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Abstract

We study critical branching random walks (BRWs) U ™) on Z where the displacement of an offspring
from its parent has drift 28/+/n towards the origin and reflection at the origin. We prove that for any & > 1,
conditional on survival to generation [n%], the maximal displacement is ~ (a — 1)/(4B)/nlogn. We
further show that for a sequence of critical BRWs with such displacement distributions, if the number of
initial particles grows like yn® for some y > 0, @ > 1, and the particles are concentrated in [0, O (y/n)],
then the measure-valued processes associated with the BRWs converge to a measure-valued process, which,
at any time ¢ > 0, distributes its mass over R like an exponential distribution.
© 2010 Elsevier B.V. All rights reserved.
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1. Introduction

Durrett et al. [4] and Kesten [10] studied the maximal displacement of critical branching
random walks (BRW5s) on the real line conditioned to survive for a large number of generations.
When the spatial displacement distribution has drift © > 0, the results in [4] imply that
conditional on the event that the BRW survives for n generations, the maximal displacement of
a particle from the position of the initial particle will be of order Op (). The main result in [10]
asserts that if the spatial displacement distribution has mean 0 and finite (4 + §)th moment, then
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conditional on the event that the BRW survives for n generations, the maximal displacement will
be of order Op(y/n). The sharp difference between these two results gives rise to the following
natural question: What happens if the spatial motions have “small drift”?

In this paper we supplement these results by showing what happens for BRWs on the
nonnegative integers Z with small negative drift and reflection at 0. Assume that U™ is a
sequence of critical BRWs on the half line Z = {x € Z : x > 0}, each started by one particle
at the origin, that evolve as follows: (A) Ateachtimet = 1,2, ... , particles produce offspring
particles as in a standard Galton-Watson process with a mean 1, finite variance o2 offspring
distribution Q. (B) Each offspring particle then moves from the location of its parent according
to the transition probabilities P = PBM | where B >0,

1

P(x,x+1)=——£ forx > 1; D
2 n
1

Px,x—1) = 5—}——5’; forx > 1;

P@O,1) =1.

The spatial motion is hence slightly biased towards the origin, which serves as a reflecting barrier.
Such a BRW can be used to model, for example, a branching process occurring in a V-shaped
valley, where the particles, due to gravity, have a slight tendency to move towards the bottom.
In [9] the aforementioned slightly biased random walk is used to model the motion of “heavy
Brownian particles” in a container with its bottom as a reflecting barrier. [9] also states about the
reflecting barrier that “the elucidation of its influence on the Brownian motion is of considerable
theoretical interest”. In this article we will study the influence of the barrier on the BRW.

Denote by U,(")(x) the number of particles in the nth BRW U ) at location x at time 7, and
by Rt(n) the location of the rightmost particle at time f. Our main interest is in the conditional
distribution of R[(Zg] given that the process U™ survives for [n*] generations. For a < 1, the
effect of the drift —28/./n will be negligible compared to diffusion effects over this time interval,
and for @ = 1 it is just large enough to match the diffusion effects. Thus, we will focus on the
case when o > 1.

Theorem 1. When 8 > 0, for each o > 1 and ¢ > 0, the range R[(Zg] at time [n“] satisfies

R a1 ()
. nv B n _
nlg‘gop <‘«/ﬁlogn - 48 ‘ z | G[”"‘]) =0, @)

where for any k € Z..,

G,({n) = {U™ survives to generation k}. 3

It is natural to consider in connection with the behavior of the maximal displacement the
process-level scaling behavior of the BRWs. To this end, consider a series of BRWs {X ™} on
the set Z of nonnegative integers that evolve by the rules described above, but with arbitrary
initial states X (()”). (In Theorem 1 the initial state consisted of a single particle located at the origin
0.) For integers x, k > 0, set

X,E") (x) = # particles at x at time k. )
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For any subset I € R, let

XM=Y X" ).

xel

Finally, let
7" = X2 = X ).
X

Recall that by Kolmogorov’s estimate for critical Galton—Watson processes (see relation (21)
below), if the nth BRW X is initiated by O (n®) particles, then the total lifetime of the process
will be on the order of Op(n%) generations. If @ < 1, then the effect of the drift over a time
interval [0, O (n%)] is too small to be felt. If « = 1 then the drift will be just large enough to
be felt, and so for large n the BRW X suitably rescaled, will look like a Dawson—Watanabe
process on the half line [0, oo) with drift —28 and reflection at O (for the convergence of ordinary
BRWs to Dawson—Watanabe processes; see [15], or [5,13]). The case we will focus on is again
when o > 1, as in this case the effect of the reflecting barrier at 0 dominates the diffusion effects
over the lifetime of the branching process, and the result is an entirely different scaling behavior:

Theorem 2. When 8 > 0, assume that for some a > 1,

Z(n)

a—>y>0, asn — 0o, ®))
n

and {X(()")(\/ﬁo)/n“}nzl is tight, i.e., for any ¢ > 0 there exists C > 0 such that for all n,

X5 (ICy/m, ) _ .

nOl

(6)

(n)

[n%t
convergence of finite-dimensional distributions, to a process (X; : t > 0), where (X;);>0 is
such that forallt > 0and 0 < a < b,

Then the measure-valued processes (X ](ﬁ-)/n“: t > O) converge, in the sense of

Xi((a, b)) =Y, - (exp(—4Ba) — exp(—4pb)) :=7Y; - n((a, b)). (7
Here Y; is the Feller diffusion:
dY, =0/, dW,, Yy =y. ®)

Observe that we do not require the initial measures X (()") (y/n-)/n® to converge; what we only
require are (i) the total mass converges, and (ii) the particles are not too spread out. In particular,
we cannot guarantee that X (()n) (V/n-)/n® = X,. Theorem 2 says that one has finite-dimensional
convergence on (0, 00).

The Feller diffusion (¥;) defined by (8) is the limit of (Z ) ! /n%):

[n%t

[n*1]

)
(—) = (¥;) on D([0, c0); R), 9)

nC{

(see [6,7]). See Chapter XI of [14] for some basic properties of the Feller diffusion. The limiting
process X; hence can be described in this way: its total mass evolves like the Feller diffusion Y,
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but the distribution of the mass Y; at any time ¢ > 0 is always the exponential distribution 7. As
is proved in [9], the exponential distribution 7 is the stationary distribution of a diffusion process
obtained by suitably normalizing the RWs defined by (1) and taking limit as n — oo.

The following elementary relation between the expected number of particles at a site y in
generation m for a critical BRW and the m-step transition probability P (S;, = y) of the random
walk will be frequently used: if the critical BRW is started by one particle at site x, and U,,(y)
stands for the number of particles at site y in generation m, then

EUn(y) = P(Sm =y | So =x). (10)

This is easily proved by induction on m, by conditioning on the first generation and using the
fact the offspring distribution has mean 1.

The structure of this article is as follows: in Section 2 we prove some properties of the random
walks on the half line, in Section 3 we prove Theorem 1; Theorem 2 is proved in Section 4.

Notation. We follow the custom of writing f ~ g to mean that the ratio f/g converges to 1. For
anya,b € R,a Ab = min(a, b) and a v b := max(a, b). Throughout the paper, c, C etc. denote
generic constants whose values may change from line to line. For any x > 0, [x] denotes its
integer part, i.e., the greatest integer no greater than x. The notation Y, = op(f(n)) means that
Yn/f(n) — 01in probability; and ¥, = Op(f(n)) means that the sequence |Y;,|/f (n) is tight.

2. Random walks

Throughout this article we use the notation {Sp}n>0 = {Sm (. n)} to denote a random walk
with transition probabilities P = P defined by Eq. (1); use {Sm}m=0 to denote the simple
random walk on Z with reflection at 0; and use {S }m=>0 to denote the simple random walk
on Z. Furthermore, for any such random walks, e.g., {S;,}, for any x,y € Z; and m € N,
P*(S,, = y) = P(S;y = y | So = x) is the probability that S,, started at x finds its way to site y
in m steps.

The following lemma says that the random walk S, which has drift towards the origin is
stochastically dominated by the reflected simple random walk S,,.

Lemlga 3. Forany B > 0, n € Nand x € Z4, we can build random walks {Sp}m>0 ~ pB.m
and {Sm}m=0 ~ P on a common probability space so that

So=So=x, and Sy <Swn, forallm.

Proof.NIt suffices to prove the result for the case x > 0; the case x = 0 then follows since
Si=8 =1

Let Sy = §0 = x. At time 1 sample a U; ~ Unif (0, 1). If U; < 1/2 + ﬂ/f then let
S1 = x — 1, otherwise let §; = x + 1. In the meanwhile, if U; < 1/2, then let §; = x — 1,
otherwise let Sl = x+1. Clearly {Sp, S1} and {So, S1 } follow their laws respectlvely and §1 < Sl
Now suppose that WeNhave built {S,,} and {Sm} up to time m, and we have §,,, < Sm IfsS, < Sm,
we must have S, < §,, — 2 since at each step the difference between the jumps is either O or 2;
now because at each step the random walks can at most jump 1, at time m + 1, we must still have
Sm+1 < Sm+1 In the other case when S, = Sm, if S, > O then we can build S;,,+1 < Sm+1 just
as at time 0; otherwise .S:Ln = 0, then necessarily S,,,+1 = Sm+1 = 1. Thus, we have proved that
we can build {S,,} and {S,,} up to time m + 1. By induction, the conclusion holds.  [J
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Lemmad4. Forany k € N, any x > k, and any m > 0,

P*(Sp>x+k) < P° <max|§,-|zk). (11)
i<m
Moreover, there exist C > 0 and b > 0 such that
0 - bk?
P (max|S;| >k )| <Cexp|——), forallm. (12)
i<m m

Proof. Inequality (11) holds because in order that §m > x + k, either the random walk {g,-},-sm
has never visited 0, in which case it just evolves like a simple random walk whose maximal
deviation from x is no less than §m — §0 > k, or the random walk {g‘i }i<m has visited O in which
case it evolves like a simple random walk before hitting 0, and the maximal deviation from x
before time m is no less than x > k. L

Now let us prove (12). First recall the fact that for the simple random walk {S,, | So = 0},
there exists b > 0 such that

ISul?Y |
supEexp (b =C < o0, 13)
m m

(see, e.g., Exercise 2.6 in [12]). Now by the submartingale maximal inequality, we get

5 5 E exp(8| S|
PO (max |5 > k) = PO (max exp@[S:P) > exp(0k?) ) < LEXPOISnID)
= i=m exp(0k2)
Inequality (12) follows by taking 6 to be b/m and using (13). O

Next lemma indicates that if two random walks S), and S2 have the same drift 28//n towards
the origin, and are such that Sg —Sé is a positive even number, then S} is stochastically dominated
by S2.

Lemma 5. For any fixed B > 0, n € N, 0 < iy # i, and a random walk {S,ln tm>0 ~ P yith
Sé = 2i1, we can build a coupling random walk {S,%l Ym>0 ~ PB with Sg = 2ip on a possibly
extended probability space such that

{Srh < S2, forallm, if iy < ia (14)

S,i, > S,zn, forallm, if iy > iy.

Similar conclusion holds if we change the initial positions of {S,L} and {S,%l} to S} =2i1+1, 82 =
2ip + 1.

Proof. We shall only prove for the case where S L'— 2, S(% = 2ip and i] < ip. We will build

{S,%,} step by step: if S,L > 0, then S}%l 41 moves in the same direction away from S,%l as S;l; 11
does, i.e.,

2 2 1 1y.

Sm+] = Sm + (Sm+] - S )7

m

otherwise if S,L = (0, then choose 531+1 according to distribution (1). Since Sg — Sé = 2(ip — i)
is even and at each step the difference between the jumps is either O or 2, the two random walks
cannot cross each other and will either never meet, or merge after they meet. The dominance (14)
follows. [



1826 X. Zheng / Stochastic Processes and their Applications 120 (2010) 1821-1836

We now look more closely at the random walks {S,,} ~ P = P(A-") Based on the results
in [9] we show the following.

Proposition 6. For any fixed B > 0, a > 0, and any nonnegative integer sequences {s,}, {m;}
with s, = O(y/n) and liminf, m,/(n(log n)?) > 0, the random walks {S,Sf) | S(()”) =s,} ~
PBM satisfy

lim P <S,5f'n) > a/n | S(()”) = s,,) = exp(—48a), (15)

n—oo

and

P (S,S;’) > a/nlogn | S™ = sn)
lim

n—00 n—4Ba

=1. (16)

Proof. When a = 0, (15) and (16) clearly hold. So below we assume that a > 0.
Let

1 B8
1=1 2 Jn
By (41) in [9], for any k > O,

and p=p"=_-+4

N =
S=

— k
=187 == S (D) (s )

) $n/2 k)2 T 2
L2(2)7(2) evmay [[eomo S @

T \g (p—q)* +tan?0
= pl, (k) + R, (K, (17)
where forany i > 1,
-
£i(0) = cosif — 2% SSI;’G . 6elo, 7.

We first estimate the main term py, (k). Depending on whether s, +m,, is even or odd, S,gfn) only
takes even or odd values. We shall only deal with the case when s, + m,, is even. In this case,

k
« P4 q
£t 5 (o)

k>an q k>a/n, k even

Using the sum formula for geometric series and noting that

1 B
a_2"Vn  _ 4
1 B ’
roa+ NG
one can easily show that
. X _ _
lim Y pr (k) = exp(—4Ba). (18)

k>a\/n
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Similarly,
IR (9]
. k=aynlogn
R (19

It remains to show that the remainder terms R,,, (k) decay rapidly as n — oo. In fact, by the
simple bound

|sinif| <isinf, forallf € [0, ],

we get

| fi(@)] < 1+%i
1 — ﬁ

Hence, since s, = O (y/n),

k/2
|Rm, (k)] < C (24/Pq)™" - (%) (14 2kB)
< Cexp(—2B%mu/n) - exp(—kB/v/n)(1 + 2kB).

Y exp(—kB/v/m)(1 +2kB) = O(/n),
k=1

and liminf,, m, /(n(logn)?) > 0, (15) and (16) follow from (18) and (19). [

3. Proof of Theorem 1

We first recall some well known facts about critical Galton—Watson processes. Let 02 < o0

be the variance of the offspring distribution Q. Then, if Z,, is the number of particles at time m
with Zg = 1, and G, = {Z,, > 0} is the event that the Galton—Watson process survives to
generation m, then

Var(Z,,) = mo?, (20)
2
om = P(Gp) ~ —, (21)
mo
1 o’m
E(Zn|Gy)=—~—, and (22)
Pm 2
V4
L (l Gm) == Exp(02/2), asm — 00, (23)
m

(see, e.g., Sections 1.2 and 1.9 of [2]). Relation (21) is known as Kolmogorov’s estimate; (23) is
Yaglom’s theorem.

We will decompose the proof of Theorem 1 into two steps. In Proposition 9 we show that for

any ¢ > 0, (0 — 1 —¢)/nlogn/(4p) is an asymptotic lower bound for R[(::g]. Proposition 10 says

that (o — 1 + &)4/nlogn/(4B) is an asymptotic upper bound. Theorem 1 follows by combining
these two propositions.
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To prove Theorem 1, we will follow the strategy used to prove Theorems 4 and 5 in [11],
namely, changing the conditional event G to some event defined with respect to a generation
m(k) < k.

The following two lemmas are Lemmas 17 and 18 in [11].

Lemma 7. Suppose that on some probability space (£2, F, P) there are two events E1, E; with
P(E)P(E>) > 0 such that

P(E1AE»)

<e, (24)
P(E1)
where E| AE; is the symmetric difference of E| and E,. Then
IPCIEY) — PCIED)|ITY < 26, (25)
where P(-|E;) denotes the conditional probability measure given the event E;, and | - |Tv

denotes the total variation distance.

Lemma 8. Let m(k) < k be integers and g, > 0 be real numbers such that m(k)/k — 1 and
g — 0ask — oo. Then

P(GyAHy)
im ———
k—oo  P(Gyg)
where

Gk) ={Z,y >0} and H(k)={Znw > kei}.

=0, (26)

By Lemmas 7 and 8, we can change the conditioning event Gy = {Z; > 0} to Hy = {Z,,(x) >
ker}, and it suffices to prove the convergence in Theorem 1 when the conditioning event is Hy
rather than G. The advantage of this is that, conditional on the state of the BRW at time m (k),
the next k —m (k) generations are gotten by running independent BRWs for time k —m (k) starting
from the locations of the particles in generation m (k).

We now show that (o« — 1 — &)+/nlogn/(4B) is an asymptotic lower bound for R[ m]

Proposition 9. For any ¢ > 0,

. n) a—1—¢
lim P (R;’a] —a -/nlogn

(n)
G@)=L

Proof. By Lemmas 7 and 8, we can change the conditioning event from G("o,] to {Z (:2] —nL(n) >

[n*/L(n)]} for L(n) := [(log n)?], where for any k > 0 Z,E") is the number of particles at

generation k for the nth BRW U™, Conditioning on {Z (ne]-nL(n) > [n%/L(n)]}, there will be
at least X ~ Bin([n®/L(n)], prr(n)) number of particles at time [n%] — nL(n) whose families
will survive to time [#n*]. For any such particle, among its descendants at time [#*] we uniformly
pick one, then the trajectory of the chosen particle from time [n*] — nL(n) to [n*] will be a
random walk following the law P, starting at the location of its ancestor at time [n%] — nL(n).
In this way we get at least Bin([n*/L(n)], pnr(»)) number of independent random walks. We
would like to show the probability that the maximum of the end positions of these random walks
is bigger than (a — 1 — ¢)/nlogn/(4B) is asymptotically 1. By Lemma 5, this probability is not
increased if we assume that all these random walks are started at O or 1, depending on whether
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[n*] — nL(n) is even or odd. But since the random walks have nL(n) steps to go, by relation
(16), no matter whether the starting point is 0 or 1, for large n, the probability that each random
walk is to the right of (@ — 1 —¢)/(48) - «/n log n is asymptotically n~(@~1~%) However we have
at least X ~ Bin([n*/L(n)], pnr(n)) number of i.i.d. trials, and by relation (21) and Chernoff
bound ([3] or [1]), for all n sufficiently large,

1 n° 2 n¢ 2 1
P{X<—-- — | <e&xp|———— =] — 0. 27)
2 L) nL(n)o? L) nL(mn)e? 9
It follows that the probability for the maximum of the end positions of these random walks to be
bigger than (o« — 1 — €)/(48) - «/nlogn is asymptotically 1. [

Proposition 9 gives the desired lower bound. We now prove the upper bound.

Proposition 10. For any ¢ > 0,

—1
lim P(R(zgj +8 -/nlogn
n—>oo

(n)
o) =1

Proof. For any &, — 0, define H[(,Zf = {Z[(,’;Z _, = ([n%] = n) - &4} Applying Lemmas 7
and 8 once we see that we can change the conditioning event from G( a] to H n"‘]’ applying
these lemmas again we see that we can change the conditioning event to G[na]—n- Since o > 1,

by relation (16), the probability that the random walk {S,,},, = {S,,(f ’")}m is to the right of
(@ — 1+ &/2)/(4p) - J/nlogn at time [n*] — n is asymptotically n~(@~1+¢/2) Thus, using
relations (10) and (22), the conditional expectation of the number of particles to the right of
(¢ — 1+ ¢/2)4/nlogn/(4B) in generation [n*] — n is

E (20 0 1 Gl ) - P (Stin = (@ = 142/2)/(48) - Vi logn)
L =) ey 20

2 2

However, by relation (21), the probability that a Galton—Watson process survives to time 7 is
~2/(no?), hence the number of particles to the right of (x—14-¢/2)/(4p)-/n log n in generation
[n%] — n whose families survive to time [n*] has expectation asymptotically equivalent to n=4/2,
which goes to 0. Therefore if we denote by

RE;’Q] = the rightmost location in generation [n*] of the descendants of the particles

which are to the left of (@ — 1 + &/2)/(4B) - v/nlogn in generation [n*] — n,

then it suffices to show further that

P (R = @=1+2)/@p) - Vnlogn| Gy, ) = 0. (28)

By Lemma 5, this probability is not decreased if we assume all the particles to the left of
(@ —1+¢/2)/4PB) - /nlogn at time [n*] — n are located at M,,, where

the biggest even number < (o« — 1 +&/2)/(4B) - /nlogn,
if [n*] — n is even;

the biggest odd number < (a — 1+ &/2)/(4B) - v/nlogn,
if [n*] — n is odd.

M, =



1830 X. Zheng / Stochastic Processes and their Applications 120 (2010) 1821-1836

In either case, in order that R[f,'é,) > (@ — 1+ ¢€)/(4B) - /nlogn, since the ancestors are to the

left of (@« — 1 + &/2)/(4B) - «/nlogn, at least one descendant will have to travel to the right at
least £/(88) - \/n log n distance. Hence, since the BRW is critical, we get

P (R = @ = 1+0)/G4) - Vnlogn | Gl )

< EZp_y | Gl - PM(Sy = My +¢/(8) - /nlogn). (29)
By Lemma 3,
PMn (S, > M, +¢/8B) - /nlogn) < PMn (S, > M, +¢/8p) - /nlogn). (30)

When n is sufficiently large, M,, will be bigger than £/(88) - /nlogn, so by Lemma 4 we get
that the probability on the right side of (30) is bounded by C exp (—b82 /(64p2) - (log n)2). Using

(29), noting that E(Z{m,_, |G

[n*]—n

) = O(n*) only grows polynomially in n, we get (28). O
4. Proof of Theorem 2

We start with a simple observation. The following lemma about the probabilities of survival
is a supplement to the convergence in (9).

Lemma 11. For the total mass processes (Z[(Z,zt])tzo and the Feller diffusion (Y;);>o, the
following convergence holds:

P (zf,’;gt] > W) — P(Y,>38), foralls>O0andforallt>O0. 31)

Proof. For any + > O, the convergence in (31) when § > 0 follows from the marginal
convergence Z(nil /n* =— Y, and that P(Y; = §) = 0 (for any fixed + > 0, by (21) and
(23) it is easy to show that the marginal distribution of Y; can be described as a Poisson sum of
exponentials, see, e.g., page 136 in [13], hence is continuous on (0, 00); see also page 441 in [14]
for an explicit density formula). It remains to show

P (20>

n“t]

) — P(Y, > 0).
In fact, by the independence between the BRWs engendered by different initial particles,
P (Z[(th] = ) =(1- p[n"‘t])

where p,,, as defined in (21), is the probability that a Galton—Watson process started by a single
particle survives to generation m. By (5) and (21),

Z(") - 2 () 2y
(1 = pper)®0 ~ exp (_namZ “Zy’ | = exp —o7)

The right side equals P(Y; = 0); see, e.g., Equation (I.5.12) in [13]. O

(ﬂ)

Proof of Theorem 2. A. Convergence of Marginal distributions. We will show that for any
fixed t > 0, on the Skorokhod space D([0, 0c0); R),

(X““i,]([o Vnal)

nDt

) = (X(([0,a]) = Y; - 7([0,a])) >0 - (32)
a>0
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Let L(n) := [(log n)?], and write
(n)
Xipan(10. V) Zigay iy Xpon (10 v/nad .

o o (n) { n®t]—nL(n >0}'
" " 2w =nL(n) trl=nk

For any @ > 0 and § > 0, we will show the following law of large numbers:

(X(;;i, 110, /nal)

(n)
Z[n“ t]—nL(n)

_ n([O,a])) . {Z<,,) o — 0. (33)

(@ t1—nL () > 1%}

Claim: If this holds, then we have the finite-dimensional convergence below: for any k € N and
any0) <a; <.-- <qgg < o0,

(x(;’i, (10, V/na;1)

nOl

) = (Y- 7 ([0, aiD)g.....q - (34)
aj ay

.....

Note that the LHS and RHS of (32) are both increasing processes and the RHS is continuous, by
Theorem VI.3.37 in [8], the above finite-dimensional convergence implies the convergence (32)
as processes on [0, 00).

We now prove the claim, which is a direct consequence of Lemma 11, (9), Slutsky’s theorem
and (33). We shall only prove the convergence for any single a > 0; the joint convergence can
be proved similarly. Let f : R — R be any bounded Lipschitz continuous function. We want to
show that

(n)

X pary ([0, +/nal)

Ef (1— — Ef(Y, - 7[0, a)). (35)
nv

In fact, for any ¢ > 0, there exists § > 0 such that

PO<Y; <§)<e.
By Lemma 11, for all n sufficiently large,

PO < ZI r o < 0n%) <2e.

Hence, denote by M = max, | f(x)],
|EF (X{ioy (10 VraD /n”) = Ef (¥, - 710, a])|

< ‘f(o) P (z[‘,’ji,] L = 0) — f(0)- P(Y, = 0)( +3Me

(n) (n)
Ziya nL(n) X nen [0, Vnal 1
f 7 (Z 1> 7%
[n¥t]—nL(n)

Z(;:)t] nL(n)

(f ( - [0, a]) l{Z[(::;t]nL(n)%"a})
(n)

(f( o ”L(”) [0, a]) {z(;’&,] nL<n>>8n“}>




1832 X. Zheng / Stochastic Processes and their Applications 120 (2010) 1821-1836

— E(f(Y:-7[0,a]) - Liy,>s))

=1+4+3Me + 11+ II1.

By Lemma 11, I — 0. By (9) and Slutsky’s theorem, III — 0. Finally, II — 0 by the Lipschitz
continuity of f, (9), (33) and the dominated convergence theorem.

We now prove the law of large numbers (33), by using a mean-variance calculation. Let
]—'[(:a)l] nL(n) be the configuration of the BRW at time [n“f] — nL(n), Z[na f—nL(n) be the set

(n) (n) R ()]
€ Zlaq—nLmy 10U Xi = X;

be its location (at time [n*t] — nL(n)), U,? "(x) be its number of descendants at site x at time
k + [n*t] —nL(n), and Z,':i be its total number of descendants at time k + [n%t] — nL(n).
We start with the mean calculation.

o (Xil0 Vral
Z(n) (z™ >8n%)

Yt]—nL
[n*t]—nL(n) (=)

(n) (n)
(X :az [0, V/nal | ]:[:at] nL(n))

=F (n)
o (20>
Z iyt —nL(n) Ak

of particles at time [n“t] — nL(n), and for each particle u; = u;

By relation (10),
()
@ - Z[narj —nL(n)
E(X{00. Val | Fl ) = . P(Suzan €10, Vnal | So = x;).

i=1

By Lemma 5, if we let

Por = PSarim € [0, V/nal | So = 0)
Parny = PSurimy €10, v/nal | So = 1),
then

if x; is even

P(SuL@n) € 10, v/nal | So = x;) < {p"“")’ (36)

an(n), if x; is odd.
Therefore, by Proposition 6 and Lemma 11,

(n) ()
(X no‘t][0 ‘/—a] | f;?"‘t nL(n))

()
Z[n" t]—nL(n)

(n)
{Z[n‘)’r —nL(n) >8n%}

<E (ng(n) v p}lL(n) ' l{z[(”) . )>8n°‘}> — 7[0.a]- P(¥; > §). (37
n%t]l—nL(n
On the other hand, by relation (10) again, for any C > 0,

(n)
Zy

1 1

i=1
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where Z ) is the total number of particles at time 0, and x(") is the location of the ith initial

particle. By the tightness of { (n)(f -)/n®} (6) and (15) we see for any ¢ > 0, there exists
C > 0 such that for all n sufﬁ01ently large,

1 n
£ <n_°‘X[(”3‘t]—nL(n)([C‘/E’ OO))) <e. (38)

Therefore by Markov’s inequality,

1 n
P (n_aXEn‘Zt]—nL(n)([C\/E’ OO)) = \/E> < «/g (39)

Now by Lemma 5 again, for those particles u; at time [n“f] — nL(n) which are fo the left of
C./n, if we let

M. even = the biggest even number < C+/n;
M, 0qq = the biggest odd number < C+/n,

and
pzllie(;;) - P(S"L(n) € [0, \/_a] | So = M. even)
PZ%z) = P(Surn) € [0, v/nal | So = My:04a),
then

Pul(ny» i Xiiseven

P(Sur(n) € [0, v/nal | So = x;) > { odd

e (40)
Purmys if xi is odd.

Hence, by Proposition 6, Lemma 11 and (39),

(n) )
.. E (X n®t] [0, V/na] | f[""ﬂ*"””)
lmszE 70 1{Z(sgtﬂ aLen >0}
[n%t]—nL(n)
(n)
.. (X ner] (05 Vnal | F, [n“t] "L("))
> liminf E 0]
n Zn“t —nL(n)

x 1
{Z[(rrll‘lt]fnL(n)>5na X[(:‘lt ’lL(’l>([C\/;l,OO))§naﬁ})

(n) o

Z —n «/—

L. [n¥t]—nL(n) even odd

> 11n}11nfE( o) PnL(n) "N PnL(n)
[n¥t]—nL(n)

nL(n)>8na; X[(:‘z‘t] nL(n)( Cﬁ’m))inaﬁ})

> (1—%2>.n[0,a].(P(Yt > 8) — /). (41)
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By the arbitrariness of ¢, we get the desired lower bound

(n) (n)
<X nor) (10, v/nal) | ‘7:[n°‘t] nL(n))
7 (Zp

¥t]—nL
[n®t]—nL(n) [n®¥t]—nL(n)

> n[0,a]- P(Y; > §).

liminf E
n

>8n%}

So, combining it with (37), we get the convergence of expectation

(n)
. X{pan[0, v/nal
11rrlnE <<["'— — [0, a]) . l{z“” >8n°‘}> =0.

(n) n%t]—nL(n
Z[n"‘t]—nL(n) [n%1]—nL(n)

It remains to show that

(n)
X: 2410, /naj
lim Var Xjpol0. v/nal —7[0,a]) -1, ) =o0. (42)
n Z(n) {Z[nO‘IJ nL(n)>6n }
[n*t]—nL(n)

By conditioning on ]—'[(na)tl nLny» We get

(n)
X a0, +/nal
n%t]
Vaf(<z<n>——”[0’“])' e nM»n«})

[n¥t]—nL(n)

(n) (n)
Var (X[Z“ [0, /na] | f:a[] nL(n)>

=FE . 1 ) o
(Z(") )2 {Zlno‘tj—nL(n)>6" }
[n¥t]—nL(n)
+ Var ] W) 10,41 ] -1
(n) - ’ SNz >nd)
Zn“t] nL(n) (€t =nL(m)
=1411

We will show that both terms converge to 0.
We start with term I. Recall that for each particle u; € Al na f—nL(n)’ U ,? ’(x) denotes its number

of descendants at site x at time k + [n%¢] — nL(n), and Z} 18 its total number of descendants at
time k + [n“t] — nL(n). By the independence between the BRWs U"i and (20),

(ﬂ) (n) _
Var( penl0: Vnal | Fra nL(n)) = ) Va Z Up @)
uieZ[(r’Z‘it]—nL(n) €0, \fll]
2
u;
= Z E (ZnL(n))
uj Ezn‘m —nL(n)
= Zi i wron (1 nL)?).
Hence
1 +nL(n)o?
I<FE <% . l{Z(n; >6n°‘}) — 0.
Z[n"‘t]—nL(n) [n®t]—nL(n)
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As to term II, by (36),
( (10 v/na)) | ‘7:(:‘3t nL(n)) Ziar) wL " Py Y P
furthermore, on the event {X[(th]_nL(n)([C\/ﬁ, o0)) < n*\/e}, by (40),
(x‘"it]([o Vna)) | ‘F(r’:‘zt nL(n)) (Z(Z")‘t —nL(®n) — n® 8) Pﬁe(}}z) PZ%%,)‘
Hence,
E(X{21 (10, v/ral) | Flyy )

(n)
Z[n"‘t] nL(n)

I<E

—n[0,a]) 1. mw
{Z o)Ly >on"}

IA

2
\/E—i- E| max (ng(n) Vv PyllL(n) — [0, a]) ,
(1 - \/E/‘S) Pﬁl[ie(ryll) A an(n) [0, a])2

x 1, m )
(Z ey >01% X[,la,],,,L(n)([Cﬁ,oo))in“«/g}

= 0(Ve),

where the term /¢ in the second inequality comes from (39), and in the last equation we used
Proposition 6. By the arbitrariness of ¢, II — 0 and hence (42) holds.

B. Convergence of finite-dimensional distributions. This follows from the Markov property
and similar calculations as in Part A. [J
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