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Abstract

Itis proved that ifR is a right FBN ring then a non-zero rigRtmoduleM has the property that
Homg (M, N) # O for every non-zero submodul¢ of M if and only if Homz (M, R/ P) # O for
every associated prime idelof M. One consequence is that over a commutative Noetherian ring
R, Homg (X, Y) # O for every non-zero projectii@moduleX and every non-zero submodef
X. In caseRis a left Noetherian right FBN ring, then a non-zero finitely generated RghbduleM
has the property that Hog(M, N) # 0 for every non-zero submoduleof M if and only if the right
(R/P)-moduleM /M P is not torsion for every associated prime idBaif M. Finally, if Ris a com-
mutative Noetherian ring arid is anR-module such that Hoga(M, R) # 0 then Honp (M, M) #0
for every non-zerdR-module M’. It is shown that this result does not extend to prime Noetherian
Pl rings.
© 2004 Elsevier B.V. All rights reserved.

MSC:Primary: 16D10; secondary: 16D40; 16L30; 16P40

1. Slightly compressible modules

Throughout this note all rings are associative and all modules are unital right modules.
Let R be a ring. AnR-moduleM is calledcompressibléf for every non-zero submodule
N of M there exists a monomorphism frolt to N. In [21], Zelmanowitz calls a mod-
ule M weakly compressiblé, for every non-zero submodul of M, there exists a non-
zero homomorphisnf : M — N such thatf? is non-zero. We shall call aR-module
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M slightly compressibld, for every non-zero submoduld of M, there exists a non-zero
homomorphism fronM to N.

Note that compressible modules are weakly compressible and weakly compressible mod-
ules are slightly compressible. Clearly any semisimple module is weakly compressible be-
cause every submodule is a direct summand. However, a non-zero semisimple module is
compressible if and only if it is simple. Note next that tRenoduleR, and more gener-
ally any freeR-module, is slightly compressible. HoweverRis a commutative ring then
the R-moduleR is weakly compressible if and only R is a semiprime ring. For, iR is
not semiprime then there exists a non-zero eleragntR such tha? = 0. It is easy to
check that every homomorphisyh: R — aR satisfiesf? = 0. Thus theR-moduleR is
not weakly compressible. Conversely, if the riRgs semiprime then every endomorphism
g of Rsatisfiesg? # 0, so that thé&*-moduleR is weakly compressible.

Let| be any proper ideal of an arbitrary rifig Then the righR-moduleR/ I is slightly
compressible. For, any non-zero submodul®gf has the formE /I for some right ideal
E of R properly containind. Leta € E\I. Then the mapping : R/I — E/I defined
by f(r +1)=ar + 1 (r € R) is a non-zero homomorphism. In this note we shall study
slightly compressible modules and investigate in particular when projective modules are
slightly compressible. The first lemma gives circumstances under which a right ideal is not
slightly compressible.

Lemma 1.1. Let A be a non-zero idempotent right ideal of a ring R such that A contains
a non-zero right ideal B of R such th&tA = 0. Then the right R-module A is not slightly
compressible.

Proof. Suppose that : A — B is a homomorphism. Then
f(A) = f(A®) = f(A)A S BA=0,
It follows thatA is not slightly compressible. [J

Using Lemma 1.1 we next give an example of a projective right idesla ringR such
thatA is not a slightly compressible module.

Example 1.2. LetSbe any (non-zero) ring and IBtdenote the ring of 2 2 upper triangular
matrices ovelS. Let A be the right ideal oR consisting of all matrices iR with bottom
row zero. TherAis a cyclic projective righR-module which is not slightly compressible.

Proof. Note first thatA = ¢R wheree is the idempotent element & with 1 as its (1,1)
entry and all other entries 0. Thésis cyclic, idempotent and projective. LBt denote
the right ideal ofR consisting of all matrices with all entries 0 except for possibly the
(1,2) entry. ThenB is contained inA and BA = 0. By Lemma 1.1A is not slightly
compressible. [J

Note that in Example 1.2 the rifigis not semiprime. For semiprime rings we have the
following result.
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Proposition 1.3. Let R be a semiprime ring. Then every right ideal of R is a slightly com-
pressible R-module.

Proof. Let B be any non-zero right ideal & such thatB is contained inA. Then B? is
non-zero so thaBA is non-zero. There exists an elemérdf B such thabA is non-zero.
Define a non-zero homomorphisfn: A — B by f(a) =ba forallain A. O

LetRbe aring. In general the class of slightly compresdibtaodules is not closed under
taking submodules, factor modules or extensions. In Example 1.2 theRdigiaduleR is
slightly compressible but the submodies not. MoreoverAis also a homomorphic image
of Rand is not slightly compressible. Next, in Example 1.23etenote a field. Then the
rightidealBin Example 1.2 is a simple-module and the factor moduke/ B is also simple.
ClearlyB andA/B are both (slightly) compressible b@sis not slightly compressible. The
situation for direct sums is much better, however, as the next result shows.

Proposition 1.4. Let R be any ring. Then any direct sum of slightly compressible R-modules
is slightly compressible.

Proof. LetanR-moduleM =&p;_; M, be a direct sum of slightly compressible submodules
M; (i € I). LetN be any non-zero submodule lgf. Let m be any non-zero element hif
There exists a finite subsgtof | such thambelongs ta, ., M;. If there exists a non-zero
homomorphismy : @, ., M; — mR andp : M — P, M, is the canonical projection
thenfp : M — mR is a non-zero homomorphism and hence Ha@W, N) is non-zero.
Thus without loss of generality we can suppose tha finite set.

By induction it is sufficient to prove the result whén= {1, 2}. Let M = M1 & M, be a
direct sum of slightly compressible submodulésandM>. LetL be a non-zero submodule
of M. If L N M3 is non-zero then there exists a non-zero homomorphism Marto L N M,
and hence there exists a non-zero homomorphism MatmL. If L N My is zero therL is
isomorphic to a submodul¢ of M». There exists a non-zero homomorphism fréfp to
K and hence there exists a non-zero homomorphism MoilmN. [

For some rings every projective module is slightly compressible. ARiisgcalled aight
V-ring if every simple rightR-module is injective. Kaplansky proved that a commutative
ring R is aV-ring if and only if R is von Neumann regular (s¢&6]). Cozzend5] and
Koifman [12] give examples off right Noetherian domains which are righings but are
not division rings.

Theorem 1.5. Let R be a right V-ring. Then every projective right R-module is slightly
compressible.

Proof. LetXbe any non-zero projectil@module. Letx be any non-zero element ¥f Let

Y be any maximal submodule BR ThenxR/Y is injective and hence is a direct summand
of X/Y. It follows thatX has a submodul& such thatX/Z is isomorphic tocR/ Y. Hence
there exists a non-zero homomorphigm X — xR /Y. Becaus&is a projective module,

f can be lifted to a non-zero homomorphigm X — xR. It follows that X is slightly
compressible. [
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For any ringR and R-module M, we shall denote the injective hull &fl by E(M).
Following [9, p. 71] we say that the modulll hasfinite rankprovided EM) is a finite
direct sum of indecomposable modules. A non-AimoduleU is calleduniformprovided
the intersection of any two non-zero submodule & non-zero. 110, Proposition 4.11]
it is proved that a non-zero modui# has finite rank if and only if there exists an essential
submoduld- of M such that is a finite direct sum of uniform submodules.

In contrast to the situation for projective modules, it is unusual for an injective module
to be slightly compressible, especially in case it is non-singular. Recall tRas ény ring
then a righR-moduleM is non-singularif m E # O for every non-zero elementof M and
essential right idedt of R.

Lemma 1.6. Let R be any ring and let M be a right R-module such that every non-zero
submodule contains a non-zero direct summand of M. Then M is slightly compressible.

Proof. Clear. J

Corollary 1.7. Let R be any ring and let M be a non-singular injective right R-module.
Then Mis slightly compressible if and only if every non-zero submodule contains a non-zero
direct summand of M

Proof. The sufficiency follows by Lemma 1.6. Conversely, supposeihiatslightly com-
pressible. LeN be any non-zero submodule Bf. By hypothesis, there exists a non-zero
homomorphismf : M — N. BecauseM/ker f is non-singular, being isomorphic to a
submodule oN, ker f is injective and hence is a direct summand/oft follows that f (E)

is injective. Thusf (E) is a non-zero direct summanddfand f(E) C N. O

Recall that arindris calledright hereditaryif every right ideal is projective, equivalently
if every submodule of every projective rigRtmodule is projective. A second consequence
of Lemma 1.6 is the following result.

Corollary 1.8. Let R be a right hereditary ring and let M be an injective right R-module.
Then M s slightly compressible if and only if every non-zero submodule contains a non-zero
direct summand of M

Proof. Note that every homomorphic image Mfis injective by[1, p. 215, Example 10]
The result follows by the proof of Corollary 1.7

Corollary 1.9. Let R be any ring and let M be a slightly compressible injective
right R-module. Then any non-singular uniform submodule of M is simple and injective.

Proof. LetU be a non-singular uniform submoduleMf LetV be any non-zero submodule
of U. By adapting the proof of Corollary 1.7, there exists a non-zero injective submodule
WofV. ThenW =V = U. ThusU is simple injective. [J

Corollary 1.10. Let R be a right hereditary ring and let M be a slightly compressible
injective right R-module. Then any uniform submodule of M is simple and injective.
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Proof. By Corollary 1.8 and the proof of Corollary 1.9

Let R be any ring and leM be anyR-module. For an elememh of M we setr (m) =
{r € R : mr = 0}. Note thatr (m) is a right ideal oRandR/r (m) = mR forallm € M.

Theorem 1.11. Let R be any ring and let M be a non-singular injective right R-module
such that mR has finite rank for every element m of M. Then M is slightly compressible if
and only if M is semisimple.

Proof. The sufficiency is clear. Conversely, suppose s slightly compressible. Let
m € M. ThenR/r(m) is a non-singulaR-module which has finite rank. By, Section
5.10] R satisfies the ascending chain condition on right ideals of the famm) where
m € M. Now [6, Section 8.2Qives thatM is a direct sum of uniform submodules. Finally,
by Corollary 1.9M is semisimple. O

A ring Ris calledright non-singularif the right R-moduleR, which we shall denote by
Rg, is non-singular. Theorem 1.11 has the following consequence.

Corollary 1.12. Let R be a right non-singular right Goldie ring. Théf(R) is a slightly
compressible right R-module if and only if R is a semiprime Artinian ring. In this, easey
right R-module is slightly compressible.

Proof. The sufficiency is clear. Conversely, suppose #@R) is a slightly compressible
R-module. Note tha¥ (Rg) is non-singular and has finite rank. By Theorem 1.11Rhe
module E(Rp) is semisimple and hence tfiemoduleR is semisimple, as required. The
last part is clear. [J

Corollary 1.12 shows that, in contrast to Theorem 1.5, even for YigiigsR not every
non-zeroRr-module is slightly compressible. In particularRis one of the rings produced
by Cozzens and Koifman tiemoduleE (Rg) is not slightly compressible. Corollary 1.12
has the following further consequence.

Corollary 1.13. Let R be a right Noetherian ring such that every non-zero right R-module
is slightly compressible. Then R is right Artinian.

Proof. LetP be any prime ideal dR. Let X denote thek / P-module which is the injective
hull of the (R/P)-module R/P. Then X is an R-module. By hypothesisX is slightly
compressible as aR-module and hence also as &R/ P)-module. Now Corollary 1.12
gives thatR/ P is a right Artinian ring. ThusR/ P is a right Artinian ring for every prime
idealP of R. BecausdRis right Noetherian, there exist a positive integemd prime ideals
P; (1<i<n) of Rsuch thatP; - -- P, = 0. By considering the chaiR 2 P1 D P1P; D
... D Py--- P, =0, we conclude that the ringis right Artinian. [

Compare Corollaries 1.12 and 1.13 with the following result.

Proposition 1.14. Let R be aright and left Noetherian ring such that there exists a non-zero
R-homomorphisnf : E(Rg) — R. Then R has non-zero right socle.
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Proof. By [4, Corollary 2.4] O
In view of the above results we note the following fact for prime rings.

Proposition 1.15. Let R be any prime ring. Then the right R-mod#léRy) is slightly
compressible if and only HHomg (E(RRg), R) # 0.

Proof. The necessity is clear. Conversely, suppose that there exists a hon-zero homomor-
phismf : E — R,whereE = E(Rpg). LetN be any non-zero submodule®fThenN N R

andf (E) are both non-zerorightidealsBf Becaus®is prime, we havéeNNR) f (E) # 0

and hencef (E) # 0forsome: € N N R. Define a mapping : E — N by g(e) =af (e)

forall e € E. Clearlygis a non-zero homomorphism[]

Given the above discussion, the next result is not too unexpected!

Theorem 1.16. Let R be a right hereditary ring and let M be an injective right R-module
such that R satisfies the ascending chain condition on right ideals of therfaerinwhere
m € M.Then M is slightly compressible if and only if M is semisimple.

Proof. By Corollary 1.10 and the proof of Theorem 1.11]

Note that ifRis a right hereditary ring theR is right non-singular so that Corollary 1.12
applies to right hereditary right Noetherian rings. Next we show that for right self-injective
rings, non-singular modules are slightly compressible.

Proposition 1.17. Let R be any right self-injective ring. Then any non-singular right
R-module is slightly compressible.

Proof. Let M be any non-zero non-singulB¥rmodule. Let 0 m € M. ThenR/r(m) =
mR and henceR/r (m) is non-singular. Sinc® is an injectiveR-module it follows that
r(m) is an injectiveR-module and hence so toomsR Thus every cyclic submodule of
M is injective. By Lemma 1.6/ is slightly compressible. [

Aring Ris calledright semi-artinianprovided every non-zero rigiR-module has non-
zero socle. Clearly right Artinian rings are right semi-artinian. Many examples of right
semi-artinian rightv-rings are given inf7]. Note the following result which should be
compared with Theorem 1.5.

Proposition 1.18. Let R be a right semi-artinian right V-ring. Then every right R-module
is slightly compressible.

Proof. Let M be any non-zero righR-module. LetN be any non-zero submodule of
M. Let U be a simple submodule &i. ThenU is injective so thatJ is a direct sum-
mand of M. Clearly there exists a non-zero homomorphigm M — U and hence
Homg (M, N) 0. 0
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Note that the converse of Proposition 1.18 is false in general (see Corollary 3.6).

2. Modules over Noetherian rings
We begin this section with two elementary results.

Lemma 2.1. Let | be an ideal of an arbitrary ring R and let M be a right R-module. Then
Homg (M, R/I) # Oif and only ifHomg,; (M /M1, R/I) # 0.

Proof. Suppose first that there exists a non-zero homomorphism — R/I. Then
fMI)= f(M)I € (R/I)I =0, so thatf induces a non-zeroR/I)-homomorphism
f : M/MI — R/I defined byf(m + MI) = f(m) for all m € M. Conversely, sup-
pose that there exists a non-zé&m®/1)-homomorphisng : M/MI — R/I. Thengis

an R-homomorphism. Lep : M — M /M1 denote the canonical epimorphism. Then
gp : M — R/I is a non-zerd-homomorphism. [

Lemma 2.2. Let R be aright Noetherian ring. Then the following statements are equivalent
for a right R-module M

(i) Mis slightly compressible
(i) Homg(M, U) is non-zero for every uniform submodule U of M
(i) Homg (M, U) is non-zero for every cyclic uniform submodule U of M

Proof. (i) = (ii) = (iii) Clear.

(iii) = (i) Let N be any non-zero submodule ldf. Let mbe any non-zero element i
By hypothesis, the modul®aRis Noetherian and heneeRcontains a uniform submodule
U. Letu be any non-zero element bf. ThenuRis a cyclic uniform submodule d¥l. By
(iif) Hom g (M, uR) is non-zero and hence HgpM, N) is non-zero. [

Let R be any ring and leX be anR-module. Theannihilator of X in Rwill be denoted
by anrg (X), i.e., anp(X) ={r € R : Xr =0}. LetM be a non-zer®&®-module. Following
[10, p.32] by anassociated prime ideaf M we mean a prime ided of R such that, for
some non-zero submodulof M, P = anng(L) for every non-zero submoduleof N.
If Ris a ring which satisfies the ascending chain condition on ideal$asdnaximal in
{anng (N)) : N is a non-zero submodule bf} thenP is an associated prime idealldf(see
[10, Proposition 2.12] The set of associated prime idealdvill be denoted by Asg\).
In caseR is a right Noetherian ring and is a uniform rightR-module then there exists a
unique associated prime iddabf U such that anp(L) is contained irP for every non-zero
submoduld. of U (se€/10, Lemma 4.22]and in this cas® is called theassassinatoof U.
The assassinator &f will be denoted by ad$. Non-zero rightR-modulesM and M’ will
be said to beelatedif Ass(M) N Ass(M’) is non-empty.

Lemma 2.3. Let R be a right Noetherian ring and let N be a non-zero submodule of a
non-zero right R-module M. Théks(N) C AsS(M). In particular M and N are related.

Proof. Clear.



312 P.F. Smith / Journal of Pure and Applied Algebra 197 (2005) 305-321

Theorem 2.4. Let R be aright Noetherian ring and let M be a non-zero right R-module such
thatHomg (M, R/ P) # Oforevery associated prime ideal P of M. THéomg (M, M')# O

for every right R-moduleM’ which is related to M. In particular M is slightly
compressible

Proof. Let M’ be any non-zero righR-module which is related tM. Let P be any prime
ideal of R which belongs to Asg/) N Ass(M’). There exists a non-zero submoddiéof
M’ such thatP = anrng (L") for every non-zero submodul€ of N'. By hypothesis, there
exists a non-zero homomorphisfn: M — R/P.Thenf(M)= E/P for some rightideal
E of R properly containind®. Clearly N'E # 0 and hence there exists;8 x’ € N’ such
thatx’'E # 0.

Define a mapping : E/P — M’ by g(e+ P) =x"e (e € E). Sincex’ P =0 it follows
thatgis well defined. Clearlg is anR-homomorphism. Finallg f : M — M’isanon-zero
homomorphism becaugg (M) = x'E # 0. The last part follows by Lemma 2.3

Note that in Theorem 2.4 we do not need tRas right Noetherian but merely that the
moduleM has associated prime ideals. Note further that the converse of Theorem 2.4 is
false in general because there exist many right Noetherian Rrayed non-zero slightly
compressible righR-modulesM such that Hom (M, R/ P) =0 for some associated prime
idealP of M. For example, leR be a simple right Noetherian ring which is not Artinian. Let
M be any non-zero semisimpRmodule. Clearly 0 is the only associated prime ideal of
M. ThusM is slightly compressible (in fact, weakly compressible) but @M, R) = 0.
However, there are right Noetherian rinBssuch that Hom (M, R/P) # 0 for every
slightly compressible riglR-moduleM and associated prime iddabf M and we investigate
this next.

A ring R is calledright boundedif every essential right ideal contains an ideal which
is essential as a right ideal. Next a riRgis calledfully right boundedprovided every
prime factor ring ofR is right bounded. By aight FBN ring we shall mean a fully right
bounded right Noetherian ring. For example, any module-finite algebra over a commutative
Noetherian ring is a right(and left) FBN ring (sgk, Proposition 8.)]and more gener-
ally so too is any right Noetherian PI ring (i.e. ring satisfying a polynomial identity) by
[13, Corollary 13.6.6]For any ringR, a rightR-moduleM will be calledboundedf R/ P
is a right bounded ring for every associated prime ideaf M. There exist right and left
Noetherian rings which are not fully right (nor left) bounded such that every unfaithful right
R-module is bounded (s¢&0, Exercise 8Bj

An element of a general rindgris calledregularif, givenr € R, rc=0orcr =0 implies
r = 0. An R-moduleM will be calledtorsion-freeprovided, for any givem € M, mc =0
for some regular elemeptin R implies thatm = 0. On the other handJ is calledtorsion
if for eachx in M there exists a regular elemeahbf R such thatcd = 0. Note that ifR is
a semiprime right Goldie ring then a rigRtmoduleM is torsion-free if and only iM is
non-singular (see, for exampld,0, Proposition 6.9]

Lemma 2.5. Let P be a prime ideal of a ring R such that the riRg P is a prime right
bounded right Goldie ring. Let U be a uniform right R-module with assassinator P. Then
there exist a non-zero submodule V of U and an R-monomorphisimh — R/ P.
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Proof. There exists a non-zero submodnlef U such thatP =anng (L) for every non-zero
submoduld. of N. Consider the rightR/ P)-moduleN. Letu € N such thai«(c + P) =0
for somec € R with the property that + P is a regular element of the ring/P. By
[10, Lemma 5.5](cR + P)/P, is an essential right ideal @t/ P and hence there exists
an idealA of R properly containing® such thatA € ¢R + P. It follows thatuA =0
and henced C anmg(uR). But P = asgU), so thatu = 0. ThusN is not a torsion right
(R/P)-module. By[10, Lemma 6.17}here exist a hon-zero submodiMeof N and an
(R/P)-monomorphismy : V. — R/P. Finally, note thaf is anR-monomorphism. [

Theorem 2.6. Let R be a right Noetherian ring. Then the following statements are equiv-
alent for a non-zero bounded right R-module M

(i) Mis slightly compressible
(i) Homgz(M, R/ P) # 0 for every associated prime ideal P of M
(i) Homg,p(M/MP, R/P) # Ofor every associated prime ideal P of M
(iv) Homg(M, M") # 0 for every non-zero right R-moduld” which is related to M

Proof. (ii) = (iv) By Theorem 2.4.

(i) < (iii) By Lemma 2.1.

(iv) = (i) By Lemma 2.3.

() = (ii) Suppose thaM is slightly compressible. Le® be any associated prime ideal of
M. There exists a non-zero submoddl®ef M such thatP = anng (L) for every non-zero
submoduld. of N. LetU be any uniform submodule &f. Clearly P =asgU). By Lemma
2.5 there exists a non-zero submodulef U and a monomorphisnft : V.— R/P. By
hypothesis there exists a non-zero homomorphisnM — V. Thenfg: M — R/P is

a non-zero homomorphism.CJ]

Corollary 2.7. LetR be aright FBN ring. Then the following statements are equivalent for
a non-zero right R-module M

(i) Mis slightly compressible.
(i) Homgz(M, R/ P) # 0O for every associated prime ideal P of M
(iif) Hompg,p(M, R/ P) # O for every associated prime ideal P of M
(iv) Homgz(M, N") # O for every non-zero right R-modulé’ which is related to M

Proof. By Theorem 2.6. [

Corollary 2.8. Let R be a right Noetherian ring and let M be a non-zero slightly com-
pressible bounded right R-module. Théh # M P for every associated prime ideal
P of M.

Proof. Clear by Theorem 2.6.[]
Corollary 2.8 can be improved in the case of projective modules, as we see in the next
result (see also Corollary 2.12).

Corollary 2.9. Let R be a right Noetherian ring. Then any non-zero bounded projective
right R-module X is slightly compressible if and onlXit£ X P for every associated prime
ideal P of X
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Proof. The necessity is clear by Corollary 2.8. Conversely, supposextiatx P for any
associated prime ide® of X. Let Q be any associated prime ideal Xf By hypothesis,
X/X Q is a non-zero projectivéR / Q)-module and hence Homo (X/X Q, R/ Q) is non-
zero. By Theorem 2.6 it follows thatis slightly compressible. [

Let| be any (two-sided) ideal of a rirlg As usual we sei® = R. For any ordinab >0
we definel* as follows:/*t1 = %] and[* = ﬂogﬂﬂlﬁ if o is a limit ordinal. In this way
we obtain a descending chain of ideals:

12122132”'2111): %olln 2]w+12---21a211+12~-~,
and there exists an ordinakuch that/” = 17+1 =. ... We shall denoté” by «(7). We set
1-7I={1—a:a e I}andsaythat% I is aright Ore setfforall a € I, r € R there exist
a’ €1, € Rsuchthatl — a)r’ =r(1 — d’). Note that if the ideal is contained in the
Jacobson radical dtthen 1— [ is a right Ore set because in this case, givenl, r € R,
we have(l—a){(1—a) " r(1—a)} =r(1—a).Alsoif an ideall of a right Noetherian ring
has the righARproperty then - 7 is a right Ore set bj13, Proposition 4.2.9Recall that
an ideall of a ringR has theiight AR propertyif, for every right ideaE of R, there exists a
positive integen such thatE N 1" € EI. A consequence dB, Lemma 5.1]s that every
ideal of a commutative Noetherian ring has the (right) AR property.

Lemma 2.10. Let | be an ideal of a right Noetherian ring R such tlat I is a right Ore
set. Then

() x(I)={r € R :r(1—a)=0for someu € I},
(i) givenr; € R,a; € I1(1<i<n) such thatr;(1 — a;) = 0 for all 1<i<n, for some
positive integer nthen there exists € I such thatr; (1 —a) =0 (1<i <n).

Proof. () LetT ={1—b:bel}.LetA={r € R:rt=0forsomes € T}. ThenAis an
ideal ofRby [18, Lemma 1.1andT = {r + A : t € T} is a set of regular elements of the
ring R = R/A by [18, Lemma 1.2]Moreover,T is a right Ore set oR and we can form,
in the usual way, the partial right (classical) quotient ringrofvith respect taI' and we
denote this ring by?7. Note that iff Ry = {(r + A)(t + A) "L :r € I,1 € T} thenIRy is
contained in the Jacobson radidaif Rr. By [19, Lemma 2.2)

(K1) + A)/A € k(I /A) € KU R7) € K(J).

But Ry is aright Noetherian ring and heneé/) =0 by[11, Theorem 11]Thusk(I) C A.

(i) By induction onn, there existg € I suchthat;(1—c¢)=0 (1<i<n—1).Alsothere
existsd € I suchthatl—a,)(1—d)=(1—c)sforsomes € R.Leta=1—(1—a,)(1-d) € I.
Thenr;(1—a)=0(A<i<n). O

Theorem 2.11. Let R be aright Noetherian ring and let M be a non-zero bounded projective
right R-module such thét — P is a right Ore set for every associated prime ideal P of M.
Then M is slightly compressible
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Proof. LetP be any associated prime idealMf There exists a non-zero submodief
M such thatP = anng (N). Suppose that = M P. By [19, Corollary 4.3] M = Mk(P).
Letx € N. Thenx =mayry + - - - + m,r, for some positive integar and elements:; €
M,r; € k(P) (1<i<n). By Lemma 2.10 there exisjs € P such thatc(1 — p) = 0. But
xp =0, so thatt = 0. It follows thatN = 0, a contradiction. Them £ M P. By Corollary
2.9,M is slightly compressible. (]

Corollary 2.12. Let R be a commutative Noetherian ring. Then every non-zero projective
R-module is slightly compressible.

Proof. By Theorem 2.11. I

Next we aim to add to Corollary 2.8 in the case of finitely generated modules. First we
prove the following elementary result.

Lemma 2.13. Let R be asemiprime right Goldie ring and let M be a torsion right R-module.
ThenHomgz (M, R) =0.

Proof. Let f : M — R be ahomomorphism. Forany € M there exists aregular element
c of Rsuch thainc =0 and hencg (m)c = f (mc) = 0 which implies thatf m) = 0. Thus
f=0. O

Corollary 2.14. Let R be aright Noetherian ring and let M be a non-zero bounded slightly
compressible right R-module. Then the rigRY P)-moduleM /M P is not torsion for every
associated prime ideal P of.R

Proof. Let P be an associated prime ideal bf. By Theorem 2.6, Hom,p(M/MP,
R/P) # 0. Apply Lemma 2.13. [J

Let R be a semiprime right Goldie ring and et be any rightR-module. LetZ(M) =
{m € M : mc = 0 for some regular elementof R}. By [10, Proposition 6.9]1Z(M) is a
torsion module. Moreover, b0, Proposition 3.29(a)theR-moduleM /Z (M) is torsion-
free. Lemma 2.13 has a second consequence which will be useful later.

Corollary 2.15. LetR be a prime right and left Goldie ring and let M be afinitely generated
right R-module. Then M is not torsion if and onlyHbmg (M, R) # O.

Proof. The sufficiency follows by Lemma 2.13. Conversely, suppose th&-theduleM is
not torsion. TherM # Z(M). Letp : M — M /Z(M) denote the canonical epimorphism.
Note thatM / Z (M) is a finitely generated torsion-fréemodule. By[10, Proposition 6.19]
there exists a free module and a monomorphisnf : M/Z(M) — F. It follows that
fp: M — Fisanon-zero homomorphism and hence HaM, R) # 0. [

Theorem 2.16. Let R be a right Noetherian ring and let M be a non-zero finitely generated
bounded right R-module such that the riRg P is left Goldie for every associated prime
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ideal P of M. Then M is slightly compressible if and only4f M P is not a torsion(R/ P)-
module for every associated prime ideal P of M

Proof. The necessity follows by Corollary 2.14. Conversely, supposetyat P is not
a torsion(R/P)-module for every associated prime iddalof M. By Corollary 2.15
Homg,p(M/MP, R/P) # O for every associated prime iddabf M. Finally,M is slightly
compressible by Theorem 2.6

Corollary 2.17. Let R be a left Noetherian right FBN ring. Then a non-zero finitely gener-
ated R-module is slightly compressible if and onlifM P is not a torsion(R/ P)-module
for every associated prime ideal P of M

Proof. By Theorem 2.16. [

Corollary 2.18. Let R be a right Noetherian PI ring. Then a non-zero finitely generated
right R-module is slightly compressible if and only4f M P is not a torsion(R/ P)-module
for every associated prime ideal P of M

Proof. By Theorem 2.16 anfl3, 13.6.6(i)] O

3. Generators, self generators and weak generators

Let R be any ring. A rightR-moduleM is called ageneratorfor Mod-R, the category
of right R-modules, provided for each rightmoduleX there exist an index sétand an
epimorphismg : M — X. It is well known that a modul®l is a generator for ModR
if and only if the rightR-moduleR is isomorphic to a direct summand #f™ for some
positive integen (see[20, Section 13.7] An R-moduleM is called aself-generatoif for
each submodul®l of M there exist an index sétand an epimorphisf : M) — N.
Clearly every generator for MoR-is a self-generator. Moreover it is not difficult to see
that every self-generator is slightly compressible. Note that every siRyph@dule is a
self-generator but need not be a generator for NMod-

LetRbe a (commutative) integral domain with field of fractigps-or anyR-submodule
XofQ,letX*={q € Q : ¢X C R}. Itiswellknown (and easy to prove) that a mappjng
X — Ris anR-homomorphism if and only if there exisse X* such thatf (x) =¢gx(x €
X). TheR-submoduleXis calledinvertibleif X*X = R. The following result is presumably
well known but is included for completeness. One consequence is that in general not every
slightly compressible module is a self-generator.

Proposition 3.1. Let R be an integral domain with field of fractions Q and let X be a
non-zero R-submodule of Q. Then

(i) Xis slightly compressible if and only X* # 0.
(ii) The following statements are equivalent

(a) Xis a generator for Mod-R

(b) Xis a self-generatqr

(c) Xisinvertible
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Proof. (i) Suppose first thaX is slightly compressible. Becaugen R # 0, there exists a
non-zero homomorphisni : X — X N R. By the above remark there exigts X* such
that f (x) = gx (x € X). Clearlyg # 0.

Conversely, suppose that # 0. Let 0 ¢’ € X*. LetY be any non-zero submodule of
X.ThenY NR # 0. Let0# y € YNR. Define amapping : X — Y byg(x)=¢'xy (x €
X). Theng is a non-zero homomorphism. It follows théis slightly compressible.

(i) (&) = (b) Clear.

(b) = (c) Let0# x € X. Then there exist a positive integeand an epimorphism from
X™ toRx SinceRx = R itfollows that there exists an epimorphigm X — R.Clearly
1=h1(x1)+- - -+h,(x,) forsomex; € X, h; € Homg(X, R) (1<i<n).ForeachXi<n,
there existg; € X* such that; (u) =q;ju (u € X). Hence l=qgix1 + - - - + gpx, € X*X
and we conclude tha™*X = R.

(c)= (a) As above, Eq1x1 + - - - + gnx, for some positive integarand elements; <
X, qi € X*(1<i<n).Defineamapping : X" — Rbyp(v1, ..., v))=q1v1+ - -+Gnvn
forallv; € X(1<i<n).Thenpisan epimorphism and hence tRenoduleRis isomorphic
to a direct summand of ™. This proves (a). O

Given any ringR, we shall call a non-zero rigit-moduleM aweak generatofor Mod-R
if, for each non-zero righR-moduleX, there exists a non-zero homomorphigmm — X.
Note thatM is a weak generator for MoB-if and only if, for each non-zer® moduleX,
there exist an index sétand a non-zero homomorphisgn: M) — X. Clearly every
generator for ModR is a weak generator for MoR-and every weak generator for Mdrl-
is slightly compressible.

Theorem 3.2. Let R be a ring which has a unique simple right R-module to isomor-
phisn). Then every non-zero projective right R-module is a weak generator
Mod-R

Proof. Let M be any non-zero projective rigRemodule and lei’ be any non-zero right
R-module. Let 0% m’ € M’ and letN’ be a maximal submodule of R. By [1, Proposition

17.14] M contains a maximal submodu¥e By hypothesisM /N = (m’R)/N’. Thus there
exists a non-zero homomorphisfn: M — M’/N’. SinceM is projective it follows that
f can be lifted to a non-zero homomorphism frdto M’. [

Corollary 3.3. LetR be aring with Jacobson radical J such ti#gtJ is a simple Artinian
ring. Then every non-zero projective right R-module is a weak generator for Mod-R

Proof. By Theorem 3.2. (I

for

Lemma 3.4. Let R be any ring and let a right R-module M be a weak generator for Mod-R.

Then M has a maximal submodule.

Proof. Let U be any simple righR-module. There exists an epimorphistn: M — U.
Note that kerf is a maximal submodule &fl. [
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We saw above in Proposition 1.18 that if a riRgs a right semi-artinian right-ring then
every rightR-module is slightly compressible. Note that rightings have zero Jacobson
radical by[14, Theorem 2.1]Now we determine which rings have the property that every
module is a weak generator. Followifg] we shall call a ringR aright max ringif every
non-zero righR-module contains a maximal submodule.

Theorem 3.5. Let R be aring. Then every non-zero right R-module is a weak generator for
Mod-R if and only if R is a right semi-artinian right max ring which has a unique simple
right R-modulg(up to isomorphish

Proof. Suppose first that every non-zero righitnodule is a weak generator. By Lemma
3.4,Ris a right max ring. LetJ be a simple righR-module. IfM is any non-zero right
R-module then there exists a non-zero homomorphsm U — M which must be a
monomorphism. Thus every non-zero rigkimoduleM has non-zero socle and herRe
is right semi-artinian. Also i¥ is any simple righR-module then there exists a non-zero
homomorphisng : U — V and hencd/ = V.

Conversely, suppose thRtis a right semi-artinian right max ring which has a unique
simple rightR-module. LetX and X’ be any two non-zero righR-modules. By hypothesis,
X contains a maximal submodif@ndX’ contains a simple submodulg. ButX /Y = U’,

so that the mapping LS X/Y - U’ . X' is a non-zero homomorphism, wheyés the
canonical epimorphism ariddenotes inclusion. Thus every non-zero righamodule is a
weak generator for Mo@R [

Recallthatanidea#l of aringRis calledright T-nilpotentf for any sequences, az, as, . . .
of elements ofA there exists a positive integeisuch that,, - - - a3 = 0. Compare the next
result with Corollary 3.3.

Corollary 3.6. Let R be a right semi-artinian ring with Jacobson radical J such tRAY
is simple Artinian and J is right T-nilpotent. Then every non-zero right R-module is a weak
generator for Mod-R

Proof. By Theorem 3.5 anfil, Proposition 13.5 and Lemma 28.3]CJ

We note the following variation of Corollary 3.6. It is proved|[itb, Proposition 3.2]
that if J is the Jacobson radical of a left semi-artinian rRghenJ is right T-nilpotent.
Thus if Ris a right and left semi-artinian ring with Jacobson raditalich that the ring
R/J is simple Artinian then every non-zero rigRtmodule is a weak generator for Mod-
R. Examples of right semi-artinian rings which are not left semi-artinian are giv{d]j.in
The next result gives a characterization of weak generators over arbitrary right Noetherian
rings.

Theorem 3.7. Let R be any right Noetherian ring. Then aright R-module M is aweak gener-
ator for Mod-R if and only if Homg(M,R/P) # O for every prime ideal
P of R



P.F. Smith / Journal of Pure and Applied Algebra 197 (2005) 305—-321 319

Proof. The necessity is clear. Conversely, suppose that Hadm R/ P) # 0 for every
prime idealP of R. Adapting the proof of Theorem 2.4, we conclude that HeM, M") #
0 for every non-zer&®-moduleM’, as required. [J

Theorem 3.7 shows that for a right Noetherian riRgto check if a non-zero right
R-module is a weak generator for M&lit is sufficient to consider Hom(M, R/ P) for
every prime ideaP of R. In particular, ifR is a simple ringM is a weak generator for
Mod-Rif and only if Homg (M, R) # 0. In fact, the rindR need not be right Noetherian as
the next result shows.

Proposition 3.8. Let R be a simple ring. Then the following statements are equivalent for
a right R-module M

(i) Mis a generator for Mod-R
(i) M is aweak generator for Mod-R
(i) Homgz(M, R) # 0.

Proof. (i) = (ii) = (iii) Clear.

(i) = (i) Let f : M — R be a non-zero homomorphism. Lét= f(M). ThenA s
a non-zero right ideal dR so thatR = RA. There exist a positive integarand elements
ri € R,a; € A(1<i<n) suchthat :=ria; + - - - + rpa,. Define a mapping : M® — R
by g(my,...,my)=r1f(m1) + -+ r,f(my,) forallm; e M(1<i<n). Clearlygis an
epimorphism and hendRis isomorphic to a direct summand & . It follows thatM is
a generator for ModR by [20, Section 13.7] O

There is another class of rinB$or which rightR-modules are weak generators for MBd-
if and only if Homg (M, R) # 0, namely the class of commutative Noetherian domains.

Theorem 3.9. Let R be a commutative Noetherian domain. Then an R-module M is a weak
generator for Mod-R if and only ilomg (M, R) # 0.

Proof. The necessity is clear. Conversely, suppose that there exists a non-zero homomor-
phismf : M — R.LetA= f(M).ThenAis anon-zero ideal d®. LetP be any prime ideal

of R. Suppose thatt /A P is a torsion(R/ P)-module. It follows that for each € A there

existsc € R\ P suchthatic € AP.LetRp denote the localization of the ririgat the prime
ideal P, where we think oR as a subring oRp. ThenAR p is a finitely generated ideal of

Rp, PRpisthe Jacobsonradical & andARp=(ARp)(PRp). By Nakayama's Lemma,
ARp=0andhencel =0, a contradiction. Thug /A P is not a torsion(R/ P)-module. By
Corollary 2.15, there exists a non-zero homomorphismi/AP — R/P. But this yields

a non-zero homomorphistd{ - A —- A/AP — R/P. Thus Honk(M, R/P) # O for

every prime ideaP of R. By Theorem 3.7M is a weak generator for Mo&- [J

Corollary 3.10. Let R be a commutative Noetherian ring with minimal prime ideals
P;(1<i<n), for some positive integer n. Then a non-zero R-module M is a weak gen-
erator for Mod-R if and only iHomg (M, R/ P;) # Oforall 1<i <n.
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Proof. The necessity is clear. Conversely, suppose that Ham R/ P;) # 0 for all
1<i<n. LetP be any prime ideal oR. There exists ¥ i <n such thatP; C P. By hypo-
thesis, Hom (M, R/ P;) # 0 and hence, by Lemma 2.1, Hamp, (M/MP;, R/P;) # O.
By Theorem 3.9, there exists a non-z&Ry P;)-homomorphismf : M/MP; — R/P.
Note thatf is anR-homomorphism. Ifp : M — M /M P; is the canonical epimorphism
thenfp : M — R/P is a non-zero homomorphism. Thus Het/, R/ P) # O for every
prime idealP of R. By Theorem 3.7M is a weak generator for MoR: [

Note that in Corollary 3.10 it is not sufficient to suppose that oM, R) is non-zero.
For example, leR be a commutative Noetherian semiprime ring which is not a domain and
let P be a minimal prime ideal oR. Clearly there exists € R\ P such thatPc = 0. Let
f : P — R/P be anR-homomorphism. Then& f(Pc) = f(P)candf(P) C R/P, SO
that f(P) = 0. Thus Homx (P, R/ P) = 0. It follows that Honk (P, R) # 0 butPis not a
weak generator for Mo&R

Finally, we shall show that Theorem 3.9 fails to be true for some integral domains which
are not Noetherian and also for some prime Noethd?iaings. To do so we first prove the
following result.

Proposition 3.11. Let P be a maximal ideal of a commutative ring R such fat: p*+1
for some positive integer n. Thét' is a weak generator for Mod-R

Proof. Let M be any non-zer&®-module. Let 0# m € M. Suppose first that P" # O.
Define f : P* — M by f(a) =ma (a € P"). Thenfis a non-zero homomorphism.
Now suppose thaiz P" = 0. Clearly there exists & u € mR such that P = 0. Then
P"/ P+l anduRare non-zero vector spaces over the field® so that there exists anon-zero
homomorphisng : P*/P"*1 — uR.If p : P" — P"/P"tlisthe canonical epimorphism
andi : uR — M is inclusion therigp : P" — M is a non-zero homomorphism[]

Lemma 3.12. Let A be an idempotent ideal of a general ring R. Then the right R-module
A is not a weak generator for Mod-R

Proof. Let f : A — R/A be any homomorphism. Thefi(A) = f(A%) = f(A)A C
(R/A)A =0.Thus Homkx (A, R/A) =0. [

Proposition 3.11 and Lemma 3.12 can be combined to show that Theorem 3.9 fails
spectacularly for commutative domains which are not Noetheriann lbet any positive
integer. In[2] an example is given of a commutative dom&iand a maximal idedP of
RsuchthatP > P2 > ... > P"= P"*1 Inthis case th&moduleP’ is a weak generator
for Mod-Rfor all 1<i <n — 1 but P" is not a weak generator for Mdd-by Proposition
3.11 and Lemma 3.12.

Finally, we give an example due to J.C. Robson (4&e Example 5.2.28]of a prime
Noetherian PI ringR which has an idempotent maximal ideal. In view of Lemma 3.12,
this shows that Theorem 3.9 cannot be extended to prime Noetherian PI rings in
general.
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Example 3.13.Let Sbe a commutative Noetherian local domain with unique maximal
idealJ and letR be the subring of the ring of 2 2 matrices with entries i8 consisting of

all matrices with(1, 2) entry inJ. Let P denote the ideal dR consisting of all matrices in

R with (1,1) entry also in). ThenR is a prime NoetheriaRl ring andP is an idempotent
maximal ideal ofR.

Proof. Seg[17, Example 5.2.28] O

Note that the idedP of Example 3.13 is slightly compressible but not a weak generator
for Mod-R. In fact, Hong (P, X) # 0 for everyR-moduleX such thatX P # 0.
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