, k) is
also obtained for fixed 4. Using these results, new lower bounds are proved for the
order of subsets of asymptotic bases.  © 1992 Academic Press, Inc.

1. INTRODUCTION

Let m and & be positive integers. A set A of integers is called a basis of
order h for the finite cyclic group Z/(m) if every n is congruent to a sum
of h elements in 4 modulo m. Let m(h, A) denote the greatest positive
integer m such that A4 is a basis of order 4 for Z/(m). For any k> 1, define

m(h, k)= max m(h, A).

|Al=k+1

A basis 4= {a,,a,,..,a,} of order h for Z/(m) is called extremal if
m(h, A)y=m(h, k).

Graham and Sloane [5] studied this extremal function in the case h=2
and other related functions (see also Guy’s problem book [7]). They
connected the function m(2, k) to a class of graphs called harminious
graphs. Graham and Sloane [5] also calculated m(2, k) for 1 <k<9. More
exact values of m(h, k) can be found in [8].

Distributed loop networks are an important type of computer network
(see Bermond, Comellas, and Hsu [1], and Erdos and Hsu [3]). Recently,
Hsu and Jia [8] showed that the extremal function m(h, k) has applica-
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tions to the construction of distributed loop networks. It follows from their
results that

m(h,2)>[h(h;’4)J+1 forall h3>2, (1)
m(h,3) = £h* + O(h?) as h - o0. (2)

In this paper, we prove the following theorems.

THEOREM 1. For fixed k>4 as h— «,

256\LH4L (RNE
mih, k) > o (1—25) (§) + O,

where

if k=0or1(mod4)
if k=2 (mod4)
if k=3 (mod4)

—‘IN WA
(=t BN}

TeOREM 2. For fixed h=3 as k — o0,

LA/3] h
m(h, k) B, (g) (%) F Ok, 3)

where

{1 if h=0or1 (mod3)
ﬂ"‘{ if h=2(mod 3).

~loe

In this paper, we also establish a relation between this problem and the
order of subsets of asymptotic bases. A set A of nonnegative integers is
called an asymptotic basis of order h if every large integer is a sum of A
elements in A. Let g(4) denote the least such positive integer A. It is clear
that a subset of an asymptotic basis is not necessarily an asymptotic basis
again. For any 2> 2 and k> 1, define

G, (h)= max max g(A\F).
gA)<h  |Fl=k
gLANF) < o0

Erdés and Graham [4] proved that
1 +0(1))R2 <G (h)<3(1 +0o(1)) K

641/41/1-9
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The lower bound of Grekos [6] and the upper bound of Nash [11] are
the best estimates for G,(h) so far:

IR+ 0 <G (h)<ih* +h

Nathanson [12] proved that

h k+1
G.(h) 2 ([mJ + 1) -1,

where h > k. Recently, Jia [9] proved that, for fixed k > 1,

1 k k+1
Gk(h)z(k+1)(%—2) (k-}i_l> +O(K)  (as h— o).

Using Theorem 1, we prove that, for fixed k>4 as h - oo,

256 Lk/4 | h k+1 .
Gza(h)  (gp)  +ou

Theorem 2 provides a new lower bound for G,(h) for fixed A.

2. PrOOF OF THEOREM 1
In order to prove Theorem 1, we need the following lemmas.

LEMMA 1. Forany h, 22, h, 22, and k, 21, k, = 1, we have
m(hy+ hy, ky+ ky) zm(hy, k) m(hy, k).
Proof. Suppose that
m(h;, A))=m(h, k;)=m,,
where
A, ={0=ay, a,, a0, - A, }

for s=1, 2. Let n be any integer. Since 4, is a basis of order h, for Z/(m,),
we see that

n=ay+ - t+ay, (mod m,),

thus,

n=a1il+ e +a1ih1+qml
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for some integer ¢. It follows from the fact that A4, is a basis of order 4,
for Z/(m,) that
an2j1+ e +(12jh2 (mOd mz),

1e.,
qg=a, + - +azj,,2-|-pm2

for some integer p. Therefore,
n Eal,-l + .- +a1ih1 '*"nlazj1 + - +m1a2jh2 (mOd mlmz).

Define

A =A1 v {m1t121, veny mlazkz};

then ne (h; + h,) A (mod m,m,), where hA denotes the set of all sums of A
not necessarily distinct elements in 4. Lemma 1 now follows from the
observation that |4|=k;+k,+1 and A4 is a basis of order h, + 4, for
Z/(mym,).

LemMa 2. m(h, 4) > sh® + O(R®).

This is a special case (k=4) of Theorem 1. Since its proof is quite long,
we leave the proof to the last section of this paper.
Now we are ready to prove Theorem 1.

Proof of Theorem 1. If k=0 (mod 4), then k =4q. Suppose that
h=qu+v, where O0<v<gq.
If h= K, then m(h, k)= m(k', k). It follows from Lemmas 1 and 2 that

m(h, k) > m(qu, 4q)
=2m(u,4)---m(u, 4)

{-1—;314 +0(u3)}

() (5) row
= 5 e
(

NGRS
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It is obvious that
m(h, 1)=h+1 for all & (4)

Therefore, from (1), (2), and (4), we have that, for 1 <v<3,

i, o), (7) + 00 )
where
1 if v=1
%, =<3 if v=2
2 i =3,

Now suppose that
k=u+vo, where u=0(mod4) and 1<v<3
Let h=gk + r, where 0 <r <k. Then it follows from (5) and Lemma 1 that
m(h, k)=m(h—r, k)
=m{qu+ qu, u+v)

= m(qu, u) m(qv, v)

256\“*
>{(Bs) o+ 0] w0 )
256 u h—r\**" u+v—1
~a(55) () o

256\L44d [\
~u(im) (i) +oo

where a, (v=1, 2, 3) are defined as above. The proof of Theorem 1 is
complete.

3. PROOF OF THEOREM 2

Let A4 be a finite set of nonnegative integers. Let n(h, A) denote the

largest n so that every integer in {0, 1, .., n} is a sum of 4 elements in 4.
Define

nk(h)=‘ max lM(h, A).

Al=k+
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It is easy to see that m(h, k)= n,(h) for all A>2 and k> 1. Mrose [13]
proved that

n.(2) = 2k* + O(k).
Windecker [14] proved that
n.(3)= &k> + O(k?).

Therefore, we have the following lemma.

LemMMA 3. For k large,
m(l,k)=k+1,
m(2, k) = 3k* + O(k),
m(3, k) = §k* + O(k?).
Proof of Theorem 2. Fix h>3. Let k be a large positive integer.
Suppose that

h=3q+r, where 0<r<2,
k= ph+v, where O0<<v<<h—1.
Noting Lemmas 1 and 3, we have that

m(h, k) = m(h, k —v)=m(3q +r, 3pg + pr)
> m(3q, 3pq) m(r, pr)
= (m(3, 3p))? m(r, pr)

4 q
>{§p’+0(p2>} (B, +0(p" "))

(59 s

_5, (g)”/” (£) o,

where B, is defined as in Theorem 2. The proof of Theorem 2 is complete.
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4. ORDER OF SUBSETS OF ASYMPTOTIC BASES
First we prove the following theorem.

THEOEM 3. For fixed k=24 as h—> o,

256 Lk/4 | h k+1
> - I k
Gmza () () o

where o, is defined as in Theorem 1.

Proof. We need to construct a basis A of order at most h which
contains a k-element subset F so that the order of A\F as an asymptotic

basis is equal to
256 L k/4 ] h k+1 .
* (E) (m) + O,
Let h be a large positive integer. Let

h
=| — d = .
u [k+1J and h'=uk

Suppose that 4, = {ay, 4y, .., a;} is an extremal basis of order #/, ie.,
m(k, A )=m(h', k)y=m.

We may assume, without loss of generality, that O0=a,<a;< --- <a.
Define

F={ua,, ua,, .., ua,}.
Let A =D u F, where
D={idid+1|i=0,1,2,..},

and
d=um(l', k).

It is clear that

256 Lk/4 | h k+1
g(A\F)=g(D)=d—1=ak(1—2—5) (m) L o)

Now we show that 4 is of order 4. Let n be a large positive integer.
Suppose that

n=qu+r, where O0<r<u.
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Since A, is a basis of order 4’ for Z/(m(h’, k)), we see that
g=a;+ -+ +a,, (mod m(#’, k)).
Hence, for some p,
n=pum(h',k)+r+ua, + --- +ua,
= pd + lj-’;-/-\tl+ua,-l+ - tua,,.

r

Noting that

h
1 ' k={ — 1)<gh,
+r+h'<utu l,k+1J(k+ )

we see that 4 is an asymptotic basis of order h. The proof of Theorem 3
is complete.

In a recent paper, Jia [10] also proved that, for any fixed 4> 2,

h—1

kY : 2% )
2<z_—1> + O(k" 2)<Gk(h)$(h—__1—)!+0(kh 2),

The following improvement of the lower bound for G,(k) is immediate
from Theorem 2 and Lemma 4 below.

THEOREM 4. For fixed h>=3 as k - o,

4\L(—1)3] k \"-!
amz(3) () +ow,

where f3,, is defined as in Theorem 2.

LemMMA 4. Forany h=3 and k> 1,
Gi(h)z2mh—1,k)- 1.
Proof. Suppose that
A,=1{0,a,,..a.}

is an extremal basis of order h#—1 for Z/(m(h— 1, k)), i.e., m(h—1, 4,) =
m(h—1,k). Let

D={id id+1]i=0,1,2,..},
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where d=2m{h— 1, k). Then D is an asymptotic basis of order
gD)=d—1=2m(h—1,k)—1.

Let
A=Du{2a;+1,..,2a,+1}.

We need to show that A is an asymptotic basis of order h. Let n be a large

positive integer.
If n—h+11is even, then

n—h+1=

2 "

+ .. +ai},-1 (mOd m(h—la k))a

where a, € 4,. Hence, for some q=0,
n=qgd+ 2a,+1)+ - +(2a;_,+1),
thus, ne hA. If n—h is even, then, for some p>0,

11—_2_-h-=pm(h—1,k)+an+ e ta, .

This implies
n=(pd+1)+(2a,+1)+ -+ +(2a,_,+1)ehA

Therefore, A is an asymptotic basis of order h, proving the lemma.

5. PROOF OF LEMMA 2

4

a=4h—15t+17,
b=at+h—41+2;
c=bt+2nh-8t+4;
m=ct+3h—12t+5.

Let 4> 105. Define

Define 4={0,1,a, b, c}. We now show that A4 is a basis of order » for
Z/(m); ie., we need to show that A4 =Z/(m).
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Let n be any integer. We may assume without loss of generality that
btes<n<m+b+e.
The proof divides into the following cases.
Case 1. Suppose b+ c(t+1)<n<m+b+c. Since
(n—c(t+1)=b)y+1+(+1)s<(m—1—ct)+1+2
=3h—111+6

<3h—11<f51-—1)+6

h
—h—{2_17)<h,
g (5 )

n=(m—c(t+1)—b)-1+b+c(t+1)ehA.

we see that

Case 2. Suppose b+cz<n<b+c(z+1) for ze[1, t]. We divide this
case into the following two subcases.

Case 2a. b(t+1)+cz€<n<b+c(z+1). Since h = 105, we see that
(n—=>bt+1)—cz)+(t+1)+z<ec—bt+2t+1=2h—6t+5<h.

Hence,
n=mn—-5b6(t+1)—cz) - 1+b(t+1)+czehA.
Case 2b. Suppose by+cz<n<b(y+1)+cz for ye[l,¢t]. Again
this case can be divided into the following two subcases.
Case 2bi. at+by+cz<n<b(y+ 1)+ cz. Noting

(n—at—by—cz)+t+y+z<b—at—1+3t<h,
we see that
n=(mn—at—by—cz)-1+at+by+czehA.

Case 2bii. a(x—1)+by+cz<n<ax+by+cz for xe[l,¢t]. Let
w=ax + by + cz. Then w—a < n<w. Once again, this case can be divided
into the following four subcases.

Case 2bii.l. w—a<n<w+ ct—m. Since
n—(w—a)<{w+ct—m—1}—{w—a}
=ct—m+a—-1<h—-3t+1
<h—(x—1)—y—z,
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we see that
n=m—-w+a)-1+a(x—1)+by+czehA.
Case 2bii.2. w+ct—m<n<w+ bt—c. Since
n—(w+ct—m)<{w+bt—c—1}—{w+ct—m}
=bt—c—l—ct+m<h—4t
Sh—(x—1)—y—(z+1),
we have that
n=n—w—ct+m)+w+ct (mod m)
=(n—w—ct+m)-1+ax+by+c(z+1t)ehA.
Case 2bii.3. w+bt—c<n<w+at—b. Since
n—(w+bt—c)y<{w+at—b—-1}—{w+bt—c}
=at—b—1—bt+c=h—4r+1
Kh—(x+(y+1)+(z-1)),
we see that
n=(n—w—=>bt+c) - 1+ax+b(y+t)+c(z—1)ehA.
Case 2bii4. w+at—b<n<w. Since
n—(wtat—b)ys(w—1)—(w+at—b)=h—4r+1
<h—{(x+0+(—-1)+z},
we have

n=mn—-w—at+b)-1+a(x+t)+b(y—1)+czehA.

Therefore, ne hA4 for any n:b+c<n<m+b+c. Hence A is a basis of
order h for Z/(m). It is clear that

m=gzh* + O(h*).

The proof of Lemma 2 is complete.
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