=

View metadata, citation and similar papers at core.ac.uk brought to you byl-i~ CORE

provided by Elsevier - Publisher Connector

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

On the C1Y(£2) N W22(£2) regularity for a class of electro-rheological
fluids

Francesca Crispo*, Carlo R. Grisanti

Universita di Pisa, Dipartimento di Matematica Applicata “Ulisse Dini”, Via F. Buonarroti 1c, 56127, Pisa, PI, Italy

ARTICLE INFO ABSTRACT
Article history: We are concerned with a system of nonlinear partial differential equations with p(x)-struc-
Received 14 January 2009 ture, 1 < poo < p(x) < po < +00, and no-slip boundary conditions. We prove the existence

Available online 14 February 2009

' and uniqueness of a C7(£2) N W22(£2) solution corresponding to small data, without
Submitted by B. Straughan

further restrictions on the bounds p.., po. In particular this result is applicable to the
steady motion of shear-dependent electro-rheological fluids.
© 2009 Elsevier Inc. All rights reserved.

Keywords:
Electro-rheological fluids
Regularity up to the boundary

1. Introduction

We are concerned with the following boundary value problem

—V-SDu)+@u-VYu+Vr=f, in £,
{V~u:0, in £2, (1.1)
ulpe =0,

in a bounded and suitably smooth domain £2 Cc R", n > 2. Here u denotes the velocity field, 7z the pressure field, f the
external force, (u - V)u = Z’}:] u;oju the convective term and S(Du) the extra-stress tensor. We assume that S(Du) is
given by

S(Du) = (1+ |Dul)’®*Du, (12)

where p is a prescribed function, 1 < py < p(x) < po < 00, and Du = %(Vu + vuT) is the symmetric part of the ve-
locity gradient. We prefer to avoid the full generality in order to highlight the main ideas. Thus the system (1.1) with the
choice (1.2) is just the canonical representative of a wider class of models to which our proof applies, included in the class of
systems of partial differential equations with non-standard growth conditions. This kind of systems models incompressible
electro-rheological fluids with shear-dependent viscosities, which are viscous fluids characterized by their ability to highly
change in their mechanical properties when an electromagnetic field is applied. In the last twenty years the interest in the
study of electro-rheological fluids has increased and the related literature is very wide. The basic mathematical analysis can
be found in [38,39] (see also [22] for an overview of recent results). Fluids with non-constant viscosity have been treated in
various settings. Without any aim of completeness, we refer for instance to [35], where Herschel-Bulkley fluids are consid-
ered, to [2,12] for different non-standard growth conditions, to [13-15,25,28,32,34] for models with a non-constant viscosity
depending either on the pressure or on the temperature and, finally, to the paper [16], where different boundary conditions,
related to the convex analysis, are taken into account.
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As far as the regularity problem is concerned, great part of investigations deals with the regularity of minimizers of
variational integrals, in the case where the elliptic operator S depends on |Vu| and not on |Du|. The dependence on |Du|
is an additional difficulty, even for p constant. Here we focus on those papers mostly connected with our interest, which
is mainly the regularity up to the boundary of the solutions of (1.1) with S = S(Du). Recently, interior regularity in two
space dimension have been obtained [24]. These are Cl]o’co‘—regularity results, in the hypothesis p of class C! and infp > g.
For any space dimension, if p € C%% and infp > % results of partial C%®-regularity of the gradient Vu, together with
an estimate for the Hausdorff dimension of the singular set (the closed subset outside which Vu is Holder continuous)
can be found in [1]. As far as we know, regularity results up to the boundary have been obtained only for p constant. For
problems similar to (1.1), this kind of regularity is obtained in the two-dimensional framework in [29] for anisotropic fluids
and in [30] for % < p < 4, without restrictions on the data. However in these papers the minimal regularity assumption
on the extra-stress tensor S(Du) is the C'-regularity, which we replace here by a Lipschitz continuity assumption. In [21],
in a smallness assumption on the size of f, we prove the existence, uniqueness and C1? (£2) N W22(£2) regularity for the
velocity field, for any p € (1,2) and n > 2. In the three-dimensional case, the most significant regularity result for shear-
thinning fluids (i.e. p < 2 constant) without any restriction on the size of the data has been obtained in [9], for a smooth
arbitrary domain. The author proves global regularity results for the second derivatives of the velocity and for the first
derivatives of the pressure. Actually, for the problem (1.1) without the convective term, the author proves that if f € LP'(£2),

with p’ conjugate exponent of p € (%, 2), and u is a weak solution, then u € W14P=2(2) N WZ'?TE(Q). The same kind of
regularity is obtained introducing the convective term, provided that one increases the lower bound of the admissible values
of p. For results with a flat boundary see the papers [4,8] and [11]. Further, cylindrical domains were considered in [17,18]. In
all the cited papers, the integrability exponent of the second derivatives of the solution remains strictly less than 2. Actually,
if one considers a flat boundary and the simpler case where the extra-stress tensor has the form poDu + (1 + |Du|)?~2Du,
with a strictly positive constant 1o, then in [19] it is proved that the solution (u,7r) belongs to W22(2) x W12(2).
Moreover, in the case p > 2 and n = 3, the first regularity results go back to the pioneering paper [33] and to [3]. We also
recall the W2!-regularity results in papers [5,7,20], for flat boundaries, and in [6] for non-flat boundaries. Here | =I(p) < 2.
Further, in the recent paper [10], the authors improve the results obtained in [6] and extend them to any space dimensions.
They show that u e W9 n Wz’ﬁ for any q < +oo if n=2, and for ¢ = % if n > 3. The previous regularity holds
with p > max{2, %} and, if the convective term is present, p € [3,400) U (5, 400). Here f € L?(£2). Up to now, these are
the stronger results known in literature for shear-thickening fluids without a smallness assumption on f.

In the present paper we extend to fluids with non-standard growth conditions the regularity results obtained in [21] for
shear-thinning fluids. Indeed our treatment is based on the same technique developed in the previous investigation [21] for
generalized Newtonian fluids. More precisely we prove the existence and uniqueness of a solution u, for any n > 2, such
that the velocity field u belongs to C!:¥ (£2) (the pressure field 7 is in C%¥ (£2)). The result is achieved if f is in LI(£2),
q > n, and its L9-norm is suitably small. If ¢ > 2n we also obtain W22-regularity. Further, the technique used in the proof
enable us to avoid any lower (and upper) bound for p(x). As far as we know, this is the first existence result without lower
bounds for p.

The smallness request on the force term arises from the technique used in the proof. Indeed we linearize the problem
and we construct a sequence of approximating solutions. For the convergence of such process is mandatory a smallness
assumption on the data. The main tool we use is the Holder regularity result for solutions of elliptic systems due to
Giaquinta and Modica (see [27]). As in our previous work, concerning shear-thinning fluids, a special attention is needed
managing the constants in the estimates contained in [27]. The control in the growth of such constants is obtained adapting
the computations made in the Appendix of [21] to the case where p is not a constant. We want to observe that, in this
case too, no further pointwise regularity is expected, due to the non-differentiability of the modulus of the symmetric

gradient in the equations. Nevertheless, considering a slightly different problem with an extra-stress tensor of the kind
X)—2
a1+ |Du(x)\2)p(2) Du(x) our method would provide Ck+2¥ _regularity in the case of data C*¥. However we do not give

any result in this sense because it needs a further evaluation of higher derivatives for the linearized problem which seems
not straightforward from our previous estimate.

The plan of the paper is the following. In Section 2, we introduce the notations used throughout the paper and state
our main results. In Section 3, we give all the tools needed for the regularity of the linearized problems. In Section 4 we
prove the existence, uniqueness and C!'¥ -regularity, up to the boundary, of the solution. Finally, Section 5 is devoted to the
regularity of the second derivatives of the solution.

2. Notations and statement of the main results

Throughout the paper 2 will denote a suitably smooth bounded domain of R", n > 2. We shall adopt the usual notations
for Lebesgue spaces L9(£2) and Sobolev spaces W™4(§2) and their norms. We denote by Wé‘q(Q) the closure in W14(£2)
of Cgo(.Q) and by W*Lq/(.Q), q =q/(q — 1), the strong dual of W(l)’q(.Q) with norm || - ||_1 4. The symbol {-,-); 4 denotes
the duality pairing between the spaces Wé’q(ﬂ) and W—1.4 (£2). Denote by w%~2(39) the subspace of L2(3£2) with norm

_ 2 7
||u||2.a.(z+</ Ju) — u)I” dcfxday> ,
082082 |X_y|n

u ,
flull %’z’ag
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and by W*%l(ag) its dual, where L2(9£2) is the usual Lebesgue space when we consider the (n — 1)-dimensional measure
on d4£2. Let

V)={vewy*), V-v=0}.

We denote by C™Y (£), m nonnegative integer and y € (0, 1), the subspace of C™(£2) consisting of functions with all
derivatives of order m satisfying the following Holder condition

|D"u(x) — D"u(y)|
[u]cm_y@) = Z sup 0y < 400
o XYeR |x =yl
X£y

We recall that C™Y (£2) is a Banach space with norm

m
lllemy gy = D 1D U] o+ [Wemr )
|h|=0

In notation concerning duality pairings, norms and functional spaces, we shall not distinguish between scalar, vector and
tensor fields.

For any given couple of vectors, a and b, and tensors, A and B, we write a-b = a;b;, A- B = A;;B;j, where we adopt the
convention of summation on repeated indexes.

Finally, the letter ¢ denotes a positive constant whose value may change even in the same equation. Sometimes the
relevant dependences will be highlighted. We denote in a different way, as C, Co, Cx or the like any occurrence of some
particular constant that we shall later recall.

We make the following basic assumptions on the function p(x):

p:2 — (1,400), p e C(2), min p(x) = Poo, max p(x) < pog, for some pg > 2.

Definition 2.1. Assume that f € L?(£2). We say that u is a C!'¥ -solution of problem (1.1) if u € C1¥ (2), for some y € (0, 1),
V-u=0, u|ye =0 and it satisfies the integral identity

/S(Du)-Dgodx—l—/(u~V)u-<pdx=/f-<pdx, Yo e V(£2). (2.1)
2 2 2

Remark 2.1. We observe that if u is a C!'¥-solution then we can find a pressure 7 at least in L?(§2) such that the pair
(u, ) satisfies the following integral identity

/S(Du)~Dg0dx+/(u~V)u~(pdx—/ﬂV~(pdx=/f-<pdx, Yo € C3°(£2). (2.2)
2 2 2 2

The validity of the reverse implication is obvious. In the sequel we shall refer to u or (u,) as solution of system (1.1)
without distinction.

Our main results are the following theorems.

Theorem 2.1. Let be f e LI(£2), for some q > n. Let 2 be a domain of class C1-70 and p € COY0(2), with yp =1 — %. Then there exist

two positive constants A and C, depending on ||p lcor (@) mq $2, such that, if || fllq < A, forany y < yq there exists a CL-Y -solution
(u, ) of problem (1.1) with

lllcry @) + 17l oy @) < Cill Fllg- (2.3)

Further, there exists a constant § = § (Poo, IPllcor @M. 40, $2) such that if || f lq < 6 the solution is also unique.

Theorem 2.2. Let ¢ > 2nand yo =1 — g Let 2 be a domain of class C?, let be p € C1(£2) and f e L9(82). There exists a positive
constant A1 such that, if || fllq < A1, then there exists a C1-¥ -solution (u, 7r) of problem (1.1) such that

uew?2@)nc(@2), mwewh2@)nc®r @), vy <.

In order to prove the above existence and regularity theorems, the idea is to approximate problem (1.1) by suitable
linearized problems. The following section is concerned with the introduction and the analysis of the linearized problems.
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3. Auxiliary results

Let us recall some properties of the tensor

S(A) = (1+141)P7Y %4,
for an arbitrary second-order tensor A, with p(x) as in the previous section. It is easily seen that S(A) satisfies the following
estimate
9Sij(A)
0Au

for all tensors A and B, where

-2
BijBii > Cs(1+ AP 7%(BJ?, (31)

Coe Poo—1 if 1 <poo <2;
ST if poo > 2.

Further we recall the following estimate, for which we refer to [23] (Appendix, Lemma 6.2).
Lemma 3.1. Let A, B € R™", Then

1
[ loa+a-os)™ a0 > 4770 (1 4 11+ 151) 2.
0

The previous lemma is proved for p constant, however it is easy to check that it still holds in our assumptions on p.
Hence, using (3.1), the previous lemma and the bounds for p(x) we get

1

(S(A)—S(B)) - (A—B) = f 8Sij(0A+(1-6)B)

(A — B)jj(A —B)dd

dDy
0
1
>C5|A—B|2/(1+\0A+(1—9)B|)"(")‘2d9. (3.2)
0

The last term can be bounded from below by
_ |A— B
—1)4 Po
oo = D8 T AT T B2 P
|A— BJ? if poo = 2.
The remaining part of this section is concerned with the introduction of some regularity results related to the following
kind of elliptic problem

if1<pso <2; (33)

—V-Ax,VU)+VII=F, in £,
V.-U=0, in$2, (34)
U=0, onas2,

where the second-order tensor A = A, has the expression
A (x, VU) = Aig jg (x) 9 U3,
with A(x) = Ajqjg(x) satisfying the conditions
A is continuous, IAlloo < 400, (3.5)

where ||Alloo = MaX; ¢, j g | Aixjslloo, and the coercivity condition in W&’Z(Q)

/Aiajﬁ(x)SﬂUjaan dx > o||VU||%, for some o > 0. (3.6)
Q

Theorem 3.2. Letq>n, yp=1— %. Assume that §2 is a domain of class C1-Y0, A € COY0(82) satisfies (3.5)~(3.6), F € L1(§2). Then,
there exists a weak solution (U, IT) of problem (3.4). Moreover, U € CY0($2), IT € C%%0(§2) and

IUllc1r0@) + 1T oo @) < E(IU N2 + 11F llg). (3.7)

where € =E(|Allcor . 1.q. 0, 2).



F. Crispo, C.R. Grisanti / J. Math. Anal. Appl. 356 (2009) 119-132 123

Theorem 3.3. Assume that §2 is a domain of class C2, A € C1(2) satisfies (3.5)-(3.6), F € L2(£2). Then, if (U, IT) is a weak solution
of problem (3.4), U € W22(2), IT e W'-2(2) and

IUll2.2 + 170112 <T1(IUll1.2 + [ Fll2), (3.8)
whereT; =C1(|Allc1.n, 0, £2).
Remark 3.1. Theorems 3.2 and 3.3 are proved in [27] for a Neumann problem. However, as explicitly stated by the authors,

the results still hold with suitable changes in the proof if one replaces the Neumann condition with a Dirichlet boundary
condition.

Let us introduce the following linear problem

—v-[(1+1Dv))’P*DU)+ VT =F, in g,
V.U=0, in, (3.9)
U=0, onas2,

where v is a vector-valued function in C170(2).
Definition 3.1. Assume that F € L2(£2). We say that U is a weak solution of problem (3.9) if U € V(£2) satisfies

/(1 +|Dv|)"(”)’ZDU.D<pdx=/F.<pdx, Vo e V(). (3.10)
2 2

As observed in Remark 2.1, we can associate to U a pressure IT € L2(§2), using test functions in C3°(£2) instead of V (£2).
By setting

Aiajp(X) = %(aijsaﬂ +8ip8j0) (1 + |Dv|)PP 72, (311)
we have that:
A is continuous, Ao < (1+ IIDV||OO)p°_2 < +o0,
Aiajp®)3pUj = (1+DV)P (DU,
|DU
!Aiajﬁ(x)BﬂUjaaU,-dx >p(x)/>2 |DU|2dx +p(x)/<2 de
IDUI; >a|VU|Z, YU eW)?(9), (3.12)

T (14| DV|lo)> P>
where, thanks to the Korn type inequality
IVUI3 <2 DUJ3.
we have chosen

1
o = .
21+ 1DV ]loc)? P

Therefore the assumptions of Theorem 3.2 are satisfied. Moreover for the particular choice (3.11) of A we are able to
show explicitly the dependence of the constant ¢ which appears in estimate (3.7) by [|A|lcoy @ In this regard, in the
Appendix of [21] we proved that, when the fourth-order tensor A is in the form (3.11) with p positive constant less than 2,
Theorem 3.2 holds and the constant ¢ has the expression
r

€=C(1+1Dvlicorz)) (3.13)

where fzf(n,q, p, £2) and the exponent T=T(n, q, p) is a real number greater or equal than 2 (actually, in [21] we gave
a worse estimate than (3.13), in terms of the whole C'-Y0-norm of v). The proof of estimate (3.13) is quite long since it
requires to follow step by step the proofs in [27] in order to give an explicit expression of €. In particular some cautions
is needed due to the differences in the boundary value problem and in the coercivity condition between our paper [21]
and [27]. In the case we are now dealing with, where p is variable, following the calculations made in the Appendix of [21],
it can be seen that the constant ¢ has an expression similar to (3.13) that is

E=C(1+1Dvlicorg)) - (3.14)
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where C = CdIplicoro (). 1.4, £2) is greater than po and the exponent r =r(n, q, po) is a real number greater or equal than
2po — 1. This choice, which could merely be a technical assumption, has a concrete motivation that arises naturally from the
computations in the Appendix of [21]. We omit the details and refer the interested reader to the last part of the Appendix
of [21]. However, to give a hint on this fact, we prove the following lemma.

Lemma 3.4.

-1
||A||c0-yo(§) < pllcor (5)(] + 1DVl co.r (5))p0

Proof. At first observe that for any 1 < p(x) < po < +00, for any fixed s, t € [0, +00), there holds
|1+ P72 — (1 +9)PO72[ < [p(x) — 2 max{(1 + )PP, (1 + PP it — |
< [1+ (po —2)(1 + maxit, s})7 it —s|. (315)
Moreover, if K >0 and s,t € (—1, +00)
|(1+K)* — (1+ K)'| < log(1 + K)(1 + K)™™E5he — 5.
By (3.12); we have
-2
1Al coro (@) < (1+ IIDVIIoo)p0 + [Alcor @) (3.16)
In order to evaluate the Holder semi-norm of A we use the above estimates, obtaining

A — AW)
=yl

<[l(1+ [Dveo)”™ 7 = (1+ [Dveo)* 7|
(14 PV )PP = (14 [PV )PP 2 [ — v
<log(1+ IDVlloo) (1+ IDVlleo) ™ [Plcoso )
T+ Po=2(1+ ”DV||°°)p0_3][DV]c0vm<§> VX, ye R, x#y. (3.17)
Therefore, by (3.16) and (3.17)
1Al covo ) < (14 1DVl oo (5))170—2 + (14 1DVl oo (§))p0_l[p]co,y0 o)
P72 (pg = 2) + (14 DVl coe @)

< (1 + 1DVl co. (F)))po_l ([p]COYVo(ﬁ) + Po)

+ (1 + ||DV||C0-70(:_2))

po—1

<Pl (1 +1DVIcown ) - O

Further, again following the computations in the Appendix of [21], the constant ¢ can be decomposed in the sum of
positive terms among which at least one is greater than

1/2
1 1 2 2 2 2po—1
[; (1 + g)] 14101055y < VE(1+ 1DVl o0 3)) 1A 120,50 i3, < VBIP 1200 3, (1 + 1DVl oo ) -

This motivates the assumptions r > 2pg — 1 and C > pg.

Further, observe that the tensor A defined by (3.11) does not satisfy the hypothesis of Theorem 3.3, since |Dv| ¢
C1(£2). However, if we replace the fourth-order tensor A by the fourth-order tensor A® = Afajﬂ = %((Sij(Saﬁ +38igdje) (1 +
Je(IDv]))PX®=2 where J. denotes the Friedrichs mollifier, it is clear that A¢ satisfies the hypothesis of Theorem 3.3. Obvi-
ously estimate (3.8) cannot be uniform in €. By using an e-approximating problem we succeed in proving Theorem 2.2 via
Theorem 3.3.

Finally, we recall the following well-known results.

Lemma 3.5. There exists a constant Cg such that

V2 +IVVl2 < CklIDV|2, foreachv e V(£2).

Hence the two quantities above are equivalent norms in V ($2).

For the proof we refer to [37, Proposition 1.1].



F. Crispo, C.R. Grisanti / J. Math. Anal. Appl. 356 (2009) 119-132 125

Lemma 3.6. If a distribution g is such that Vg € W~19(£2), then g € L9(£2) and
lgllg <cllVgll-1.q,
where L} = LI/R.
For the proof we refer, for instance, to [36].
4. Proof of Theorem 2.1

Proof of the existence
We consider the following sequence of elliptic boundary value problems

—v-[(1+|DU™|)P*DU]+VIT = f — (U™ - V)U™, in 2,
Pr: V.U=0, in£2, (41)
U=0, onas2,

where U™ is a given function belonging to C1:70(£2). Observing that f — (U™ - V)U™ € L9(£2) we can apply Theorem 3.2 to
find a solution of problem Py, in C1:¥0(§2) x C%%0(§2) which we denote by (U™*!, T™+1). In such a way, setting U? =0,
I7° =0 we build a sequence {(U™, IT™)} C C170(2) x CO%0(2).

First of all we want to prove the boundedness of the sequence {U™} in C1-¥0(§2), provided that Il fllq is small enough.
We observe that since U™! € V(£2) is a weak solution of problem Py, it verifies the following integral identity for any
peV($2)

/(1+]Dumy)"*zpum“ ~D<pdx:/f~<pdx—/(um~V)Um~g0dx. (4.2)
2 2 2

Let us evaluate the W1-2-norm of U™*! testing Eq. (4.2) with U™ itself. By using the Hélder inequality and Lemma 3.5
we get

[, < CklDU™ | < ck (1 + [DU™ IIw)f(l +[DUm)" DU dx
2
<+ DU L) U1 [U™ ], + U™ | VU™ [ [U™ )

<O+ DU U™ (112 121U [0 g)-

where by |§2| we denote the Lebesgue measure of §2. Recalling that g > n > 2 we get

JU™ ], < CROH1217) 1+ DU L) la + U™ (G0 - (43)
Now we can use Theorem 3.2 to get an estimate of the C1'70(§2)-norm of the solution U™*!

(U™ 1o @) + T oo gy < Km (U™ 5+ 1 F = (U™ V)U™] )
where K = C(1+ |[DU™| co.v, (5))r according to (3.14). Hence, by setting

Im = |[U™ HClvVO(ﬁ) + | ”CO-VO(§) vmeN
we get

1 < C(1+ [ DU o) (IU™ 5 + 15y +1217 U™ G156 )-
By using estimate (4.3) it is easy to obtain the following recursive inequality

In1 < C(14CR) (1 +1212) A+ 1) (I f g + I7)- (44)
We shall prove the boundedness of the sequence {I,;} by a fixed point argument. Setting, for any t > 0,

Y (©) =Co(1+ 0™ (I fllg + %) —t,
where

Co=C(1+C)(1+182]'?), (4.5)

we look for a root of . Let us observe that if 0 <t <1 then

Y(©) <C2™ (I fllg +t2) —¢ (4.6)
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and the function on the right-hand side of the previous inequality has two positive roots sy < sy if and only if
1—C32% 4| f|lq > 0. Moreover if

Ifllqg < (4.7)

C622r+4 =4

we have that

1—/1=C2||f[q2%+4
1 (4.8)

0<51 = C02r+2 <

since C > pg > 1 and consequently Co2'*2 > 1. We observe that v(0) > 0, ¥ is convex and lim;_, ;o ¥ (t) = +o00o. Then
estimate (4.6) shows that ¢ has exactly two roots t; <t such that 0 < t; < si. Let us prove by induction that I, <tq for
any m € N if condition (4.7) is satisfied. The first step of the inductive process is trivially true since

lo=|U + [ m° =0<ty.

OHCWO ) ”covmﬁ)

If we suppose that [,; < t1, by inequality (4.4) and the fact that v (t;) =0 we obtain
Im1 < Co(l+ ) T (I fllg + 1) < Col+ ) T (I fllg +£7) = vt +t1 =1t
which proves our claim. Therefore
Im <t1 <s1<Co2 2| flly<1 VmeN. (4.9)

As a consequence of the boundedness of the sequence {(U™, IT™)} in C1:¥0(£2) x C%¥0(£2), by appealing to the Ascoli-Arzela
theorem we get, for any y € (0, o), the convergence of a subsequence in the norm C'7 (£2) x C%7 (£2) to a couple (u, 7). In
order to prove that (u, ) is a C1'¥ -solution of problem (1.1) it is sufficient to show the convergence of the whole sequence
{((U™, ™)} in W12(82).

We set

W™y =0 x) —U™(x), P™' ="l (x)— 0™ VYm>0.

It is easy to check that for any m > 1 the pair (W™*1, pm™+1y verifies

/(1 +|[DUm|)PPDW T Dy dx = — /(W’" V)U™ - pdx — f(u'“*1 V)W™. pdx
2 2 2

+ /[(1 +[DU™)P? — (14 |DU™ )P DU - Dy dx
2
+/Pm+1v-(pdx, Vo € C(82). (4.10)
2
Recalling that {(U™, P™)} € C1:70(£2) x C%70(£2) and that C3°(£2) is dense in V (£2), the above equation is still valid for any
@ € V(£2), in which case the last term vanishes. Hence we can choose ¢ = W™+ in Eq. (4.10) thus obtaining
-1 2 -1 2
(1+ DU ) W™, < CR(1+ DU ) [Dw™

<c f(l +[DUm™|)P 2 pwm [ dx
Q
< C%(”Wm ”2“Um ||C1~V0(§) + ” um-! ”c]vm(ﬁ) ”Vwm “2) ”WmJr1 ”2

2
+Ck

/[(1 +[DU™)P — (14 |DU™ )P |DU™ . DW d|. (411)

Hence, recalling (4.9) and (3.15) we get that the integral on the right-hand side of (4.11) can be estimated as

Ck(1+ (po = 2277%) / [DW™|[DU™|[DW™dx < CR (14 (P = 2027 2) [DW™ [, [U™ 156 [PW™
2

< CECo(1+ (po — 202707222 fllg [ DW™ |, [ DW™ .
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Thus from (4.11) we get

W™y 5 <[CRCo2"™ + CRCo(1 + (po = 22772) 27 2] (1 4+ [DU™ | ) IS g [W™]

< CiCopo2 PO fllg W™ ym>1.

12
By the assumption (4.7), using (4.5) and that C > po, it follows that

CIZ( C0p02r+po +2

CxCopo2" TPoM2| fllq < C22r+4
0

L2P0T=2 1 (412)

since r > 2pg — 1 > pp — 2. An easy induction argument ensures that

W™, , < [CECotpo — D2+P*2 fll]" W], , Vm>1. (413)

s

Hence {U™} is a Cauchy sequence in W12(£2) and by completeness it converges to a function 7 € W1-2(£2). Since there
exists a subsequence of {U™} converging to u in C'¥(§2), and consequently also in W1-2(£2), by uniqueness of the limit
we have that u =1 € C1Y(2).

Further, let us estimate the L%2-norm of the pressure. By Eq. (4.10) and Lemma 3.6 we get

[P, <l VP <[ V- [+ DU )P DWW U+ (U )W,
VA0 [DUm) = (14 [Dum )P DUM | ). (4.14)
The first term on the right-hand side can be estimated by
[+ [DUT )PP DW ™, < (1 )P [DW [ < 2P0 W
By using inequality (3.15) and the upper bound for I, the last term in (4.14) can be increased to
[[(1+ (DU )P = (14 [DU )P ]DUT |, < (14 (po — 227073 [DW™ |l < [ W
Hence, from (4.13) and (4.14),

I

[P, < (W o+ IW™ ) < e[CRCotpo = D272 £l ] W .

Thanks to estimate (4.12), the sequence {IT™} verifies the Cauchy condition in L%(£2) and then converges to a function 7 in
the L2-norm. As before, for uniqueness, we have that w = 7 € C% (2).
As a last step we prove that the pair (u, 7r) solves problem (1.1). For any fixed ¢ € C3°(£2) we have that

‘/(1 + |DU"1|)'J_2DU'"‘H ~D<pdx—fS(Du) - Dy dx
o Q

< /(1 +[DUm|)P 2D (U —u)||D<p|dx+/|(1 +[DU™)P"% = (1 +1Dul)??|IDul| Dy dx
2 2
<A+ 1P 2 U™ —ul| LI Della + (14 (po — 2027 ) [D(U™ — u) |, I Dul2 1 D@l oo

Moreover

[(Um~V)Um-g0dx—/(u~V)u~<pdx
2 2

</|((um_u).v)um.¢\dx+/|<u.w(um_u).<p}dx

U™ —ul, [ VU™ _llell2 + llull2| V(U™ = u) |, i@l
U™ —ul,,(Imll@l2 + lul2ll@llee) < U™ —u]], ;.

NN

Finally

‘/Vﬂm“ ~<pdx—/Vn~(pdx
2 2

< '/(1‘1’“+1 —7)V@dx| < [T = 7|,V - ¢ll.
2

By using the convergence of {U™} to u in W12(£2) and of {IT™} to 7 in L?(£2) we get, for any ¢ € C5°(£2)

/f.¢dx=rggmm{/(1+|Dum|)p*22>um+l .D¢dx+/(um.v)um.<pdx+/vnm+1 -godx}
2 ko) 2 k7

:/(1+|Du|)p_2Du-D(pdx+/(u~V)u-(pdx+/Vn-(pdx.
2 2 2
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As a final step we observe that since U™ € V (§2) we can argue that u|yp =0 and V-u = 0, hence (u, ) solves problem (1.1).

The estimate (2.3) follows passing to the limit in inequality (4.9) and setting C; = Co2'+2.

Remark 4.1. In the above proof we have carried on the expressions of the various constants, instead of denoting them by a
generic constant c. This is just to use a unique smallness assumption on the LY-norm of f, i.e. condition (4.7), both for the

uniform bound (4.9) on the sequence I, and for the W1 2-convergence of the sequence Uy,.

Proof of the uniqueness

Let us prove the uniqueness of C!¥-solutions, in the sense of Definition 2.1. Let u; be another C!'Y-solution. Setting
w =1u — uq, we can test with ¢ = w in (2.1), written both for u and u;. We then subtract the two equations and we find

/(S(Du) — S(Duy)) - (Du — Duy)dx = /(w -V)w - udx.
2 2
If poo > 2, recalling (3.2) and (3.3),, and then using identity (4.15), we obtain

IDw|3 < /(S(Du) — S(Duy)) - (Du — Duy)dx < /(w -V)w - udx.
2 2

Increasing the last term as follows

2 2 2
< IVullsollwlly < CilIVullo IDWII,

‘/(W~V)W~udx =‘/(W~V)u~wdx
Q Q2

estimate (4.16) gives
(1-CRIVull) IDWI3 <O.
Therefore, if ||Vi|s < 1/C,2<v for peo > 2 the uniqueness follows. Recalling that from Theorem 2.1

Vulloo < ||u||c1~V0(§) <Cillifllg,

and since the last term is less than 1/C,2<, as it is easy to see from (4.7), condition |Vu| s < 1/C,2< is always satisfied.
Let us consider the case 1 < p, < 2. By replacing ¢ by u; in Eq. (2.1) written for the solution uq, we get

/S(Du1)~Du1dx:/f-u1dx.
Q Q
Since

QP2 / |Duq|P= dx < / (1+|Du1|)p“_2|Du1|2dx§ / S(Duy) - Duy dx
|Duy |21 [Duy|>1 |Duy |21
there holds
/lDu1|P°Cdx: / |Duq|P> dx + / [Duq|Pe dx < 227 Peo / S(Duy) - Duqdx +
2 [Duq|21 |Duq|<1 [Duq|2>1

By Hélder’s and Sobolev’s inequalities and recalling Lemma 3.5, it readily follows that

2—
1Dul1p% < 227P|ug || mpoe [ fl__mpoe 4+ 12| < c(IDutllpo, 1 fllg + 1),
n—poo npoo—n

+Poo

(4.15)

(4.16)

where we have used the validity of the inequality —22%__ < n < q. Therefore, applying the Young inequality, we easily

. . . NPoo—N+Poo
obtain the following estimate for the LP~-norm of Du;

1

IDu1llpo, < C2(1+1F14>7").
where C; = C2(peo, G, 1, §2). By using the Hoélder inequality, we can write

Px
o |DW|2 2 Poo(2=poo)
IDWIp :/<(1+|Du|+|Du1|)2*Poo (1+Dul+Dusl) 2 dx

2
Poo 2-poo
2

< (/ [Dwl* ax> (/(1 +|Dul + [Duy])™ dx)
= (14 |Du| + |Duy|)2-P=
2

2

(417)
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Hence, recalling (3.2) and (3.3)1, and then using identity (4.15), we obtain

c4Ppo
IDwl? . <
p

o1

(/(S(Du) — S(Duy)) - (Du — Dul)dx)(1 FIIDulS P> + I1Dus 15.7%)
]

= C3(Poos Po)(/(W V)w - udX) (14 1Dul2 P> + D1 15.7>). (4.18)
2

Using Hélder’s and Sobolev’s inequalities and then the hypothesis made on u, we have

‘/(W~V)W-ud}(
Q

where in the last step we have also used a Korn type inequality. Taking into account estimate (4.17) and the above estimate,
recalling that || f|lq < 1, (4.18) gives

2— o0
IDWI3 < Call fllg(1+11fllg ") IDWI?
where C4 = C4(Poo, Do, q, 1, £2). The previous estimate provides the uniqueness if | f|lq < 8, for a sufficiently small é.

2 2 2
<NVl [1WIPps < cllullery gy I VWIS, <cCill fllgIDWI.
0o -

00 —2n+2 n—poo

/(W~V)u-wdx
Q

5. Proof of Theorem 2.2

The proof can be obtained, with minor changes, by the proof of the same regularity theorem in paper [21] (see The-
orem 2.2, pp. 470-473), concerning shear-thinning flows. However, for completeness, we perform it here. We assume that
Ifllg < A <1, with A given by (4.7). In this way all the hypotheses of Theorem 2.1 are satisfied and we can find the
sequences (U™), (IT™) converging to the solution (u, 7r), as in the proof of the previous theorem.

In order to get D?u e L?>(£2) we proceed by induction on m. The first step is trivial, as Ug = 0. Assume that D*U™ ¢
L%(£2) and consider the following boundary value problem

—V-[(1+ Je(|DU™ )P 2DUT ] 4 VI = f— (UM VYU, in 2,
vV.U™l=0, in, (5.1)
U™l =0, on 3,

where J. denotes the Friedrichs mollifier. Since f — (U"'_~ vum belongs to L9(£2), the hypotheses of Theorem 3.2 are
verified and there exists a solution (UM, [TM+1) e C170(2) x C%70(82) satisfying the following estimate

[ v + 1T ooy SENVE 1 p + 1 = (- 9)U™],),

where T, in particular, depends on the C%%(£2)-norms of p and J.(JDU™|). We observe that the constant € cannot be
expressed in the form (3.14), since the tensor of problem (5.1) is not in the form (3.11). However, with minor changes to the
proof given in the Appendix of [21] we can achieve that

E=C(1+ | L(IPU" ) |cornga)

where we recall that C depends on the C%0(§2)-norm of p but not on the C%($2)-norm of J,(|DU™|). Proceeding as
in Theorem 2.1 (recall (4.3)), observing that ||]E(|DUm|)||C0,y0(_(—2) < IDU™|| cog @) and taking into account (4.9), we get,
uniformly in € and m,

”UsmH ”C1-70(§) + ”Hgnﬂ H O (2)
<1+ DU oo @) [e(1+ DU coro @) (1Flg + [U™ [ ) + 15l + | (U™ - 7)™ ]
<cCA+Im)™* (I fllg + I) < cCull fllg- (52)
Further, as the tensor Afwjﬂ = %(6,']-80(,3 +8igdje)(1 + Je(IDU™)))P~2 satisfies the hypotheses of Theorem 3.3, then Uf;”“ €
W22(2) and 1™ € W2(2) (and verifies an estimate of the kind (3.8) not uniformly in ). Let us multiply (5.1) by
AUQPrl and integrate on £2; = {x € £2: dist(x, 3£2) > n}, for some ¢ < 1. We get

[ g um)Hauze Pax= [ @ peo)(1+ 1o(DUm) DU (AUZ @ Ve ([DU)

2y 2y
- /(1 + Je(|DU™)))P 2 log(1 + £ (|DU™|))DUTH - (AU @ Vp) dx
$2n
4
+/v17;"+1 AU dx—/(f—(Um~V)Um)~AU£’““ dx=Y "Ki.  (53)

2y 2 i=1
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Let us estimate each term on the right-hand side. Using the induction hypothesis on D2U™, recalling that

[V1e(IPU™ 5,0, = 116 (VDU D5 0, < [VIPU"[ ],

we get

K11 < (14 (0 =2 (14 [ DU oo )™ IIPUFH g g, [AUF [ 0, [V I ([PUT]) .,

<cCillfllg| AUET, o, IV[DU™[ |, ¢

Further

K2l < (1+ [ DU™ ) DUI | g, 1 AUR T, o 9P,

HCWO(E)
<cCilfllg[AUFH, o, IVPIl2.0-

By using the divergence theorem,

K3l = ‘ / atAUTT - ndo| < I AUZH .n”W*%l(ann)’

a2y

w222, |

where n denotes the unit outer normal to 3§2; and do the (n — 1)-dimensional measure. It is known that (see [31]) if
Yo > % then

T €T oy

In our hypotheses, since ¢ >2n and yp=1— %, the condition yp > % is satisfied. Moreover (see [26, Chapter III])

|aug ™t n <[AUT g, + V- AUT T, g, = [AUZ 5 g, -

W22, |
Hence, recalling (5.2), for the term K3 we obtain

K3l <cCall flg | AU g,
Finally, using the Cauchy-Schwartz inequality and the result of Theorem 2.1,

IKal SISl AUZ |, o + (U™ VYU | AU, o < e(ifllg + CRIFIZ) [AUT |, g, -
Bounding the left-hand side of (5.3) from below as

|AUm+1|2

1+ Jo(|DU™))" 2 |Aum+ Py > — =2
/( ]8(} ‘)) | € | X 1+ IDUM | covg g

$2n
the above estimates imply that AUM™ ! € L2(£2;)) and
[AUT* ], o, <cCillfllg(1+Cullfllg) (1+ IVPIa+[ VDU [, 0)- (5.4)

Since the previous estimate holds for any n > 0, we can replace ||AU[3’”rl 2.2, with ||AUQ1+1 ll2,2- The above boundedness

of AU‘S’“Jrl in L?(£2), uniformly in &, ensures the existence of a subsequence weakly converging in L%(£2).
On the other hand, we prove that, for any fixed m € N, U™! tends to U™! in W12(£2) as & goes to zero. Indeed,
using (4.2) and the following definition of weak solution for U;"“

/(1 + Je(|DU™))P P DU . D dx = /(f —(U™-V)U™) - @dx, VeeV(R),
2 2

then subtracting the second identity by the first and finally choosing ¢ = U™+ — U?“, we get
/ (14 [DU™ )P~ [pUm+t — DU+ 2 dx
2

- / [(1+]DU™))P7* = (1 + Jo(|DU™|))"*]DUTH - (DU™ — DUTHT) dx.
2
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Hence, estimating the left-hand side as usual and employing (3.15), we have
[DU™ = DU < (14 [DU™ | o ) [1 + (Po = 2 (1 + | DU™ o )" ]

x [L1e(jpum) = [pUm[|pUz* |[DUm ~ DUZ*ax
2
<c(po—D(1+ |DU™ Hc'(’vlfo@))po_1 HDU?H oo @
< |1e([pu]) = [pum| | Joum+! — DUz

which, dividing by |DU™! — DUT™ ||, and letting & tend to zero, ensures that DUT+! converges to DU™H! in L2(£2).
By using the strong convergence of U;"“ to U™ in W12(82), we also deduce that the limit point of the subsequence
of AUT*! in [2(£2) is AU™FL. Since ||D2U™ |y < c||AU™ 1|5, by using (5.4) we get

[D*U™ ], < Cslifllq(1+ |D2U™],). (55)

where Cs depends on Ipllcore ). M. 4, $2. Set

V(@) =Gl fllq(1+2, z>0.
If

Gliflg <1, (5.6)

then there exists zg > 0 such that ¥ (zg) = zo. By induction one has ||D>U™||; < zo for any m € N. Indeed ||D?U°|, =0 < zg
and, since ¥ is increasing, for any m € N, using (5.5), we have

[D2um 1, < w (02U ],) < (e = 2

for any m € N. By the uniform boundedness of the L2-norm of D2U™, using the strong convergence in W1-2(£2) of U™ to
the solution u of problem (1.1), we deduce that if the force term satisfies (5.6) and || f|lq < A, then u € W22(£2). By (1.1),
we have that

V=V [(1+Dul)’Du] + f — (- Vyu

in the distribution sense. Observing that the right-hand side of the previous identity belongs to LZ(§2), we also obtain
Vi e L2().
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