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1. Introduction

In a recent treatise, Tisseur and Meerbergen [ 1] have surveyed many applications, mathematical properties, and a variety
of numerical techniques for the so-called quadratic eigenvalue problem (QEP). The problem concerns, given n x n complex
matrices M, D and K, find scalars A and nonzero vectors x such that

Q(M)x =0, (1.1)
where
Q) :=0Q(;M,D,K)=2*M+AD+K (1.2)

is called a quadratic pencil defined by M, D and K. The scalars A and the corresponding nonzero vectors x are called,
respectively, eigenvalues and eigenvectors of the pencil. The QEP is currently receiving much attention because of its
extensive applications in areas such as applied mechanics, electrical oscillation, vibro-acoustics, fluid mechanics, gyroscopic
systems, and signal processing. It is known that the QEP has 2n finite eigenvalues over the complex field, provided that the
leading matrix coefficient M is nonsingular. The “direct” problem is, of course, to find the eigenvalues and eigenvectors
when the coefficient matrices M, D and K are given, and an inverse QEP is to determine the matrix coefficients M, D and K
from a prescribed set of eigenvalues and eigenvectors.

In most of the applications involving (1.1), specifications of the underlying physical system are embedded in the matrix
coefficients M, D and K while the resulting bearing of the system usually can be interpreted via its eigenvalues and
eigenvectors. A direct QEP, therefore, is meant generally to induce the dynamical behavior from given physical parameters.
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The inverse QEP reverse the line of induction. It is meant to construct the physical parameters from a given or desired
behavior. The inverse problem is equally important in practice as the direct problem.

Matrix coefficients in QEPs arising in practice often maintain some additional properties. A typical case is that each of
the matrix coefficients is of certain symmetry and that M is symmetric positive definite. Thus, for practicality, inverse QEPs
should be solved with these additional constraints on the matrix coefficients in mind. An inverse QEP of interest here is that
when the leading matrix coefficient M is known and fixed, only D and K are to be determined. Our study in this paper stems
from the speculation that the notion of the inverse QEP has the potential of leading to an important modification tool for
model updating, model tuning, and model correction [2-5], when compared with an analytical model.

Consider the fact that if M = LLT denotes the Cholesky decomposition of M, then

QMX=0& QL") =0, (13)
where
QW) = AL+ AL ' DL T+ LKL, (1.4)

Thus, without loss of generality, we may assume that the given matrix M in our inverse problem is the n x n identity matrix
I,,. For this reason, the inverse problem we are dealing with will be called an inverse monic quadratic eigenvalue problem
(IMQEP). This paper is mainly concerned with solving the following two problems.

Problem I (IMQEP). Given a pair of matrices (A, X) in the form

A = diag{hq, ..., 1y} € PP (1.5)
and

X=1[x1,...,x] € CP, (1.6)

where diagonal elements of A are all distinct, X is of full column rank p, and both A and X are closed under complex
conjugation in the sense that Ayj = A1 € C,xpj = Xj_q € C"forj=1,...,L,and A, e Roxy, e R"fork =2[+1,...,p,
find real-valued and symmetric matrices D and K that satisfy the equation

XA?24+DXA+KX =0. (1.7)
In other words, each pair (A¢, x;),t = 1, ..., p, is an eigenpair of the monic quadratic pencil

Q(\) = A%, + AD +K.

Problem Il (Approximation Problem). Given D,K € R™" find (f), IA() € 4py such that

1D, K) = (D, K)llw = min (D, K) = (D, K)llw, (18)
(D,K)espk
where || - ||w is the weighted Frobenius norm, and $p is the solution set of Problem I.

In Section 2, we show that Problem I is always solvable, and the representation of the solution set of Problem I, denoted
by 4pk, is presented. In Section 3, we prove that Problem II is uniquely solvable, and the expression of the unique solution
(ﬁ, IA<) is given. In Section 4, a numerical algorithm to acquire the best approximation solution under a weighted Frobenius
norm sense is described and two numerical examples are provided. Some concluding remarks are given in Section 5.

In this paper, we shall adopt the following notation. Let C™*", R™*" denote the set of all m x n complex and real matrices,
respectively. OR™*" denotes the set of all orthogonal matrices in R"". Capital letters A, B, C, . . ., denote matrices, lower case
letters denote column vectors, Greek letters denote scalars, @ denotes the conjugate of the complex number «, AT denotes
the transpose of the matrix A, and || - || stands for the matrix Frobenius norm. Given two matrices A = [a;] € R™" and
B = [b;j] € R™*", A x B represents the Hadamard product of the matrices A and B, that is, A * B = [a;b;] € R™*". We write
A > 0 (A > 0) if Ais real symmetric positive definite (positive semi-definite).

2. Solving Problem I

Let o; = Re(};) (the real part of the complex number ;),0 < g; = Im (A;) (the imaginary part of the complex number A;),
¥i =Re(x;),zi=Im (x;) fori=1,3,...,2l— 1and

RST a1 B 211 Bai—1 pXp
A_dlag;H:_lg1 061]""[—521_1 :|,)nz[+1,...,)»p}€R , (2.1)

Q211

X=[y1.z1, .. Y211, o1, Xaig1, - ., Xp | € RVP. (2.2)
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Then, the equation (1.7) is equivalent to the equation

XA? + DXA + KX = 0. (2.3)
Since rank(X) = rank(X) = p, the singular value decomposition (SVD) of X is of the form

X=U [ﬂ Q' =u;zQ’, (24)
where U = [Uy, U;] € OR™" with U; € R™?, Q € ORP*?, and X = diag{oy,...,0,} > 0.

Now, based on the SVD of X, for an arbitrary matrix A € R™", we can define a norm termed weighted Frobenius norm
that

IAllw = [WAW], (2.5)
where W = U [g ([)] UT > 0.1t is easy to check that || - ||w is a norm induced by the inner product (4, B) =

trace(W?B"W?A) for all matrices A, B € R™". So, R"™" with || - || is a Hilbert space.
Plugging (2.4) into (2.3), we have

[g] Q'A%Q +U'DU [ﬂ Q'AQ +U'KU [g] =0. (2:6)
Let

vou= gt pe]. e = [ ). 27)
Thus, the equation (2.6) is equivalent to the following matrix equations:

£QTA’Q +DnZQTAQ + K ¥ =0, (2.8)

DL, ¥Q"AQ + K, X =o0. (2.9)

For convenience, we shall denote

G=0x%*Q", @rD;Z0"T=A, QXK;XQ'=B, (2.10)
then the equation (2.8) can be written as

GA? +AA+B=0, (2.11)

where A, B are yet to be determined. It is easy to see that the equation (2.11) with unknown matrix B has a symmetric
solution if and only if

GA? +AA = (AT)?G+ ATAT. (2.12)
It is not difficult to prove that Ay = —ATG — GA is a particular solution of (2.12). Consider the following homogeneous
equation

HA = ATH, stH=H" (2.13)
When setting

y : (251 B 0211 Bai—1 y :

Ay =d Ay = diag{r oA 2.14

1 1ag { |:—ﬁ1 a1:| , s |:_1321_] a21_1:|} , 2 iag{Aa141, s Ap)s ( )
and
H, H . _ _
H= [H% Hz] with H; = H € R**? and H; = H] e RP=2)*0=2) (2.15)
2 3

we know the equation (2.13) is equivalent to the following three matrix equations:
H3A; = AyHs, (2.16)
Hy A, = ATH,, (2.17)
HiA; = ATH,. (2.18)
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Because the matrix H3 can be commuted with the diagonal matrix A, and the diagonal elements of A, are distinct, it follows
from the equation (2.16) that
H3 = diag{&a11, - - -, &}, (2.19)

where the scalars §j, j = 214 1, ..., p, are arbitrary real numbers.
Observe that the matrices A, and Zﬂ have no eigenvalues in common. Applying an established result [6, Theorem 2,
Section 12.3], we conclude that

H, =0. (2.20)
Now we are ready to deal with the equation (2.18). Let
) (i) (i) N
Hi = [Hijlaxa with Hy = [ b %ij)] fori,j=1,...,L (2.21)
N3 M4 dpuo
From the equation (2.18), wheni # j,i,j =1, ..., [, we have

nﬁ'f) rzé'f) Qi1 Baj-1 _ | ®2i-1 —Bai-1 TI?J‘) 7757)
0P P [—Ba1 e Bai1 cnicr | [0 ]
After some manipulations this results in

e —Bai—1 Baic1 0
Baj—1 ¢ 0 Bai1

()]
1.
(i)
2

= 3

=0 2.22
—Bai-1 0 ¢ —Baj—1 n;’” ’ (2.22)
0 —Bai-1 Baj-1 ¢ nf{”

where ¢ = apj_1 — api_1. It is easily verified that
e —Bri—1 Bai 0

Baj—1 ¢ 0 Bai—1

—Bai-1 0 e —Baj—1
0 =Bt Boj-1 ¢

Hence, it follows from the equation (2.22) that
nW=0 fort=1,2,3,4,

det - (ﬂzzj_l - ,3221‘_1)2 + §4 + 2{.2('322"_] + ,322]'_1) 75 0.

namely,
Hj=0 fori#j,i,j=1,...,L
Wheni=j,i=1,...,1 from the equation (2.18), it is easy to check that
€1 i1 .
H; = =1,...,1 2.23
ii |:82i1 _521'1] , 1 , > by ( )
where the scalars e5;_1, §i_1, i =, 1, ..., I, are arbitrary real numbers.
By now, we know that the general symmetric solution to the equation (2.13) with unknown matrix H can be expressed
as
: &1 1 €211 8211
H = dia R , 2.24
2] N PO [ [ (224)
then the general symmetric solution to the equation (2.12) with unknown matrix A becomes
A=—A"G—GA+H. (2.25)
Combining (2.25) with (2.11), we find that
B= ATGA —HA. (2.26)
Inserting (2.25) and (2.26) into (2.10) yields
Dy =-2 QA6+ GA)QE '+ ¥7'Q"HQ = ! (2.27)
and
Kiy=2"1Q"ATcAQx ' — x71Q"HAQxZ . (2.28)
From the equation (2.9), it follows that
Ki; = —=X7'Q"ATQEDy,, (2.29)

where D5 is an arbitrary matrix.
Summing up above discussion, we can reach our first major result as follows.
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Theorem 2.1. Let (A, X) € CP*P x C"*P be given as in (1.5) and (1.6). Separate matrices A and X into real parts and imaginary
parts resulting A and X expressed as in (2.1) and (2.2). Let the SVD of X be (2.4). Then the solution set of Problem 1, denoted by

4pk, admits the following representation:

D=U|:D“ D1, u,

Spx = { (D, K) Di Dz .
S I PO ) o —X7'Q"ATQEDy, | 7
T -DLZQTAQET Ky

(2.30)

where D15 € RP*("=P) is an arbitrary matrix, Dy, € RT™P*@=P) qnd K,, € R"P*"=P) gre grbitrary symmetric matrices, and

Dy1, K11 and H are the same as in (2.27), (2.28) and (2.24), respectively.

3. Solving Problem II

In the preceding section, we have shown that the Problem I is always solvable, that is, the solution set $px is always
nonempty. It is easy to verify that §px is a closed convex set. Therefore, for given matrices D,K € R™" based on the

variation principle (see [7]), we know there exists a unique solution (D K) in $px such that the equallty (1.8) holds.

Now, we shall focus our attention on seeking the unique solution (D K ) in 4py. For given matrices D, K € R™" and any

pair of matrices (D, K) € 4pk given in (2.30), we obtain

ID—D| + [IK — K||2, = [[WDW — WDW|*> 4 WKW — WKW ||
2
> 0],7..[2 O ¥ 0],r=.[X 0
ol (3 G i B R G
2
o i T A R A G

where || - ||w is defined by (2.5). Let

’

U'bu = [g“ glz], UTKU = [g“ E‘Z} with Dy;, Ki; € RP*P.
21 22 21 22

Hence,
ID—DI%, + IK = Kl = |1ZD11 2 — ZD Z|* + | ZD12 — EDya|* + D}, = — Dy 2|2
+ D22 — Dol* + | ZK11 £ — ZK1 Z|* + 1QT ATQEDy; + Zk |
+ DL, 2QTAQ + Kar Z|I* + K22 — Koz |2
= |H - (QEDiZQ" + ATG+GA)|? + |HA + (QZK;; ZQT — ATGA)|?
+ 1 ZD1z — ZDya* + |1 ZD1, — ZD3,|° + | A"Q ZD1, + Q ZKia |
+IATQZD1z + QK3 1> + IID22 — Do |I* + 1Kz — Koo ||,
It is easily seen from the relation (3.2) that ||D — D||5v + ||IK — K||W = min if and only if
|[H— (QXD;;2QT + ATG+GA)||> + |[HA + (QXK;; XQT — ATGA)||?> = min,
| ZD1> — ZD1a” + |1 ZD1a — ZD3,|1° + |1 A"Q ZD12 + Q ZKya|1* + [| ATQEDs, + Q K, |* = min,
D22 — Dyl = min,  s.t. Dy, = DY,
Ky — K[| = min, s.t.Ky = KJ,.
Let
N=QZDn2Q" + ATG+GA = [Yjlpxp» L= ATGA—QEK11ZQ" = [ijlpxp-

Then the minimization problem (3.3) is equivalent to
€i-1 G2ic1 | _ [ Veim12i-1 V2icr2i
81 —&2i1 V2i,2i—1 V2i2i

2
_ | M2i—12i-1 H2i-1.2i
M2i,2i—1 M2i,2i

2
‘ 02i-182i-1 + faic1€2i-1 Pai—102i-1 — 2ic1E2i1

[0121'71821'71 — Baic1b2ic1 Bric1&2io1 + 0‘21‘—1521‘—1]

=min fori=1,...,1

(3.1)

33)
3.4)
3.5)
36)

—_— o~ o~ o~

(3.7)

(3.8)
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and
& — y;ll> + II4& — wgill> = min, forj=2l+1,...,p. (3.9)
After some algebraic manipulations, from (3.8) and (3.9) we conclude that
1
£2i1 = e (Y2i—1,2i-1 — V2i2i + C2i-1M2i-1,2i1

+ Boici2ic1,2i + BoiciMaii-1 — Qaicip2ini), i=1,...,1, (3.10)

f I— oA Vo 91 — Boi 1 i1 9
2i—1 21+ a%ifl n ,822,;1) (Vai=1,2i + V2i2i—1 — Baic1M2i-1,2i-1
+ Qi1 M2i—1,2i + C2i—1M2i2i—1 + PriciMaizi), i=1,...,1 (3.11)
1 .
Let the SVD of matrix ATQ be
ATQ=pP [“g 8] vl =PV, (3.13)

where 2 = diag{6;, 65, ...,6;} > 0,s = rank(ATQ),P = [Py, P,] € ORP*P, V = [V;, V,] € ORP*P with Py, V; € RP™S,
Partition the product VT XD, into

Z
VT >Dqy = 11
12 |:Z21

], Z1y € R0, (3.14)
Clearly, the minimization problem (3.4) is equivalent to

1Z11 = Vi ZDio|I* + 121 — Vi ZD5, 11 + 112211 + P{Q ZKya |* + (12211 + P{Q £K3, | = min,

1Z51 = V3 EDp2|1* + 121 — V5 £D3, 1> = min,

which can be easily determined as

Zyy = @ % (V] 2Dy, + V] DY, — 2PIQ XKy, — 2PIQZK])), (3.15)
where @ = [@j]sx n_p) With ¢;j = m fori=1,...,s,andj=1,..., (n—p), and
1 . _
Zy = E(VZTEDQ +V, ¥D)). (3.16)

Substituting (3.15) and (3.16) into (3.14) yields
Dy = 27 WiZyy + 27 Wy 2Zs1. (3.17)

Applying the result established by Fan and Hoffman, see [8, Theorem 2], we conclude from the minimization problems (3.5)
and (3.6) that

1 - ~ 1 - -
Dy = E(Dzz + DJ,), Ky = 5(K22 +KL).
We have now proved the following result.

Theorem 3.1. Given matrices D, K € R™", Let UTDU = [f),-j]ZXz, UTKU = [I~<ij]2x2, and QXD 2QT + ATG + GA =
[Viilpxps ATGA—QXK;; 20T = [1ei]pxp be given asin (3.1) and (3.7). Assume that the SVD of matrix ATQ has the form (3.13).
Then the unique solution of Problem Il can be expressed as

A D14 Wiz 4+ 27 WVaZy

D=U| __| » S u', (3.18)
(X7 ViZu + X VaZn) i(Dzz + D3;)

R Kiq —27'QTATQ(ViZ11 + VaZy1)

K=U i pe P u', (3.19)
—(Z7Q A QV1Z11 + VaZy1)) E(Kzz +Ky,)

where Z11, Z51, D11, K11 and H are the same as in (2.24), (2.27), (2.28), (3.15) and (3.16), respectively, the scalars e4;_1, §2i—1, 1 =
1,...,Land §,j =214+ 1, ..., p, which are the elements of matrix H, are given by (3.10)-(3.12), respectively.
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4. Numerical algorithm and numerical example

Discussion in the preceding sections offers a constructive way to solve the IMQEP and the approximation problem, which
can be formulated as an algorithm in the following steps.

Algorithm 4.1. (1) Input A, X, D.K.
(2) Separate matrices A and X into real parts and imaginary parts resulting A and X given as in (2.1) and (2.2).
(3) Compute the SVD of X according to (2.4).
(4) Form the matrices f),-j, I~(,-j fori,j =1, 2 by (3.1).
(5) Compute the matrices N, L by (3.7).
(6) Assemble the matrix H expressed in (2.24) with the scalars in (3.10)-(3.12).
(7) Compute the SVD of ATQ according to (3.13).
(8) Calculate the matrices Z;; and Z,; on the basis of (3.15) and (3.16), and form the matrix D, according to (3.17).
(9) Compute the matrices Dy; and K7 in the light of (2.27) and (2.28).
(10) According to (3.18) and (3.19), calculate the optimal approximation solution (f), IA().

Example 4.1. Letn = 5, p = 3. Given

A = diag{—0.2168 — 4.31591 —0.2168 4+-4.31591 —0.3064},

[—0.4132 4 5.2801i —0.4132 —5.2801i —9.6715

—4.3518 +3.2758i —4.3518 —3.2758i —9.1357
X = | —0.1336 — 4.0588i —0.1336 4-4.0588i —4.4715
—5.1414 4 4.4003i —5.1414 — 4.4003i —6.9659
| 8.6146 — 4.0112i 8.6146 +-4.0112i —4.4708

[[0.9501 0.4966 0.6111 0.44585 0.4746 |
0.4966 0.4565 0.4052 0.87845 0.3988

D= 0.6111 0.4052 0.9218 0.82755 0.49475 |,
0.44585 0.87845 0.82755 0.4103 0.45175
| 0.4746  0.3988 0.49475 0.45175 0.1389 |
[ 0.2028 0.107 0.5112 0.55515 0.3508 ]
~ 0.107 0.7468 0.64565 0.4757 0.58775
K= 05112 0.64565 0.5252 0.44195 0.5505

0.55515 0.4757 0.44195 0.3795  0.5682
| 0.3508 0.58775 0.5505  0.5682  0.1897 |

Using Algorithm 4.1, we obtain the unique solution (ﬁ, IA<) of Problem II as follows.

[ 3.0197 1.4619 —0.66031 1.7773 0.21842
1.4619 —1.0225 —-1.7043 —0.25371 2.0397
—0.66031 —1.7043 1.0113 —1.6342 3.1118
1.7773 —0.25371 —1.6342 —0.19947 1.3446
| 0.21842 2.0397 3.1118 1.3446 0.7091

[ 21.163 —8.2495 —30.471 —1.9469 8.0122
—8.2495 4.1853 11.534 2.0892 —5.3793
—30.471 11.534 46.211 2.19 —8.3976
—1.9469 2.0892 2.19 2.1772 —4.951
| 8.0122 —5.3793 —8.3976 —4.951 12.913

o>
I

’

>
Il

We define the residual as
res(hi, i) = [| 01y + AD + K)xill,

and the numerical results are shown in the following table.

(Ai, Xi) (A1, X1) (A2, %) (A3, X3)
res(Ai, X;) | 2.5487e—013 | 2.5487e—013 | 2.5513e—013

Therefore, the given eigenvalues (the diagonal elements of the matrix A) and eigenvectors (the column vectors of the
matrix X) are embedded in the new system (A2l, + AD + K)x = 0.



Y. Yuan, H. Dai / Journal of Computational and Applied Mathematics 235 (2011) 2662-2669 2669

Example 4.2. Consider a model updating problem. The original model is the statically condensed oil rig model (Mg, D,, K;)
represented by the triplet BcssTRuc1 in the Harwell-Boeing collection [9]. In this model, M, and K, € R%*5¢ are symmetric
and positive definite, and D, = 1.55I¢s. There are 132 eigenpairs. Let the Cholesky decomposition of M, be M, = LLT, then
D=1L1"'DLT,K = L 'K,L~". Assume that the measured eigenvalues are 1; = —34.62+574.48i, A, = —34.62 —574.48i,
A3 = —44.503, A4 = —27.554 and A5 = —9.2761, and the corresponding eigenvectors are the same as those of the original
model. By Algorithm 4.1, we can obtain the unique solution (ﬁ, k) of Problem II, and it is easily verified that

XA + DX A + KX|| = 6.1241e — 009.

Observe that the prescribed eigenvalues and eigenvectors have been embedded in the new model.

5. Concluding remarks

Just as the quadratic eigenvalue problems are critical to scores of important applications, the quadratic inverse eigenvalue
problems are equally vital in many different fields of disciplines. In a large or complicated system, often it is the case that
only partial eigeninformation is available. To understand how a physical system modeled by a quadratic pencil should be
modified with only partial eigeninformation in hand, it will be very helpful to first understand how the IMQEP should be
solved. The main contribution of this paper is to offer an explicit formula for Problem II. The method is developed using
constrained minimization theory. The minimization error function is formulated such that the resulting changes to the given
matrices are a minimum under the weighted Frobenius norm sense. The method does not require iteration or eigenanalysis
and the resulting system is consistent with the partially prescribed eigenstructure. The approach is demonstrated by two
numerical examples and reasonable results are produced. The proposed method seems to have enough generality that, with
some suitable modifications, it can be applied to other types of partially described inverse eigenvalue problems as well.
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