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1. Introduction

Throughout, ring means an associative ring with 1; module means a left module; N := {0, 1,...}
is the set of natural numbers; K is a field of characteristic zero and K* is its group of units; Py :=
K[x1,...,%;] is a polynomial algebra over K; 91 := %,...,8,1 = % are the partial derivatives (K-
linear derivations) of Pp; Endg (Py) is the algebra of all K-linear maps from P, to P, and Autg(Py)
is its group of units (i.e. the group of all the invertible linear maps from P, to Pp); the subalgebra

An:=K(x1,...,%,01,...,0) of Endg(Py) is called the nth Weyl algebra.

Definition. (See [2].) The Jacobian algebra A, is the subalgebra of Endk (P,) generated by the Weyl
algebra A, and the elements Hl’l, e Hn‘l € Endg (P,,) where

Hi:=01x1, ..., Hy := anxn.

Clearly, Ay = ®7_; Aq(i) ~ A?" where
A1) == K(x, 8, H7 ') ~ K{xi, HE', yi = H 1)) ~ Aq.

The algebra A, contains all the integrations fl :Pp— Py, p— [ pdx;, since
/:x,-Hi’1 (X% (o + 1) Txgx.
i

In particular, the algebra A, contains the algebra I, := K(x1, ..., Xn, 81,...,8,,,[],...,[”) of poly-
nomial integro-differential operators. Note that I, = ®',7:1 I (i) ~ ]I?" where (i) := K(x;, 9;, f,.). Let
Gp == Autg_a1g(In) and Gy := Autg_qg(Ap).

The Jacobian algebra A, is a (two-sided) localization A, = S~!I, of the algebra I, at a count-
ably generated commutative monoid S ~ N®™, each element of S is a regular element of the alge-
bra I, [10]. In general, there is no connection between the groups of automorphisms of an algebra and
its localization. As a rule, the latter is smaller than the former, and an automorphism of the algebra
cannot be extended to an automorphism of its localization (e.g., the group Auty_ag(Pp) is huge but
AutK_alg(K[xlil, e xnﬂ]) is a tiny group). Completely the opposite is true for the pair I, A, = S~ 1I,:
each automorphism of the algebra I, can be extended to an automorphism of the algebra A, (this is
not straightforward since G,S ¢ S). Moreover, the group G, can be seen as a subgroup of G, (Theo-
rem 5.4), and the group G, is bigger than G,. This fact, i.e. G, C G, is one of the key moments in
finding the group G, as the group G, was already found in [9].

The algebras Pop = PS", Ap = AY", Sy =S¥, I, =IF" and A, = A?" have similar defining rela-
tions:

Py=K{x,y): yx—xy=0;
A1 =K(x,0): ox—x0=1;

S1=Kx, y): yx=1;
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Ar=K(x H®,y): yx=1, [H.x]=x, [H,yl=—y, HQ—-xy)=(1—xy)H=1-2xy;

where [a, b] :=ab — ba is the commutator of elements a and b. It is reasonable to believe that they
should have similar groups of automorphisms. This is exactly the case when n = 1: the groups of
automorphisms of the algebras P,, A1, S1, [} and A; have almost identical structure (when properly
interpreted). Namely, each of the groups is a ‘product’ (in the last three cases it is even the semi-direct
product) of an obvious subgroup of affine automorphisms and a non-obvious subgroup generated by
‘transvections.’

The group Autg_ag(P2) was found by Jung [15] in 1942 and van der Kulk [17] in 1953. In 1968,
Dixmier [12] found the group of automorphisms of the first Weyl algebra A (in prime characteristic
the group of automorphism of the first Weyl algebra A; was found by Makar-Limanov [18] in 1984,
see also [4] for a different approach and for further developments). In 2000, Gerritzen [13] found
generators for the group Autg_,¢(S1). For the higher Weyl algebras Ap, n > 2, and the polynomial
algebras Py, n >3, to find their groups of automorphisms and generators are old open problems,
and solutions to the Jacobian Conjecture and the Problem/Conjecture of Dixmier would be an im-
portant (easier) part in finding the groups. (Positive solutions to these two problems would define
the groups as infinite dimensional varieties, i.e. they would give defining equations of the varieties
but not generators. To find generators one would have to find the solutions of the equations. A finite
dimensional analogue of this situation is the group SL,: the defining equation det =1 tells nothing
about generators of the group.)

The Jacobian algebras A, arose in my study of the group of polynomial automorphisms and the
Jacobian Conjecture, which is a conjecture that makes sense only for polynomial algebras in the class
of all commutative algebras [1]. In order to solve the Jacobian Conjecture, it is reasonable to believe
that one should create a technique which makes sense only for polynomials; the Jacobian algebras are
a step in this direction (they exist for polynomials but make no sense even for Laurent polynomials).

The Jacobian algebras A, were invented to deal with polynomial automorphisms. A study of these
algebras led to study of ‘simpler’ algebras S, [5], the so-called algebras of one-sided inverses of polyno-
mial algebras. This ended up in finding their groups of automorphisms Autk_,g(Sy), n > 1, and their
explicit generators in the series of three papers [6-8]. Recently, the groups Autg_ag(An), n > 1, are
found in [9]. Finally, in the present paper the groups Gy := Autg_ag(I), n > 1, are found.

e (Theorem 5.5.(1)) G, = S, x T" x Inn(T,) where Sy, is the symmetric group, T" is the n-dimensional
algebraic torus and Inn(l,) is the group of inner automorphisms of the algebra I,.

e (Theorem 3.1.(2)) The map (1 + ay)* — Inn(l,), u — wy, is a group isomorphism where wy(a) :=
uau~l, (1 + ap)* := I N (1 + ap), I is the group of units of the algebra I, and ay is the only maximal
ideal of the algebra I,.

The paper proceeds as follows. In Section 2, some known results about the algebras I, and A, are
collected that are used freely in the paper.

One of the key ideas in finding the group G, is the fact that the polynomial algebra P, is the only
(up to isomorphism) faithful simple I;-module [10, Proposition 3.8]. This enables us to visualize the
group G, as a subgroup of Autg (P,) (Corollary 3.3.(2)):

Gn = {0y | ¢ € Autg (Pp). ¢lhp~ ' =1,} whereoy(a):=@ap~", acl,.

In Section 3, two ‘rigidity theorems’ are proved for the group G;: Corollary 3.7 and
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e (Theorem 3.6) (Rigidity of the group G;) Let o, T € G,. Then the following statements are equivalent.
1. o=r.
2. 0(fp=t(),....o(f)=t(f).
3. 0(31) =1(31),...,0(3) =T ().
4. 0(x1) =T(X1),...,0(Xn) = T(Xn).

In Section 4, the group G; and its explicit generators are found (Theorem 4.3). The key ingredi-
ents of the proof of Theorem 4.3 are the Fredholm operators, their indices and the Rigidity of the
group G (Theorem 3.6). It is proved that each algebra endomorphism of the algebra I; is a monomor-
phism (Theorem 4.5), and no proper prime factor algebra of the algebra I, can be embedded into the
algebra I, (Theorem 5.19). These two results have bearing of the Jacobian Conjecture and the Prob-
lem/Conjecture of Dixmier (each algebra endomorphism of the Weyl algebra is an isomorphism).

Section 5 contains the main results of the paper, a proof that G, = S;; x T" x Inn(T;) (Theorem 5.5)
is given.

o (Theorem 5.4)

1. Gy ={0 € G| o{y) =1} and G, is a subgroup of Gy,.

2. Each automorphism of the algebra I, has a unique extension to an automorphism of the algebra A,.
o (Theorem 5.15) The centre of the group G, is {e}.

e (Theorem 5.17) IS" = K and I™®) = K, the algebras of invariants.

Each automorphism o € G, = Sy x T" x Inn(1l,) is a unique product o = st; @, which is called the
canonical form of o where s € Sy, t, € T", w, € Inn(ll;) and @ € (1 4+ ay)* (¢ is unique).

o (Corollary 5.10) Let o € G, and o = sty wy, be its canonical form. Then the automorphisms s, t;,, and w,
can be effectively (in finitely many steps) found from the action of the automorphism o on the elements
{Hi,0;, f;1i=1,...,n}

o(H)=Hsp moda,,  o(3)=A4]"d moda, 0(/) Ex,-/ mod a,
i s(i)

and the elements ¢ and ¢~ are given by the formulae (26) and (27) respectively for the automorphism
(st;) "o e Inn(ly,).

The explicit formulae (27) and (26) are too complicated to reproduce them in the Introduction.

e (Corollary 5.11) (A criterion of being inner automorphism) Let o € G;. The following statements are
equivalent.
1. o € Inn(Il,).
2. 0(3)=09; mod a, fori=1,...,n.
3.0(f;)=/; mod a, fori=1,...,n.

1.1. Aninversion formula for o € G,

The next theorem gives an inversion formula for o € G, via the elements {G(B,-),cr(fi) |i=
1,...,n}.

o (Theorem 5.14) Let o € G, and o = st,wy, be its canonical form where s € Sy, t;, € T" and w,, € Inn(I,)
for a unique element ¢ € (1 + ay)*. Then o~ ! = silts(r])a)squ) is the canonical form of the auto-
morphism o ~! where the elements ¢! and ¢ are given by the formulae (27) and (26) respectively for
the automorphism (st,) "o € Inn(I,).
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In Section 6, the stabilizers in the group G, of all the ideals of the algebra I, are computed
(Theorem 6.2). In particular, the stabilizers of all the prime ideals of I, are found (Corollary 6.4.(2)).

o (Corollary 6.4.(3)) The ideal a, is the only nonzero, prime, G,-invariant ideal of the algebra I,.

e (Corollary 6.4) Let p be a prime ideal of I,. Then its stabilizer Sty, (p) is a maximal subgroup of the group
Gy iffn > 1 and p is of height 1, and, in this case, [Gy, : Stg, (p)] =n.

e (Corollary 6.3) Let a be a proper ideal of I,. Then its stabilizer Stg, (a) has finite index in the group Gp.

e (Corollary 6.5) If a is a generic ideal of I, then its stabilizer can be written via the wreath products of the
symmetric groups:

t
Stg, (a) = (sm < [ ]esn, zSni)> x T" % Inn(l),

i=1
where @ stands for the wreath product of groups.
Corollary 6.6 classifies all the proper Gp-invariant ideals of the algebra I, there are exactly n of them.
2. The algebras I, and A,
In this section, for the reader’s convenience we collect some known results about the algebras I,
and A, from the papers [2,9,10] that are used later in the paper.
The algebra I, is a prime, central, catenary, non-Noetherian algebra of classical Krull dimension n

and of Gelfand-Kirillov dimension 2n [10]. Since x; = fiH,-, the algebra I, is generated by the ele-
ments {d;, H;, [;|i=1,...,n}, and I, = ®}_, I1 (i) where

]I](i) = K<3i, H,‘,/> = K<a,-,x,-, f>2ﬂ1.

When n =1 we usually drop the subscript ‘1" in 91, f;, H1, and x;. The following elements of the
algebra Iy = K (3, H, [),

i i1
eu:=/ 3’—f 3t i jeN, (1)

satisfy the relations: e;jey = &;re; where §;; is the Kronecker delta. The matrices of the linear maps

ejj € Endg (K[x]) with respect to the basis {(xls] .= %}seN of the polynomial algebra K[x] are the ele-
mentary matrices, i.e.

[IJ . .:
e = [0 11=s
0 ifj#s.

The direct sum F := @HeN Kejj is the only proper (hence maximal) ideal of the algebra I;. As an
algebra without 1 it is isomorphic to the algebra without 1 of infinite dimensional matrices My, (K) :=
lim My (K) = @i’jeN KE;j via ejj — Ejj where E;; are the matrix units. For all i, j e N,

feij =€it1,j, eij/ =ejj-1, dejj =ei_1,j, eij0 =¢€j ji1, (2)
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where e_q1j:=0 and e; _q := 0. The algebra I, = ®?:1]11 (i) contains the ideal F, := F®" =
®Ti1:l F(i) = @a,ﬁeN” Keqp where eqp := l_[zr'l:l ea;p; (1), €qp; (1) := fiai aiﬁi - fiaiﬂ aiﬁi-H and F(i) =
@S,tEN Kest(i).

Proposition 2.1. (See [10, Proposition 2.2].)

1. The algebra I, is generated by the elements {9;, i, Hi | i =1, ..., n} that satisfy the following defining

relations:
Vi 31’/=1» [Hz’,[]=/, [Hj, ;] = —0;,
i i i
Hi<1—/8i):<1—/8,->H,-:l—/8,-,
i i i

Vi#j: aaj=ajaq; whereake{ak,/,Hk}.
k

2. The algebra 1, = ®?:1 Dq(i)(0j,1) = Dy((01,...,00),(1,...,1)) is a generalized Weyl algebra
(fl < Xj, 0; < ¥i, Hi < H;j) where D, := ®?:1 D1(i), D1(i) := K[H{] ® @]}O Kejj(i), Hiejj(i) =
ejj()H; = (j + 1)ejj(i), and the K-algebra endomorphisms o; are given by the rule o;(a) := f,.aai
(0i(H;i) = Hi — 1, 0i(ejj(i)) = ejt1, j+1(i)). Moreover, the algebra I, = @, czn In,« is Z"-graded where

Jifi>o,
Ihg = DnVe = Vo Dy for all @ € Z" where vy :=[[i_; v, () and vj(i):= {1 ifj=0,
a ! ifj<o.

Remark. Note that 0;(1) = [;8; =1 —ego(i) # 1 foralli=1,...,n.

Definition. Let A and B be algebras, let 7(A) and [7(B) be their lattices of ideals. We say that a
bijection f : 7(A) — J(B) is an isomorphism if f(a*b) = f(a) * f(b) for * € {+,-,N}, and in this
case we say that the algebras A and B are ideal equivalent.

The ideal equivalence is an equivalence relation on the class of algebras (introduced in [10]). The
next theorem shows that the Jacobian algebra A, and the algebra I, are ideal equivalent.

Theorem 2.2. (See [10, Theorem 3.1].) The restriction map J (Ap) — J([Ip), a > a” := a N1y, is an isomor-
phism (i.e. (a1 * az)" = o} * a, for = € {+, -, N}) and its inverse is the extension map b — b° := ApbA,.

The next corollary shows that the ideal theory of I, is ‘very arithmetic.” In some sense, it is the
best and the simplest possible ideal theory one can imagine. Let 13, be the set of all functions
f:{1,2,...,n} — {0,1}. For each function f € By, If:=1f1) ® --- ® I is the ideal of I, where
Ip:=F and I; :=1;. Let C,; be the set of all subsets of 3, all distinct elements of which are incom-
parable (two distinct elements f and g of B, are incomparable if neither f(i) < g(i) nor f(i) > g(i)
for all i). For each C € Cp, let I¢c := ZfeC I be the ideal of I,. The number 0, of elements in the
set Cy is called the Dedekind number. It appeared in the paper of Dedekind [11]. An asymptotic of the
Dedekind numbers was found by Korshunov [16].

Recall that a submodule of a module that intersects non-trivially each nonzero submodule of the
module is called an essential submodule.
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Corollary 2.3. (See [10, Corollary 3.3].)

1

NSO bk wN

o]

10.

2.1

The set of height one prime ideals of the algebra I, is {p1 ;= F @ [1—1,p1 :=[1  F® Iy—2,...,pn :=
Ih—1 ® F}.

. Each ideal of the algebra I, is an idempotent ideal (a®> = a).

. The ideals of the algebra I, commute (ab = ba).

. The lattice J (I,) of ideals of the algebra I, is distributive.

. [10, Lemma 5.2.(1)] Each nonzero ideal of the algebra I, is an essential left and right submodule of T,.

. ab=anN b for all ideals a and b of the algebra I,.

. The ideal ap := p1 + --- + pp is the largest (hence, the only maximal) ideal of I, distinct from I, and

Fp = F®" = (L pi is the smallest nonzero ideal of Ip.

. (A classification of ideals of I,,) The map C, — J (I,), C +— I¢ := ZfeC Iy is a bijection where I := 0.

The number of ideals of I, is equal to the Dedekind number v,,. For n = 1, F is the unique proper ideal of
the algebra 1.

. (A classification of prime ideals of I,) Let Sub, be the set of all subsets of {1, ..., n}. The map Sub, —

Spec(In), I +— py:= 3 i pi, > 0, is a bijection, i.e. any nonzero prime ideal of I, is a unique sum of
primes of height 1; |Spec(I,)| = 2"; the height of p; is |I|; and
prCpyifficl.

The involution * on the algebra T,

Using the defining relations in Proposition 2.1.(1), we see that the algebra I, admits the involution:

*: I, — I, 8u—>/, /.r—>8,-, Hi— H;, i=1,...,n, (3)
i i

i.e. it is a K-algebra anti-isomorphism ((ab)* = b*a*) such that * o % = idy,. Therefore, the algebra I, is
self-dual, i.e. is isomorphic to its opposite algebra I?. As a result, the left and the right properties of
the algebra I, are the same. For all elements «, 8 € N",

€yp = €pa- (4)

The involution * can be extended to an involution of the algebra A, by setting

1

X; = Hid;, a.*:/, (HY =HF, i=1,....n.
1

Note that y} = (H;la,»)* =fiH,._] =x,-Hi_2, Ax & Ay, but T =T, where

In::K<81,...,8n/,...,/>
1 n

is the algebra of integro-differential operators with constant coefficients.

For a subset S of a ring R, the sets l.anng(S) :={r € R |rS =0} and r.anng(S) :={r € R | Sr =0}

are called the left and the right annihilators of the set S in R. Using the fact that the algebra I, is a
GWA and its Z"-grading, we see that

l.anny, </> = @Keko(i) ® ®]I1 ), r.ann, (/) =0. (5)

keN i£]

r.anng, (3) = ) Keoe() @ @ L1(j).  Lanng, (3;) =0. (6)

keN i£]
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Let a be an ideal of the algebra I,. The factor algebra I,/a is a Noetherian algebra iff a = a, [10,
Proposition 4.1]. The factor algebra Bj :=1,,/a, is isomorphic to the skew Laurent polynomial algebra

n
Q kiHi[0: 07 w] =Paloy. o7 T T
i=1

via 8 > 9, [+ 8", Hi > Hj (and x; = 3, 'H;) where Py := K[Hq,..., Ha] and 7;(H;) = H; + 1.
We identify these two algebras via this isomorphism. It is obvious that

n
Bo =@ KI[Hil[zi.z; s 0i] =Pu[zy". ... 25" 01, .. o).
i=1

where z; := 8{1 and o; = ti’] : Hi = H;j — 1. We use this alternative presentation of the algebra Bj,
in order to avoid awkward expressions like a% later. By Theorem 2.2, af is the only maximal ideal of
the Jacobian algebra A;,. The factor algebra Ay := A /af, is the skew Laurent polynomial algebra

An=La[of!, .8 r ] = L xS o on] = L2z o o]

where £, :=K[HF', (Hi £ )", (H1 £2)", .., HFf, (Ho £ 1)~ (Ha £2)7', ..., Ti(Hj) = Hj + 8
where §;; is the Kronecker delta and o; = ‘L'i_l. By Theorem 2.2, a = an, hence the algebra B, is a
subalgebra of .4,. Moreover, the algebra 4, is the localization of the algebra B, at the multiplica-
tively closed set {(Hy + a1)™ ---(Hy + an)™ | (oj) € Z", (m;) € N'}. The algebra B, is also the left
g = {07 - Op" |

.....

3. A description of the group G,, and two criteria

In this section, the key ingredients of the group G, are introduced, namely, the groups S,, T"
and Inn(T,). The subgroup of G, they generate is their semi-direct product S, x T" x Inn(I,;). An im-
portant description of the group G, is given (Corollary 3.3.(2)), and two criteria of equality of two
automorphisms of the algebra I, are obtained (Theorem 3.6 and Corollary 3.7).

3.1. The group of inner automorphisms Inn(Il,) of the algebra I,

For a group G, let Z(G) denote its centre. Since a, is an ideal of the algebra I, the intersection
1+ ap)*:=I; N (1+ay) is a subgroup of the group I; of units of the algebra I.

Theorem 3.1.

1. [10, Theorem 5.6] I} = K* x (1 + a,)* and Z([}}) = K*.

2. The map (1 + a,)* — Inn(l,), u — wy, is a group isomorphism where wy (a) := uau~!, i.e. Inn(l,) =
{wu [ue(+ap)*}.

3.7 =K* x (1+ F)* =~ K* x GLx(K).

Proof. Statement 2 follows from statement 1. Statement 3 follows from statement 1 and the fact that
(1+ F)*~GLw(K). O
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3.2. The algebraic torus T"

The n-dimensional algebraic torus T" := {t; | A = (A1, ..., An) € K*} >~ K*" is a subgroup of the
group G, where

tk</>=)~i/, 60D =249  G(H)=Hi, i=1,...,n
1 1

Note that t; (x;) = A;x; since x; = [; Hi. T" = [[i_; T'(i) where T1(i) := {t, (i) :==ta,..1.01,..1) | A €
K*} ~ K* and the scalar A is on ith place.

3.3. The symmetric group Sy,

The symmetric group S, is a subgroup of the group G, where, for 7 € S,

f<f):/ T@) = ey T(H)=Hegy i=1.....n.
i T(i)

The subgroup of G, generated by S, and T" is the semi-direct product S, x T" since S, N T" = {e}
and

6T =trg) Where T(M) := (pmi(qys - Ap-1(n)s (7)
for all T € S, and t; € T".

Since a, is the only maximal ideal of the algebra I;, o (an) = a, for all o € Gy. There is the group
homomorphism (recall that B, =1, /a,):

§:Gy— Autg_a(Bn), 0> (G:a+ay—> 0(a)+ay). (8)
The subgroup S, x T" of G, maps isomorphically to its image and & (Inn(I,)) = {e}, by Theorem 3.1.(2).

Therefore, the subgroup G, of G, generated by the subgroups S,, T", and Inn(l,) is equal to their
semi-direct product,

G, = Sp x T" x Inn(Tp). (9)
The goal of the paper is to prove that G, = G}, (Theorem 5.5).
3.4. Adescription of the group G,
Let A be an algebra and o be its automorphism. For an A-module M, the twisted A-module ° M,
as a vector space, coincides with the module M but the action of the algebra A is given by the
rule: a-m :=o(a)m where a € A and m € M. The next lemma is useful in finding the group of

automorphisms of algebras that have a unique faithful module satisfying some isomorphism-invariant
properties.

Lemma 3.2. Suppose that an algebra A has a unique (up to isomorphism) faithful A-module M that satisfies
an isomorphism-invariant property, say P. Then

AUtK—alg(A) = {U(p | @ € Autg (M), ()0/‘\('0_1 = A}
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where 6y (a) := ap~! fora € A, and the algebra A is identified with its isomorphic copy in Endg (M) via the
algebra monomorphism a — (m +— am).

Proof. Let o € Autg_,¢(A). The twisted A-module M is faithful and satisfies the property P. By the
uniqueness of M, the A-modules M and M are isomorphic. So, there exists an element ¢ € Autg (M)
such that ga = o (a)p for all a € A, and so o (a) = pap~!, as required. O

Example. The matrix algebra My(K) has a unique (up to isomorphism) simple module which is K.
Then, by Lemma 3.2, every automorphism of My(K) is inner.

Recall that the polynomial algebra P, is a unique (up to isomorphism) faithful, simple module for
the algebra I, (Proposition 3.4.(1)) and the algebra A, [2, Corollary 2.7.(10)].

Corollary 3.3.

1. [9, Corollary 4.8.(1)] Gy = {0y | ¢ € Autk (Py), @A ~1 = An} where oy (a) := a1, a € Ay
2. Gp={0y | ¢ € Autg(Ppn), ¢lagp~! =1} where o, (a) := pap~!, a € I,

In [9], Corollary 3.3.(1) was used in finding the group G;.
3.5. The automorphism % € Aut(Gy)

The involution * of the algebra I, induces the automorphism % of the group G, by the rule

¥:Gp—> Gy, 0> %00 0% L. (10)
3.6. The I,,-module Py

By the very definition of the algebra I, as a subalgebra of Endg (P;), the I,-module Py is faithful.
For the Weyl algebra Ap, the A;-module An/Z?:1 Ap0d; is isomorphic to P, via 1+ 2?21 Andi — 1.
The same statement is true for the algebra I, (Proposition 3.4.(3)).

Proposition 3.4. (See [10, Proposition 3.8 and Proposition 6.1].)

1. The polynomial algebra Py, is the only (up to isomorphism) faithful, simple I,-module.
2.1 =lo®dlieg and I; = fﬂl @ egoly.
3. 1, Pn =1/ 2?21 1,0;.

The I,-module P, is a very special module for the algebra I,,. Its properties, especially the unique-
ness, are used often in this paper. The polynomial algebra P, = @@, Kx* is a naturally N"-graded
algebra. This grading is compatible with the Z"-grading of the algebra I, i.e. the polynomial alge-
bra P, is a Z”—graded I,-module. Each element 9; € I, € Endg (Py) is a locally nilpotent map, that is
Py, = UD1 kerp, (3,.]). Moreover,

n
[ kerp, (3;) = K.

i=1

Each element fl € [, € Endg (Py) is an injective (but not a surjective) map. Each element H; € I, C
Endg (Py) is a semi-simple map (that is P, = @, ¢ kerp, (H; — A)) with the set of eigenvalues Z, :=
{1,2,...} since H; * x* = (o + 1)x% for all @ € N". Moreover,
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n
(kerp, (Hi — (i + 1)) = Kx*, aeN". (11)
i=1
In particular, the K[Hy, ..., Hp]-module Py, = @,y Kx* is the sum of simple, non-isomorphic, one-
dimensional submodules Kx%, and so P, is a semi-simple K[H4, ..., Hy]-module.

Corollary 3.5.

1. Let M be an I,-module. Then Homy, (P, M) ~ (_; ker(d; m), f > f(1), where 9 pr : M — M, m
d;m. In particular, Endg, (Py) ~ K.

2. By Proposition 3.4.(1), (3), for each automorphism o € Gy, the I,-modules P,, and ° P,, are isomorphic,
and each isomorphism f : P, — ° P, is given by the rule: f(p) = o (p) x v, where v = f(1) is any
nonzero element of the 1-dimensional vector space ﬂ?zl ker(o (3;)p,).

As an application of these results to the I;-module P,, we have two useful criteria of equality of
two elements in the group G,. They are used in many proofs in this paper.

For an algebra A and a subset S C A, Cena(S) :={a € A |as=sa for all s € S} is the centralizer of
the set S in A. It is a subalgebra of A. It follows from the presentation of the algebra I, as a GWA
that

Ceny, (X1, ..., Xp) = Py, Ceng, (01, ...,0y) =K[01,..., 0],

cenﬂ(/l/>=1<[/1/] (12)

In more detail, since I, = ®'17:1 I; (i) it suffices to prove the equalities for n =1, but in this case the
equalities are obvious.

Let Ep := Endg_ag(In) be the monoid of all the K-algebra endomorphisms of I,. The group of
units of this monoid is G,. The automorphism % € Aut(G,) can be extended to an automorphism
* € Aut(E,) of the monoid E,:

% E,>E, o %o00ox . (13)

i
For each element « € N7, let x%! := [“ 1. Then x[%! := ’(;—a, =TT, 2—1' and the set {xI®1 | @ € N}
is a K-basis for the polynomial algebra P,. The next result is instrumental in finding the group of

automorphisms of the algebra I,.

Theorem 3.6 (Rigidity of the group G, ). Let o, T € Gy. Then the following statements are equivalent.

o=Tr.

Lo(fp=Tt(D..o(f)=T().
.0(01)=71(31),...,0(0) =T().
L o0(X1)=T(X1),...,0Xp) = T(Xp).

AW N =

Remark. It is not true that o (H;) =t (H;) for alli=1,...,n implies o = 7 (Corollary 5.9.(2)).

Proof of Theorem 3.6. Without loss of generality we may assume that t = e, the identity auto-
morphism. The proof consists of two parts: (1 < 2 < 3) and (4 = 1). Consider the following two
subgroups of Gy, the stabilizers of the sets {f;,..., [,} and {31, ..., 8}
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ol o f)=foesls( )~ -o()- )

StG, (31, - - 9n) i= (£ € Gn | gB1) =1, ..., £(3) = dn}.

Then

?E(St(;n(/,...,/)>:Stgn(al,...,an), ?(Stgn(ab...,an)):Stg,,(/,...,f).
1 n 1 n

Therefore, to prove that (1 < 2 < 3) (where T =e) is equivalent to show that Stg, (fl, e fn) = {e}.
So, let o € Stg, (f;, ..., f,). We have to show that o =e, i.e. 0(3;) = 9; and o (H;) = H; for all i. For
eachi=1,...,n,1=0(3; ;) =0(3) f; and 1= 9; f;. By taking the difference of these equalities we
see that a; := 0 (9;) — 9; € l.anny, (fi). By (5), aj = Zj>0 Aijejo(i) for some elements A;; € ®k¢i I (k),
and so

o(9) =0 + Z}\ijejo(i)-

j=0
The element o (9;) commutes with the elements o (f,) = f,, k1, hence all A;j € K[}, ..., 71 N §

by (12). Since ejo(i) = fij eoo(i), we can write

0 (0;) = 9; + pieoo(i) forsomep,-e]([/,...,/}.
1 n

We have to show that all p; = 0. Suppose that this is not the case. Then p; # 0 for some i. We
seek a contradiction. Note that o~ ! Stg, (fl,...,fn), and so o~1(8;) = 3 + gijego(i) for some gq; €

K[f;.-... [,]. Recall that ego(i) =1 — J; 3. Then o~ (ego(i)) =1 — [;(3; + gieoo())) = (1 — f; qi)eoo (i),
and

O =010 (®) =0"1(3 + pieco(i)) = & + (qi + pi (1 - fq,-))eooa),

and so q;+ p; = [; piqi since the map K[f;,..., [.1— K[f;,..., f,]eoo, p — Peoo, is a bijection, by (2).
This is impossible by comparing the total degrees (with respect to the integrations) of the elements
on both sides of the equality. Therefore, o (9;) = 9; for all i.

By Corollary 3.5.(2), there is an I;-module isomorphism ¢ : P, — ° P,,, p+— o (p) * v, where

n n
vi=g(1) e[ |kerop, (o(3)) = [ | kerp, (3) = K1.
i=1 i=1

Without loss of generality we may assume that v =1. Then 1=¢(1) =¢@(H;*x1) =0 (H;) 1 for all i.
Fori=1,...,n,

G(H,-)*x[“]:a(H,-)/a*l :a(H,-)a(/a> *l:o(H,-/a) x 1 :o(/a(HiJra,-)) %1

:g(/"‘)(o(Hi)Jroei)*l Z/Q(“i+1)*1=(ai+l)x[“1,
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This means that the linear maps o (H;), H; € Endg (P;) coincide. Therefore, o (H;) = H; for all i since
the I,-module Py is faithful. This proves that o =e.

(4 = 1) Suppose that o (x;) = x; for all i. Then o (p) = p for all polynomials p € P,,. We have to
show that o =e. By Corollary 3.5.(2), there exists the I,-module isomorphism f : P, — ° Py, p >
o (p)*v =pv. The map f is a bijection hence v € K*. Without loss of generality we may assume that
v=1, then f =idp,. Let a € {9;, H;, f;} and b € P,,. Then

axb=f(axb)=o0(a)* f(by=0(a)*b,

and so o (a) = a since the I;,-module P, is faithful. This means that o =e. The proof of the theorem
is complete. O

Theorem 3.6 means that Stg, (f}, ..., f,) = Stg, (31, ..., ) = Stg, (X1, ..., X2) = {e}.

In zero characteristic, the Weyl algebra A, is the ring D(P,) of differential operators on the poly-
nomial algebra P,. In prime characteristic, the Weyl algebra A, and the algebra D(P,) are distinct,
and the algebra D(P,) is much more complicated object than the Weyl algebra A,. An analogue
of Theorem 3.6 does not hold for the algebra D(P;) in characteristic zero, but does hold in prime
characteristic [3, Theorem 1.1]. Also, the Rigidity Theorem is true for the Jacobian algebra A, [9, The-
orem 4.12] and for the algebra S, of one-sided inverses of the polynomial algebra P, [6, Theorem 3.7]
but the Rigidity Theorem fails for the polynomial algebra Pj.

The ideal Fj is the smallest nonzero ideal of the algebra I,,. Therefore, o (F,) = F, for all o € G;,.
The next corollary shows that the action of the group G, on the ideal F, is faithful. This result is used
in the proof of the fact that the group G, has trivial centre (Theorem 5.15).

Corollary 3.7. Let 0, T € G,. Then 0 = T iff 0 (eq0) = T(ewo) for all @ € N" iff o (egy) = T(eoy) for all
a eN'iffo(eqp) = T(eqp) forallo, B € N,

Proof. The last ‘iff follows from the previous two. The second ‘iff’ follows from the first one by using
the automorphism % of the group G,: o = t iff %(0) =%(1) iff *(0)(eqo) =*(T)(eqo) for all & € N"
(by the first ‘iff') iff o (egw)* = T(e0a)* for all @ € N* (since e}, = eqn) iff 0 (e0n) = T(e0y) for all
aeN,

So, it remains to prove that if o (e40) = T(eq0) for all @ € N" then o = t. Without loss of generality
we may assume that T =e, the identity of the group G;,. So, we have to prove that if o (ey0) = exo0
for all @ € N" then o =e. For each number i =1,...,n,

0=(1—eog(i))*]=<7(1—eoo(i))*lzo(/a,->*1=6(/)0(3i)*1,

and so 0 = a(a,»)a(fl.)a(a,») *1= a(a,»fi)o(af) *1=0(0) %1, ie. ﬂ?:l ker(o (d;)p,) = K, by Corol-
lary 3.5.(2). By Corollary 3.5.(2), the map f: P, — % Py, p+— o (p) * 1, is an I,-module isomorphism.
Now, f(x*) = f(aleqox 1) =0 (aleq) * 1 = alego x 1 =x for all « € N" where a! :=oq!---op!. This
means that f is the identity map. For allae€ll, and p € Py, axp = f(axp)=0o(a) * f(p) =0 (a) *p,
and so o (a) =a since the I;-module P, is faithful. That is o =e, as required. O

Corollary 3.8.

1. Let a be a nonzero ideal of the algebra I, and 0, T € G,. Then o =t iffo(a) = T (a) foralla € a.
2. Let a be a nonzero ideal of the algebra Ap, and o, T € Gn. Then o =t iffo(a) = t(a) foralla € a.

Proof. 1. Since F =D, gcnn Keap < a, statement 1 follows from Corollary 3.7.
2. Similarly, since F =, gy Keap  a, statement 2 follows from [9, Corollary 4.6]. O
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4. The group Auty.,15(I4)

In this section, the group G; and its explicit generators are found (Theorem 4.3). The key idea
in finding the group G; of automorphisms of the algebra I; is to use Theorem 3.6, some of the
properties of the index of linear maps in the vector space P1 = K[x], and the explicit structure of the
group Auty_a¢(I1/F) (Theorem 4.1). It is proved that any algebra endomorphism of the algebra I; is
a monomorphism (Theorem 4.5); note that the algebra I; is not a simple algebra.

4.1. The group Gy := Autg_aig(B1)

Recall that B; = K[H][x,x"!; 0] and o (H) = H — 1. Consider the following automorphisms of the
algebra Bi:
th:x—>Ax, H—H (LeK¥),
sp:x—>x, H>H+p (pek[xx']),

C:x—>x"', He —H,

and the subgroups they generate in the group Gi:

T':={t, |xeK*}~K*,  Shy:={sp|peK[xx '} =K[xx"], (¢)x~Z:=7/2Z.
We can easily check that

-1 -1 -1 -1
he =t Ispl =S, LSply =Sum)- (14)

It follows that the subgroup of G; generated by the three subgroups above is, in fact, their semidirect
product,

(¢) x T" x Shy ~ Zp x K* x K[x,x71],
since, for e =0,1; A€ K*; and p € K[x, x"1]:

cftsp x> A1 72 His (=1)®H + %t (p), (15)

and ¢%t;sp =e iff e=0, A =1, and p = 0. Theorem 4.1 shows that this is the whole group of auto-
morphisms of the algebra Bj.

For a group G, [G, G] denotes its commutant, i.e. the subgroup of G generated by all the group com-
mutators [a,b] :=aba='b~1 of the elements a, b € G. The centre of a group G is denoted by Z(G). For
subgroups A and B of the group G, let [A, B] be the subgroup of G generated by all the commutators
[a,b] where a € A and b € B. Given a semi-direct product A x [i~; B; of groups such that aB;a~! C B;
for all ae A and i =1,...,m; then its commutant is equal to [A, A] x ?;l([A,Bj] - [Bj, Bi]) [9,
Lemma 5.4.(2)]. This fact is used in the proof of the following theorem.

Theorem 4.1.
1. G1 = (¢) x T! x Shy.
2. Z(Gy) = {e}. L
3. [G1,G1]1={t;2 | A € K*} x Shy and G1/[G1, G1] = Z3 X K*/K*z.



V.V. Bavula / Journal of Algebra 348 (2011) 233-263 247

Proof. 1. Let o € G and G} be the semi-direct product. It suffices to show that o € G| since G} €
Gy. The automorphism o of the algebra B; induces an automorphism of its group of units B} =
Uiez K*xi. Then o (x) = Ax*! for a nonzero scalar A € K*. Multiplying o on the left by a suitable
element of the group (¢) x T! we may assume that o (x) = x. Then

[0(H)—H,x]=0([H,x]) = [H,x]=0(x) —x=0.

Therefore, p := o (H) — H € Ceng, (x) = K[x,x~!], and so o = h, € G|. This proves that G; = G,.
2. Let ze Z(Gy). By statement 1, z= £8tysp for some elements ¢ =0,1; A € K*; and p € K[x, x 1.
By (14),

{'Stmstlﬂ (p) =2ty =tz = £°t; 12 Sp,

hence ¢ =0 and p € K. Next, ¢tysp =¢z=2{ ={t;-15_p, hence A =+£1 and p =0, i.e. z=t4. Since
sxt_1 #t_1Sx, z=t1 =e. Therefore, Z(G;) = {e}.

3. It suffices to prove only that the equality holds since then the isomorphism is obvious, by
statement 1. Let R be the RHS of the equality. Then R < [G1, G1] since

be=180a)  Sp =128 i 1, Sp=18,5_¢1,
2J-1

where 0 j € Z, » € K*, and u € K. It suffices to show that [G1/Shy, G1/Shi] € R’ where R’ :=
{t,2 | A € K*} is treated as a subgroup of the factor group Gi/Sh; >~ (¢) x T'. By Lemma 5.4 of [9],
(&) x T' () x T'I=[(¢), T'1=R". O

4.2. The index ind of linear maps and the Fredholm operators

Let C = C(K) be the family of all K-linear maps with finite dimensional kernel and cokernel
(such maps are called the Fredholm linear maps/operators). So, C is the family of Fredholm linear
maps/operators. For vector spaces V and U, let C(V,U) be the set of all the linear maps from V
to U with finite dimensional kernel and cokernel. So, C = Uv,u C(V,U) is the disjoint union.

Definition. For a linear map ¢ € C, the integer

ind(¢) := dim ker(¢) — dim coker(¢)
is called the index of the map ¢.

Example. Note that 9, [ € Iy C Endg (P1). Then

ind(3)=i and ind</1>=—i, i>1. (16)

Each nonzero element u of the skew Laurent polynomial algebra A; = £4[x,x ':01] (where
o1(H) = H — 1) is a unique sum u = Asx° + Ay 1xT1 + - + 2gx¢ where all A; € £1, 14 #0, and Agxd
is the leading term of the element u. Recall that £ := K[H*!, (H+ 1)1, (H+2)"!,...], Bi C A1,
and I; C A;. The integer deg,(u) =d is called the degree of the element u, deg,(0) := —oo. For all
u,v € Ay, deg,(uv) = deg,(u) + deg,(v) and deg,(u + v) < max{deg,(u), deg,(v)}. The next lemma
explains how to compute the index of the elements Aj\F (resp. I1\F) via the degree function deg,
and proves that the index is a Gq-invariant (resp. a Gj-invariant) concept. Note that F NC = 0.
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Lemma 4.2.

1. [9, Lemma 5.3.(1)] C N Ay = Aq\F (recall that Ay C Endg(P1)) and, for each element a € A1\F,
ind(a) = —deg,(a) wherea=a+ F € A1/F = A;.

2. [9, Lemma 5.3.(2)] ind(o (a)) = ind(a) for all 0 € G and a € A1\F.

3. CN1Ij =141\F; for each element a € [\ F, ind(a) = —deg,(a) wherea=a+ F € B1; and ind(o (a)) =
ind(a) forallo € Gy and a € [1\F.

Proof. Since I, C A,, statement 3 follows from statements 1, 2 and Corollary 3.3.(2). O
The next theorem presents the group G; and its explicit generators.

Theorem 4.3.

1. G1 =T x Inn(Iy).

2. G1 @ K* x GLy(K).

3. [G1, Gl = {wy | u € SLoo(K)} and G1 /[G1,G1] = T! x T

4. The group Gy is generated by the elements t, w14.e; Where i # j and A € K*, and @1 ye,, where
e K\{-1}.

Proof. 1. Let o € Gy. By (9), G’1 =T! x Inn(l;) € G1. It remains to show that the reverse inclusion
holds, that is o € G}. The ideal F of the algebra I; is the only maximal ideal. Therefore, o (F) = F and
o :=£(0) € Gy, see (8). By Theorem 4.1.(1) and (15), either (3) = Ax~! or, otherwise, &(3) = Ax for
some element A € K*. Equivalently, either 6(3) =10 + f or 6(3) = A [ +f for some element f € F.
Recall that Iy C Ay. By Lemma 4.2.(3) and Corollary 3.3.(2), the second case is impossible as we have
the contradiction:

1=ind(d) = ind(0 (3)) = ind(k/-{—f) =ind(AxH ™' + f) = —deg,(AxH™ ') = —1.

Therefore, o (3) = A9 + f. Replacing o by t;0 we may assume that 0 (d) =9+ g where g:=t,(f) € F
(as F is the only maximal ideal of the algebra I, hence t(F) = F for all T € Gy). Fix a natural number
m such that g € Z?szo Kejj. Then the finite dimensional vector spaces

m ) m+1 )
V=P kxcv =Pkl
i—0 i=0
are d'-invariant where 9’ :=0(3) =9 + g, xlil .= ’,‘—: and x[% := 1. Note that 9’ x xIMt1] = § 4 x[m+1] =

xIMl since g x xIM+11 = 0. Note that P; = Uiz ker(d') and dimkerp,(d) = 1. Since the I;-modules
P1 and ? Py are isomorphic (Corollary 3.5.(2)), P1 = U,->] ker(d'') and dimkerp, (3') = 1. This implies

that the elements x'[9 x'[11  x'[ml x[m+1] gre 3 K-basis for the vector space V' where
U= grmAl=i ylmt1] 9 1, m;
and the elements x'1% x'11 . x'IM are a K-basis for the vector space V. Then the elements
X/[O], X/[l], e, X/[m], X[m_H], X[m+2], L

are a K-basis for the vector space Pi. The K-linear map
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¢:Py— P, XX G=01,....m, - G>m), (17)

belongs to the group (1+ F)* = GLy (K) >~ Inn(l;) (by Theorem 3.1.(2)) and satisfies the property that
8’ = @0, the equality is in Endg (P1). This equality can be rewritten as follows:

wy-10(0) =0 where w,-1 € Inn(ly).

¢
By Theorem 3.6, w,-10 =e, hence o € Gj.

2. Statement 2 follows from statement 1 and the fact that Inn(l;) >~ (1 + F)* ~ GLy (K) (by Theo-
rem 3.1.(2)).

3. [G1,G1] = [T? X GLoo(K), T! X GLgo(K)] = [T, GLoo (K)1[GLso (K), GLoo(K)] = SLso(K) since
[T!, GLoo (K)] € SLeo(K) and SLeo(K) = [GLso(K), GLoo(K)]. Now, G1/[G1,G1] =~ T! x GLso(K)/
SLoo(K) >~ T1 x T,

4, Statement 4 follows from statements 1 and 2 and the fact that the group GL(K) is generated
by the elements 1+ Aej; and 1+ ey where i # j, A€ K* and e K\{-1}. O

Corollary 4.4. £(G1) = T! and ker(¢) = Inn(I;).

Proof. The homomorphism & maps isomorphically the torus T' onto its image T!, and
£(Inn(l})) = {e} (by Theorem 3.1.(2)). Therefore, £(G1) = T'! and ker(¢) = Inn(I;) since G; = T! x
Inn(ly). O

Every algebra endomorphism of a simple algebra is a monomorphism. The algebra I; is not simple
but the same result holds.

Theorem 4.5. Every algebra endomorphism of the algebra 1, is a monomorphism.

Proof. Recall that F is the only proper ideal of the algebra Iy, and I;/F = B := K[H][x, x1.09] is
a simple algebra where o1(H) = H — 1. Suppose that y is an algebra endomorphism of I; which
is not a monomorphism, then necessarily y (F) =0, and the endomorphism y induces the algebra
monomorphism ¥ : By — [, a+ F > y(a). We seek a contradiction. Since 9 f =1 and f d=1—eqo,
we have the equalities ¥ (3)y(f) =1 and y(f)y(d) =1, i.e. the elements y(3) and y (/) are units
of the algebra I;. Therefore, the images of the elements y(d) and y( f ) in the algebra B; under
the epimorphism 7 : I; — By belong to the group of units of the algebra B; which is K*, hence
m(im(y)) € K(wy(H)), a commutative algebra. This is impossible since the algebra im(y) >~ Bq is a
simple non-commutative algebra. This contradiction proves the theorem. O

Question. Is an algebra endomorphism of the algebra I; an isomorphism? The same question we can
ask for I;, see Theorem 5.19.

This question has flavour of the Question/Conjecture of Dixmier [12]: is an algebra endomorphism of
the Weyl algebra an isomorphism?

5. The group of automorphisms of the algebra I,

In this section, it is proved that G, = S, X T" x Inn(I,;) (Theorem 5.5), the groups Inn(¢) and ker(§)
are found (Theorem 5.5.(3), (4)). The group G, has trivial centre (Theorem 5.15). For each automor-
phism o of the algebra I,;, an explicit inversion formula is given via the elements {o (9;), o(fi) li=
1,...,n} (Theorem 5.14). It is proved that no proper prime factor algebra of the algebra I, can be
embedded into I; (Theorem 5.19). It is shown that each automorphism of the algebra Z, of scalar
integro-differential operators can be uniquely extended to an automorphism of the algebra I, (Theo-
rem 5.21).
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5.1. The group Gy, := Autg_aig(Bn)

Recall that B, = K[H1, ..., Hnllzi', ..., zF'; 01, ..., 0ul, 0i(H}) = Hj —&j;. The algebra B, contains
the Laurent polynomial algebra L, := K[z;',..., zF']. The set L}, := {(p;) € LT |z,~% :Zj%, Vi £ j)
is a K-subspace of L?. Clearly, K" C L}, and L}, > P} K[z, zi’l] ={(p;) | pi € K[z, zi’]]}. The elements
Hi+ p1, ..., Hq + pn (where p; € Ly) of the algebra B, commute iff (p;) € Ly,.

Consider the following automorphisms of the algebra B,: fori=1,...,n,

n n
a:zi— ]_[zj."f, Hi Y Hjbji (a=(ay) €Glo(Z). (byj)=a"),
j=1 j=1

ty:zi— Aizj, H;j— H; ()»:()\1)61(*”),

spizi—>zi, HiHi+pi (p=(pely),
and the subgroups they generate in the group Gp:

2n:={a|aeCGLy(@)} ~GCL,(D)?, T':={tx [AeK"}~K"  Shy:={sp|pel}~L;.

The group £2, is isomorphic to the opposite group GL,(Z)°P of the general linear group GL,(Z) via
a+> a. Recall that as a set GL,(Z)°? = GL,(Z) but the group structure on GL,(Z)° is given by the
rule a o b = ba, the matrix multiplication. The group GL,(Z)°P is isomorphic to the group GL,(Z) via
-1
ar>a .
For each nonzero element « € Z", the set Supp(a) := {i | «; # 0} is called the support of «, and
min(«) denotes the minimal number in the support of «. The following lemma gives a K-basis for

the vector space L. Recall that K" C L.

0 ifi ¢ Supp(a),
Lemma 5.1. L}, = K" ® @ zn Kba Where by = (3i2%), Ai = 1 ifi=min(a),
% ifi € Supp(@).

Amin(a)

Proof. It is obvious that L, © R where R is the RHS of the equality. Each direct summand Kz% of
the Laurent polynomial algebra K(z7',...,zF'] = @,z Kz* is invariant under the actions of the
K-derivations z; % .. .,znaizn since zi%:) = o;z%. Therefore, a K-basis for the vector space L can
be chosen in such a way that every element of the basis is of the type (1;z%) where 0 # (4;) € K",
o €Z" and

aidj=ajr; foralli# j. (18)

If o =0 then there is no restriction on the scalars A; and we get the vector space K".

If o # 0 then either Amin) 7 0 OF Amin@) = 0. In the first case, the space of solutions to the
system of linear equations (18) is K(A;) where the vector (1;) € K" is as in the lemma. If Apjn@e) =0
then A; =0 for all i=1,...,n. Now, the lemma is obvious. O

We can easily verify that

7 - —1
at,a 1= l’xaq, aspa 1 = Sa(p)a, LaSpt, = St,.(p)s (19)
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— bii -~
where 2% = (\), A, :=T1_, xjs (bij) = a s a(p)a = (p)), pj=Yj_appaji; tr(p) = tu(pi). It
follows that the subgroup of the group G, generated by the three subgroups above is, in fact, the
semi-direct product £2, x T" x Sh, since

n n
atysp :Zinjl—[Z?ij, Hi+— ZHjbj,-—i—at,\(p,-), (20)
=1 =1

and so at;sp =e iff a=e, all A; =1, and p = 0. Theorem 5.2,(1) shows that this is the whole group
of automorphisms of the algebra Bj.

Theorem 5.2.
1. Gp = 2y x T" x Shy 2 GLy(Z)°P x K*" x L.
2. Z(Gp) ={e}. _
3. Letn > 2. Then [Gy, Gp] = [$2n, §23] X T" x Shy and Gy /[Gp, Gn] >~ Zs.
Proof. 1. Let 0 € G, and G|, be the semi-direct product £2, x T" x Shy. Recall that G, C G,. It re-

mains to show that the reverse inclusion holds. The automorphism o of the algebra B, induces an
automorphism of its group of units Bj; = Jyczn K*z%. Then

aU

n
U(Zi)=)»i1_[2j , i=1,...,n,
j=1

where A; € K* and a = (a;j) € GLy(Z). Replacing the automorphism o with t,Lafla for some u € K*"
we may assume that o (z;) =z; for all i=1,...,n. Then, for all indices i, j=1,...,n,

[0 (Hi) — Hi, zj] = o ([Hi, 2j1) — [Hi, zj] = 0 (8ij2)) — 8ijzj = 8ijzj — 8ijz = 0.

Therefore, p; := o (H;) — H; € Ceng, (21, ..., zn) = Ly. The elements o (H1), ..., 0 (Hy) commute
ap;j api
0=[U(Hi),0(Hj)]=[Hi+Pi,Hj+Pj]=[Hi,pj]—[Hj,Pi]=Zig —Zjg
i j

Therefore, (p;) € L}, i.e. 0 =sp € G}, and so G, C G},
2. By Theorem 4.1.(2), we may assume that n > 2. Let z € Z(Gy). By statement 1, z = atysp. By (19),
for all elements b € £2;,

batysp = bz = zb = abt;ssp-1pyp-1-

Then A=(1,...,1) and b € Z(£2,) = {*e} where —e : zj — zi’], Hi+— —Hj, foralli=1,...,n. Since
(—€)SpS(zy,....z0) 7 S(z1,....za) (—€)Sp, We have z=sp. The equalities s¢, (p) = tksptzl =sp for all t; € T"
imply that p € K. The equalities

-1
Spa = Sa(pya =aSpd = Sp

for all elements a € £2, imply that p =0, and so z = e. Therefore, Z($2n) = {e}.
3. Let R be the RHS of the first equality in statement 3. Then R C [G;, G,] since, for all i # j,

[E — Eij. tr ()] = t2.(D)
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where t; (i) € T1(i), E € Mn(K) is the identity matrix, Eij € My (K) are the matrix units, and
[t2().5 ba | =Sbe.  [(—€).S_1e | =Sue;
2% 2%

where « € Z" with «; # 0, the elements by are as in Lemma 5.1, and the set {eq,...,ep} is the
standard K-basis for the vector space K". The reverse inclusion R 2 [G,, G,] is obvious since the
factor group

Gn/R = £20/12n, 20 = GLy(Z)/[GL(Z), GLy(Z) ]| =~ Z
is abelian. Now, it is obvious that G,/[Gy, Gh] ~Zy. O

5.2. A characterization of the elements of the group Gy

For each automorphism o of the algebra I;;, the next lemma gives explicitly the map ¢ € Autg (Py)
such that o = 0y, (see Corollary 3.3.(2)). Lemma 5.3 is used at the final stage of the proof of Theo-
rem 5.5.

Lemma 5.3. For each automorphism o of the algebra I,, there exists a K-basis {x'[*1}qcnn of the polynomial
algebra P, such that o (H;) * X' = (a; + DX’ and o (8;) x ¥’ = x'1@=¢] foralli =1,...,n (where
X'1A1:=0if p € Z"\N"). Moreover,

1. 0 = 0, where the map ¢ € Autg (Py): x1%! > x'1% is the change-of-the-basis map,

2. o(fp) xx =xlerel foralli=1,...,n, and

3. the basis {xX'[*N, e is unique up to a simultaneous multiplication of each element of the basis by the
same nonzero scalar.

Proof. Recall that the polynomial algebra P, = @, KX (where x1*1:=TTI; Xl'—,') is the di-
rect sum of non-isomorphic, one-dimensional, simple K[H1,..., Hy]-modules (see (11)) such that
i+ x9 =xl@=¢il for all @ e N" and i = 1,...,n (where x1#1 := 0 if 8 € Z"\N"). Recall that o = o, for
some linear map ¢ € Autg (P;), the linear map ¢ : P, — ° P, is an I;-module isomorphism (Corol-
lary 3.3.(2)), and the map ¢ is unique up to a multiplication by a nonzero scalar since Endy, (Pn) >~ K
(Corollary 3.5.(1)). Let

Xl=p(x1*), o eN".

Then the fact that the map ¢ is an I;-module homomorphism is equivalent to the fact that the
following equations hold:

o (H) # X1 = pHip7 o X% = (o + D % 2 = (@; + 1)¥'1¥),
o @) * X1 = @aip g« X% = g Xl = yleimel  (YIPl.— 0, g e ZM\N"),

o (/) wxX1 g /(p—1¢ Xl g g gletel _ yleiteil
i i

Note that the last equality follows from the previous two: by the first equality, the polyno-
mial algebra Pp = @y KX is the direct sum of non-isomorphic, one-dimensional, simple
K[o (H1),...,0 (Hp)]-modules. Since o (Hp)o (f;) * x'1*1 = o (H; [)) * ¥1¥ = o (f;(H;i + 1)) x x4 =
o (f)(o(Hy) + 1) * X1 = (a; + 2)0 (f;) X' for all i, we have o (f)) *x'1* = 1; o x'[*+¢] for a scalar
Ai o which is necessarily equal to 1 since
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X =0 (3o (/) # X100 = 3 o (3) = x0T = o X1,
i

Since the isomorphism ¢ is unique up to a multiplication by a nonzero scalar, the basis {x'[*1} is
unique up to a simultaneous multiplication of each element of it by the same nonzero scalar. The
proof of the lemma is complete. O

5.3. The group G, is a subgroup of G,

In [10], it is proved that the Jacobian algebra A, = S~!I, is the two-sided localization of the
algebra I, at the multiplicatively closed subset

n

S = { [[Hi+ o) | @) ez", () e N"}
i=1

Hi + o if a; >0,

(Hi+aj)1 ifa; <0,

elements of the set S C Endg (Py) are invertible linear maps in Pp, i.e. S C Autg(P,), and therefore

are regular elements of the algebra I, since I, € Endg (Py).

of I, where (Hj + )4 := { and (H; — j)1:=H; — j+ej_q,j—1() for j > 1. The

Theorem 5.4.

1. Gy ={0 € G, | o(I,) =1} and Gy, is a subgroup of Gy,
2. Each automorphism of the algebra I, has a unique extension to an automorphism of the algebra A,,.

Proof. 1. Statement 1 follows from statement 2: the set {o € G, | o (I;) =1} is a subgroup of the
group G, that is mapped isomorphically onto the group G, via o — oy, by statement 2.

2. It suffices to prove that each automorphism o of the algebra I, can be extended to an auto-
morphism of the algebra Ay, since then its uniqueness is obvious as A, = S~I,. By Corollary 3.5.(2)
and Lemma 5.3, there exists an I -module isomorphism ¢ : P, — ° P, which is unique up to K*,
and o (a) = pap~! for all a € I,. Using the K-basis {x'[*1}ocn of Lemma 5.3 we see that all the
elements {o(s) | s € S} are invertible in Endg (° P,) = Endg (Py,). By the universal property of local-
ization, the algebra monomorphism I, — Endg (° P,), a— (p — o (a)p), can be extended uniquely to
the algebra homomorphism A, — Endg (° Py), s"lar (p+— o (s)"'o(a)p) where se S and a € I,.. It
is obvious that the extension is an algebra monomorphism since o (S) C Autg (° P,). Therefore, the
Ap-module ° P, is simple and faithful (since the I,-module ° P, is simple and I, € A,). The A,-
module P is the only (up to isomorphism) simple and faithful A,-module [2, Corollary 2.7.(10)], and
Endy, (Pn) = K. Therefore, there exists a unique (up to K*) A,-module isomorphism v : P, — 7 Py
such that o (a) = yay ! for all elements a € A,,. In particular, the map v is an I,-module isomor-
phism. Therefore, K*¢ = K*¢ since Endy, (P;) >~ K. Without loss of generality we may assume that
¥ = @. Therefore, the automorphism o € G, can be uniquely extended to an automorphism of the
algebra A,. O

For each natural number d > 1, there is the decomposition K[x;] = (@‘;;3 lej) &) (@,@d Kxi.‘). The

idempotents of the algebra I, p(i, d) := Z‘};a e;jj(i) and q(i,d) := 1 — p(i, d), are the projections onto
the first and the second summand correspondingly. For a subset I of the set {1,...,n}, CI denotes its

complement. Since P, = ®!_; K[x;], the identity map 1=idp, on the vector space Py is the sum

n

1=Q)(pl,d)+qG,d)= Y pd,dqg(Cl,d) (1)

i=1 Ic{1,...n}
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of orthogonal idempotents where p(I,d) := [[;c; p(i,d), q(CI,d) := [[icc; (. d), p(@,d) :==1, and
q@,d) := 1. Each idempotent p(I,d)q(CI,d) € I, C Endg(P,) is the projection onto the summand
P,(I,d) in the following decomposition of the vector space Py,

Pa= @ Pall.d), Pu(l.d):=ED{KxXY |ai <d, ifiel; aj>d, ifjeCl}. (22)
1c{1,....n}

In particular, the idempotent q({1,...,n},d) is the projection onto the subspace P,({1,...,n},d) =
PKx | all o; > d).

5.4. The group G, and a formula for the map ¢ such that o = o,

By Theorem 3.6, each element o = o, € G (Corollary 3.3.(2)) is uniquely determined by the ele-
ments o (91), ...,0 (). In the proof of Theorem 5.5, an explicit formula for the map ¢ is given, (26),
via the elements 0 (91),...,0 (dp).

By the very definition, the group ker(¢) (see (8)) contains precisely all the automorphisms o € G,
such that

0([)5/ mod ay, o(9;) =0; mod ay, o(Hj))=H; moda,, i=1,...,n. (23)
i i

Theorem 5.5.

1. Gy =Sy x T" x Inn(Ty).
2. G, =S, x T" x ker(§).
3. im(§) =S, x T".
4, ker(¢) = Inn(T).

Proof. 1. Statement 1 follows from statements 2 and 4.

2. Statement 2 follows from statement 3: suppose that im(¢) = S, x T", then the homomorphism
& maps isomorphically the subgroup S, x T" of G, onto its image S, x T", and so statement 2 follows
from the short exact sequence of groups: 1 — ker(§) — G, — im(¢) — 1 which is obviously a split
one.

3. Let o € G,. We have to show that there exists an element o’ € S, x T" such that the automor-
phism ¢’c satisfies the conditions (23). By Theorem 5.4, o € Gy. By [9, Corollary 7.5],

o(Hj)=H¢g moda;, foralli=1,...,n

and for some element T € S, where af is the only maximal ideal of the algebra A, (Theorem 2.2).
Then 7~ 'o (H;) = H; mod of, for all i=1,....n, and so T~'o(H;) — H; € I N a§ = af = a, (Theo-
rem 2.2). For the automorphism &(z~'o) € G,, we have the action (20),

g(t_10’)12,‘l—>)»izi, Hi—~ H;, i=1,...,n,

for some element (1;) € K*". Then t;lr_la € ker(&) where A = (&;). Therefore, im(§) = S, x T".
4, By Theorem 3.1.(2), ker(¢) 2 Inn(I,). Let o € ker(§). It remains to show that o € Inn(Il;). Fix a
natural number d such that

n d—1
o(Hy) — Hi, 0 (3) — 3:',0(/) - /G D Thqk® ( > Kest(k)> (24)
i U k=t

s,t=0
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for all i =1,...,n where I, := ®j¢k]11 (j). By Lemma 5.3, 0 =0y :a > @pap~! where ¢ €

Autg (Py) : x[1 > x'l@] s the change-of-the-basis map (see Lemma 5.3). By the choice of the number
d above, for each element x/%! € P({1,...,n},d),

o (H) # X = Hi %X = (; + DX and o (@) *x9 = 3 xx¥ =x1*"%] foralli=1,...,n.

By multiplying the map ¢ by a nonzero scalar, by Lemma 5.3, we may assume that

XK1 =Xl forall ¢ = (oj) e N" such that ¢ > d, ..., an > d. (25)
It suffices to show that ¢ eI, (since then ¢~ '€l as o~ ! = o1 ). This is obvious since
d—o: dfoq
p=q({1.....nLd)+ ) > [l ) ]‘[/ eqa(l) |p(I,d)q(Cl,d)  (26)
p£1C{1,....n} \aeCq(l) jel iel v
where C4(I) :={(cti)ier € N | all o < d}, eqa (D) := [Tics €aie; (i), and d is as in (24). To prove that this

formula holds for the map ¢ we have to show that ¢ % x/*! = x'[*1 for all & € N". For each «, let
I:={i| @ <d}. Then x1*! =[T;, xl[ai] Tlkecr x,Eak]. If I # ¢ then

ot = TTo o)) TT [ TT4 [T =TT ) ) « T4 T
1

jel iel iel keCl jel iel keClI

= 1—[0 (3;’_“1') X ier deitpecr oker] — 5/ [Yies cieit+Ypecr kel — y/ o]

jel
If I =¢ then @ *xI%1 =q({1, ..., n},d) » x[*1 = x[*] = ¥'[¢]_The proof of the theorem is complete. O

Corollary 5.6. Let o  Inn(Il,). Then there is a unique element ¢ € (1 + a,)* such that o (a) = pap~" for all
elements a € I;, and the element ¢ is given by the formula (26).

Proof. The element ¢ € (1 + a,)* such that o (a) = pap~! for all a €I, is unique by Theorem 3.1.(2).
By the very definition, the element ¢ € I} from (26) satisfies ¢ =1 mod a, and o (a) = pap~! for all
a € I,. Therefore, both ¢’s coincide. O

Corollary 5.7. Out(I,;) ~ S, x T™.
Proof. Out(T;) = G,/ Inn(l,;) = Sy x T" x Inn(l,)/ Inn(T,;) ~ S, x T". O

Recall that H1 :={p1,...,pn} is the set of height one prime ideals of the algebra I,,. The next
corollary describes its stabilizer Stg,(H1) :={0 € Gy | o (p1) =p1,...,0(Pn) =pn}.

Corollary 5.8. St (H1) = T" x Inn(Ip).

Proof. It is obvious that Stg, (1) 2 R :=T" x Inn(ll;) and S, N Stg, (H1) = {e}. Now,

Stc, (H1) = Gp N Stg, (H1) = (Sp x R) NStg, (H1) = (Sp NStg, (H1)) x R=R. O
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The algebra I = @, cyn In,« is a Z"-graded subalgebra of the Jacobian algebra A, = @,z An.a,
see [10]. The group

Autzn_gr(Ap) :=={0 € Gp | 0 (Ang) = Anq foralla € Z"}

of Z"-grading preserving automorphisms of the algebra A, is equal to

Stg, (H1....,Hp) := {0 € Gy | 0(H1) = H1,...,0(Hy) = Hp}

and Stg, (H1, ..., Hp) = T" x Uy [9, Corollary 7.10] where the subgroup Uy, of G, is defined as follows.
Recall that A, = S~T,,. Let H,, be the subgroup of A generated by the commutative monoid S C A;.
Then the group H, = ]_[’17:1 H1(i) is the direct product of its subgroups

Hﬂﬂ:{rkm+JW-rkHrJﬂ”

mmkze%@}:zﬁh
j=0 jz1

and so Hy =~ (ZM® . Each element u = u; ---u, € Hy, where u; € Hi(i), determines the automor-
phism @, of the algebra A, (see (35) in [9] for details),

My Xi > XjUj, yi+—>ui_1yi, Hl.ilf—>Hii1, i=1,...,n.
Then Uy = {py | u € Hp} = (ZM)P. Let Stg, (Hy, ..., Hp) :={0 € Gy | 6 (H1) = Hy,...,0(Hy) = Hp).
Corollary 5.9.
1. Stg,(H1, ..., Hp) =T"
2. Leto,t € Gp. Theno (Hy) = t(Hy),...,0(Hy) = t(Hy) iffo = tt;, for some element t) € T".

3. Autgn_gr(In) = Stg, (H1, ..., Hp) C Autzn_gr (Ap).

Proof. 1. Since G, C G, (Theorem 5.4),

Ste, (H1,...,Hn) =Gy NStg, (H1, ..., Hn) =Gy NT" x Up =T" x (GoNUyp) =T"
since G, N U, = {e}, by the very definition of the group U, (see (20)).

2. Statement 2 follows from statement 1.
3. Since Ay, =S~ 1I,, S C In,0 and G, € Gy, we have the inclusion Autzn_gr(IIp) € Autzn_g(Ap). Now,

Autgn_gr(In) = Gp NAutzngr (Ag) =Gy NT" x Uy = T" = Stg, (H1, ..., Hp),

by statement 1. By statement 1, the inclusion Autzn_g(I;) € Autzn_gr(Ay) is a strict inclusion since
Autzn_g (Ap) =T" x Uy [9, Corollary 7.10]. O

5.5. The canonical form of o € G,
By Theorem 5.5, each automorphism o of the algebra I is a unique product st)w, where s € Sy,
t;, € T", and w,, is an inner automorphism of the algebra I, with ¢ € (1 +a,)*, and the element ¢ is

unique (Corollary 5.6).

Definition. The unique product o = st,w, is called the canonical form of the automorphism o of the
algebra I,.
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Corollary 5.10. Let o € G and o = stywy, be its canonical form. Then the automorphisms s, t; and w,, can be
effectively (in finitely many steps) found from the action of the automorphism o on the elements {H;, 9;, f, |
i=1,...,n}:

o(H)=Hgi moday,  0(3)=Ax;"ds; modap, a(f) EA,-/ mod ap,
i s(i)

and the elements ¢ and ¢~ are given by the formulae (26) and (27) respectively for the automorphism
(st;) "o e Inn(l,) = ker(§).

The next corollary is a criterion for an automorphism of the algebra I, to be an inner automor-
phism.

Corollary 5.11. Let o € Gy,. The following statements are equivalent.
1. o € Inn(Ilp).
2. 0(0)=0;moda, fori=1,...,n
3.0(f)=/, moda,fori=1,...,n.
Proof. The result follows from Theorem 5.5.(4) and Corollary 5.10. O
Corollary 5.12. Let o € Gp. Then o € T" x Inn(I) iff o (H;) = Himod a,, fori=1,...,n.
Proof. This follows from Theorem 5.5.(4) and Corollary 5.10. O

5.6. A formula for the inverse ¢ ~! where 0 = oy € Inn(lly) via o (9;) and o(f].)

By Corollary 5.6, for each inner automorphism o € Inn(l;) there exists a unique element ¢ €
(14 ap)* such that 0 =0y :a+— pag~! for all a € I,. The next theorem presents a formula for the
inverse ¢! via the elements {0 (3),0 (/) |[i=1,...,n}.

Theorem 5.13. Let 0 = 0y € Inn(ll,) where ¢ € (1 + ay)* (0y(a) = pap~" for all a € I, see Corollary 5.6).

-1 _
Then O, =0y and

d—o;
+ X (T TIe(f)  ewo)raarcr @)

W£IC{1,...,n} ~aeCq(]) jel iel

where d is as in (24) for 0 = 0y, ey, (I) = []ic; e’al_al_(i) and e}j(i) = o(ejj(i) = a(fi)fa(ai)f —
o (fy e @) p'U,d) = [lig p'G.d) and p'i.d) = o(p(i,d) = Yige};(); ¢(Cld) =
o @(Cl,d) =[[iec;(1 = p'(d, D).

Proof. We keep the notation of the proof of statement 4 of Theorem 5.5. In particular,

@:Pr=EP Kx¥ - Pp= @ Kx'1@, KM X1,

aeN" oeNn
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For each a € N", the projection onto the summand Kx'[*! of the polynomial algebra P, is equal to
<pewgo‘1 =0 (eqq). For each subset I of the set {1,...,n}, let

P (1, d):=¢(Pa(l,d)) = @{K;ﬂ“l |ai <difiel; aj>dif jeCl},

see (22). Since ¢ : Pp = EB,Q] YYYY
mand P;(I,d) of P, is equal to

n) Py(l,d) >~ P, = @zg{l,...,n} P, (I.d), the projections onto the sum-

ep(I,dyqU,dyg~ ' =0 (pU,d)q(,d)) =0 (pU.d))o (qU.d)) = p'(I,d)g (I, d)
where p’(I,d) = o (p(I,d)) and q'(I,d) = o (q(I,d)). Then the inverse map ¢~! of the map ¢ in (26)
is given by (27). To prove this let v be the RHS of (27). We have to show that v : x'[@] 1 x[®]
for all o € N". Fix a, and let [ := {i | o; < d}. Then x'® = [T, X' [T,cc; %) If 15 ¢ then, by
Lemma 5.3,

ettt Tlo( [} o TT0 T =TT [T T
1

jel iel iel keClI jel iel keClI
_ d—aj [d] [o]
=T105 7«15 T (by@5)

jel iel keClI
= xlo,

If I #¢ then ¥ xx'1@ =¢/'({1,...,n},d) xx'[@] = x'[@] = xlo] by (25). This finishes the proof of the
theorem. O

5.7. Aninversion formula for o € Gy
The next theorem gives an inversion formula for o via the elements {o (9;), o(fi) li=1,...,n}L

Theorem 5.14. Let 0 € G, and o = stywy, be its canonical form where s € Sy, t), € T" and wy € Inn(Iy) for
a unique element ¢ € (14 a,)*. Then

O'_l =S—1t3(k7])a)st)h((p71) (28)

is the canonical form of the automorphism o ~! where the elements ¢~ and ¢ are given by the formulae (27)
and (26) respectively for the automorphism (st;)~'o € Inn(I,).

Proof. o~ =571 st;'s71 st (st) T =57 0, o1y O

Theorem 5.15. The centre of the group Gy, is {e}.

Proof. Let o be an element of the centre of the group G,. For all elements o, 8 e N, 1+ eqp € (1 +
ap)*, and so W1+eqy € InN0(ly). Then Dlteny = ow1+eaﬂa‘1 = W1+40(eqp) and so 14+eq4p =140 (eup)

(Theorem 3.1.(2)), i.e. eqp =0 (eqp). By Corollary 3.7, 0 =e. O

Let H be a subgroup of a group G. The centralizer Ceng(H) :={g € G| gh=hg for all h€ H} of H
in G is a subgroup of G. In the proof of Theorem 5.15, we have used only inner derivations of the
algebra A;. So, in fact, we have proved there the next corollary.
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Corollary 5.16. Ceng, (Inn(ll,)) = {e}.

For an algebra A and a subgroup G of its group of algebra automorphisms, the set A¢ :={ac A |
o(a) =a for all o € G} is called the fixed algebra or the algebra of invariants for the group G.

Theorem 5.17. 15" = I/™™ = k.

Proof. Since K € IS" < ™™ it suffices to show that T = K. For all a, B € N", 1+ eqp € (1 +
an)*. Then @1, € Inn(ly). If a € ) then g = W14eqy (@), and s0 aeqp = eqpa. By Lemma 5.18.(1),

a € K. Therefore, I"™™ — k. o

Lemma 5.18.

1. Ceny, ({eqp | ¢, B € N"}) =K.
2. Ceny, (a) = K for all nonzero ideals a of the algebra I,.

Proof. 1. Recall that I, ~ I’ and F, = @a,ﬂeNn Keqgp is the least nonzero ideal of the algebra I.
Hence, F, is a simple I,,-bimodule. Since

I, Fnr, = Lel? Fn ~1,01, Fn 1y, Fn X 1, P2n,

we have K =~ Endr,, (P2n) = Ceng, (Fy) = Ceny, ({eqp | o, B € N™}).
2. Since F, € a, we have K C Ceny, (a) € Ceny, (Fn) = K, by statement 1. Therefore, Ceny, (a) =K. O

Theorem 5.19. No proper prime factor algebra of I, can be embedded into I, (that is, for each nonzero prime
ideal p of the algebra II,, there is no algebra monomorphism from I, /p into I;).

Proof. By Corollary 2.3.(7), p = pj, + --- + pj,. Without loss of generality, we may assume that p =
p1+ -+ ps. Suppose that there is a monomorphism f :1I,,/p — I, we seek a contradiction. For each
element a € I, let a:=a + p. Notice that, for i=1,...,s, 3;f/i =1 and [id; = 1 —ego(i) =1 since
epo(i) € p; € p. The elements {5i,fi |i=1,...,s} are units of the algebra I,/p, hence their images
under the map f are units of the algebra I, i.e. f(fl.), f(@) el =K* x (1+ap)* (Theorem 3.1.(1)).
We see that the image of the simple non-commutative algebra Bs :=1;/as under the compositions of
homomorphisms B :=I5/as — I,/p —f> I, = By =1,/a, is the subalgebra of B, generated by the
images of the commutative elements Hq, ..., Hy, a contradiction. O

The next lemma shows that in the algebra I, there are non-invertible elements that are invertible
as elements of the algebra Endg (Py).

Lemma 5.20. I} G I; N Autg (Py).

Proof. The element 1 — 9; € Endg (K[x;]) is an invertible linear map since 9; is a locally nilpotent
derivation of the polynomial algebra K[x;], hence u := ]_[?:] (1 —9;) € I, N Autg (Pp). But u ¢ I* since
the element u + a, is not a unit of the factor algebra B, =In/an as Bj = Jyepn K*0%. Therefore,
Iy S In N Autg (Pp). O

5.8. The group Gy := Autg_ag(Zy)

Definition. (See [5].) The algebra S, of one-sided inverses of Py is an algebra generated over a field K
of arbitrary characteristic by 2n elements x1, ..., Xy, ¥n, ..., ¥ that satisfy the defining relations:
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yix1=---=YnXn =1, [xi, yjl =X, xj1=[yi, yj1=0 foralli# j,
where [a, b] :=ab — ba is the algebra commutator of elements a and b. Let G, := Autg_a1¢(Sp).

By the very definition, the algebra S, ~ S?” is obtained from the polynomial algebra P, by adding
commuting, left (but not two-sided) inverses of its canonical generators. The algebra S; is a well-
known primitive algebra [14, Example 2, p. 35]. Over the field C of complex numbers, the completion
of the algebra S; is the Toeplitz algebra which is the C*-algebra generated by a unilateral shift on the
Hilbert space I>(N) (note that y; = x7). The Toeplitz algebra is the universal C*-algebra generated by
a proper isometry.

The algebra 7, := K{(91, ..., on, fl, ey jn) of scalar integro-differential operators is isomorphic to
the algebra S;:

Sn — In, X,'l—)/, yir> 0, i=1,...,n. (29)
i

Since Z, = ®}_, Z1 (i) where Z; (i) := K(9;, ;) and S, = ®/_; S1(i) where Sy (i) := K (x;, y;), it suf-
fices to prove the statement for n = 1. For n =1, the algebra epimorphism S; — [; is an isomorphism
since any proper epimorphic image of the algebra S; is commutative (see [5]) but the algebra Z; is
non-commutative. The algebra S, was studied in detail in [5], its group of automorphism and explicit
generators were found in the papers [6-8].

Theorem 5.21.

1. Gy = Sy x T" x Inn(Z,) and Inn(Zy) = {wy | u € (1 + ap)*} >~ (1 + a))*, wy — u, where a), :=
Z?:l ZInF (i) is the only maximal ideal of the algebra Z,.

2. Gn={oeGylo@y) =Tp}={0 € Gy |0 (Zy) =1y} and G, is a subgroup of the groups G, and Gy,.

3. Each automorphism of the algebra Z,, has a unique extension to an automorphism of the algebra I, and A,,.

4. Gy 2Gn D Sy X T" X GLa(K) X - -+ X GLoo (K).

2"—1 times

Proof. 1. 7, =~ Sy, Gy = Sy x T" x Inn(S;) and Inn(Sp) = {wy |u € (1 + a))*} =~ (1 + ap)*, wu — U,
where a;, is the only maximal ideal of the algebra S, [6].

2. Statement 2 follows from statement 1, Theorem 5.5, Theorem 5.4 and Corollary 3.3.

3. Statement 3 follows from Theorem 3.6.

4, Gp 2 Sy x T" X GLyo(K) X --- X GLoo(K) [6]. O

2"—1 times
6. Stabilizers of the ideals of I, in G,

In this section, for each nonzero ideal a of the algebra I, its stabilizer Stg,(a) := {0 € Gy | o (a) = a}
is found (Theorem 6.2) and it is shown that the stabilizer Stg,(a) has finite index in the group Gy
(Corollary 6.3). When the ideal a is either prime or generic, this result can be refined even further
(Corollary 6.4, Corollary 6.5). In particular, when n > 1 the stabilizer of each height 1 prime of I,
is a maximal subgroup of G, of index n (Corollary 6.4.(1)). It is shown that the ideal a, is the only
nonzero, prime, Gu-invariant ideal of the algebra I, (Corollary 6.4.(3)).

An ideal a of I, is called a proper ideal if a # 0, I,. For an ideal a of the algebra I,, Min(a) denotes
the set of all the minimal primes over a. Two ideals a and b are called incomparable if neither a C b
nor b C a. The ideals of the algebra I, are classified in [10]. The next theorem shows that each ideal
of the algebra I, is completely determined by its minimal primes. We use this theorem in the proof
of Theorem 6.2.
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Theorem 6.1. (See [10, Corollary 3.4].) Let a be a proper ideal of the algebra I,. Then Min(a) is a finite non-
empty set, and the ideal a is a unique product and a unique intersection of incomparable prime ideals of I,
(uniqueness is up to permutation). Moreover,

a= [] »= [) »

peMin(a) peMin(a)

Let Sub, be the set of all the subsets of the set {1,...,n}. Sub, is a partially ordered set with
respect to ‘C’. Let SSub, be the set of all the subsets of Sub,. An element {Xj,..., X5} of SSubj is
called an antichain if for all i # j such that 1 <i, j <s neither X; € X; nor X; 2 X;. An empty set
and one element set are antichains by definition. Let Inc, be the subset of SSub, that contains all the

antichains of SSub,. The number 0, := |Inc,| is called the Dedekind number. The symmetric group Sy
acts in the obvious way on the sets SSub,, and Inc, (o - {X1,..., Xs} ={0c (X1),...,0(Xs)}).

Theorem 6.2. Let a be a proper ideal of the algebra I,. Then

Stc, (@) = Sts, (Min(a)) x T" x Inn(I,)
where Sts, (Min(a)) := {0 € Sy | 0(q) € Min(a) for all ¢ € Min(a)}. Moreover, if Min(a) = {q1, ..., qs} and,
foreach numbert=1,...,s,q; = Zielr pi for some subset It of {1, ..., n} then the group Sts, (Min(a)) is the
stabilizer in the group Sy, of the element {I1, ..., Is} of SSuby,.

Remark. Note that the group

Stg, (Min(a)) = Sts, ({I1. ..., Is}) :=={o € S [ {o ), ....,oUs)} = {1, ..., I5}}
(and also the group Stg,(a)) can be effectively computed in finitely many steps.
Proof of Theorem 6.2. Recall that each nonzero prime ideal of the algebra I, is a unique sum of

height one prime ideals of the algebra I,. By Theorem 6.1 and Corollary 5.8, Stg,(a) 2 Stg,(H1) =
T" x Inn(T,). Since G, = Sp x T" x Inn(l;) (Theorem 5.5.(1)),

Stc, (@) = (Stg, () N Sp) x T" x Inn(l,) = Sts, (a) x T" x Inn(ly,).
By Theorem 6.1, Sts, (a) = Sts, (Min(a)) = Sts, ({I1, ..., Is}), and the statement follows. O
The index of a subgroup H in a group G is denoted by [G : H].
Corollary 6.3. Let a be a proper ideal of I,. Then [Gy, : Stg, (@)] = |Sp : Sts, (Min(a))| < oo.
Proof. This follows from Theorem 5.5.(1) and Theorem 6.2. O
Corollary 6.4.
1. Stg, (i) = Sp—1 X T" x Inn(lly), fori =1, ..., n. Moreover, ifn > 1 then the groups Stg, (p;) are maximal
subgroups of G, with [Gy, : Stg, (p;)] =n (if n = 1 then Stg, (p1) = G1, See statement 3).
2. Let p be a nonzero prime ideal of the algebra I, and h = ht(p) be its height. Then Stg, (p) = (Sp X Sp—p) X
T" x Inn(T,).
3. Theideal ay is the only nonzero, prime, Gp-invariant ideal of the algebra I,.

4. Suppose thatn > 1. Let p be a nonzero prime ideal of the algebra I,. Then its stabilizer Stg, (p) is a maximal
subgroup of Gy, iff the ideal p is of height one.
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Proof. 1. Clearly, Stg,(p;) N Sp = {7 € Sy | T(pi) = pi} = Sn—1. By Theorem 6.2, Stc, (p;) = Sp—1 x T" x
Inn(l;). When n > 1, the group Stg, (p;) is a maximal subgroup of G, since

Sn—1 2 Stg, (p;)/T" x Inn(Ip) € Gp/T" x Inn(llp) > Sy

and S,—1 ={o € Sy | o (i) =i} is a maximal subgroup of S,. Clearly, [Gy : Stg, ()] =[Sn : Sn—1]1=n.

2. By Corollary 2.3.(9), p =pi; +--- + p;, for some distinct indices iq,...,ip € {1,...,n}. Let I =
{i1,...,ip} and CI be its complement in the set {1,...,n}. Statement 2 follows from Theorem 6.2 and
the fact that

Ste, (@ NSp={o €Sa|o)=1, 0(CI)=CI} =~ Sy x Sp_p.

3. Since a; =pq + - - - + by, statement 3 follows from statement 2.
4. Statement 4 follows from statements 1 and 2. O

Next, we find the stabilizers of the generic ideals (see Corollary 6.5). First, we recall the definition

of the wreath product A: B of finite groups A and B. The set Fun(B, A) of all functions f: B — A is a
group: (fg)(b) := f(b)g(b) for all b € B where g € Fun(B, A). There is a group homomorphism

B — Aut(Fun(B, A)), bi+> (f > bi(f):b> f(by'b)).

Then the semidirect product Fun(B, A) x B is called the wreath product of the groups A and B denoted
by A: B, and so the product in A: B is given by the rule:

fib1 - faba = f1b1(f2)b1b2, where f1, f2 € Fun(B, A), by, b; € B.

Recall that each nonzero prime ideal p of the algebra I, is a unique sum p=)";,, p; of height one
prime ideals. The set Supp(p) :={p; | i € I} is called the support of p.

Definition. We say that a proper ideal a of I, is generic if Supp(p) N Supp(q) =¥ for all p, g € Min(a)
such that p # q.

Corollary 6.5. Let a be a generic ideal of the algebra I,. The set Min(a) of minimal primes over a is the disjoint
union of its non-empty subsets, Miny, (a) U - - - U Miny, (a), where 1 <hy < --- < hy <n and the set Miny, (a)
contains all the minimal primes over a of height h;. Let n; := [Minp, (a)|. Then Stg, (a) = (S, x ]_[IF:1 (Sp; 2
Sn;)) x T" x Inn(l,) wherem =n — Zle nih;.

Proof. Suppose that Min(a) = {q1,...,qs} and the sets Iq,..., s are defined in Theorem 6.2. Since

the ideal a is generic, the sets I1, ..., I are disjoint. By Theorem 6.2, we have to show that
t
Stsy ({11, - IsY) = Sm x [ [(Sh; 2 Snp)- (30)
i=1
The ideal a is generic, and so the set {1,...,n} is the disjoint union Uf;o M; of its subsets where

M; = U|Ij|:hi Ij,i=1,...,t, and My is the complement of the set Ule M;. Let S(M;) be the sym-
metric group corresponding to the set M; (i.e. the set of all bijections M; — M;). Then each element
o € Stg,({I1,...,Is}) is a unique product o = 0goy ---0r where o; € S(M;). Moreover, op can be an
arbitrary element of S(Mg) =~ Sy, and, for i # 0, the element o; permutes the sets {I; | |Ij| = h;}
and simultaneously permutes the elements inside each of the sets I}, i.e. 0; € Sp, @ Sp;. Now, (30) is
obvious. O
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Corollary 6.6. For each numbers=1,...,n, let bs := Hll\:s(ZieI pi) where I runs through all the subsets of
the set {1, ..., n} that contain exactly s elements. The ideals bs are the only proper, Gp-invariant ideals of the
algebra I, and so there are precisely n + 2 Gu-invariant ideals of the algebra I,.

Proof. By Theorem 6.2, the ideals bs are Gp-invariant, and they are proper. The converse follows at
once from the classification of ideals for the algebra I, (Theorem 6.1) and Theorem 6.2. The ideals b;
are distinct, by Theorem 6.1, and so there are precisely n+ 2 Gp-invariant ideals of the algebra I,. O
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