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1. INTRODUCTION

The phenomenon of interior nonuniformities in solutions of singular
perturbation problems has been extensively studied within the context of
second order differential equations whose degenerate form is a first order
equation (see, for example, O’Malley [5] and Wasow [6] and the many
references contained therein). In this paper, on the other hand, we shall
study equations which reduce to the simple form A(x, ) = 0 when the
perturbation parameter ¢ is zero. The type of nonuniformity we study is that
of an abrupt transition at some interior point x, between distinct solutions
of the reduced equation. In other words, we assume that the reduced equation
has (at least) two solutions # = g'(x) and u = g2(x). We then look for
families u(x, €) of solutions of the original problem for which u(x, €) — gl(x)
as ¢—0 uniformly for » < x, — 38, and u(x, €) > g%(x) uniformly for
x > x4 -+ 8, where 8 is any positive number, For simplicity, our solutions are
defined for all values of x. They are not conceived as being solutions of any
particular boundary value problem. Transition layers in the context of
boundary value problems will be the subject of a later paper.

It is not unusual for a second order equation to have a solution family with
a transition layer, but the location x, of such a layer is subject to restrictive
conditions. Consider the example

(plu, xyu'y — h(u, x) = 0,

where p > 0. Sufficient conditions for a transition layer at x = x, to exist,
in the case g%(x,) > g'(x,), are

(D) Ry (=), x) = o« >0,

. k >0 for ke (gi(xy), £4(xy)),
@ ‘[n(wo)P(v’ o) B, %o) do =0 for k = g*(x,),

* Supported by National Science Foundation Grant No. GP-30255X.
77

Copyright © 1974 by Academic Press, Inc.
All rights of reproduction in any form reserved.


https://core.ac.uk/display/82186487?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

78 PAUL C. FIFE

and

i) [ [polor 30) M %0) + P(0, %) b0, 30)] do 0.

Lix,)

This example is treated in detail in Section 6. In the general case
F(u", eu',x,€) =0

treated in Sections 2-5, conditions analogous to these three are given. The
analog of (ii) is simply

(ii)':  the equation
F(¥",5,50,00=0 (L.
has a solution satisfying y(— o0) = gy(x,), ¥(0) = g5(%y)-

In the example mentioned above, this condition is equivalent to (ii).

The simple case when F does not depend on x or € should be considered
separately; in fact, our Hypothesis 3 explicitly excludes it. This case is easily
treated, because (ii)’ alone is seen to be sufficient for a transitional family to
exist. In fact, necessarily gé(x) are constant, so the family u(x, €) = y(x/e),
where y(n) is a solution of F(y",¥",3) = 0, y{(0) = g2, y(—o0) =g, is
transitional in nature.

The results in this paper are mainly concerned with existence and
uniqueness, although methods for constructing asymptotic expansions for
our solutions are given in Section 7. We first establish, in Section 2, the
existence of regular families w(x, €} approaching gi(x) uniformly in x, as
€ — 0. These families are analogous to those obtained in other papers by the
usual outer expansion techniques. Inner expansions correspond to the
construction of our transition function y(x, €) discussed in Section 4.

In past approaches to singular perturbation problems, stretched variable
techniques have been used to obtain boundary layer “‘corrections,” or
boundary layer “matched expansions.” In the former approach, the solution
is obtained as the sum of inner and outer expansions; in the second, it is pieced
together from expansions of these types. Our approach is different from
either of these, in that we use the product of an inner expansion and an outer
expansion. In fact, our family of solutions is of the form

u = w' 4 y(w? — wl), 1.2)

where the w' are the families mentioned above, and y is a function of a
stretched variable 7 and e which approaches 0 as 7 — — o0 and 1 as 7 —c0.

The proofs for the existence of appropriate families ¢ in Section 2, and
of the family y in Section 4, are both based on the implicit function theorem,
but they use that theorem in completely different ways. In both cases,
difficulties force the problem to be reformulated in order for the theorem to
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apply. In Section 2, the difficulty is that the essential features of the problem
when e = 0 are radically different from those when e % 0; thus, the problem
as it stands is out of the scope of the implicit function theorem. This difficulty
is surmounted by forming an equivalent problem which does not have this
liability. In Section 4, however, the main difficulty in using the implicit
function theorem is that the operator involved does not have an invertible
Frechet derivative at the origin, as is required; in fact the derivative has a
one-dimensional nullspace. This difficulty is overcome by introducing an
extra parameter A into the problem, thus recasting the problem as one for
which not only a solution #(n, €) of the appropriate differential equation is
sought, but also a function A(e). This new problem in a space of one higher
dimension is now amenable to the implicit function theorem. The technique
for such a recasting is given in general terms in Section 3. The ideas involved
here are sometimes used in bifurcation problems (see [3], for example).
As applied in Section 4, the extra parameter A appears in the particular
form of the stretched variable 7.

Another difficulty in Section 4 is the fact that the Frechet derivative L
(in fact, the differential equation itself) is on an infinite interval. Although
one knows that 0 is an eigenvalue, it is necessary to prove that the continuous
spectrum of L is bounded away from 0. This is done with a result of Weyl
dating from 1909.

As regards uniqueness for the families constructed herein, it turns out that
the regular families are unique; this is proved in Section 2. When it comes to
transitional families, we focus attention on families of the form (1.2), where
¥((x/€), €) is such that lim,,,, ¥({, €) = 1;lim,,_,, ¥({, €) = 0, uniformly ine.
Under our hypotheses, in general there can be only one transitional family of
this type, although in exceptional circumstances, there exist two. The proof,
given in Section 5, surprisingly reduces to the question of uniqueness of the
initial value problem for a certain non-Lipschitzian differential equation.
Whether there exist transitional families which are not of the type (1.2) with
¥ having the properties indicated, is an open question.

One notational convention should be made clear at the outset. Partial
derivatives of functions of several variables will usually be denoted by
numerical subscripts, the number denoting the argument with respect to
which the derivative is taken.

2. Ex1sTENCE oF REGULAR FAMILIES OF SOLUTIONS
Consider the differential equation
F(u', ew',u, %, ¢) = 0 (2.1)

for a function #(x), —o0 << x < 00. Our basic assumption follows.

505/15/1-6
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Hvypotuests 1. The degenerate equation F(0,0,u,x,0) =0 has two
bounded solutions u = gi(x), i =1,2. For some « #0, i =1,2, and
—w0 < x < 00,

F(0, 0, gi(x), x, 0) = «?, (2.2a)
Fy(0, 0, gi(x), x, 0) << —«2 (2.2b)
In addition, it will be assumed throughout the paper, but not stated again,

that F and g% have a sufficient number of derivatives bounded uniformly in x,
for the steps indicated in this and the succeeding sections to be meaningful.

THEOREM 2.1.  Under Hypothesis 1, there exist unique families u = w'(x, )
and u = w¥(x, ¢) of solutions of (2.1), defined for x € (— 0, ©), and | e | < ¢,
for some €y > O, such that the limit relation

lim wi(x, €) = gi(x) (2.3)
holds uniformly in x, and such that w,’ and w', are bounded for x and < in the

above range.

Proof. Since the argument is the same for @' and @2 we suppress the

superscripts on w and g.
Let C* denote the space of functions #(x) with 2 bounded continuous
derivatives on the real line (— oo, o0). The associated norm is

lule =} sup|ud(x).
i=0

Let F denote the mapping from C? X R! to C? defined by
F(u, ¢) = F(u", et', u, x, ¢). 2.9

It can be checked that F has continuous Frechet derivatives to any desired
order, provided that F is uniformly continuously differentiable to a sufficiently
high order in all its arguments.

For some m > 0, we construct a function U(x, €) = Y, _, ", (¥) satisfying

8XFUC, €), oo =0, &k =0,..., m. (2.5)

Forzk]: 0, (2.5) is F(0, 0, u, , x,0) = 0, with solution uy(x) = g(x). For
k > 0, the equation is

F3(0: 0’ g(x)’ X, O)uk(x) = hlc(x)9

where the function /;(x) is determinable from the previously found functions
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u; ,j < k. Thus, by virtue of (2.2b), all the terms u;, & > 1, are uniquely
determined.
From (2.5) and Taylor’s formula, we have that

F(U, €) = e™tlg(x, €), (2.6)

where g(x, €) = (1/(m + 1)}) o7'F(U(:, be), B¢). The derivative on the right,
being expressible in terms of the derivatives of F, is bounded uniformly in x,
for |e] < It

lglo < K. 27

In addition to the usual norm | # |,, we shall use the following family of
norms on C2 for € 5~ 0:

|uls = e®sup | u'(x)] + | €| sup | &(x)| + sup | u(x)l.

Lemma 2.2, For e small enough but nonzero, the derivative F\(U, ¢) is a
homeomorphism between C? and C°. Furthermore there exists a K, independent
of € such that

Kt ols < |1F(U 6 0)ly < Kzl o5 (2.8)
Proof. We denote by Le the above indicated derivative:
Lev = F,(U, ¢; v) = e%a(x, €)v" + eb(x, €)' + c(x, €)v,

where a(x, €) = Fy(U(x, €), €Uyx,€), Ulx, €),x,¢), b =DFy(-), and
¢ = Fy(--*). Clearly L¢ is bounded. We consider its invertibility.

By virtue of (2.2), and the fact that U(x, 0) = g(x), we have, for some
constant ¢, > 0,

a = 12, c << —3®  for |e| <g. 2.9

DO

Let f € C° and consider the equation
Lwv = f. (2.10)

From (2.9) and the maximum principle, we have that any bounded solution v
must satisfy

9o < 2672 flo-

In particular, f = 0 implies ¥ = 0, so L¢ is one-to-one.

For the existence of a solution v € C? for arbitrary fe C° we use a com-
parison argument with the constant function a = 2«2| f|,. Let v, be the
solution of the boundary value problem Lev, = f in (—=n, n), v,(—n) =
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va(n) = 0. Since, for [e| < ¢, Lo« —f = ca — f < 0 and LY(—a) — f =
—ca — f 2> 0, the maximum principle insures that any solution of Ley — f =0
in any interval (x, , %) lies between —a and « in that interval, if it does so at
the endpoints. In particular, | v, |, < o for all n. The equation Lew, = f,
together with (2.9), imply that

o lg <N flg+Tellblglo, lo+1clyl 2,1y
< C(flo+lellva lo)

where C is independent of €. This, together with the interpolation inequality
(see [4, p. 114])

lellv, o <8 |, |y+2]9,|,/8 (8 > 0, arbitrary)
yields the result that | v, |5 is bounded uniformly in »
onls < Kslflo- (2.11)

The differential equation itself again provides the equicontinuity of the
sequence {v,,}, so a subsequence of {v,,} converges to a solution v(x) of Lv = f
for all . Since (2.11) continues to hold in the limit, we have the invertibility
of L¢ with the left side of (2.8) holding. But the right side is immediate; the
lemma is proved.

Continuing with the proof of Theorem 2.1, we set m = 5, and let I be an
open interval on the real axis containing 0, such that the conclusion of
Lemma 2.2 holds for € € I\{0}. We then define the operator H: C2 x I — C?
by
e (L) LF(U + €%, ¢), €40,

s, e =0.

H(s, €) = 2.12)

Clearly H is continuous differentiable for ¢ 5= 0. We shall show that it is
also for ¢ = 0. Using a Taylor series expansion with remainder of order 2, we
have

F(U 4- €%, €) = F(U, €) + €Fy(U, €; s) + ¥¥(s, €)
= €8q 4 SLss + SP(s, ¢€),
where | P(s,€)ly < K, for |s]; < 1 and |e| < 1. Thus, H(s,¢) — s =
(L) 1q -+ (L)W, and from (2.7) and (2.8)
|H(s, &) — s |y < € 2| H(s,¢) — s[5
S Kie(lglo + [ ¥ o) < Kige (2.13)

for |s|; < 1and|e| < 1. Thus H is continuous at ¢ = 0.
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For € % 0 we have

Hy(s, ) = (L) Fy(U + &, 5)
= I+ (LY YFy (U + &, &) — Fy(U, &) = 1+ T(s, ¢).

But Fy(u, €) is a linear second order differential operator with ¢ multiplying
derivatives as in L¢, and coefficients depending differentiably on %, e/, and
€*u”. Thus, by the mean value theorem, G(s, €) = F,(U + €%, €) — Fy(U, s)
is also such an operator, with coefficients bounded in C? by K.,é?| s |5 for
sy < 1. Thus, |G(s, € 2)lp < Keeflslglvls < Kee¥|s|y| vla, s0 by
28), |T(s, 60 < 2 Tl e, )5 = ALIGf; < <K, Gly <
Koe[s|y | v]y. Thus, in operator norm, | T(s, €)|p(c2.c2y << Kge| s |;. This
implies that Hy(s, €) is continuous at ¢ = 0, and, of course, H,(s, 0) = 1.

By the implicit function theorem, there is a function s(¢) € C? defined for
|e] < ¢, satisfying | s(e)l, << Kjge and H(s(€), ¢} = 0. From (2.12) we,
therefore, have F(w(e), €) = 0, where w(e) = U(e) + €%(c). The existence
of the required families is thereby proved.

We consider the question of uniqueness. Suppose that @(e) € C? is another
family approaching g, with | @(e)|, bounded for | e| << 1. Then clearly
| @w(e) — g 15— 0 as e > 0. Let v(e) = @(e) — w(e). Since both w and &
satisfy (2.1), we have by the mean value theorem,

0 = F(@, €) — F(w, €) = Fy(w + O, ¢; 2)

for 0 << 8 << 1. The right side can be thought of as a linear differential
operator in v, with coefficients depending also on ¢. By (2.2), this operator is
subject to the maximum principle for small enough ¢ and small enough
[z ;. But | v |5 can be guaranteed small by making e small, because by
construction |w — g |3— 0, and by assumption | @ — g [; = 0. Thus, for
small enough ¢, the maximum principle applies, and we obtain that v = 0, so
@ = w. This completes the proof.

3. A LemMma oF ImpLiciT FunctioN TYPE

The proof of existence of a transition layer given in Section 4 will be based
on a variant of the implicit function theorem. This section is devoted to
proving the needed variant.

In the following, X and Y denote Banach spaces, D a neighborhood of the
origin in X, and 7 an open interval on the real line containing the origin. Let
M:DXIxXI—>Y and m:D xXI X I—>R' be continuous mappings,
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continuously differentiable in their first two arguments, satisfying the following
hypotheses (here subscripts denote partial Frechet derivatives):

(1) M(0,0,0) =m(0,0,0) = 0;
(it) M0, 0,0) is a linear operator with one-dimensional nullspace
spanned by ¢ € X and range characterized by

R(M,(0, 0, 0)) = {ve V:(g* v> = 0}

for some ¢* € ¥*;
(iii) <$*, M0, 0, 0; 1)> # 0;
(iv) my (0,0, 0; ) 5 0.

Lemma 3.1. Let M and m be as described above. Then there exist unique
continuous functions u(e), Me), defined for | e | << ¢, for some ¢, > 0, satisfying

#0) =0, MN0)=0, M), Ne),e¢) = 0; (3.1)
m(u(e), Xe), €) = O. (3.2)

Proof. Let P, denote any projection of X onto the nullspace 4" (M,(0, 0, 0))
and Q, = I, — P, . Let O, be any projection of Y onto #Z(M,(0, 0, 0)), and
P, =1y — Q,, where Iy, Iy are the identity mappings in the respective
spaces. Let L denote the restriction of MM,(0, 0, 0) to O, X. It is one-to-one
since Lu = 0 implies # = a¢, which implies # = 0. Also it maps onto Q,Y
by (ii), so by the closed graph theorem, it is a bicontinuous map between 0, X
and Q,Y.

Let I; C I be an open interval containing the origin, and D; an open neigh-
borhood of the origin in Q, X, such that D D {& 4 ad: 2€ D, , a € I}}. Let
Wy,=D, xIL, xIl;, Wy =0,Y x P,Y XR', and N: W, x I > W, be
the mapping defined by

N(w, €) = (A(z, o, A, €), B(2, o, A, €), C(z, o, A, €)),
where w = (2, o, A) € W, and the operators on the right are defined by
Az, a, A, €) = QuM(2 -+ ag, A, €),
B(z, o, A, €) = P,M(z + ag, A, €),
and

C(z, o A, €) = mlz + ag, A, €).

It suffices to prove that N(w, €) = 0 has a unique continuous solution w(e)
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with w(0) = 0, since this equation is equivalent to (3.1), (3.2) with u(e) =
2(€) + ofe)d.

Clearly N(0,0) = 0. Also N is continuously differentiable in = and
continuous in e. If the derivative N,(0, 0) is a homeomorphism from W, to
W, , the implicit function theorem will then yield the desired result. This
derivative can be expressed as the following Jacobian matrix, where for
simplicity we use such notation as 4,(0) in place of 4,(0, 0, 0, 0):

4,(0) A45(0) A450)
N,(0,0) = (31(0) By(0) 33(0))~
Ci(0) Cy0) C40)

We proceed to evaluate some of the elements:

4,(0) = Qle(O)Iolx =L;

Ay(0): R — Q,Y is the operator Ay(0; o) = «Q,M,(0; ¢) = 0, since ¢
is in the nullspace of 14,(0);

B,(0) = P,M(0) = 0, by the definition of P,;

B,(0): Rt —» P,Y is the operator By(0; o) = aP,M(0;¢) = 0;

Bj(0) is given by By(0; o) = P,M,(0; o) = aPyip, where b = M,(0; 1),
so that by (iii), Py 7 0;

Cy(0): R* — R* is the operation of multiplication by m,(0;¢) = B,
which is different from 0, by (iv).

Thus,

L 0 4,0
Ny(0, 0) :( 0 o0 SPW),
C0) S C4(0)

where we use the symbols Sp,y and S, to denote the linear operators with
domain R consisting of multiplication by Pyb and B, respectively. It is now
easily seen that IN;(0, 0) has a bounded inverse, so is a homeomorphism of
W, onto W, . In fact, for any v = (%, ¥, y) € W, , the equation

Ni(0,0; w) = (3.3)

may be solved for w = (z, a, A) as follows. Since P,.X is one-dimensional, it is
spanned by any nonzero element such as Pyj; therefore, we may write
¥ = vPy) for some v € RL. The second equation in the system (3.3) reads
APyl = vPyf, which has the unique solution A = ». The first equation
then reads Lz 4 Ay(0; A) = %, which has a unique solution z depending
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continuously on v = A and £, by virtue of the bounded invertibility of L.
Finally, the third equation can be solved uniquely for « since by (iv), § # 0.
The implicit function theorem is now applicable, and the lemma is proved.

4, EXISTENCE OF A TRANSITIONAL FamILy

We now seek solutions u(x, ) of (2.1) with the property that for any & > 0,

£4(x)  uniformly in (—co, —38),

£%x) uniformly in (8, c0). (1)

lsi_r)g u(x, €) =
Our goal will be to obtain such a family in the form

u(x, €) = w(x, €) + F(x/e, €)(wi(x, €) — wi(x, €)),

where w? are the regular families constructed in Theorem 2.1. Thus, a
sharp transition at the origin is brought about by prescribing # to depend on
the stretched variable (x/¢). However, it proves to be more convenient to use
a shifted stretched variable %(x, €) = (x — A(¢e)/e), and a transition function
y(n, €) = H(x/e, €) = F(y + (Afe), €), where A is a regular function of e
satisfying A(0) = 0, and adjusted so that y(0, ¢) is independent of . If
H(x/¢), €) were known, and a number @ were given such that §,(a, 0) # 0
(and there must be such a number, since ¥ is not constant), then the equation
F(p(€), €) = Ha, 0) could be solved for an appropriate u(e) satisfying u(0) = a.
Setting A(e) = epu(e), we would then indeed have that y(0, €) = F(u(e), €) is
independent of e. However, we shall work from the other direction and
attempt to find a family of solutions of (2.1) of the form

u(x, €) = wi(x, €) + y(n(x, €), e)(w(x, €) — w'(¥, €))
= w! 4 y dw, (4.2)
where y satisfies
nlim y(n, €) = 0; lim y(x, &) = 1, 4.3)
—»—00 N

these convergence processes being uniform in ¢ for € in some open interval
containing the origin. As mentioned above, at the same time we adjust A(e)
so that (0, ) is independent of e.

To see that (4.2) will then be a transitional family, we note that

| u(x, &) — g'(x)| < | wilx, &) — £(x)] + | ¥(n(#, €), &)l | du(, €}l

By (2.3), the first term on the right converges to 0 as € — 0 uniformly in x.
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By virtue of the uniformity in (4.3), the factor y{n(x, €}, ¢) >0 as e - 0
uniformly for x < —8 < 0. Finally, the factor | 4w | is bounded. Thus, =
satisfies the first part of (4.1). The second part is established analogously.
It will be proved in Section 5 that in general there exists only one transitional
family of the type (4.2).

Accordingly, we define a differential operator G for a function y(, €) by
substituting (4.2) into the differential operator F and writing the result in
terms of 7, A, and € (noting that x = ey + A):

G(Yon > Y ¥s €n + A, €) = F(dw(en + A, €) Y + ezw;m(e") + 4, €) + 2edw, y,
+ 2dw,,y, dwy, + ew,! + edw,y,...).

We then seek a solution pair y(, €), A(e) of G = 0, satisfying (4.3) and
A0) = 0. In particular for € = 0, we obtain the following equation for

Yo(n) = y(n, 0):
G(3g 54> ¥y 0,0) = F(dg(0) v, , 48(0) v, 42(0) ¥, + £'(0), 0,0) = 0.
(4.4)

In view of the requirements (4.3), the following assumption is necessary.

Hypotuesis 2. There is a solution y,(n) of (4.4) satisfying

Yo(—0) =0, o) = 1. 4.5)

Note that Eq. (4.4) does not explicitly involve 7. Hence, from the solution
¥s(n) we obtain many more solutions y,(n — C), C an arbitrary constant.
Therefore, no generality is lost by supposing that y,'(0) # 0; if this is not
true, we replace yy(n) by yo(n — C), C being chosen so that it is true. We,
therefore, have

¥5'(0) # 0. (4.6)
One additional assumption will suffice for the existence of a transitional
family.

HyrortHesis 3. a(n) > 0, and

fi 7(n) Fy(42(0) y5(m), 48(0) 3, (n), 48(0) () + £1(0), 0, 0) 3,'(n) dy 5 O,

where

o) = exp || ﬂ%ﬂdn 4

a(n) = G(55(1), 3" (1), ¥o(m), 0, 0), (4.82)
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and
b(n) = Gy(*). (4.8b)

For future reference, we also define

e(m) = Gs(+). (4.8¢)

In view of the nonuniqueness of solutions of (4.4), (4.5), it may be wondered
whether Hypothesis 3 is satisfied for some choices of y,(3), but not others. In
connection with the uniqueness proof in Section 3, it will be shown that in the
usual case, this hypothesis is satisfied for all possible choices of y, if and only
if it is satisfied for one of them.

ToeoREM 4.1. Under Hypotheses 1-3, there exists a family of solutions
¥(n, €), Ae) of
G(ynn s ¥n s Yy €N + A 5) =0 (49)

defined in some interval | ¢ | < €, —00 << n < 0O, continuous in ¢ uniformly
in v, satisfying N0) = 0 and (4.3), these latter limits being approached uniformly
in €. Hence, there exists a transitional family of solutions (4.2) of (2.1) satisfying
4.1).

It will be convenient to work with the function v = y — y, rather than y.
We thus seek solutions v(y, €), A(e) of

G(yg—}—'vm,yo'—]—vn,yo—I—'v,en—}—)\,e)=0 (4.10)
satisfying
|},i11_r,lw o(n, €) = 0, (4.11a)

the approach being uniform in e. We also impose the condition
2(0, €) = 0, (4.11b)

so that (0, ) = const. This has the effect of characterizing A(e) as that
number such that u(}, €) = 6wl(}, €) + (1 — ) w?¥(}, €), where § = yy(0).

The theorem will be proved with the aid of a series of lemmas developed
below, which essentially demonstrate the applicability of Lemma 3.1 to the
present problem. The first step is to interpret the left side of (4.10) as an
operator from a suitable Banach space X into another space Y. For our
purposes it is appropriate to use the following spaces, where 7 is the positive
function defined by (4.7).

X = H n C* = the space of functions ()
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with bounded continuous derivatives up to order two, for which the norm
2 Lo 1/2
lolle=lol+ (X [ ()1 o%m) dn)
k=0 ¥~

is finite; ¥ = H{” N C? = the space of bounded continuous functions with
finite norm

1ol = o+ (| reneemyran)

Lemma 4.2. Under Hypotheses 1-3, the differential operator on the left
of (4.10) defines an operator G(v, A, €) from X X R! X R'into Y.

Proof. If ve X, quite clearly the function on the left of (4.10) (call it
f(, A, €) will be in C® for each A, e. The lemma will be proved if we can show
that | ® . rftdy < oo for each A and e. Since (2.1) is satisfied by both
u = wy(x, €) and # = w,(x €), we know that

G(0,0,1,en+ A, ¢) = G(0,0,0,en 4+ A, ¢) = 0. (4.12)
Thus, by the mean value theorem we have
fon A €) = G0y, 09, 0y, en + A, €) " + Go(+) ¥ + Go(-+) 3,

where 0 << @(x) < 1. Since F and G have derivatives bounded uniformly
in x = ey + A, each of these three coefficients G, is bounded in terms of the
magnitude of their first three arguments, uniformly in . Therefore, we have
a function K,;(M,) such that the following estimates hold for all | y |, << M,
and |e] < 1:

| £ & ) < K(Mo)(| 3" ()] + 15" (n)] + | y(n))- (4.132)

Using the left equation in (4.12) similarly, we obtain

£, A, )l < Ky(Mo)(| ")l + [ ')l + 1 y(n) — 11). (4.13b)

Setting y = ¥, -+ v, we have on the one hand, from (4.13a), that

[ r(a 2 e

—c0

KM [ R + Oy + (P dn -+ vl
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and on the other hand, from (4.13b), that

[ v s n 2
KM {7 re(5 + (3 + (0 — D)y + 0 .

If the integrals on the right of these two inequalities are finite, we conclude
that J':, rf2dn << o, hence fe Y. This finiteness will be established by
analyzing the asymptotic behavior of r and y, .

Referring to (4.8) and (4.5), we define the constants at = a(w0) =
G4(0,0,1,0,0); a= = a(—o0) = G4(0, 0, 0, 0, 0); with analogous definitions
for b* and ¢*. From (2.2) we obtain

at>0; =<0 (4.14)

From (4.14) and Hypothesis 3 we see that a(n) is positive and bounded
away from zero. From this, (4.7), and the fact that &() — 0, we obtain that
for any 8 > 0 there exists a constant C; with

r(n) < Cs exp[(b*/at) + 8]n  for 7 >0, (4.15a)
r(n) < Csexp[(b~/a~) — 8]p  for 7 <O. (4.15b)
Now consider the Eq. (4.4), satisfied by y = y,(5). Since G(0, 0, 1, 0,0) = 0,
one may use the mean value theorem to write it as
G0y, 6y, 1 + 8(3, — 1),0,0) 37 4 Gy(-) 3y + Gy )3, — 1) = 0,
(4.16)

where 0 < O(n) < 1. Write this as L*(y, — 1) = 0, where L* is the linear

operator on the left.
Let v > 0 be a constant such that ¢t << ¢t + v << 0 and let

= (b -+ ((B*) — da*(ct + v))122a%) > 0,

so that atu? — b+ -+ ¢t = —v < 0. Now notice that (4.5) implies that the
coefficients of (4.16) approach at, b+, c* respectively as n — co. Therefore,
for some large enough 7,

Gl(ey(,), ’ ayolr 1+ G(yo —1),0,0) p* — Gz("'),“' + Gs("') <0,
G; < 0,and Gy > 0, forn == 7, .

Setting V(n) = e~#!"7), we thus find that L*V < 0 fory = 5,.1f &2 > 0
is such that |y,(n,) — 1| <k, we have from this and (4.16) that
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w = kV(n) £ (¥4(n) — 1) satisfies L*w < 0, w(n,) = 0, w(o0) = 0. The
maximum principle now tells us that @ >0, which means |y, — 1] <
ke=tn=7y), for n > 7, . Equation (4.16) says |y | < C(|5o — 1| + | 3y |) for
some C. A standard interpolation inequality (see, e.g., [4, p. 114]), yields for
each 7, , the following, where the suprema are taken over the interval
(m1,m + 1), and w > Qs arbitrary:

sup | ¥y ()l < @ sup [ y5(n)] + (1/2w) sup [ yy(n) — 1.

Choosing « small enough and combining this with the above inequality, we
obtain for %, = 7,,

sup|y(']'| Csup[yo—li < Ce™™m,
with a similar exponential estimate for y,". Thus for some C,
1Yo — 1 *+ 13y F 4 155 P < Cexp(—2u1) (4.17)

forn = 7,.
In (4.15) we now choose 8 > 0 so small that 4(a+)? 82 < (b+)% — dat(c*t + »).

This inequality implies that (bt/at 4 8) — 2u << —8 << 0, which, from

(4.15a) and (4.17), in turn implies that r(p)[(¥g)® + (36')% + (¥ — 1)
decays exponentlally as 7 — oo. Thus, [g 7f2dy < co. A similar argument
shows that J’_w 7f2dny < 0. Thus f€ Y, and the lemma is proved.

LeMMA 4.3.  The operator G defined in Lemma 4.2 is continuously differen-
tiable.

Proof. The symbol C will always denote a constant independent of €. Let v
and ze X, and || # ||y < 1. Expanding G in a Taylor series in its first three
arguments with remainder I of order 2, we obtain

Glv+240) =Gy, +@+2)"y +@+2),5+@+2),q+X¢
=G@, A ¢ +[Gly, +".3) + 7,9, +v,en+ A €) 2"
+ Gy(-+) 3" 4+ Gy(--)2] + I'(=", 2/, 2,7, A, €),
where for some C depending on # and its derivatives,
I <C(2" |+ 12|+ 1z <Clal(l2" ]+ 12|+ ]2]),

so that

(7 reran) ™ < claly (|7 Ar + @r +2140) " <Clizlh.
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Hence,
1y < C(ll 211x)%

Therefore, G is differentiable with respect to its first variable, and the
derivative is given by Gy(v, A, €; 2) = G12" + Gy2' -+ Gyz. To show that
G, depends continuously on v, A, and €, we note that
1Gy(@, A, €5 2)ly

< C(| Gl(y(’)’ + ‘ZI”, yol + 7, Yo + v, en + A, e)!0 + | Gz |0 + [ G3 |0) Il = “X s

so that the operator norm of G, is estimated in terms of the suprema of the
three coeflicients. These in turn depend continuously on their five arguments,
uniformly in 7. It follows fairly easily that the mapping (v, A, €) > Gy(v, A, €)
is continuous with respect to the C? norm of o, hence, certainly with respect
to the norm || v ||y . We omit the proof of continuous differentiability of G with
respect to A and €, which follows a similar vein. This establishes the lemma.

Lemma 4.4, Let v(n) be continuous in [0, o), and satisfy

Ly = a*(n) " + b*(n)0' + c*(n)v = y(n),

where the coefficients and y are bounded. Assume that for some ny > 0, a* > 0
and c* < —o < Oforn > n,.

(a) If vis bounded and y = 0, then there exist positive constants Cy and «,
depending only on 7, , o, and upper bounds for a* and | b* |, such that

o) < Gyl vloen.

by Ifa*—a* > 0, b* — b+, c* — ¢t < 0 as yp — o0, and
7

f: [exp(b+/a*+ — 8)q] 2*(n) dy < oo (4.18)

for some sufficiently small 8, then v is bounded.
Proof. First, consider case (b). Let
po= (=b* + ((6%) — 4a*(c*(2))*2a*) > 0,

80 atp? + btu + ¢t = ¢t/2 < 0. Then L(e#") = (a*pu? + b*p + c¥)en <
(atp? + btu + ¢t + y(n))es", where y is a positive function such that
lim,,, ¥(n) = 0. Let 7, be large enough so that n; > 7, , and for n > », , we
have ¢+/2 4 y(n) << 0 and

X)) < ctf2. (4.19)
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Then
L(ewm) < 0, 7> (4.20)

Furthermore,

[ Texp(btiat — 3] eten dy
(1]
= [ " exp{—5 + (B — 247+ 20"} dy = o,
0

provided 0 << § <C (—c+/2a*)'/2 Therefore, for this choice of §, the condition
(4.18) implies the existence of a sequence {n,} with 5; — <o and

| o) €™ = B; 0.

For each 7 > 1, let

wi(n) = Bie"” — o) + 21y lo (—e") + | ()] e,
where « is a positive number. Then from (4.20) and (4.19),
La; < —Lo + ¢+ |y o (—e)7 + | olmy)| (%62 — b¥a + c¥) ™ <0,

N> M

provided o > 0 is chosen so small that a*e® — b*a 4 c¢* <0, p > 7, .
Also

win,) >0
and
wi(n;) > | v(ns)| — v(n;) = 0.

By the maximum principle, we conclude that w,(3) > 0 for 5 € (%, , ,), so
that

o(n) < Bie" 4+ 21y lo (=) Lol e, me (g, ).

Letting { — oo, we have

o) <21y lo (=) + o)l ™, ne(n, ). (421)

A similar argument shows that (—w), hence | v |, satisfies the same inequality.
The continuity of v implies its boundedness on the remaining interval
[0, 7]

Next consider case (a). Here we simply define p as any positive number
such that (a*u? + b*u + c*) < 0 for n > y,, so that L(e*") < 0. The



94 PAUL C. FIFE

numbers B; and functions w; are defined as before, except with ¥ = 0 and =,
replaced by 7, . The conclusion (4.21) with the first term on the right missing
holds as before. Clearly « depends only on the quantities indicated. This
completes the proof.

We shall need some properties of the linear operator P: X — Y given by

Pu = Gy(0, 0, 0; ») = a(n)u” + b(n)u’ + c(n)u, (4.22)

where the functions a, b, and ¢ were defined by (4.8).

Lemma 4.5. There exists a function ¢ € X such that the nullspace A (P)
is spanned by ¢, and the range

A®) = |ye: [ rl)dn) stn) dy = 0f.

Proof. 'The function r (4.7) was chosen so that Pu = (1/r)[(rau’) + rcu],
which is formally self-adjoint with respect to the scalar product (u, v), =
20 7(n) 1(n) v(n) dn. Let P be a self-adjoint extension of P in the space
Z(— 0, o) endowed with this weighted scalar product. A fundamental
result by Weyl [7] yields that the spectrum of —P is discrete below the
constant ¢, = lim inf|,|,,(—¢c()) = min[| ¢~ |, | ¢*|] > 0. Therefore [2,
Theorems XI11.7.53-54] for each A* < ¢, , #(—P — A*I) is closed, and A*
is either a simple eigenvalue or in the resolvent set. In particular, this is true
for A* = 0.

We differentiate Eq. (4.4) with respect to 5. It is thereby seen that the
function ¢(n) = v,'(7) satisfies P¢ = 0, at least formally. It is in fact true
strictly that P¢ = 0, since ¢ is in the domain of P, which is to say (see 3,
p.274]) that ¢, ¢, and ¢" € F,"(— 00, o0). To see this, we first recall from the
proof of Lemma 4.2 that¢ = y,’ and ¢’ = y; behave well enough as y — 4o
so that they are in that space. Since a¢” = bd' — cé, b and ¢ are bounded and
a is bounded away from 0, we conclude that ¢” € %,7(— 00, o). Thus ¢ is an
eigenfunction with simple eigenvalue 0. Thus A4"(P) is spanned by ¢. But the
same is, therefore, true of 4 °(P) since P CP. This proves the first part of
the lemma.

For the second, we first use the fact that for self-adjoint operators such as
P with closed range Z(P) = A#(P)* ={ye %" (y,¢), = 0}. Since
R(P) C #(P), we know that Z(P) is contained in the set{y € ¥: [rdy dn =0}.
Conversely, let y be a function in this set. To complete the proof we need
to show that y € Z(P). Since y is in #(P), there is a u € £ with u” € L
such that Pu = y. To prove that y € Z(P) it remains only to show that
u € C?. We know that # and ' are continuous, simply because #” is locally
square integrable. Solving the differential equation Pu = y for «”, we, thus,
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determine that #” is continuous as well. But we need to show that «, #, and #”

M 3o bk dAad an Th ~n) £a11 fern + (L) ~F
are bounded. The fact that « is bounded on LV, 00 I0u0WS iroin part (0) o1

Lemma 4.4 with v = u, a*(y) = a(y), etc. In fact, Hypothesis (4.18) with
arbitrarily small § follows from the fact that ue £y’ and (4.15b). An
analogous result establishes the boundedness of # on (— 0, 0]. The differen-
tial equation Pu = y, together with the interpolation inequality used in
Lemma 4.2, now yields that #’ and #” are bounded. Thus u € C?, and the
proof is complete.

Proof of Theorem4.1. We apply Lemma 3.1 with M = G, m(v, A, €) = v(0),
and the spaces X and Y as defined above. Lemmas 4.2 and 4.3 tell us that
M =G is continuously differentiable in v, A, and e. It is immediate
that m satisfies these same properties. We need to verify the hypotheses
of Lemma 3.1.

(i) It is immediate from (4.4) that G(0,0,0) = 0. Also clearly
m(0, 0, 0) = 0.

(if) This hypothesis is verified by Lemma 4.5. As indicated there,
¢ = y,, and ¢* is the linear functional given by multiplication by r¢é and
integrating.

(i) The derivative Gy(v, A, €; 1) is, by the definition of G and G,
simply the ordinary derivative of

F(duw(en + A, )(yg + v") + () + 2edw (3, + )
+ dw, (v, + ?),...)

with respect to A. Taking this derivative and setting v, A, and e equal to 0, we
obtain the following, after noting that (2.2b) implies 4g(0) 5= 0:

02(07 0’ 0: 1)
= F,(42(0) y5(m), 42(0) 3, (n), 4g(0) 3,(n) + £'(0), 0, 0) y5(m) 4¢'(0)
+ Fo(+) 39'(n) 4g'(0) + Fy(+-*)(3o(n) 4¢'(0) + £V (0)) + Fy(--)

— S50 ) % + B3y’ + o) 34

17 0 , I
+ fngo; Gy(¥5 1 ¥y ¥60,0) +F ()

_ 4g0) £"(0)
= Ag(0) Py, + 4g(0) c(n) +Fy-).

505/15/1-7
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Condition (iii) of Lemma 3.1 can, therefore, be written

0 # (G40,0.0: 1)) = G 0. 8), + E0 @) + (P

But (Pyo ) ¢)r = (J’o ’ P¢)r =0, and

0 = [ repdn = —[ rlag + bg Ty = [ () dy

= — f (ray)) dn = »—lnm r(n) a(n) y5(n)
+ lim r(y) a(n) y5(n),

if these limits exist. But estimates (4.15a) with small enough & and (4.17)
show the first limit is zero, and analogous estimates show the second is also
zero. Thus, condition (iii) is simply (¢, Fy(--)), # 0, which is guaranteed by
Hypothesis 3.

(iv) In our setting, this condition is simply that ¢(0) 5= 0, which is
guaranteed by (4.6).

The conclusion is that there exist solutions v(x, €), A(¢) of (4.10), (4.11b),
defined and continuous with respect to e in the norm of X for ¢ in some
neighborhood of the origin, satisfying (x, 0) = A(0) = 0. Only the uniform
limit relation (4.11a) remains to be verified.

Because of (4.12), we may use the mean value theorem to write (4.9) as

Gl(eyvm ’ 0yn ’ 1 + e(y— 1)’ €7 + A’ €).ynn + G2()y'n + GS()(y" l) = 0’
(4.23)

where 0 <C 6(3, €) << 1. From the definition of G and Hypothesis 1, we know
that

G1(0,0,1,en 4 A, )
= dw(en + A, ) Fy(wl(en + A, €), ew, (), w* en + 4, ¢) >0

and G5(0, 0, 1, e + A, €) << O for e sufficiently small. Moreover, the functions
y—1)=86(y,—1+7v), 0, and 8y, can be made as small as
desired by taking 7 large enough and € small enough, because y, — 1 and v is
uniformly small for e small. Hence, there is a ¢ > 0, an 7, > 0, and an
€, > 0 such that the coeflicients of (4.23) (call them a*, b*, c*) satisfy the
hypotheses of Lemma 4.4 for | ¢ | < ¢, . Also, a*, b*, and | y — 1 |, will be
bounded for € in that interval. Conclusion (a) of that lemma thus yields that
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¥(n, €) — 1 — 0 as 7 — oo, uniformly for |e] < e,. A similar argument
yields y(7, €) — 0 as y — —oco. Since y = ¥, 1 v, this establishes (4.11a),
and the theorem is proved.

5. TeE QUESTION OF UNIQUENESS

For purposes of this section, we make one further assumption.

Hyroruesis 4. Equation (4.4) may be solved for yq , yielding

Yo = H(¥y, o) (5.1)

where H has any required number of continuous derivatives.

Inequality (2.2b) now yields
Hy0,1) >0,  Hy0,0) > 0. (5.2)

Having proved the existence of a transitional family of solutions in
Section 4, we now inquire as to whether there is more than one. This is an
important question, in view of the apparent arbitrariness in the construction
of the family u(x, €) in (4.2). Recall that the function yu(n) = y(», 0) was
merely required to satisfy (4.4)-(4.6). As noted, there are many functions
which do so, since every function y,(n — C), for a constant C, satisfies (4.4)
and (4.5). However, this arbitrariness in choice of y, does not in general lead
to a multiplicity of families #(x, €). The fact is that the function A(c) depends
on the choice of y,, and the final effect of this dependence is to cancel the
freedom which was first apparent. One should properly consider two choices
of solutions y, of (4.4) and (4.5) as equivalent if they differ by a shift in the
independent variable. It turns out that each such equivalence class determines
one and only one family u(x, €) of type (4.2). The question remains as to how
many equivalence classes exist. We shall show that under Hypotheses 1, 2,
and 4, there is usually only one, although there may be two in exceptional
cases. There is never more than two.

Tueorem 5.1.  Under Hypotheses 1-4, there exist either one or two families
of solutions u(x, €) of the form (4.2) and (4.3). In the latter case, there is exactly
one with the property that y(n,0) 1 1 as n — o and y(», 0} } 0 as n — — 0.

The proof relies upon the following lemmas.
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Lemma 5.2. Let f(t, 2) be twice continuously differentiable, and satisfy
f(0, 0) = 0, £1(0, 0) > O. Then the problem

¥y = f(t, y*7), (5.3a)
asfN n & 2L
W) = v, {J.00)

has at most one nonnegative solution in the interval 0 <t < t,, for small
enough t, .

Proof. We consider three cases separately:

(1) f5(0,0) > 0. Then Theorem 2 of [1] applies. For that purpose we
set p(t, x) = f(¢, | x |1/%) and g(¢, x) = 1. The positivity of the two partial
derivatives of f in a neighborhood of the origin, together with mean value
theorem, insure that for some positive o, p(t, x) = ot + | 2 |/2) in that
neighborhood when ¢ 2> 0. Thus hypothesis (i) of the indicated theorem
holds for ¢ > 0. Also 0 < | [$ (d2/p(t, D) < | [$ (dLfa(] T )/2) = (2/ad) €17,
so (ii) is also satisfied. Since p,(0, 0) > 0, we know that p\(¢,x) > 0 in a
neighborhood of the origin. Hence (iii) follows. Finally, (iv) is true with
L = 0. The conclusion of the theorem yields uniqueness for solutions of
¥ = f(t |y *?), y(0) = 0. Hence, uniqueness for nonnegative solutions
of our problem follows.

(2) f2(0,0) < 0. Then for small ¢ and y > 0, f is nonincreasing in y.
It is well known that uniqueness holds when this is the case.

(3) fx0, 0) = 0. In this case we may write

f(t, ¥ = ta(t, y1/2) + yb(t, y1/2), 5.9

where a and b are differentiable functions with a(0, 0) > 0. Thus, for some
positive constants v, , v, , we have f(t, y'/2) = vit — v, and any solution
¥(t) is bounded below by the solution 2(¢) of 2 = 1t — »2, 2(0) =0, ie,
2(t) = (nfve¥)(e2t — | + vyt) = (v,/4)¢? for small ¢. Thus, any solution of
(5.3) must satisfy p(t) = «#* in 0 < ¢t < 8, for some positive constants «
and 8. We shall prove uniqueness by showing that f(¢, y1/2) satisfies a Lipschitz
condition in the region ¢ 2= 0, y = «#% From (5.4), we have, for y > £ > «2®
and some 7y , 7, with /2 < 7, < 9}/2, by the mean value theorem,

ft,0'2) — f(t, E&17) = tay(t, m)(*? — €7%) + (9 — £) b(t, /%)
+ £by(t, )72 — €77)
= [ayt, m)((8 + 7/%)
+ b(t, nM2) + boft, To)(E/(812 + 7 2)](n — €).

The boundedness of a, , b, and b, , together with the lower bounds for £ and ,
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imply that the quantity in brackets is bounded in absolute value, for £ and 5
bounded. This establishes uniqueness in the third and final case.

Lemma 5.3. Under Hypotheses 1, 2, and 4, the problems (4.4) and (4.5)
has either (i) a one parameter family of solutions of the form yyn — C) (C an
arbitrary constant) and no others, or (it) two one-parameter families of solutions
of this type, and no others. In the latter case, one of the families approaches the
limit at — oo from below and that at -+ oo from above, and the other family has
the opposite behavior.

Remark. Hypothesis 3 is stated in terms of the function y, , so its fulfill-
ment conceivably could depend on the choice of y, . However, if y, and y,*
are two ‘“equivalent’’ choices; i.e., ¥,¥(n) = ¥o(yp — C), then Hypothesis 3
is satisfied with respect to y, if and only if it is satisfied with respect to y,*.
To see this, we denote by a*, b*, r*, and F,* the functions entering into the
hypothesis, computed with reference to y,*. Then a*(y) = a(y — C),
Fy*(n) = Fy(np — C), and 7*(n) = Kr(np — C), where

K — exp f_oc (@ — @)/a) d,.

The assertion follows by shifting the variable of integration. Thus, in case (i)
of the above lemma, Hypothesis 3 is either fulfilled for all choices of y, , or
for none.

Proof. Let Y(n) be any solution of (4.4) and (4.5). It must be monotone
for large enough %. In fact, (4.16) holds with y, replaced by Y. Of course, in
view of (5.1) we have G, =1, G, = —H,, and G, = —H, . From (5.2)
we have Hy(0Y', 1 + 6(Y — 1)) > 0 for large enough %, so in this range the
maximum principle applies. It tells us that there can be no local maximum
greater than 1, or local minimum less than 1. Likewise there can be no inflec-
tion point at which Y’ = 0. Thus Y’ £ 0 for y > 7, , for some large enough
7o . Thus for > 7, , the quantity W = }(Y")? is a well defined nonnegative
function of ¥, which vanishes only at ¥ = 1.

If the approach to the limit at co is from below, we have 0 < Y’ = 2W)'/2,
Since (dW/dY) = (Y'Y"|Y') = Y", W satisfies the equation

%I;I—: = H(2QW)'2, Y), Y<L (5.5)
Lett =1—Y, and f(t, W/%) = —H((2W)'/2, 1 — ¢). Then as a function
of t, W satisfies dW|dt = f(t, W'/} in an interval 0 < ¢ < 8, with W(0) = 0.
From (5.2), we have f,(0, 0) > 0, and from (4.12), f(0, 0) = 0. The hypoth-
eses of Lemma 5.2 are, therefore, satisfied, and we conclude that these
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conditions determine W(t) uniquely. If ¥(y) is another solution of (4.4) and
(4.5), approaching the limit at co from below, we, therefore, conclude that
YY) is the same function of Y as 4(Y')? is of V. In other words, Y’ = Y”
whenever ¥ =Y, 5 > n,. Let y < 1 be sufficiently close to 1, and let
1,7 be such that Y(n,) = v, Y(%,) = y. Then the function Y (4 + (7, — 7,))
is a solution of (4.4) and (4.5) coinciding with Y at 7, , and whose derivative
coincides with Y at n; . By uniqueness of solutions of the initial value problem
for (5.1), we have Y(n) = Y(y + (; — =,)) for all n. This shows that there
can be no more than one family of solutions of the form indicated in the
lemma, approaching the limit at oo from below.

On the other hand, suppose Y approaches its limit at oo from above. Then
Y’ = —(2W)'7, and W satisfies

(@W)dY) = H(—QWY2, Y), Y =1

An argument similar to the above shows that any other solution approaching
from above must be of the form Y(y — C).

In view of the above, we conclude that if all solutions of (4.4) and (4.5)
approach the limit at co from one side, we have case (i) in the lemma. But if
(in rare cases) there exist solutions approaching from either side, then case (ii)
holds. This exhausts all possibilities.

Now consider case (ii) in more detail. A similar argument applied to the
limit at —oo implies that there are solutions approaching it from both sides;
otherwise there could only be one family. Suppose there were two solutions
Y,(n) and Yy(n) such that ¥, |1, ¥,11 as n-— o0, and Y, |0, Y,10 as
n — —o0. Then it is easy to see that for some % and some 7, , Y (, — k) =
Yy(ny) and Y (g, — k) = Y,'(n,). Again by uniqueness of the initial value
problem for (5.1), we have Y,(n) = Y,(n — &), which contradicts the assumed
limiting behavior of ¥,;. Thus, the two families must have the limiting
behavior described in the lemma. This completes the proof.

Proof of Theorem 5.1. If case (i) in Lemma 5.3 holds, let y,(y) be any
particular solution of (4.4)+(4.6), and let #y(x, €) be the family of solutions (4.2)
constructed in Theorem 4.1, with y(x, 0) = yg(y). If case (i) holds, let
yo(n) and yy(n) be solutions of (4.4)~(4.6) representing the two different
families indicated in Lemma 5.2. Then let #%(x, €) and #'(, €) be the families
of solutions (4.2) with y(n, 0) = y4(n) and y,(7), respectively.

Let u*(x, €) be any family of solutions of (2.1) of the form

u*(x, €) = wl(x, €) + F(xfe, )(wx, €) — w'(x, €)), (5.6)

where ji(c0, €) = 1, #(— o0, ) = 0. Clearly those of the form (4.2) and (4.3)
are of this type; one need only set 5i({, €) = y({ — u(e), €), where u(e) == A(e)/e;
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18 bounded, since A(0) = 0. Conversely, (5.6) is of the form (4.2) with 5
replaced by { = /e, so G(F., ¥, 7, €l, ) = 0. Setting e = 0, we have that
F(L, 0) satisfies (4.4) and (4.5). Thus, from Lemma 5.3, either §({, 0) =
yo({ — k) for some &, or else F({, 0) = y,(y — k), the latter only being
possible in the (exceptional) case (ii). Assuming that the former equation
holds, we shall show that u*(x, €) = u%x, €). On the other hand, by a similar
argument, the other equation will imply that #*(x, €) = #!(x, ). This will
prove the first assertion in the theorem. The second then follows easily from
the contrasting behavior of y,(n) and y,(n) given in case (ii) of Lemma 5.2.

So assume that $({, 0) = y4({ — k). Define u*(e) as the function of
which satisfies $(u*(¢), 0) = ¥4(0), u*(0) = £. Such a unique function is
guaranteed to exist for sufficiently small | € | by the implicit function theorem,
since ¥,(, 0) = 3,'(0) # 0, by (4.6). Next define

Y¥(m, € = F(n + p¥(e), €),
so that
¥*(m, 0) = yo(m)-

Setting = (¥ — A*(e))/e, where A* = eu*, we have
Gyt v, y*, en+ A% ¢e) =0. 5.7

Finally setting v*(y, €) = y*(, €) — ¥*(n, 0) = y*(n, €) — (), we have
that (4.10) and (4.11) are satisfied with v replaced by v* and A by A*,
The argument used in the proof of Lemma 4.2 to establish that

f: (M5l + (3 + (¥, — 1)) dn < ©

can also be used to prove, on the basis of (5.7) and G(0, 0, 1, en + A*, &) = 0,
that [§ r(m)(7) + (3, + (* — 1] dn < oo. Since v* = y* — y,,
we, thus, have | o rm@r)? + (©,%)? + (v*)?] dyp < oco. This, with the
analogous bound for the integral over (— oo, 0), implies that v* € X for each e.
We, therefore, have

G(v*, \*, ) = 0, (5.8)
2*0, ¢) = 0. (5.9)

We have shown in Section 4 that the operators M(v, A, €) = G(v, A, €) and
m(v, A, €) = v(0) satisfy the hypotheses of Lemma 3.1. The uniqueness
statement of that lemma implies that there is only one solution (v*, A*) of
(5.8) and (5.9). Therefore our functions v*, A* are precisely the functions
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v and A constructed in Theorem 4.1. According to the definitions of v* and A*,
this implies that #*(x, ) = #°(x, €). This completes the proof.

6. AN ExaMPLE

As an example, we consider the quasilinear equation
(p(u, ') — h(u, x) = 0, 6.1
where
Plu, x) > 0. (6.2)

Hypothesis 1, in Section 2, is that the degenerate equation A(x, x) = 0 has
two solutions # = g¥(x), for which

h(gi(x), x) > &* > 0. (6.3)

We suppose for simplicity that g(0) = 0 and g%0) > 0.
If we set ¢ = 4g(0) > 0, Hypothesis 2 takes the form of requiring that

¢ o( (¥, 0) 7o) — #(oy,,0) =0 (6.42)
have a solution satisfying
Yo(—0) =0,  yy(e0) = 1. (6.4b)

For any number 7, , the function y,(n) = y4(29, — n) also satisfies (6.4a),
and coincides with y, atp = 7, . If y,/(n,) = 0, then y,'(n,) is also zero, and by
uniqueness of the initial value problem for (6.4a), y, = y,, which would
contradict (6.4b). Therefore we may safely assume that y,’ % 0, and
S0 ¥, is monotone. (In particular, condition (4.6) is superfluous.) Setting
ap(cyy,0) vy’ = Z and oy, = V, we know that Z must therefore be a well
defined function of V, for 0 < V' <{ 0. In fact, (6.4) can be written in the
form

1d(ZD)dV = p(V,0)k(V,0), O0<V <o, (6.5a)
Z(0) = Z(o) = 0. (6.5b)

Integrating, we find that this problem has a real solution if and only if

>0 for ke(0, o),

k
fo PV, ORIV, 0 AVI_ G g k—

(6.6)

This easily verified condition thus replaces Hypothesis 2.
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For Hypothesis 3, we calculate

a(n) = ap(ayy(n), 0),
b(n) = 20%y(n) pr(a¥o(n), 0) = 2a'(n).

Thus, 7(n) = exp [, (a'/a) 47 = Ca(x) = Cap(V, 0) > 0, (C > 0).
Since F(a, B, u, x, €) = ap(u, x) + B*py(u, x) + epy(u, x)8 — h(u, x) and
ZZylop = (0o, 0) 3') = pys + ap(¥0')2 = pYo + p1Z%|op?, we have

Fy(oyg » 0¥y Y45 0,0) = aygp(V, 0) -+ 5V, 0)(09,')* — hp(V, 0)
= PafpX(ZZy — (P1/P) Z%) + Pl Z[p)* — ho(V', 0)
= (Up){(£a/£) 22 v+ (P12 —P12)/P") 2% — ho(V', 0)
= (p)lg(V) W' (V) + 24 (V) W(V)} — h(V, 0)
= (IpH2AgW) — qW'} — hs,

where g(V') = p(V, 0)/p(V, 0), and W(V) = 3Z%(V).
Using ay,’ dy = dV and r = Cop, we see that Hypothesis 3 now assumes
the form

jo "[2AqWY — qW' — phy] dV 0.

The integral of the first term vanishes, since W(0) = W(s) = 0. Also, from
(6.52), we have qW'(V) = gqp(V,0) k(V,0) = p(V,0) A(V,0). Hence,
Hypothesis 3 reduces to

J'O " (palV, 0) B(V, 0) + p(V, 0) h(V, 0)) AV £ O, 6.7)

a condition which is again easily verified, since it does not require knowledge
of y, -

Hypothesis 4, of course, follows from (6.2).

Note that case (ii) in Lemma 5.3 is impossible, since y,(n) must be monotone.
Therefore, Theorem 5.1 yields a single family of solutions. In all, we have
the following theorem.

THEOREM 6.1. Let h(u, x) be such that h(u, x) = O has two distinct bounded
solutions u = gi(x). Let p(u, x), h(u, x), g(x) satisfy g(0) =0, (6.2), (6.3),
and (6.6) (where o = g¥0) > 0), and (6.7). Then there exist unique regular
Sfamilies of solutions w'(x, €) of (6.1) satisfying (2.1), and there exists a unique
transitional family of solutions of (6.1) of the form (4.2) and (4.3).
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7. ASYMPTOTIC APPROXIMATIONS

We consider the question of constructing asymptotic expansions in powers
of e to approximate the solutions whose existence has been proved.

The proper procedure for such a construction in the case of the families
w'(x, €} in Section 2 was in fact mentioned there. It takes the form
U = Y e™u,(x) where the terms u,, are determined by (2.5), with #y(x) = g(x).

Once the expansion for «* has been achieved, we may proceed to construct
an expansion for the transitional family #(x, €) as follows. First, a function
Yo(n) is determined as a solution of (4.4)~(4.6). An example of how this might
be done was given in Section 6. Next, the equations (4.10) and (4.11) are
considered for unknown functions o(x, €) and Ae). We assume asymptotic
expansions of the form

v=3 ewl); A=Y e,

n=1 n=1

and attempt to determine the various terms by the conditions

8FG(y5(n) + 9,1, €), 3’ (7) £ 2,(1: €), o(n) 4 2, €)s 1 + Ae), €) ooy = 0,

Note that the exact form of G is not known, since the functions @’ are not
known exactly. However, enough is known to determine these derivatives at
e = 0.For 2 = 1, we obtain
G1(y(,; ,yo', Yoo 0, 0) 7}1, - Gz() '01, + Ga() 2
4+ +A)G() + G() =0.

In view of (4.8) and (4.22), this can be written as
Poy + 4Gy() + 7Gy( ) + G5(+7) = 0. (7.1)

We recall that P has a simple eigenvalue 0, with eigenfunction ¢ = y,/,
and is self-adjoint with respect to a scalar product with weight function r (4.7).
Thus, Eq. (7.1) can be solved for o, if and only if

| r@NGy + G, + Gl 3(n) dn = 0,

or A J'o_ow r(n) G4(***) ¥y'(n) dyp = a known function. Hypothesis 3 says that
the coefficient of A, is different from zero, so A, is determined uniquely.
However, 7, is not determined uniquely; rather, it is indeterminate to the
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extent of an arbitrary additive multiple of y,’. Thus, if #,, is any particular
solution, we must select the proper solution z; from the collection
16(n) + oy’ (n). But since y,'(0) # 0, there is a unique way to select « so that
2,(0) = 0.

In this way, all the terms A, and »,, can be determined in succession. This
yields an asymptotic expansion for v(y, €). Setting ¥(n, €) = y4(n) + 2(z, €)
into (4.2) and using the previously obtained expansions for «! and «? we
obtain the desired expansion for u(x, €). The expansions for w? are analogous
to “outer” expansions of other singular perturbation problems, whereas
that for ¥ could be classed as an “inner” expansion. The expression for u
contains both.

We shall dispense with the proof of validity of the above expansions. Such
a proof could probably be devised using the following approach. Assuming
(as we always have) enough regularity of F, it follows that G is also highly
regular. Therefore, the solutions v(e), A(e) of G(z, A, €) == 0 have a number
of uniquely determinable derivatives at ¢ = 0. These derivatives must
correspond to the terms v, and A, constructed above. Expanding o(e) and
A(€) in Taylor series in €, we obtain the asymptotic expansions already obtained
above, plus a remainder term which can be estimated. Estimating this term
constitutes proof of the asymptotic nature of our series.

ACKNOWLEDGMENTS

I wish to express gratitude to Professor John Bownds, Professor Carl Devito, and
Professor Marty Greenlee for illuminating discussions in connection with this paper.

REFERENCES

1. S. R. BernrELD, R. D. DriVER, AND V. LaksHMIKANTHAM, Uniqueness for ordinary
differential equations, to appear.

2. N. Dunrorp aND J. T. ScHwaRrTz, ‘‘Linear Operators, Part 1I,” Interscience,
New York, 1963.

3. M. G. CranpaLL anDp P. H. RaBiNowitTz, Bifurcation from simple eigenvalues,
J. Functional Analysis 8 (1971), 321-340.

4. T. Karo, “Perturbation Theory for Linear Operators,” Springer-Verlag, New
York, 1966.

5. C. Miranpa, “Equazione alle Derivate Parziale di Tipo Ellittico,” Springer-
Verlag, Berlin, 1955.

6. R. E. O’MALLEY, JRr., “Introduction to Singular Perturbations,” Lecture Notes
from University of Edinburgh, 1971.

7. W. Wasow, ‘“Asymptotic Expansions for Ordinary Differential Equations,”
Interscience, New York, 1965.

8. H. WEeyL, Uber gewdhnliche Differentialgleichungen mit singulidren Stellen,
Nachr. Akad. Wiss. Gottingen Math.-Phys.-Chem. Abt. (1909), 37-63.



