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Abstract

We introduce a class of quantum integrable systems generalizing the Gaudin model. The corresponding
algebras of quantum Hamiltonians are obtained as quotients of the center of the enveloping algebra of an
affine Kac—-Moody algebra at the critical level, extending the construction of higher Gaudin Hamiltonians
from B. Feigin et al. (1994) [17] to the case of non-highest weight representations of affine algebras. We
show that these algebras are isomorphic to algebras of functions on the spaces of opers on P! with regular
as well as irregular singularities at finitely many points. We construct eigenvectors of these Hamiltonians,
using Wakimoto modules of critical level, and show that their spectra on finite-dimensional representations
are given by opers with trivial monodromy. We also comment on the connection between the generalized
Gaudin models and the geometric Langlands correspondence with ramification.
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1. Introduction

Quantum integrable systems associated to simple Lie algebras are sometimes best under-
stood in terms of the corresponding affine Kac—-Moody algebras. A case in point is the Gaudin
model [29]. Let us recall the setup (see, e.g., [17,22]): for each simple Lie algebra g there is
a collection of commuting quadratic Gaudin Hamiltonians Z;,i =1,..., N,in U (g)®N , defined
for any set of N distinct complex numbers zy, ..., zy. A natural question is to find a maximal
commutative subalgebra of U (g)®" containing &;,i =1, ..., N. It turns out that such a subalge-
bra may be constructed with the help of the affine Kac-Moody algebra g, which is the universal
central extension of the formal loop algebra g(()). The completed universal enveloping algebra
lNJ,(C(Tj) of the affine Kac—Moody algebra at the critical level contains a large center [16,20]. It
was shown in [17] (see also [22]) that the sought-after commutative algebra, called the Gaudin
algebra in [22], may be obtained as a quotient of the center of ﬁK(,(ﬁ), using the spaces of
conformal blocks of g-modules. In particular, the quadratic Segal-Sugawara central elements of
ZZK(: (@) give rise to the quadratic Gaudin Hamiltonians, whereas higher order central elements of
Uy. (@) give rise to higher order generalized Gaudin Hamiltonians.

The center Z(g) of lNJ,(C(ﬁ) has been described in [16,20], where it was shown that Z(g)
is isomorphic to the algebra of functions on the space of G-opers on the punctured disc (for
an introduction to this subject, see [25]). Here LG is the group of inner automorphisms of the
Langlands dual Lie algebra of L'g (whose Cartan matrix is the transpose of the Cartan matrix
of g). The notion of opers has been introduced by A. Beilinson and V. Drinfeld in [7] (following
an earlier work [10]). Roughly speaking, a “ G-oper on X is a principal  G-bundle on the punc-
tured disc (or a smooth complex curve), equipped with a connection and a reduction to a Borel
subgroup of LG, satisfying a certain transversality condition with respect to the connection (we
recall the precise definition in Section 4 below).

This description of the center was used in [22] to show that the Gaudin algebra is in fact
isomorphic to the algebra of functions on the space of ©G-opers on P! with regular singularities
at the points z1, ..., zy and oo. This implies that the joint eigenvalues of the Gaudin algebra on
any module M| ® - -- ® My over U (g)®" are encoded by opers on P! with regular singularities.

1.1. Non-highest weight representations and irregular singularities
In this paper we pursue further the connection between affine Kac—-Moody algebras and quan-

tum integrable systems. Recall from [17,22] that the action of the Gaudin algebra on the tensor
product M| ® - - - ® My of g-modules comes about via its realization as the space of coinvariants



B. Feigin et al. / Advances in Mathematics 223 (2010) 873—-948 875

of the tensor product of the induced modules My, ..., My over ’g\,{c of critical level, where we
. ke
use the notation M = Indg [1]aCt M.

The notion of the space of coinvariants (which is the dual space to the so-called space of con-
formal blocks) comes from conformal field theory (see, e.g., [26] for a general definition). More

precisely, we consider the curve P! with the marked points z1, ..., zy and oo. We attach the ’g\,(f-
modules My, ..., My to the points z1, ..., zy and another ﬁ,(y-module My = Indg®,C[[t]]®<c1 C

to the point co. The corresponding space of coinvariants is isomorphic to M| ® --- Q@ My. Itis
shown in [17,22] that the center Z(g) acts on this space by functoriality, and its action factors
through the Gaudin subalgebra of U (g)®V .

In this construction the g, -modules M satisfy an important property: they are highest weight
modules (provided that the M;’s are highest weight g-modules; in general, M; is generated by
vectors annihilated by the Lie subalgebra g ® rC[t] C g, ). The representation theory of affine
Kac—Moody algebras has up to now almost exclusively been concerned with highest weight
representations, such as Verma modules, Weyl modules and their irreducible quotients.

But these are by far not the most general representations of g,... It is more meaningful to con-
sider a larger category of all smooth representations. Those are generated by vectors annihilated
by the Lie subalgebra g ® 1Y C[[t] for some N € Z.

The main question that we address in this paper is the following:

What quantum integrable systems correspond to non-highest weight representations?

It is instructive to consider the following analogy: highest weight representations are like
differential equations with the mildest possible singularities, namely, regular singularities, while
non-highest weight representations are like equations with irregular singularities. Actually, this
is much more than an analogy. The point is that the action of the center Z(g) on the spaces
of coinvariants corresponding to non-highest weight representations of g, factors through the
algebra of functions on the space of opers on P! with irregular singularities at z1, . . ., zy and oo.
The order of the pole at each point is determined by the “depth” of the corresponding gy, -module:
if it is generated by vectors annihilated by the Lie subalgebra g ® tVC[[t], then the order of the
pole at this point is less than or equal to N. This may be summarized by the following diagram:

highest weight opers with regular

representations singularities
non-highest weight opers with irregular

representations singularities

Motivated by this picture, we call the corresponding quantum integrable systems the gener-
alized Gaudin models with irregular singularities. Their classical limits may be identified with
a class of Hitchin integrable systems on the moduli spaces of bundles on P! with level structures
at the points z1, ..., zy, 00 and with Higgs fields having singularities at those points of orders
equal to the orders of the level structures. Classical integrable systems of this type have been
considered in [2,6,9,12,37].

Thus, using non-highest weight representations, we obtain more general spaces of coinvari-
ants (and conformal blocks) than those considered previously. At the critical level this yields
interesting commutative subalgebras and quantum integrable systems, and away from the critical
level, interesting systems of differential equations.
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In particular, the Knizhnik—Zamolodchikov (KZ) equations may be obtained as the differen-
tial equations on the conformal blocks associated to highest weight representations of g away
from the critical level (see, e.g., [17]). On the other hand, there is a flat connection constructed
by J. Millson and V. Toledano Laredo [36,52], and, independently, C. De Concini (unpublished;
a closely related connection was also considered in [18]). Following [4], we will call it the DMT
connection. We expect that this connection may also be obtained from a system of differen-
tial equations on the conformal blocks, but associated to non-highest weight representations
of g, away from the critical level. An indication that this is the case comes from the work of
P. Boalch [4], in which the quasi-classical limit of the DMT connection was related to certain
isomonodromy equations, and the paper [3] where it was shown that isomonodromy equations of
this type often arise as quasi-classical limits of equations on conformal blocks (for example, the
so-called Schlesinger isomonodromy equations arise in the quasi-classical limit of the KZ equa-
tions, see [43]). We hope that our results on the generalized Gaudin models will help elucidate
the relation between the DMT connection and conformal field theory.

1.2. The shift of argument subalgebra and the DMT Hamiltonians

What are the simplest Gaudin models with irregular singularities? They are obtained by allow-
ing regular singularities at all but one point, where we allow a pole of order two. It is convenient
to take 0o € P! as this special point. The corresponding Gaudin algebra is then a commutative
subalgebra of U (g)®Y ® S(g), where S(g) is the symmetric algebra of g. Here S(g) arises as
the universal enveloping algebra of the commutative Lie algebra g ® C[t]/ t>C[t]. This alge-

2’;12 Cl]eCt C attached to the
point oo (by endomorphisms commuting with the action of g,,). We may then specialize this
algebra at a point x € g* = Spec S(g). As the result, we obtain a commutative subalgebra of
U(g)®N depending on x € g*.

Recently, this algebra has been constructed by L. Rybnikov [45], using the results of [16,20]
on the center at the critical level and the method of [17]. Thus, the construction of [45] is essen-
tially equivalent to our construction, applied in this special case.

Consider in particular the case when N = 1. Then the corresponding Gaudin algebra, which
we denote by A, , is a subalgebra of U (g). It was shown in [45] that for regular semi-simple y the
algebra A, is a quantization of the “shift of argument” subalgebra ZX of the associated graded
algebra S(g) = grU(g) (we show below that this is true for all regular y). The subalgebra le R
introduced by A.S. Mishchenko and A.T. Fomenko in [38] (see also [35]), is the Poisson com-
mutative subalgebra of®> S(g) = Fun g* generated by the derivatives of all orders in the direction
of x of all elements of Inv g* = (Fun g*)®, the algebra of invariants in Fun g*. The algebra A, is
the quantization of A, in the sense that gr A, = A,.

We note that the problem of quantization of .ZX was posed by E.B. Vinberg [53]. Such a quan-
tization has been previously constructed for g of classical types in [42] (using twisted Yangians)
and for g = sl,, in [50] (using the symmetrization map) and [8] (using explicit formulas).*

Our general results on the structure of the Gaudin algebras identify A, with the algebra of
functions on the space OpLG(Pl)N(_ 5) of L G-opers on P! with regular singularity at 0 € P! and
irregular singularity, of order 2, at co € P!, with the most singular term —x (where x is any

bra naturally acts on the simplest non-highest weight g-module Ind

3 Here and below, for an affine algebraic variety Z we denote by Fun Z the algebra of regular functions on Z.
4 In [46] it was shown that, if it exists, a quantization Ay is unique for generic x.
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regular element of g*). This means that a joint generalized eigenvalue of the quantum shift of
argument subalgebra A, C U(g), for regular semi-simple x, on any g-module is encoded by
a point in OpL g (P1) ().

Note that -Zx is a graded subalgebra of Fung* with respect to the standard grading, so we
have Zx = EB:‘>O .ZXJ. It is easy to see that the degree 1 piece .le, 1 is the Cartan subalgebra
h C g (realized as degree one polynomial functions on g*) which is the centralizer of x. The
degree two piece .le,z was determined in [53]: it is spanned by elements of the form

TV(X) = Z (a’();)(;:)’ @) eafus V€D,

where o € A is the set of positive roots of g with respect to a Borel subalgebra b containing b,
and ey € 9o, fo € 9—o are generators of an sl triple corresponding to « (we also use in this
formula an inner product on h* corresponding to a non-degenerate invariant inner product on g).
Since we could not find the proof of this result in the literature, we show that the elements TV x)
indeed belong to A, in Section 3.7.

Let now T, (x) be the element of U (g) given by the formula

1 Z ((X, )’)(05,05)

Ty(X)ZE (@ %) (eq fo + foea), v €D, (L.1)

OlEA+

so that the symbol of T, (x) is equal to Ty( x)- These operators coincide with the connection
operators of the DMT flat connection on byreg = by, mentioned above. The flatness of this con-
nection implies that these operators commute in U (g). Thus, we obtain that the quadratic part of
the Poisson commutative algebra Zx may be quantized by the DMT operators. It then follows
from the results of [51] that A, is a maximal commutative subalgebra of U (g) containing b and
the operators T, (x).

To summarize, we find that the commutative algebra corresponding to the ordinary Gaudin
model, and the quantum shift of argument subalgebra A, , arise as special cases of the general
construction of Gaudin models with irregular singularities that we propose in this paper. In par-
ticular, the Gaudin operators and the DMT operators arise as the quadratic generators of the
corresponding generalized Gaudin algebras.

Note that they both come from flat holomorphic connections, the KZ connection and the DMT
connection, respectively. As shown in [52], the KZ and DMT connections are dual to each other
in the case of gly. Therefore it is natural to expect that the corresponding Gaudin algebras are
also dual in this case (some results in this direction are obtained in [39]). We hope to discuss this
question elsewhere.

1.3. Diagonalizing quantum Hamiltonians

The next step is to consider the problem of diagonalization of the generalized Gaudin algebras
on various representations.

For example, given a g-module M, we can try to find joint eigenvectors and eigenvalues of the
algebra A, acting on M, where x is a regular semi-simple. We know from the above description
of the spectrum that each joint eigenvalue of .A, on any g-module is encoded by a L G-oper on
P! which belongs to Op. g (P')(— ). However, we would like to know which ©G-opers may
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be realized on a given g-module. For example, we show that if M is generated by a highest
weight vector (for example, if M is a Verma module), then the ©G-opers arising from the joint
eigenvalues on M have a fixed residue at the point 0 € P! which is determined by the highest
weight (this is similar to what happens in the Gaudin model, see [22]).

The most interesting case is when M is an irreducible finite-dimensional g-module. It was
proved in [22] that in the case of the Gaudin model the joint eigenvalues of the Gaudin algebra
on the tensor product of finite-dimensional irreducible g-modules are encoded by the ©G-opers
on P! with regular singularities at z, ..., zy and oo, with prescribed residues at those points
(determined by the highest weights of our modules), and with trivial monodromy. Moreover, it
was conjectured in [22] that this sets up a bijection between the joint spectrum of the Gaudin
algebra on this tensor product and this space of opers. This conjecture was motivated by the
geometric Langlands correspondence (see below).

By applying the same argument in the irregular case, we show that the eigenvalues of A,
(for a regular semi-simple x) on an irreducible finite-dimensional g-module V) are encoded by
L G-opers on P! with irregular singularity of order 2 with the most singular term —y at oo, with
regular singularity with residue A at 0 and trivial monodromy.

Let OpLG(IF’l)ﬁ - be the set of such opers. Then we obtain an injective map from the joint

spectrum of A, on Vj to OpLG(]P’l)ﬁ(fX). We conjecture that this map is a bijection for any

regular semi-simple x (we also give a multi-point generalization of this conjecture). We expect
that for generic x the algebra A, is diagonalizable on V; and has simple spectrum (this has been
proved in [45] for g = sl,,). If this is so, then our conjecture would imply that there exists an
eigenbasis of A, in a g-module V; parameterized by the monodromy-free L G-opers on P! with
prescribed singularities at two points.

In the case of the ordinary Gaudin model, there is a procedure for diagonalization of the
Gaudin Hamiltonians called Bethe Ansatz. In [17,22] it was shown that this procedure can also
be understood in the framework of coinvariants of g-modules of critical level. We need to use
a particular class of g-modules, called the Wakimoto modules.

Let us recall that the Wakimoto modules of critical level are naturally parameterized by objects
closely related to opers, which are called Miura opers [20]. They may also be described more
explicitly as certain connections on a particular © H-bundle £2° on the punctured disc, where
LH is the Cartan subgroup of “G. The center acts on the Wakimoto module corresponding to
a Cartan connection by the Miura transformation of this connection (see [20]). The idea of [17]
was to use the spaces of conformal blocks of the tensor product of the Wakimoto modules to
construct eigenvectors of the generalized Gaudin Hamiltonians. It was found in [17] that the
eigenvalues of the Gaudin Hamiltonians on these vectors are encoded by the © G-opers which are
obtained by applying the Miura transformation to certain very simple Cartan connections on P!,

In this paper we apply the methods of [17,22] to define an analogue of Bethe Ansatz for the
Gaudin models with irregular singularities. In particular, we use Wakimoto modules of critical
level to construct eigenvectors of the generalized Gaudin algebras (such as the algebra A, ) on
Verma modules and finite-dimensional irreducible representations of g.

1.4. Connection to the geometric Langlands correspondence

One of the motivations for studying the generalized Gaudin systems and their connection to
opers comes from the geometric Langlands correspondence. Here we give a very rough outline
of this connection.
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The ramified geometric Langlands correspondence proposed in [27] (see [24] and the last
chapter of [25] for an exposition) assigns to holomorphic ©G-bundles with meromorphic con-
nections on a Riemann surface X, certain categories of Hecke eigensheaves on the moduli stacks
of G-bundles on X with level structures® at the positions of the poles of the connection of the
orders equal to the orders of the poles of the connection (in the case of regular singularities, we
may choose instead a parabolic structure, which is a reduction of the fiber of the bundle to a Borel
subgroup of G). We note that recently the geometric Langlands correspondence with ramifica-
tion has been related in [30] to the S-duality of four-dimensional supersymmetric Yang—Mills
theory.

Now, the point is that the generalized Gaudin algebra Z((Z’;)OZ’ *(g) (and its versions with
non-trivial characters (x;), Xoo) introduced in this paper gives rise to a commutative algebra of
global (twisted) differential operators on moduli stack Bun(Gm’(;lr)"z of G-bundles on P! with level

structures of orders m; at the points z;, i = 1,..., N, and my at co € P!. In the case when all
m; = 1 this has been explained in detail in [19], following the seminal work [7] in the unramified

case (which applies to curves of arbitrary genus), and in general the construction is similar.
Z(m,’),moc

(zi),00

In this paper we identify the Gaudin algebra (g) with the algebra of functions on

the space Op. G(]P’l)ﬁzg)ggm of L G-opers on P! with singularities of orders m; at the points z;,
i=1,...,N,and m at co. Thus, each f € Fun OpLG(Pl)EZ:S)gZ“ gives rise to an element of the
Gaudin algebra Z""= (g) and hence a differential operator on Bun!")""* which we denote
(zi),00 G,(z;),00
by Dy.
For each point 7 € Op. (P! )EZB);:;’"O we may now write down the following system of differ-
ential equations on Bun{")""> .
q G.(z1).00°
(m;),meo
D;-¥=f()W, fe¢ FunOpLG(IP’l)(Z:)’C:Z ) (1.2)

This system defines a D-module A; on Bung"zir)"z, and by adapting an argument from [7]

(which treated the unramified case), we obtain that ZAT is a Hecke eigensheaf, whose “eigenvalue”
is the ' G-local system on P! underlying the ©G-oper 7 (see [19,23,24] for more details).

Thus, one can construct explicitly examples of Hecke eigensheaves on Bung"’(il')"z corre-
sponding to irregular connections by using the generalized Gaudin algebras introduced in this
paper. These D-modules provide us with a useful testing ground for the geometric Langlands
correspondence.

The philosophy of the geometric Langlands correspondence also gives us insights into
the structure of the spectra of the generalized Gaudin algebras on tensor products of finite-
dimensional modules. Namely, the existence of such an eigenvector for a particular eigenvalue
7 implies that the D-module A, should be in some sense trivial. Therefore the - G-local system
underlying the ©G-oper 7 should also be trivial (i.e., monodromy-free). For connections with
regular singularities this is explained in [19,22], and in this paper we formulate conjectures to
this effect in the case of connections with irregular singularities. This motivates, in particular, our
conjecture, already discussed above in Section 1.3, that the spectrum of the Gaudin algebra A,

5 Here by a level structure on a G-bundle on a curve X of order m at a point x € X we understand a trivialization of
the bundle on the (m — 1)st infinitesimal neighborhood of x.
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on an irreducible finite-dimensional g-module is described by monodromy-free ©G-opers on P!
with singularities at 0 and oo.

Another useful perspective is provided by the separation of variables method pioneered by
E. Sklyanin [47]. The connection between the geometric Langlands correspondence and the sep-
aration of variables in the Gaudin model is discussed in detail in [19]. The point is that, roughly
speaking, the Hecke property of the D-module corresponding to the system (1.2) is reflected in
the existence of separated variables for the system (1.2). These separated variables have been
discovered by Sklyanin [47] in the case of g = sl and regular singularities. One can approach
more general Gaudin models with irregular singularities in a similar way. However, this subject
is beyond the scope of the present paper.

1.5. Plan of the paper

The paper is organized as follows. In Section 2 we present a general construction of quantum
Hamiltonians using spaces of coinvariants and the center 3(g) of the vertex algebra V( associated
to the affine Kac—Moody algebra g at the critical level. We define the universal Gaudin algebra as
a commutative subalgebra of U (g[t[)®" ® U (tg[t]) and its various quotients. This generalizes
the construction of the Gaudin algebra from [17,22] which appears as a special case. Another
special case is a commutative subalgebra A, of U(g). In Section 3 we describe the associated
graded algebras of the Gaudin algebras constructed in Section 2 and relate them to the generalized
Hitchin systems. In particular, we identify the associated graded algebra of A, and the shift of
argument subalgebra .le of S(g) = Fung* for regular x (this has previously been done in [45]
for regular semi-simple ).

Next, we wish to identify the spectra of the Gaudin algebras with the appropriate spaces of
L G-opers on IP!. We start by collecting in Section 4 various results on opers. Then we recall in
Section 5 the isomorphism between 3(g) and the algebra of functions on the space of *G-opers
on the disc from [16,20]. After that we identify in Section 5 the spectra of the universal Gaudin
algebra and its quotients with various spaces of opers on P! with singularities at finitely many
points. In particular, we identify the spectrum of the algebra .4, with the space of L G-opers
on P! with singularities of orders 1 and 2 at two marked points. We show, in the same way as
in [22], that joint eigenvalues of the algebra A, (and its generalizations) on finite-dimensional
representations correspond to opers with trivial monodromy. Finally, in Section 6 we study the
problem of diagonalization of the generalized Gaudin algebras. Applying the results of [17,22],
we develop the Bethe Ansatz construction of eigenvectors of the Gaudin algebras, such as A,
and its multi-point generalizations, on tensor products of Verma modules and finite-dimensional
representations of g.

2. Construction of generalized Gaudin algebras

In this section we introduce the universal Gaudin algebra and its various quotients by using
the coinvariants construction for affine Kac—-Moody algebras from [17,22].

2.1. Affine Kac—-Moody algebra and its modules

Let g be a simple Lie algebra. Recall that the space of invariant inner products on g is one-
dimensional. Choose a non-zero element « in this space.
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The affine Kac-Moody algebra g, is the (universal) extension of the Lie algebra g((z)) =
g ® C((¢)) by the one-dimensional center C1:

0— Cl1—g.— g(@)— 0. 2.1
The commutation relations in g, read
[A® f(1).BRg(1)]=[A.B]® fg — (A, B)Res;— fdg 1. (2.2)

The G, -modules on which 1 acts as the identity will be referred to as modules of level k.
We introduce the following notation: for a Lie algebra I, a subalgebra m C [ and an m-mod-
ule M, we denote by

Ind, M =U(l) ®ym) M

the [-module induced from M.

Let g4 be the Lie subalgebra g[¢] & C1 of §,. Given a g[¢]-module M, we extend it to
a'gy-module by making 1 act as the identity. Denote by M, the corresponding induced g, -mod-
ule

— Tnd®
MK = Ind§+ M

of level k.

For example, let b C g be a Borel subalgebra, n = [b, b] its nilpotent radical and f = b/n. For
any A € h*, let C,, be the one-dimensional b-module on which § acts by the character A : h — C
and M, be the Verma module over g of highest weight A,

M)L =Indg (C)L.

The corresponding induced g, -module M, , is the Verma module over g, of level « with highest
weight A.

For a dominant integral weight A € h*, denote by V), the irreducible finite-dimensional g-mod-
ule of highest weight A. The corresponding induced module

Vi =Indg* V3

is called the Weyl module of level « with highest weight A over g,
Ag,-module R is called a highest weight module if it is generated by a highest weight vector,
thatis a v € R such thatfi; - v = 0, where

iy =0me )@l

and h ® 1 acts on v through a linear functional A : h — C. In this case we say that v (or M) has
highest weight A.

For example, both M, , and V, , (for a dominant integral weight A) are highest weight mod-
ules, with highest weight A.
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Here is an example of a non-highest weight module, which we will use in this paper. Let
x : g — C be a linear functional. Observe that the composition

tgt] — tg[t] /gl ] ~ g 5 C

defines a one-dimensional representation C,, of the Lie algebra rg[¢]. We extend it to the direct
sum tg[t] @ C1 by making 1 act as the identity. Now set

Ty = Indfpge ey Cy (2.3)

Note that II; , , may also be realized as

Bc g1
Indg: I, where [Ij, =Ind; 7 Cy.

2.2. Spaces of coinvariants

We define spaces of coinvariants of the tensor products of g,-modules, associated to the
projective line and a collection of marked points. These spaces and their duals, called spaces
of conformal blocks, arise naturally in conformal field theory (for more on this, see, e.g., the
book [26]).

Consider the projective line P! with a global coordinate + and N distinct finite points
Zls...,zy €PL In the neighborhood of each point z; we have the local coordinate  — z; and in
the neighborhood of the point 0o we have the local coordinate 7! Set

§e) =gt —z), o) =g((t™")

and let g, (z;), @« (00) be the corresponding central extensions (2.1) respectively. Let gy be the
extension of the Lie algebra @lN: 1 8(zi) ®d(00) by a one-dimensional center C1 whose restric-
tion to each summand §(z;) or §(co) coincides with gy (z;) or g, (00). Thus, gy is the quotient
of @fvzl’g} (zi) @ i (00) by the subspace spanned by 1, — 1., 1 <i < j <N and 15, — 1.

In what follows, we will consider exclusively smooth g[t]-modules. By definition, a g[t]-
module M is smooth if for any v € M we have tkg[[t]]v = 0 for sufficiently large k € Z.
Equivalently, these are the g[[¢]-modules such that for any v € M the map g > M,x — x - v
is continuous with respect to the z-adic topology on g[¢] and the discrete topology on M. Note
that if M is a smooth finitely generated g[¢]-module, the action of g[¢] on M factors through the
Lie algebra g[t]/t*g[¢] for some k € Z.

Suppose we are given a collection M, ..., My and My of g[¢]-modules. Then the Lie
algebra gy naturally acts on the tensor product of the induced g, -modules ®lNz 1 M; @ M
(in particular, 1 acts as the identity).

Let g(;;) = 9z,...,zy be the Lie algebra of g-valued regular functions on P\ {z1,..., 2z, 00}
(i.e., rational functions on P!, which may have poles only at the points zy,...,zy and 00).
Clearly, such a function can be expanded into a Laurent power series in the corresponding local
coordinates at each point z; and at co. Thus, we obtain an embedding

N
9 = PiG) @F(o0). 2.4)

i=1



B. Feigin et al. / Advances in Mathematics 223 (2010) 873—-948 883

It follows from the residue theorem and formula (2.2) that the restriction of the central extension
to the image of this embedding is trivial. Hence (2.4) lifts to an embedding g,y — G-

Denote by H(M 4, ..., My «, Moo «) the space of coinvariants of ®1N=1 M @ Mo with
respect to the action of the Lie algebra g ;;):

N
H(Ml,l(v “ee ’MN,KﬂMOO,K) = <®Mi,/< ®Moo,l<>/g(2[)'
i=1

By construction, we have a canonical embedding of a g[¢]-module M into the induced g, -
module M, :

xeM—>1Q®xeM,,

which commutes with the action of g[[#] on both spaces. Thus, we have an embedding

N N
®M,’ R Myo — ®M[,K ®Moo,/(-

i=1 i=1
The following result gives a description of H (M, ..., My, M) in terms of coinvariants for

the finite-dimensional Lie algebra g C g(z;). It will allow us to construct quantum Hamiltonians
acting on tensor products of g-modules in Section 2.4 below.

Lemma 2.1. (See [17, Lemma 1].) The composition of the above embedding and the projection
N
Q) Mi e ® Moo = HM . ... My . Moo i)
i=1
gives rise to an isomorphism
N
H(Ml,/{, v MN,Kv Moo,x) x~ ( ®Mi,/c ® Moo,;c)/g-

i=1

Proof. Fixapointu € P'\{z;,...,zxn, o0} and let g(()Zi) C g(z;) be the ideal of g-valued functions
vanishing at u. Then, g(zl.)/g(()Zi) =g, so that

N
HM ;... My e, Moo ) = (®Mi,K ®Moo,x>/g<z,->
i=1

S
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Since

=

1 P-

E(Zi)%(oo):(@ [t —z] @ ot 1]])659(&,-)

the gy -module

N N
, an .
®M,,K®M K_md® lg(Zl)@g(oo)@m<(&Ml ®Moo)
1=

is freely generated over U g(()m by ®lN=1 M; ® M. The conclusion now follows. O

2.3. The algebra of endomorphisms of Vo

Let
J— ﬁK
Vo = 1nd§+ C

be the vacuum module of level «, that is the Weyl module corresponding to the highest weight 0,
and let vy be its generating vector.

We will be concerned with the algebra Endg, (Vo ) of endomorphisms of Vo , . Note that we
may identify this algebra with the space

5 (@) = Vil

of g[¢]-invariant vectors in V. Indeed, a g[¢]-invariant vector v gives rise to an endomorphism
of Vo, commuting with the action of g, which sends vy to v. Conversely, any g, -endomorphism
of Vo is uniquely determined by the image of vy, which necessarily belongs to 3,(g). Thus,
we obtain an isomorphism 3, (g) =~ Endg, (Vo ) which gives 3, (@) an algebra structure.

The space Vo , has the structure of a vertex algebra and it is easy to see that 3, (g) is its center
(see, e.g., [26]). This immediately implies the following:

Proposition 2.2. The algebra 3, (g) is commutative.

Let g_ be the Lie subalgebra ¢ ~'g[t~'] C G, Let us identify V¢, with U(g_) as §_-mod-
ules, with g_ acting on U (g-) by left multiplication. This yields an embedding

Endg, (Vo) C Endg_ (Vo) = U(g-)*P, (2.5)

where the latter acts on Vo, = U(g-) by right multiplication. Thus, 3, (@) may be realized as
a subalgebra of U (g_)°PP. This realization will be useful below.

Note that the Lie algebra Der(C[¢]) = C[¢]; of continuous derivations of C[¢] acts on g((¢))
and leaves g[¢] invariant. This action lifts to one on g, since the cocycle appearing in (2.2) is

invariant under coordinate changes, and induces one on Vj , which leaves V(g) [E]] invariant. Of
particular relevance to us will be the translation operator 7 = —d; which acts on V. by

TUO = 07 [T’ J)’l] = _an—lv (26)

where, for J € g and n € Z we denote J ® t" by J,.
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According to Theorem 5.1(1), 3, (g) = C, unless « takes a special value «, called the critical
level, and so a meaningful theory involving 3, ('g) exists only for the critical level. However, since
the proofs of the results of the next section do not require it, we will postpone specializing k to
k. until Section 2.5.

2.4. Action of 3, (@) on coinvariants

In order to simplify our notation, from now on we will omit the subscript « in our formulas.

Fix a point u € P! \ {z1,...,2n,00}. Recall that V denotes the vacuum module of G, (i)
and vg its generating vector. We define below a canonical action of the commutative algebra
3c(g) = Endg, () (Vo) on spaces of coinvariants. This relies on the following well-known result.
Proposition 2.3. For any modules {M; }lN
tively, the map

L and Moo of G (zi), i =1,..., N and g, (c0) respec-

N N N N
®Mi®Moo—>®Mi®Moo®Voy,(, ®vi®voo—>®v,~®voo®vo
i=1 i=1 i=1 i=1

induces an isomorphism

Ju:H(Mlv"-7MNaMOO)_)H(M17'~'7MN7MOO9VO)'

Proof. Let g, ) be the Lie algebra of g-valued regular functions on C\ {z1, ..., zn, u}. Then,
9ziu) =9(z) ® (= u)_lg[(t —u)~1, as a vector space, so that

N
H(M\,.... My, Mu, Vo) = <®Mi ® Mo ®Vo>/g<z,-,u>
i=1

[

N
<®Mi>/g(zi) ®Vo/(t —uw) o[t —u)~']
i=1

N
= <®Mi ®Moo>/9(z,-),
i=1

where the last isomorphism is due to the fact that Vj is a free module of rank 1 over
Ut —w~ gl —w)~'). O

Proposition 2.3 yields a canonical action of the algebra Endg, ()(Vo) on the space
HMy,...,My,My) given by

N N
X-|:®v,~®voo:|=]u1|:®v,~®voo®X~vo:|, 2.7
i=1

i=1



886 B. Feigin et al. / Advances in Mathematics 223 (2010) 873-948

where [®lN: 1 Vi ® Vo] denotes the image of

N N
Qi ® voo € QM ® Moo
i=1 i=1

in HMj, ..., Mu).
Let us work out this action explicitly. Set

- =@—uwg[t —w) '] CFU) CFew)

and identify Vo with U (g(u)_) as g(u)_-modules, where g(u)_ acts on U (g(u)_) by left mul-
tiplication. As explained in the previous section, this yields an embedding

Endg, () (Vo) C Endg)_ (Vo) = U (G(w)- )™, 2.8)

where the latter acts on Vo = U (g(u)_) by right multiplication.
Notice next that the §(u)-component of the embedding

N
8w = @E(a) ©Gu) ®g(o0)

i=1

has a section over g(u)_ given by regarding an element of g(u)_ as a regular function on
P!\ {u, oo}. Composing with Laurent expansion at the points z; and oo yields a Lie algebra
homomorphism

N
Tu. e 1 80— = @)EE) @ F(o0). (2.9)

i=1
Let @, (;,) be the extension of —1, () to an anti-homomorphism
Pu, () U(Fw)-) > Ugn.

Lemma 2.4. Let M;, My, and M, be representations of @i (2i), 9 (00) and G, (1) respectively.
The following holds in H(My, ..., My, M, M,) for any v; € M, veo € Mo, v, € M, and
X e U(g(u)_) we have

N N
|:®vi ® Voo ® Xvu:| = |:(Du7(zl.)(X)<®v,- ® voo) ® vu:|.
i=1 i=1

Proof. It suffices to prove this for X € g(u)_. In that case it follows because X + Ty, (z;)(X) €
9(z;.u)» SO that

N N
|:Tu,(Z1)(X) : (®Ui ®Uoo> ® UL1:| + |:®vi QU ®X - Uu] =0. |
i=1

i=1
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Proposition 2.5. The action of
X € Endg, (Vo) C U (G(w)-)*"

on HMy, ..., My, M) defined by (2.7) is given by

N N
X|:®Ui by Uoo:| = |:d)u,(z,-)(X)<®vi ®Uoo>:|~
i=1 i=1

Proof. This follows at once from (2.7) and Lemma 2.4. O
For later use, we work out the homomorphism (2.9).
Proposition 2.6. The following hold for any J € g, m > 0 andn > 0

ot =3 () s

i=1 p=0

For (e,
Tu,(zi) (J=n) = ( Z Z (u —z )p+1 Z ”pJpH)
p=0

where J\) = J ® (t — 21)? € §(zi) and IS = J @ 177 € §(00).

Proof. The first identity follows from the fact that

m

(t—u)" = Z <’;,1> (t—z)P(zi —w)"™7

p=0

and

(t—w" = (=1)"r <’"> tPumP,
p=0 P

The second one follows from

and

1 u
t_u‘;§<?> g

887
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2.5. The universal Gaudin algebra and its quotients

Now we identify §(u) and @)L, §(zi) @ §(o0) with g(()) and g(1)® N+, respectively, by
putting §(oco) as the last component in the direct sum. We also identify

=gt 2Tw- =0 —w e[t —w7"].
Then we obtain an anti-homomorphism
Pu ey U(E-) = U(ali])*" @ U ralt])-
By Proposition 2.6, @, (;;) is given by the formula
By oy (T8, T ) =T (). T (), (2.10)

where

Jon(u) =

J(l) N
1)'<ZZ(M zi)PH! ZMPJ,(;H)) (2.11)

i=1p=>0 p=0

It is clear from the construction that @, (;,) is independent of «. What does depend on « is the
algebra 3, (g) which we realize as a subalgebra of U (g_)°PP, and to which we then restrict the
anti-homomorphism @, ().

Note that g acts on g_ by adjoint action and that the induced action on U (g—) coincides with
that on Vy under the identification Vo = U (g_). Since any v € 3(g) C VY satisfies g - v =0, we
find that @, (;,(v) is invariant under the diagonal action of g on U (g[t[)®" ® U (tg[t]). Thus,
D, (;;) Testricts to an algebra homomorphism

5c(@) = (U(alr])®" @ U(ra]))°. 2.12)

At this point we quote Theorem 5.1(1), according to which 3, (g) = C, if ¥ # k., where . is
the critical invariant inner product on g defined by the formula®

1
kc.(A, B) = —3 Trgad Aad B.

On the other hand, the center 3, (@) is non-trivial (see Theorem 5.1(2)).

Thus, the homomorphism (2.12) is non-trivial only for ¥ = k.. So from now on we will spe-
cialize k to k. and omit the symbol « from most of our formulas. In particular, we will write
3(9) for 3,.(g), M for M., and so on.

Definition 2.7. The universal Gaudin algebra
N
Zineo@ C (U(al])®" @ U(tgl]))°

associated to g and the set of points zi, ..., zy € C is the image of 3(g) under @, (;,).

6 Note that k¢ = —hY kg, where Ky is the inner product normalized as in [32] (so that the square length of the maximal
root is equal to 2) and /" is the dual Coxeter number.
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Thus, Z;;),00(g) is a commutative algebra, and the action of 3(@) on coinvariants H (M, ...,
My, M) factors through Z;;) o (g) by Proposition 2.5.
We will show below that the algebra Z(;,) ~(g) is independent of the chosen point u € P!\

{z1,..., 2N, 00}, which is the reason why we suppress its notational dependence on u. This is
easier to establish in terms of the quotients Z((;" ) )ng *(g) of Z(;;).00 that we introduce presently.

Note first that the algebra U (g[t])®" ® U (tg[t]) is a complete topological algebra, whose
topology is given as follows. For each positive integer m, the Lie subalgebra " g[t] C g[¢] is
an ideal. The left ideal Z,, it generates in U (g[¢]) is therefore a two-sided ideal and the quotient
U (g[t])/Zs is isomorphic to the universal enveloping algebra U (g,,), where g,, = g[t] /1™ g[t].
Similarly, the subalgebra t"g[t] C tg[t] generates a two-sided ideal Z,, of U(tg[t]) and the
quotient U (tg[[t])/Z,u is isomorphic to U (§,,), where g, = ta[t]/t"a[t].

The topology on U (g[t])®N ® U (tg[t]) is defined by declaring

N
Zny =P U 1) ™" ® Zn, @ U(ale])*" ™ @ U (tglt]) © U (l11)*" @ T,
i=1

to be the base of open neighborhoods of 0. This algebra is complete in this topology, and it is the
inverse limit

U(al))®" ® U(tglr]) =limU (g[r])*" ® U (t0[1)/Zom)

N
1im Q) U (gm;) ® U @ms)-
i=1

For any collection of positive integers my, ..., my, Mo, let

N
@0 U (G) > QU (Gm) @ U (@i, (2.13)
i=1

be the composition of @, (;;) with the natural surjection

U (ale)®" @ U (glt]) ®U(gm,)®U<gm°o) (2.14)
i=1

Thus, @L(l":z) )m°° is obtained from the formulas (2.10) and (2.11) by setting J,\\’ = 0 for m > m;

and J,E, ) — 0 for m > Meo.
Let

N g
2 (g) ( QR Um) ® U(gmm))

i=1
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be the image of 3(g) under @L(lm(’))mm The algebras Z(;;) » form an inverse system of commu-

tative algebras, and

Z(a.00(@) = lim 20 (g). 2.15)
Formulas (2.10)—(2.11) show that if u is considered as a variable, d>(m( ))m°° may be regarded

as an anti-homomorphism

N
U U(Fo) — (® U(gm,) ® U(@mm)> ®Clu—z)""],_, ®Clul.

i=1

The following result gives an alternative description of Z((Z’; )(;;" *©

lar that it is independent of u.

(@), which shows in particu-

(mi):moo (4 is equal to the span of the coefficients of ® ™™= (A),

(zi),00 u,(z;)
A € 3(9), appearing in front of the monomials of the form 1—15\’:1 (u— zi) "M,

Proposition 2.8. The algebra Z

Proof. Since the translation operator acts as —d; = d, on g(t — u)_ and (b(m(’ )moc is given by

Laurent expansion at the points z1, ..., zy, it follows that, for any A € 3(g)

(m;),moo _ (m;),moo
<Du G (TA) = auq>u’(zl_) (A),

where T is given by (2.6). For any B € 3(@), the expression (D(”E’Z) )m” (B), viewed as a rational

function of u, is a finite linear combination of monomials of the form ]_[lN= 1 —zi) My,
where n; > 0,14 > 0. Such a linear combination is uniquely determined by its expansion in
a power series at a fixed point (or equivalently, by the values of its derivatives at this point).
Therefore the span of these expressions for a fixed # and all B € 3(g) of the form T" A, n > 0, is

the same as the span of the coefficients of qb(’"(’z ))’"C’C (A), considered as a rational function in u,

appearing in front of the monomials of the form Hi:l (u—z;)™Mu>. O

By (2.15) and Proposition 2.8, Z(;,).«(g) is also independent of u. Moreover, if u is regarded
as a variable, and @, (., as an anti-homomorphism

Pu,(z) : U(G-) — (U(g[[t]})@w ® U(tg[[t]]))@(@[(u - Zl')_l]izl

.....

where the tensor product is completed with respect to the natural topology on the Lie algebra
a[t]®N+D, then Z(2),00(g) may also be obtained as the completion of the span of the coef-
ficients of the series @, (;,)(A), A € 3(§), appearing in front of the monomials of the form
[T =z u.

It is instructive to think of the algebras Z((Z?;?;’“(g) and their generalizations considered
below as quotients of the universal Gaudin algebra. However, note that while Z;;) ~(g) is a com-
plete topological algebra, the algebras Z ; (). m” (g) are its discrete quotients. For this reason in
practice it is easier to work with the latter In fact, for any collection of smooth finitely gener-
ated g[[r]-modules My, ..., My, M, the action of g[¢] on M; (resp., M) factors through g,,,
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(resp., gm,, )- Therefore the action of Z(;) ~(g) on the tensor product ®lN:1 M; ® My, or on the
corresponding space of coinvariants

N
H(M, .., My, Mo) = <®Mi®Moo)/g

i=1

factors through that of Z((Z’;)O': *(g). Since the only g[¢]-modules that we consider are smooth

finitely generated modules, we do not lose any generality by working with the quotients
(m;),moo
Z

(zi),00

(g) rather than with the algebra Z(;,) o (g) itself.
2.6. Example: The Gaudin model

Consider the simplest case when all m; and mq, are equal to 1. The corresponding algebra
Z((Zli))’ loo(g) is a commutative subalgebra of (U g®N )¥. The homomorphism @;lg;) (S) was defined

in [17] (see also [22]).
Consider the Segal-Sugawara vector in Vy:

d
1
=52 Ja17% 00, (2.16)
=1

where d = dimg and {J,}, {J¢} are dual bases of g with respect to a non-zero invariant inner
product. It is easy to show (see, e.g., [26, Section 3.4.8]) that this vector belongs to 3(g). Let us

compute q)(lz 1)(S) Let

V4
1 a
=§ZJaJ eUg
a

be the Casimir operator. Formulas (2.10)—(2.11) readily yield the following:

Lemma 2.9. (See [17, Proposition 1].) We have

(),1 NG YE
®u (z)(S) Z(u—z,)z Z —Zz
where the Z;’s are the Gaudin Hamiltonians
@) ra(j)
J T
Ei=§ o i=1,...,N. (2.17)
i —Zj

Jj#i a=1
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(1,1

(zi),00

1,..., N. Elements of Z((Z][))”]OO (g) are generalized Gaudin Hamiltonians which act on the ten-

sor product ®,N:1 M; of any N-tuple of g-modules or on the space of coinvariants

By Proposition 2.8, Z (g) contains each A®¥) and the Gaudin Hamiltonians &;, i =

N
HMj, ..., My, Mo) = (@M,@Moo)/g,
i=1

where each M; is regarded as a g[[r]-module by letting zg[¢] act by 0. If all M;’s and M, are
highest weight g-modules, then the corresponding induced modules M; and M, are highest
weight g -modules. Thus, the choice m; = 1, ms = 1 corresponds to highest weight modules.
The spectrum of the corresponding algebra Z((zl,))’,loo (g) is the space of LG-opers with regular
singularities at the points z1, ..., zy and oo (see [22] and Section 5 below).

However, if we choose some of the m;’s (or m«) to be greater than 1, then for a general g,,, -
module M; (or M) the corresponding induced module M; (or M) will not be a highest weight

module. The corresponding algebra Z((Z;>£ o

space L G-opers with irregular singularities at the points z; (and 00) of orders m; (resp., Moo,
see Theorem 5.7. Therefore we refer to the corresponding integrable quantum models as Gaudin
models with irregular singularities.

(g) is isomorphic to the algebra of functions on the

2.7. Another example: the algebra A,

Consider the case when there are two points: z; € C and oo, with m; = 1 and my, = 2. This
is the simplest model with an irregular singularity. The corresponding Gaudin algebra ng?oo (9)
is a commutative subalgebra of (U (g) ® U (g2))?. It is easy to see that it is independent of z1, so
we will set z; =0.

The Lie algebra

g2 =tg[r]/1%alr]

is abelian and isomorphic to g as a vector space. Any linear functional x : g — C on g therefore
defines an algebra homomorphism U (g2) = Sg — C. Let

Ay =id®x (Zy % (@) C Ug (2.18)

be the image of Z(])”zo (g) under the homomorphism (U (g) ® U(§2))? — U(g) given by apply-
ing x to the second factor. It is clear that A, is a commutative subalgebra of the centralizer
U(g)%x C U(g), where g, C g is the stabilizer of x.

As a subalgebra of U(g), A, acts on any g-module M. From the point of view of the coinvari-
ants construction of Section 2.2, this action comes about as follows: we consider the ﬁ,(c—module
M induced from M, attached to 0 € P!, and the non-highest weight Gi,-module I; , introduced
in formula (2.3). Then the Lie algebra g, is gl, ¢t~!1 and the space of coinvariants is

HM,I,) =ML )/g[t.t 7 | ~M& ) /g~M,

since I, = indfg[l[yﬂ C, is isomorphic to Ug as a g-module.

The action of 3(g) on H(M,I; ,) =~ M then factors through that of A, .
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We note that it follows from the definition that A, = A, for any non-zero ¢ € C and that
Adg(.AX) = AAdg(X) forany g € G.

2.8. Multi-point generalization

The algebra A, has a natural multi-point generalization. Namely, let m;, i =1,..., N,
and ms, be a collection of positive integers as in Section 2.5. Let us also fix characters
xi 1 t™igt] — C and xoo : t™>g[t] — C. We will attach to this data a commutative algebra
which simultaneously generalizes both Z((Zlﬁ)ozl * and A, . Note that a character

x:t"g[t] — C

has to vanish on the derived subalgebra of " g[[¢], that is on 2" g[t]. Hence, defining x is equiv-
alent to choosing an arbitrary linear functional on the abelian Lie algebra

"g[i]/ 1" gl ~ g ®C",
Let

Iny =MndS\h Cpo Ty =t C,

Note that the action of g[t] on I, , factors through g, = g[t]/¢*"g[t], and as a gp,,-module,
I,y is isomorphic to

I,y =Indiin  Cy
(and similarly for I,, , ). Denote by Z,,  (resp., Z,y ) the annihilator of I, , in U(gam) (resp.,
of Ipp,, in U(g2m)) and by Up,  (resp., Up,y) the quotient of U (gam) (resp., U (§2m)) by L
(resp., Iy, y). Thus, Uy, 5 is the image of U(ga,) and U(g[t]) in Endc 5, and U, 5 is the
image of U(g2,) and U (¢g[t]) in Endc L, 4 -
Now, given the data of (m;), mxo, (Xi), Xco, We Obtain the algebra ®lN:1 Un; .y ® Umw,xw,
which is isomorphic to the quotient of ®lN= 1 U(g2m;) ® U(g2m,,) by a two-sided ideal. Let

Ao (@) G)oxoe € Unmiopi @ Uiy x00)®

(zi),00

be the image of

Z2M02M (g) C (U @ U )®.

(zi),00

(mi) Mmoo

Equivalently, A )"0
the homomorphism

(8) (x;). xo0 18 the image of the universal Gaudin algebra Z;;) o (g) under

N
U(sle])®" @ U (ralr]) = Q) Unioe ® Uni oo (2.19)

i=1
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Note in particular that

Ay = Ay L @0y

The algebra .AE;"’) % (8) (). xo0 Maturally acts on the tensor product ®lN= Uhnixi © Dneo, oo

or on the corresponding space of coinvariants

N N
Hmy 1o Dy oy s Tnoe. o) = <®Im,ux,- ® Imoo,xoc)/g = (®Imi,x,- ® imoo,xoo>'

i=1 i=1

For x =0, Un,0 ~ U(gn) and (7,,,,0 ~ U(gmm). But for a non-zero character x the algebras
U,y and Uy, , are not in general isomorphic to universal enveloping algebras.
There is however one exception. If xo : " g[[t] — C factors as

"g[t] - g™ L C

for some linear functional x on g, then U,, , =~ U(g,—1) for any x. Therefore the algebra
A(mi)vmoo
(zi),00 -
In particular, if m =1 then U , ~ C regardless of x. Therefore in the case when y; =0
(m;),1

(zi),00

(9)(0), xoo May be realized in ®1N=1 Up; ® Uy, —1 in this case.

fori=1,..., N, and my = 1 the corresponding algebra A (9)(0), xo 1 @ subalgebra of the

universal enveloping algebra ®lN:1 U(gm;)-
In the case when m; =1,i=1,..., N, we obtain a subalgebra of U(g)®™" that has been

previously constructed in [45]. This subalgebra A(Z ), oo(g)(o), x 1s obtained by applying the ho-
momorphism

dey :U@®" @ S@g — U@®"

to the algebra 212 (g). Let us apply id®y to <;b(1 (S), where S is the Segal-Sugawara
g (2i),00 pply (21

element in Vy. Then we find, in the same way as in Lemma 2.9, that

M S AD O Siy
d®x)o® S + X4 (x, %),
(id®x) 0 B, (8) = Zl(u_mz ;u_Zi (X- )
where
d (z) a(j)
Jau ,
Ziy ZZ +x®, i=1,...,N, (2.20)
j#a= T

where we identity h > h* using the invariant inner product used in the definition of S. Thus, &; ,,

i=1,...,N, are elements of AEZ)) 00 (8)(0),x - These operators appeared in [18] in the study of
generahzed KZ equations. We note that in the case of g = sl, they were probably first considered

in [47].
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3. Associated graded algebras and Hitchin systems

In this section we consider generalized Hitchin systems on the moduli spaces of Higgs bun-
dles, where the Higgs fields are allowed to have poles. Integrable systems of this type, generaliz-
ing the original Hitchin systems from [31] (which correspond to Higgs fields without poles), have
been previously considered in [2,6,9,12,37]. Here we will focus on the case when the underlying
curve is P'. We will construct algebras of Poisson commuting Hamiltonians in these systems
in the standard way. We will then show that the generalized Gaudin algebras of commuting
quantum Hamiltonians constructed in the previous section are quantizations of the Poisson com-
mutative algebras of Hitchin Hamiltonians. The proof of this result relies on a local statement,
due to [16,20], that the center 3(g) of Vo ., is a quantization of S(g((?))/g [[t]])gm. By definition,
the Gaudin algebras are quotients of 3(g), whereas the algebras of Hitchin Hamiltonians are
quotients of S(g((?))/g [[t]])g[m] , hence the result.

The idea of using the center at the critical level for quantizing the Hitchin systems is due
to Beilinson and Drinfeld [7], who used it to quantize the Hitchin systems defined on arbitrary
smooth projective curves, without ramification. Here we develop this theory in a “transversal”
direction: quantizing the Hitchin systems on P!, but with arbitrary ramification. The two sce-
narios may certainly be combined, giving rise to quantum integrable systems corresponding to
arbitrary curves, with ramification. However, these systems are hard to analyze explicitly unless
the underlying curve is P! or an elliptic curve. In the general setting the focus shifts instead
to the investigation of the salient features of the D-modules on the moduli stacks of bundles
with level (or parabolic) structures defined by the corresponding algebras of quantum Hamil-
tonians (see Section 1.4). It follows from the results of [7] that these D-modules are Hecke
eigensheaves, and hence they play an important role in the geometric Langlands correspon-
dence.

On the other hand, in the case of P! the generalized Gaudin algebras may be analyzed ex-
plicitly. In the case of regular singularities, corresponding to the ordinary Gaudin models, this
has been done in [17,22] (see also [11,12] for a generalization to the case of elliptic curves).
Here we look closely at another special case corresponding to irregular singularity of order 2 at
one point of P'. The corresponding Poisson commutative algebra of Hitchin Hamiltonians may
be identified with the shift of argument algebra le introduced in [38]. We show that the quan-
tum commutative algebra A, introduced in Section 2.7 is the quantization of .71)( for all regular
x € g*. This has been previously proved in [45] in the case when x is regular semi-simple. In
addition, we show that when x is regular semi-simple the algebra .4, contains the DMT Hamil-
tonians (1.1).

3.1. Hitchin systems with singularities

Let us first recall the definition of the unramified Hitchin system. Denote by G the connected
simply-connected simple Lie group with Lie algebra g. Let M be the moduli space of stable
G-bundles on a smooth projective curve X. The tangent space to Mg at F € M is isomorphic
to H'(X, g7), where g7 = F x¢ g. Hence, by the Serre duality, the cotangent space at F is
isomorphic to H 0(X , g?_- ® §2), where §2 is the canonical line bundle on X, by Serre duality.
A vector n € H(X, g;_- ® £2) is referred to as a Higgs field. We construct the Hitchin map
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p:T* Mg — Hg, where H is the Hitchin space
¢
He(X) =P HO(X, 2®4+D), (3.1)
i=1
as follows. We use the following result of C. Chevalley.

Theorem 3.1. The algebra Inv g* of G-invariant polynomial functions on g* is isomorphic to
the graded polynomial algebra C[Py, ..., P¢], where deg P; =d; + 1, and dy, ..., d; are the
exponents of g.

For n € HO(X, 0 ® 2), P;(n) is well-defined as an element of HO(X, 2%®@+D) By defi-
nition, the Hitchin map p takes (F, n) € T* Mg to

(Pi(m)..... Py(n) € Hg.

Remark 3.2. This definition depends on the choice of generators of Inv g*, which is not canoni-
cal. To give a more canonical definition, let

P = Speclnv g*.

Since Inv g* is a graded algebra, we obtain a canonical C*-action on P. Now let £2* be the
C*-bundle on X corresponding to the line bundle £2. We then have a vector bundle

Po=2" x P,
Cx
and we set
Hg = HO(X, Po).
A choice of homogeneous generators Pii=1,...,¢ of Inv g* gives rise to a set of coordinates

on P which enable us to identify Hg with (3.1). However, using this definition of Hg, we
obtain a definition of the Hitchin map that is independent of the choice of generators. Likewise,
the generalized Hitchin map considered below may also be defined in a generator-independent
way. But in order to simplify the exposition we will define them by using a particular choice of
generators 1_3,-, i=1,...,¢ of Invg*

Now, given a linear functional ¢ : Hg — C, we obtain a function ¢ o p on T*Mg .
Hitchin [31] has shown that for different ¢’s these functions Poisson commute with respect to
the natural symplectic structure on 7*M g, and together they define an algebraically completely
integrable system.

Let us generalize the Hitchin systems to the case of Higgs fields with singularities. Let x;, i =
1,..., n be acollection of distinct points on X. Let us choose a collection of positive integers m;,
i =1,...,n. Denote by Mg"’&l) the moduli space of semi-stable G-bundles on X with level
structures of order m; at x;,i = 1, ..., n. Recall that a level structure on a G-bundle F on a curve
X of order m at a point x € X is a trivialization of F on the (m — 1)st infinitesimal neighborhood
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of x. Then a cotangent vector to a point of ./\/l(Gm&_) is a Higgs field with poles of orders at most

m; at the points x;,
ne HO(X,g;_—(X) 2(mix; + ~-+mnxn)).

In the same way as above one constructs a generalized Hitchin map

14
p: T*Mg’?l&:) - H(Gn?l(i,) = @ HO(X, mixy+---+ Wlnxn)®(dj+]))y
j=1

and shows that it defines an algebraically completely integrable system. These systems have been
previously studied in [2,6,9,12,37].

We are interested in these integrable systems in the case when X = P!, with the marked points
21, ..., 2N, 00 (With respect to a global coordinate 7, as before). In this case a G-bundle is semi-
stable if and only if it is trivial. Thus, Mg"’(il) may be identified in this case with the quotient

N
1_[ Gmi X Gmoo/Gdiag = 1_[ Gm,- X Gmoc-
i=1 i=1,..,.N

Here G, G, are the Lie groups corresponding to the Lie algebras g,, = g[t]/t"g[t], Gm =
tg[t]/t™g[¢]. Hence T*./\/lg"&) is isomorphic to the Hamiltonian reduction of

N
T* ( []Gm x Gmoc)

i=1

with respect to the diagonal action of G (and the 0 orbit in g*). We can a will identify it with

[ Gm xGmy x (@m;)* X @)™ 3.2)
i=l1,..., N i=l1,..., N

A poin_t of (3.2) is then a collection (gy, Aq(1)dt)g=1,...N,00, Where g; € Gp;, i =1,...,N;
800 € Gy

-1 -2
Ai(n)dt = Z Airtkde,  Ajgeg”, Ano () dt = Z Asoxt®dt,  Asox €g*.
k=—m; k=—moo

We associate to it a g*-valued one-form on P! with singularities at the marked points (also known
as an “L-operator”):

n= Y Adg (At —2))d(t — ) + Adg,, (Aeo(t71)) d(t 7). (3.3)

whose polar parts are given by the one-forms A; (#,) dt,, conjugated by g, ’s. The Hitchin map p
takes this one-form to
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5 -5 (m;),m
n= (Pl ()R Pe(n)) € HG,I(Zi),z

‘
=@HO(]P’1,.Q(m1zl o Mz mag00)®itD), (3.4)
j=1
Now any linear functional ¢ : Hg"’(;l')"; — C gives rise to a function Hy = p o ¢, and, ac-
cording to the above general result of [2,6,9,12,31,37] these functions Poisson commute with
each other.

By definition, the symplectic manifold (3.2) fibers over ([[, Gm,)/G. The fiber over the
identify coset is the Poisson submanifold

(Fm)™ X (@mas)” (3.5)
i=1,.,N

with its natural Kirillov—Kostant structure. Let p be the restriction of the Hitchin map to this
subspace. Then we obtain a system of Poisson commuting Hamiltonians p o ¢ on (3.5) for ¢ €
(H(mi)»moc )*

G,(zi),007 *

The Poisson algebra of polynomial functions on (3.5) is isomorphic to

Q) SEm) ® S@m.)- (3.6)

Therefore 7 gives rise to a homomorphism of commutative algebras’

G Fun HIOMS (R S@m) ® S(@nag) 37)
i=l,..., N

(actually, it is easy to see that the image belongs to the subalgebra of G-invariants).

Lemma 3.3. The homomorphism JE:’))O'Z

* is injective.
Proof. It is known that (in the general case) the Hitchin map is surjective, see [6,9,13,31,37].
This implies the statement of the lemma. O

Let Z E’zr:l))o’:w () be the image of JEZ’)) > This is a Poisson commutative subalgebra of the
Poisson algebra (3.6).
Now we can explain the connection between the ramified Hitchin systems and the generalized

Gaudin algebras Z((ZL;)OZL *(g) introduced in Section 2.5. Note that the algebra Z((Zlé)(’gw(g) is
defined as a quotient of a homomorphism of universal enveloping algebra and therefore inher-
its a filtration that is compatible with the PBW filtration on @, _; _ y U(@m,;) ® U(gm,,)- The

associated graded algebra to the latter is precisely @,;_; n S(@m;) @ S(@m.,)-

,,,,,

7 Recall that for an affine al gebraic variety Z we denote by Fun Z the algebra of regular functions on Z.
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Theorem 3.4. The associated graded of the commutative subalgebra

g @ c (@R Ulgm) ® Udny)
i=l,..., N

is the Poisson commutative subalgebra

2@ Q) S@m) ® S@n).
i=l1,..., N

Thus, we obtain that Zmi).moo (g) is a quantization of the Poisson commutative algebra

(zj),00
A g’j’))o'g“ (g) of Hitchin’s Hamiltonians.

The proof of this result given below in Section 3.3 follows from the fact that the algebra 3(g),
whose quotient is Z((Z"? ;)021 *(g), is the quantization of the algebra of invariant functions on g*[¢].
It is this local result that is responsible for the global quantization results such as Theorem 3.4
or Theorem 3.14 below (and the results of Beilinson and Drinfeld [7] for general curves in the

unramified case). We will explain this local result in the next section.
3.2. The associated graded algebra of 3(g)

The PBW filtration on U, induces one on V) ,, with associated graded

gr(Vo) = S(Be (1) /8+) = S (@) /a[t])-

The action of g[t] on Vo, is readily seen to preserve this filtration and therefore descends to
one on S(g((#))/g[¢]). This latter action is independent of the level « and is given by derivations
induced by the adjoint action of g[¢]] on g((#))/g[¢]-

We therefore obtain an embedding

gr(Vg’[E(t]]) C S(g((f))/g[[t]])g[[tﬂ

which for k = k. is in fact an equality, according to Theorem 3.8 below. We begin by describing
the right-hand side.
Split g((¢)) (considered as a vector space) as

g(@) =gt] ®T-, (3.8)

where §_ = r~!g[r~'], and identify S(g((t))/g[t]) with S(§_). Under this identification, the
adjoint action of X € g[f] on Y €g_ = g((¢))/g[¢] is given by

ad(X)_Y =[X,Y]-,

where Z_ is the component of Z € g((¢)) along g_.

Let T = —9; € Der O be the translation operator acting on g((t)), so that TX,, = —nX,
where X, = X ® " €9, X € g, n € Z. Then T preserves the decomposition (3.8) and extends
to a derivation of S(g_).



900 B. Feigin et al. / Advances in Mathematics 223 (2010) 873-948

Lemma 3.5.
[T,ad(X)_] =ad(TX)_.
Proof. Both sides are derivations and they coincide ong—. O

For any X € g, set

X@=) X,z " e@)z] c S@)l.

n<0

where_)_( 2,1 <0, denotes X ® t" considered as an element of S(g_). We extend the assignment
X — X(z) to an algebra homomorphism

Sg— S(go)[z]

and denote the image of P € Sgby P(z) =) P,z"~!. The following summarizes the main

properties of the map P — P(z).

n<0

Lemma 3.6. The following hold for any P € Sg, X e gand k € N,

(i) TP(z) =42,
(ii) ad(Xx)_P(z) = ZX(ad(X) P)(2).

Proof. Both sides of the identities are derivations which are readily seen to coincide on the
elements Y(z), Y €g. O

Note that property (i) above is equivalent to the fact that, for any P € Sg and n > 0,
T 0=
T (=1

P_, 3.9)

—n

while (ii) implies that the assignment P — P (z) maps (Sg)® to S(g_)®[1[z].

Recall from Lemma 3.1 that (Sg)? is a polynomial algebra in £ = rk(g) generators and that
one may choose a system of homogeneous generators Py, ..., Py such that deg P; =d; + 1,
where the d;’s are the exponents of g.

The following theorem is due to A. Beilinson and V. Drinfeld [7] (see [20, Proposition 9.3],
for an exposition).

Theorem 3.7. The algebra S(g((t))/g[[t]])g[[’]] is freely generated by the elements I_’i,n, i=
1,...,¢, n<0O.

The following result, due to [16] (see [20, Theorem 9.6]), enables us to quantize the Hitchin
Hamiltonians.

Theorem 3.8. The inclusion
er3(@ = (Ve [1]) = (o) /al])*"!

is an isomorphism.
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In other words, all g[¢]-invariants in S(g((*))/g[t]) may be quantized.
In particular, each generator P; 1 of S(g((t))/g [[t]])g gl may be lifted to an element S; € 3(g)
whose symbol in S(g((t))/g[[t]])g[[’]] is equal to P; _;. The element

—n—1

m Si €3(9)

then gives us a lifting for F,-)n, n < —1. Explicit formulas for these elements are unknown in
general (however, recently some elegant formulas have been given in [8] in the case when g =
5l,,). But for our purposes we do not need explicit formulas for the S;’s. All necessary information
about their structure is in fact contained in the following lemma.

Let us observe that both Vo, and S(g((#))/g[t]) are Zi-graded with the degrees as-
signed by the formula deg A, = —n, and this induces compatible Z-gradings on 3(g) and
S(a2)/ g[[t]])g[[’]]. This grading is induced by the vector field Ly = —t9;. It follows from the
construction that deg I_Ji,_l =d; + 1. Therefore we may, and will, choose S; € V., to be homo-
geneous of the same degree.

In Vo = Vp .. we have a basis of lexicographically ordered monomials of the form

JU T ve, ny ==, >0,

—ny —Ny

where {J“} is a basis of g. The element F,-,_ 1 of S(g((2)/ g[[t]])gm is a linear combination of
monomials in J%, of degree d; + 1. Let P; be the element of V obtained by replacing each of

these monomials in the J 9,’s by the corresponding lexicographically ordered monomial in the
J“,’s. Then P; is the leading term of the sought-after element S; € 3(g) (for i = 1 we actually
have S| = Py, but for i > 1 there are lower order terms). By taking into account the requirement
that deg S; = d; + 1, we obtain the following useful result.

Lemma 3.9. The element S; € 3(Q) is equal to P; plus the sum of lexicographically ordered
monomials of orders less than d; + 1. Each of these lower order terms contains at least one
factor J¢ withn < —1.

3.3. Back to the Hitchin systems

Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4. Observe that the homomorphism 45('" ), m°° given by formula (2.13)

preserves filtrations. Therefore it gives rise to a homomorphlsm of associated graded algebras

@;m(z))moo S(g-)— ® S@m;) ® S(@moo)-
i=1,...,.N

Let us consider the image of § (ﬁ_)gﬂt I under this map. As in the quantum case, it may also be
defined as the span of the coefficients of the series QD(m ) m°° (A), A e S(g_)eld, appearing in

front of the monomials of the form ]—LN=1 (u—z;)™" u”°°.
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It follows from the description of S(g_)? [1] given in Theorem 3.7 and the construction of the
Hitchin map (3.4) that the image of S(g—)®l'] under @ l(lm("z)i’)m‘x’ is precisely the subalgebra

Zrre@ e Q) Sam) ® S@Ena)-
i=1,....N

On the other hand, we know that Z E'Z")) o’;’ *(g) is the free polynomial algebra of regular functions

on the graded vector space Hg"(; ;"2 From its description in formula (3.4) we obtain that we

may choose as homogeneous generators of this polynomial algebra the images under <D‘(4m(z) )m *©

of the following generators of S( g_)g[[tll_

Pin—1, i=1,...,6 0<n <(di+1)<zmj +moo—2>
J
(note that the number on the right is the degree of the line bundle 2(m1z1 + --- + myzy +

Mo00)®@itD) Each of them lifts to a generator of 3(g) (same notation, but without a bar). It is

clear from the definition of <15(m ) m°° that the images of these generators of 3(g) in Z((;"; )g;' “(g)

under the homomorphism GDIE (’)) generate Z((;") )o': “(g).
Thus, we obtain two sets of generators of Z (m$)021 *(g) and Z g”)) O’Z“ (g9), such that the latter

are the symbols of the former. In addition, the latter are algebraically independent. Therefore we
find that the symbol of any homogeneous polynomial in the generators of Z ('"’) m°° (g) is equal
to the corresponding polynomial in their symbols. Thus, we obtain the desnred 1somorph1sm

grz(mi),moo(g) ~ Zz(mi)amoo(g)‘

(zi),00 (zi),00

Furthermore, it fits into a commutative diagram

(m;),moo
—~ u,(z;)
2r3(9) gr 2 (g)
l/ ¢(m ), moo i
Gi
S(g_)ell ZEm’))O'ZC’O(g)

where the vertical maps are isomorphisms. O

Remark 3.10. The problem we had to deal with in the above proof is that a priori we do not
have a well-defined map

ng((?;)O'g“(g) — EEZ;?;}’;’M(g). (3.10)
However, such a map may be constructed following [7].

We have discussed above the Hitchin map on the moduli space of Higgs bundles on P! cor-
responding to the trivial G-bundle (as this is the only G-bundle on P! that is semi-stable). This
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moduli space is in fact an open substack in the moduli stack Bung"’(;[r)"g‘éJ of all Higgs bundles

(corresponding to arbitrary G-bundles). The Hitchin map extends to a proper morphism from
the entire stack of Higgs bundles to Hg (see, e.g., [7]). This implies that the algebra of global
functions on the stack of Higgs bundles is equal the algebra of polynomial functions on the

Hitchin space ’H(waéii); that is, the algebra Z")"" (g). On the other hand, as in [7], the algebra

(zi),00

Z((Zl))o': *(g) may be identified with a subalgebra (and, a posteriori, the entire algebra) of the

algebra of (critically twisted) global differential operators on the stack Bung’(l ')"°° of G-bundles

on P! with the level structures. Now we obtain a well-defined injective map (3.10): it corresponds
to taking the symbol of a differential operator. (Recall that the symbol of a global differential op-
erator on a variety, or an algebraic stack, M is a function on the cotangent bundle to M. In our
case, M = Bung”() ;”°° and T*M is isomorphic to the stack of Higgs bundles.) The surjectivity
of (3.10) follows in the same way as above. Thus, we can obtain another proof of Theorem 3.4
this way.

3.4. Hitchin systems with non-trivial characters

In Section 2.8 we have generalized the definition of Z((Z;?;"“(g) to allow for non-trivial
characters x; : t"ig[t] > C and xoo : t"*g[t] — C. A similar generalization is also possible
classically. In order to define it, we apply a Hamiltonian reduction.

Let us recall that any character x : t™g[¢] — C is necessarily trivial on the Lie subalgebra
1?"g[t] and hence is determined by a character " g[¢] /t*"g[t] — C, which is just an arbitrary
linear functional on ¢ g[¢]/t>" g[¢] as this Lie algebra is abelian. We will write it in the form

—2m

> uttdr xeg*

k=—m—1

(with respect to the residue pairing).

Now consider the cotangent bundle T*M(Gzngz )) 2;2“’ which is isomorphic to (3.2) with
m; > 2m;j, Mmoo > 2m . This is a Poisson manifold equipped with a Poisson action of the com-
mutative Lie group [To—;  n .o Gmy.2my» Where Gy oy is the Lie group of t™g[t] /%" g[r].
Now we apply the Hamiltonian reduction with respect to this action and the one-point orbit in
the dual space to the Lie algebra of ]_[O[:]W‘N,oo G, 2m, corresponding to ((x;), Xoo)-
m;),Meoo
E;’(_ii)»OOZ(Xi)vXDc‘
with collections ((g;), §oo; 1), Where g; € Gp;, oo € G, (Where Gy, is the Lie group of g,
and G,, is the Lie group of §,,) and 7 is a one-form (3.3), where A; (t — z;) now has the form

Let us denote the resulting Poisson manifold by M Its points may be identified

—1 —2m;
Ai(r—z»d(t—m:( D Aut—zf+ Y nka—zi)")d(t—z», Aikeg’,
k=—m; k=—m;—1

and similarly for Aot~ Hd (™). In other words, we allow the polar parts of n to have or-
ders 2m,, but fix the m, most singular terms in the expansion to be given by the character
Adga (Xe)-

Consider now the Hitchin map defined by formula (3.4). Taking pull-backs of polynomial

functions via the Hitchin map, we obtain a Poisson commutative subalgebra ;lgj')) 20 (8) ()t
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Gtem: s ECTETEliZINE ZE (g).

This manifold fibers over ]_[fv= 1Gm; X (_;moo' In the case when all x, = 0 the fiber over the iden-
tify element in ]_[lN= | Gm; % Gy, is a Poisson submanifold isomorphic to ]—LNz 1 Om; X G, With
its Kirillov—Kostant structure. This means that the restriction of the algebra of Hitchin Hamilto-
nians to this fiber gives rise to a Poisson commutative subalgebra of ;_;  y S(@m;) ® S(@my,)-

But for general characters ();), xoo the fiber over the identity element is no longer a Poisson
submanifold (in other words, its defining ideal is not a Poisson ideal). This is due to the fact
that g,, acts non-trivially on non-zero characters x : t"g[¢t] — C. Therefore we cannot restrict
the Hitchin system to this fiber. The best we can do is to consider the commutative Poisson
subalgebra in the algebra of functions on the entire manifold M (mi).moo

G,(2i),00;(Xi)s Xoo

to the fact that we cannot realize the corresponding quantum algebras Azzg)g“’(g)(xi% Yoo A8

in the algebra of functions on the Poisson manifold M

. This is analogous

subalgebras of universal enveloping algebras, as we pointed out in Section 2.8.3

However, as in the quantum case, there one exception, namely, when the characters x; = 0 for
alli =1,..., N, and the character x~, becomes zero when restricted to t’"“g[[t]]. It may then
take non-zero values on g ® " ~ g, determined by some x € g*. In this case the fiber of our
Poisson manifold over the identity is Poisson and is isomorphic to ]_LNI 1 Gy X g;:loo_l with its
Kirillov—Kostant structure. This means that the restriction of the algebra of Hitchin Hamiltonians
to this fiber gives rise to a Poisson commutative subalgebra of @, _; _ n S(gm;) ® S(@mo—1)-

This Poisson algebra may be described in more concrete terms as follows. Note that the fiber
of ./\/lg”’(;l')"; (0). &t the identity is the space of one-forms

-2

—1 Moo
n=< oY At—zf - )

Aco_p_at* — szoo—1> dt, (3.11)
1,..., N k=—m; k=0

where A, € g*. In other words, we fix the leading singular term of 7 at the point co to be equal
to x € g*.

This space is thus isomorphic to ]_LN: 1 9:1,' x gp _y» and the algebra of polynomial func-
tions on it is isomorphic, as a Poisson algebra, t0 Q);_; .y S(@m;) ® S(Gm,—1), as we dis-

(m;),meo
(zi),00

S(§mo,—1) generated by the coefficients of the invariant polynomials P (n) in front of the mono-
mials in (r — z;) " ¢"°. One shows in the same way as above that this is a Poisson commutative
subalgebra of @);_; _ x S(@m;) ® S(@ms—1)-

(m;),moo

(z1).00 (9)(0), x> discussed at the very end of Section 2.8,

is a quantization of the Poisson algebra .7\52’))0'2"" (9)(0),¢ for any x € g*. We will prove this in
Section 3.6 in the special case when N =1, m| =1 and my = 1 (we will also set z; = 0, but this
is not essential). The proof in general is very similar and will be omitted.

We thus set out to prove that the algebra A(l): éo (9)o,» denoted by A, in Section 2.7, is a quan-

cussed above. Now we define A (8)(0).x as the Poisson subalgebra of @),;_; .y S(gm;) ®

Now, we claim that the algebra A

tization of the algebra Z(l)j Cl)o(g)o, > just defined. Let us denote the latter by le. By definition,

8 This discussion suggests these algebras may instead be realized as commutative subalgebras of algebras of twisted
(mj).moo
M 1

differential operators on G.(2}),00°

with the twisting determined by the characters (x;), Xoo-
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A, is a commutative subalgebra of U (g), and .ZX is a Poisson commutative subalgebra of S(g).
Saying that A, is a quantization of le simply means that

gr A, =Ay, (3.12)

where gr A, is the associated graded algebra of .4, with respect to the PBW filtration on U (g).

First, we take a closer look at Zx and show that it is nothing but the shift of argument subal-
gebra introduced in [38].

3.5. The shift of argument subalgebra le

Let us fix x € g* and consider the space of one-forms (3.11) in the special case when N =1,
71 =0, m; =1 and m = 1. This space consists of the one-forms

A *
n=—-x A€g,
and is therefore isomorphic to g*. Following the above general definition, we define le =

;lé: éo(g)o, » as the subalgebra of S(g) = Fung* generated by the coefficients of the polynomials

in t,
_ (A .
P,‘ —_ = s l=1,...,£.
t

'Equivalently, ;lx is the subalgebra of Fun g* generated by the iterated directional derivatives
D; P of invariant polynomials P € (Sg)¢ = Fung" in the direction x, where

P(x+uy). (3.13)

d
DX P(X) = E
u=0

This definition makes it clear that le = .ZCX for any non-zero ¢ € C. We also have Ad, (.ZX) =

ZAdg(X) forany g€ G.
Note that for any P € Sg, x € g* and u € C, we have

um
Px+ux)=Y_ %D?P(x).
m=0

Therefore we find that le may also be defined as the subalgebra of Sg generated by the shifted
polynomials

Py (x)=P(x+uy), (3.14)

where P varies in (Sg)? and u € C.

The algebra Zx was introduced in [38], where it was shown to be Poisson commutative and
of maximal possible transcendence degree dim b, where b is a Borel subalgebra of g, provided
x 1s regular semi-simple element of g* >~ g. Here and below we identify g and g* using a non-
degenerate invariant inner product on g. These results were recently elucidated and extended by
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B. Kostant to regular nilpotent elements x [34]. We will show now that a slight generalization of
the arguments used in [34,38] yields the same result for all regular elements. We recall that a € g
is called regular if its centralizer in g has the smallest possible dimension; namely, ¢, the rank
of g.

Theorem 3.11. Let x be any regular element of g* ~ g. Then ;lx is a free polynomial algebra in
dim b generators

DUP;, i=1,....6 n=0,...d, (3.15)

where P; is a generator of S(g)® of degree d; + 1 and Dy is the derivative in the direction of x
given by formula (3.13).

Proof. It is clear from the definition that Zx is generated by the iterated derivatives (3.15).
Therefore we need to prove that the above polynomial functions on g* are algebraically inde-
pendent for regular x. For that it is sufficient to show that the differentials of these functions at
a particular point n € g* are linearly independent. Note that we have

di+1 UM
= _ [
PiGxtux) =) — Dy Pi(x),
m=0
where the last coefficient, D§i+1 P;(x), is a constant. Thus, we need to shgw that the coeffi-
gients Cix = Cir(n) € g appearing in the u-expansion of the differential d P; (x + ux)|x=, of
P;(x +uy) (considered as a function of x € g* with fixed u) at n € g*,

d;
dP;(x + uy) = ZCi,kuk,
k=0

are linearly independent. B B
Note that for any n € g* and any g-invariant function P on g* we have [, d P(n)] = 0. There-
fore we have

[n+ux.dPi(n+ux)]=0.

Expanding the last equation in powers of u, we obtain the following system (see Lemma 6.1.1
of [38]):

[, Ci o]l =0,
(7, Cixl+1x,Cix-11=0, O<k<d;,
[x,Cial=0. (3.16)

Let us first prove that the elements C; x are linearly independent when yx is a regular nilpotent
element, following an idea from the proof of this theorem for regular semi-simple x given in [38].
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Let {e,20, f} be an sl,-triple in g such that e = x. We choose the element g as our 7 — this
is the point at which we evaluate the C; ;’s. Under the adjoint action of p the Lie algebra g
decomposes as follows:

h
g= @gi,

i=—

where & is the Coxeter number. Here g is the Cartan subalgebra containing ¢ and e is an element
of g1
Let

Wi=span{Cir|i=1,...,¢ k=0,..., j},

where we set C; x = 0 for k > d;. We will now prove that the following equality is true for all
j=0:

wi=Pa:. (3.17)

Let us prove it for j = 0. The first equation in (3.16) implies that C; o, i =1, ..., ¢, belong
to go. Furthermore, since g is regular, they span gg, by [33]. Therefore Wy = go.

Now suppose that we have proved (3.17) for j =0, ..., m. Let us prove it for j =m + 1.

According to Egs. (3.16), we have

adp - Wyq1 =ade - Wy,.
It follows from general results on representations of sl that the map
ade:gi — gi+1

is surjective for all i > 0. Therefore, using our inductive assumption, we obtain that ade - W,,, =
@;’Sl g;. Since ad g is invertible on this space and the kernel of ad p on the entire g is equal to gg,

we find that W, is necessarily contained in @;-"2‘61 gi and its projection onto @;":Jql g; along
go is surjective. On the other hand, W4 contains C;0,i =1, ..., £, and therefore contains go.
Hence we obtain the equality (3.17) for j =m + 1. This completes the inductive step and hence
proves (3.17) for all j > 0.

Setting j = h, we obtain that the span of the elements C; ,,, i =1,...,€;n; =0,...,d;, is
equal to @LO gn, which is a Borel subalgebra b of g. Its dimension is equal to the number
of these elements, which implies that they are linearly independent. This proves that the poly-
nomials (3.15) are algebraically independent, and so .le is a free polynomial algebra in dim b
generators, if x is a regular nilpotent element.

Now we derive that the same property holds for le, where x is an arbitrary regular ele-
ment, following an argument suggested to us by L. Rybnikov (see also [34]). Consider the subset
S C g* >~ g of all elements satisfying the property that the polynomials (3.15) are algebraically
independent. It is clear that this is a Zariski open subset of g, and it is non-empty since it contains

regular nilpotent elements. Let x be a regular element of g* ~ g. Recall that we have A, = A,
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for any non-zero ¢ € C and Ad, (.71)() = ZlAdg(X) for any g € G, where G is the adjoint group
of g. This implies that S is a conic subset of g that is invariant under the adjoint action of G.
According to [33], the adjoint orbit of any regular element of g contains an element of the form
e+ A, where e is a regular nilpotent element of an sl -triple {e, 25, f},and A € @i<0 g;. Hence
we may restrict ourselves to the elements x of this form.

Suppose that some x of this form does not belong to the set S. Then neither do the elements

Xe=cAdp@©)'(x), ceCX,

where p : C* — G is the one-parameter subgroup of G corresponding to p € g. But then the
limit of x. as ¢ — 0 should not be in S. However, this limit is equal to e, which is a regular
nilpotent element, and hence belongs to S. This is a contradiction, which implies that all regular
elements of g belong to S. This completes the proof. O

The Poisson commutativity of Zx follows from the above general results about the commu-
tativity of the Hitchin Hamiltonians. It also follows from Theorem 3.14 below.

3.6. The quantization theorem

In [53] the problem of the existence of a quantization of -Zx was posed: does there exist a
commutative subalgebra A, of U(g) which satisfies (3.12)?

Such a quantization has been constructed for g of classical types in [42], using twisted Yan-
gians, and for g = sl, in [50], using the symmetrization map, and in [8], using explicit formulas.
In [46] it was shown that, if it exists, a quantization of ;lx is unique for generic .

Recently, the quantization problem was solved in [45] for any simple Lie algebra g and any
regular semi-simple x € g*. More precisely, it was shown in [45] that the algebra A, , constructed
in essentially the same way as in Section 2.7, is a quantization of .le for any regular semi-
simple .

We will now prove that A, is a quantization of .7lX for any regular x € g*. First, we prove the
following statement, which is also implicit in [45].

Proposition 3.12. The algebra A, is contained in gr A, for any x € g*.

Proof. By definition (see Section 2.7) and Proposition 2.8, the algebra .4, is generated by the

coefficients of the Laurent expansion of id ® x (@;:(20) (A)) at u = 0, where A ranges over a system
of generators of 3(g). Therefore we need to show that the symbol of each of these coefficients
belongs to A, .

Since @;:(20)(TA) =0, cbul)’(zo)(A), where T € Der O is the translation operator given by (2.6),
it suffices in fact to consider a system of generators of 3(g) as an algebra endowed with the
derivation T (equivalently, as a commutative vertex algebra).

By Theorem 3.8, gr(3(§)) = S(§-)9'] and, by Theorem 3.7, S(G_)®l'l is generated, as an
algebra endowed with the derivation T, by the polynomials P_j, as P varies in (Sg)?. It follows
that 3(g) is generated, as an algebra with a derivation, by elements I7_1, where IT_; is such that
its symbol is P_1, and P varies in (Sg)®.

The computation of the symbol of id®yx (@;:(20) (I1—-1)) will be carried out in Lemma 3.13
below. To that end, it will be necessary to choose the lifts I7_; in the following way. First, we
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will only consider homogeneous generators of Sg. If P € S%g, then P_ is of degree d with
respect to the Z. -grading on S(g-) introduced in Section 3.2. We may, and will, assume that
the lift I7_1 to 3(g) is also homogeneous of degree d.

The proof of Proposition 3.12 is now completed by the following calculation. Let IT € U (g-)
be an element of order d € N and degree d with respect to the Z -grading on U (g-). Consider its
symbol o (IT) € S%(g®1~") as an element P € S%g via the linear isomorphism g ® ' = g. For
each n & Z denote by ((id®@yx) o @, %, (IT)), the coefficient of u" in (id®x) o @, % (). O

Lemma 3.13. For any k > 0 the following holds: if Df(P # 0, then the symbol of
(id®yx) o Q);:(zo) (I) is equal to

_1\k
b)) DEp.

U((id@)X) ° ¢Ii:(20)(n))—d+k T x

Proof. By assumption, /7 is a linear combination of lexicographically ordered monomials of the
form

_ ga ap  1b bg
H(ai»ni»h_j)_‘] -~]7np.]71-~~]71,

—ny N

whereny > --->np > 2,

ord(Ig; n; b)) =p+q<d and deg(I(g n; b)) = Zni +q=d.

1

Note that if p # 0, then

ord(H(g;,n; b)) =P +4 < Z”i +q=d,

1

since n; > 2. Thus, only the monomials with p = 0 contribute to o (1), so that

b Tba
o (IT) = > py.obg Iy e T,
1<b; < <hy<dim g

by € C, where the product is now that of S(g—) and

P= > TN T AT L
1<h1 < Kby <dimg

for some constants Ap,

.....

For P = P; this is in fact the statement of Lemma 3.9.
By (2.10),

u u'r u'l

: Jba Jh Jo g
@800 83 )= () (=)

:u_d(]btl _MX(qu))...(Jbl —ux(.]bl))]a”~~-./al.
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The coefficient of u~41* in (id®yx) o @;’(20) (n((li,ni,bj)) is therefore an element of Ug of order
< p+q—k. If p #0, this is strictly less tflan Zi n;+q —k =d —k since n; > 2. If, on the other
hand, p = 0, then the coefficient of u~*¥ is proportional to a lexicographically ordered mono-
mial in Ug of order d. It therefore follows that o ((id®y) o @;”?0) (IT))— 4+« is the coefficient
of u¥ in

Z Qpy,..., bd(de —ux(Jh”’))~~(Jb‘ —ux(Jhl)) =u"P(—uy),
1<bi < Shg<dim g

provided that this coefficient is non-zero (otherwise, we would obtain the symbol of the first
non-zero lower order term). This implies the statement of the lemma. O

Theorem 3.14. For regular x € g* we have gr A, = Zx’ and so the commutative algebra
A, C Ug is a quantization of the shift of argument subalgebra .ZX C Sg.

Proof. We know that -Zx is generated by
DNP;, i=1,...00<k<d.
On the other hand, it follows from the definition of .A,  that it is generated by

((d@x) 0 By 50 (SD)_y 14 i=1roonnls 0<ki <di.

If x is regular, then each fo P; #0, by Theorem 3.11, and therefore Lemma 3.13 implies that
the generators of Zx are equal to the symbols of the generators of .A,, up to non-zero scalars.
In addition, the generators Df(" P; of Zx are algebraically independent for regular x, by The-
orem 3.11. Therefore, again applying Lemma 3.13, we obtain that the symbol of any non-zero
element of A, is a non-zero element of A, . Therefore gr A, C A, . Combining this with Propo-
sition 3.12, we obtain the assertion of the theorem. O

For non-regular y, Proposition 3.12 implies that all elements of Zx may be quantized, i.e.,
lifted to commuting elements of A, , but this still leaves open the possibility that the quantum

algebra A, is larger than its classical counterpart ;lx (we thank L. Rybnikov for pointing this
out). However, we conjecture that this never happens:

Conjecture 1. We have gr A, = ;lx forall x € g*.

By Theorem 3.14, this conjecture holds in the regular case, and it also holds in the most
degenerate case when x = 0. In that case A, is the center Z(g) of U(g) and A, = S(g)®.

3.7. The DMT Hamiltonians

As we saw in Section 2.6, one can write down explicit formulas for quadratic generators of
the algebra Z((Zl.))’ ]oo (g); these are the original Gaudin Hamiltonians &;,i =1,..., N.
In this section we determine quadratic generators of the algebra A, for a regular semi-simple

X € g. They turn out to be none other than the DMT Hamiltonians discussed in the Introduction.
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Let b be the Cartan subalgebra of g containing x and A C h* the root system of g. For each
a € A, letslS = (eq, fu,ha) C g be the corresponding three-dimensional subalgebra and denote
by

(o, 06)

Cy = (ea fu + fuea)
its truncated Casimir operator with respect to the restriction to s[5 of a fixed non-degenerate

invariant inner product (-,-) on g. Note that C,, is independent of the choice of the root vectors
ey, fo and satisfies C_, = Cy. Let

Breg = b\ U Ker(a)

aeA

be the variety of regular elements in fj, V a g-module and V = g x V the holomorphically
trivial vector bundle over b with fiber V. Millson and Toledano Laredo [36,52], and, inde-
pendently, De Concini (unpublished; a closely related connection was also considered in [18])
introduced the following holomorphic connection on V:

vh=d—zzd—“ Co=d— hz — . Cy,

aeA aeA+

where A = A4 LI A_ is the partition of A into positive and negative roots determined by a choice
of simple roots o7, ..., a, of g, and proved that Vj, is flat for any value of the complex parame-
ter . Define, for every y € b, the function T, : hree — End(V) by

T, 0=y agyic (3.18)

aEA L
and note that T, o,y =aT, +a’ T)ﬁ. Then, the flatness of V, is equivalent to the equations
[(Dy —hT,, D, —hT,]=0

forany y, y’ € h, where D,, f(x) = % |t=0f(x +ty). Dividing by & and letting 4 tend to infinity
implies that, for a fixed x € hreg and any y, y' € b,

[T, 0. Ty ()] =

In [53] it was shown that the algebra A, contains the Hamiltonians 7}, (x). We now give
a proof of this result for completeness.
Let us identify g and g* using the invariant inner product (-,-). For each homogeneous poly-

nomial p € Sg* of degreed andi =1,...,d, let p)((i) € S'g* be defined by
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where Dy f(x) = 7; | —oJ (x+1x). Note thatif p is invariant under g, then p ) is invariant under
the centralizer gX C g of x. The following result shows that, when x € breg, the algebra ,71)(
contains the symbols Ty( x) of the Hamiltonians T, (x) defined by (3.18).

Proposition 3.15. Assume that x € Breg. Then,
(i) Let p € (Sg*)® be homogeneous and q € (Sh*)V its restriction to . Then
Py =aP +Ty,00,

where q( ) Di_zq/(d —2land y;, =dq(x) € T;h = is the differential of q at x and

the cotangent space T;h is identified with ) by means of the form (-,-).
(ii) As p varies over the homogeneous elements of (Sg*)?, y, ranges over the whole of b.

We will need the following

Lemma 3.16. If p € Sg* is g-invariant and x € b, then for any o € A,

@(x)De, Dy, PP = Dy, p(x).

Proof. Let P € (g*)®? be the symmetric, multilinear function on g defined by p(x) =
P(x,...,x). The g-invariance of p implies that

Ozad*(ea)P(fas Xs ceey X)
——

d—1
=—Plhg, X, x)+d—=Da()P(fasr€as Xs---5 X)
~— —
d—1 d—2

! 1 d-2
:—EDh p(x)+a(x)—D D5 Dy P,

whence the claimed result. O

Proof of Proposition 3.15. (i) Let v: g — g* be the isomorphism of g-modules induced by (-,-).
Since p)((z) € S%g* is invariant under h = gX, and (e, fx) = 2/(@, &), we have

pf)— <2>|h Z <(°"°‘)> v(ea)V(fa)De, D, Py ®

2
aeA4

2
, D
_pf)‘h—i_ E ((ozza)) v(ea)v(fa)M

aEAL a(x)
-1

= pQ, + (“é“)v(ea)v(fa)dp(x)(v (a))’
aEAL a(x)

where the second equality follows from Lemma 3.16.
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(ii) As p ranges over the homogeneous elements of (Sg*)9, ¢ ranges over those of (Sh*)V =
Clet, - - -, cy]- The differential of the latter span T; h since the Jacobian of ¢q,...,c, at y € b is
proportional to [, Ay a(x) [5, V.5.4] and is therefore non-zero since yx is regular. O

Now, according to Theorem 3.14, any element of -Zx may be lifted to A, . We already know
that h C A, . An arbitrary lifting of Ty(x) € ZX to U(g) is equal to T, (x) + J, where J € g.
But the lifting to .4, has to commute with . Therefore J € h and so T, () itself belongs to A,
forall y €b.

4. Recollections on opers

In order to describe the universal Gaudin algebra and its various quotients introduced in Sec-
tion 2 we need to recall the description of 3(g). According to [16,20], 3(@) is identified with
the algebra Fun Op. (D) of (regular) functions on the space Op.g (D) of L G-opers on the disc
D = Spec C[t]. Here LG is the Lie group of adjoint type corresponding to the Lie algebra Lg
whose Cartan matrix is the transpose of that of g. Note that G is the Langlands dual group of
the connected simply-connected Lie group G with Lie algebra g.

In this section we collect results on opers that we will need (for a more detailed exposition,
see [25]). Then in the next section we describe 3(g) and the Gaudin algebras in terms of opers.

4.1. Definition of opers

Let G be a simple algebraic group of adjoint type, B a Borel subgroup and N = [B, B]
its unipotent radical, with the corresponding Lie algebras n C b C g. The quotient H = B/N is
atorus. Choose a splitting H — B of the homomorphism B — H and the corresponding splitting
h — b at the level of Lie algebras. Then we have a Cartan decomposition g=n_ @ h & n. We
choose generators {e¢;},i = 1,..., £, of n and generators {f;},i =1,..., £ of n_ corresponding
to simple roots, and denote by g € b the sum of the fundamental coweights of g. Then we have
the following relations:

[ﬁ’ei]zei’ [pv7f‘l]=_,fla i=17”-7£-

A G-oper on a smooth curve X (or a disc D >~ SpecC[t] or a punctured disc D* =
Spec C((1))) is by definition a triple (F, V, Fp), where F is a principal G-bundle F on X, V is
a connection on F and Fp is a B-reduction of F such that locally on X, in the analytic or étale
topology, it has the following form. Choose a coordinate ¢ and a trivialization of Fp on a suf-
ficiently small open subset of X (in the analytic or étale topology, respectively) over which Fp
may be trivialized. Then the connection operator Vj, corresponding to the vector field 9; has the
form

4
Vi, =0+ Y _ i) fi +v(0), (4.1)

i=1

where each v; (¢) is a nowhere vanishing function, and v(z) is a b-valued function. The space of
G-opers on X is denoted by Ops(X).

This definition is due to A. Beilinson and V. Drinfeld [7] (in the case when X is the punctured
disc opers were first introduced in [10]).
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In particular, suppose that U = Spec R and ¢ is a coordinate on U'. It is clear what this means
if U =D or D*, and if U is an affine curve with the ring of functions R, then ¢ is an étale
morphism U — A! (for example, if U = C* = Spec C[r, '], then " is a coordinate for any
non-zero integer n). Then Ops (U) has the following explicit realization: it is isomorphic to the
quotient of the space of operators of the form®

12
V=0 + Z Yi(t) fi +v(t), ev(t)€b(R), 4.2)

i=1

where each v; () € R is a nowhere vanishing function, by the action of the group B(R). Recall
that the gauge transformation of an operator d; + A(t), where A(r) € g(R) by g(¢) € G(R) is
given by the formula

g (h+AM)=0+gAMg ' —dg g "

There is a unique element g(¢) € H(R) such that the gauge transformation of the opera-
tor (4.2) by H(R) has the form

J4
V=d+Y fi+v), v(@) ebR). 4.3)

i=1

This implies that Opg (U) is isomorphic to the quotient of the space of operators of the form (4.3)
by the action of the group N (R).

4.2. Canonical representatives

Set

£
p1=)_ fi-
i=1

The operator ad 5 defines the principal gradation on b, with respect to which we have a di-
rect sum decomposition b = @i>0 b;. Let p; be the unique element of degree 1 in n such that
{p—1,2p, p1} is an sl-triple. Let

Vcan - @ Vcan,i

ieE
be the space of ad pj-invariants in n, decomposed according to the principal gradation. Here
E=1{d,..., ds}

is the set of exponents of g (see [33]). Then p; spans Via, 1. Choose a linear generator p;
of Vean,q; (if the multiplicity of d; is greater than one, which happens only in the case g = D2y,

9 In order to simplify notation, from now on we will write V for Vy, .
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dj = 2n, then we choose linearly independent vectors in Vean, d; ). The following result is due to
Drinfeld and Sokolov [10] (the proof is reproduced in the proof of Lemma 2.1 of [21]).

Lemma 4.1. The gauge action of N (R) on the space of operators of the form (4.3) is free, and
each gauge equivalence class contains a unique operator of the form V = 0; + p_1 +v(t), where
v(t) € Vean(R), so that we can write

£
V(i) =Y vi) - pj. (4.4)

j=1

Let x be a point of a smooth curve X and Dy = Spec Oy, D = Spec K, where O, is the
completion of the local ring of x and I, is the field of fractions of O,. Choose a formal coor-
dinate ¢ at x, so that O, >~ C[¢] and Ky = C((#)). Then the space Opg (D) (resp., Op; (DY)
of G-opers on D, (resp., D) is the quotient of the space of operators of the form (4.1) where
V¥ (t) # 0 take values in Oy (resp., in Ky) and v(z) takes values in b(Oy) (resp., b(/Cy)) by the
action of B(Oy) (resp., B(Ky)).

To make this definition coordinate-independent, we need to specify the action of the group of
changes of coordinates on this space. Suppose that s is another coordinate on the disc D, such
that t = ¢(s). In terms of this new coordinate the operator (4.3) becomes

l
Vi, =Vy-1a, =¢' )0+ Y fi +0'(5) - v(e()).
i=1

Hence we find that

¢
Va, =8 +¢/() Y fi+¢/(5) V(p(s)).

i=1
4.3. Opers with singularities

A G-oper on D, with singularity of order m at x is by definition (see [7, Section 3.8.8])
a B(Oy)-conjugacy class of operators of the form

1 £
V=it ( > i) fi + v(r)>, 4.5)
i=1

where ¥; () € Oy, ¥;(0) #0, and v(¢) € b(O,). Equivalently, it is an N (O, )-equivalence class
of operators

V=0+ i(p_1 +v(1), V() €b(Oy). (4.6)

tm

We denote the space of such opers by Opém (Dy).
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Let m, = rC[¢] be the maximal ideal of O, = C[¢]. Then (m,/ mi)* is naturally interpreted
as the tangent space T, to x € X. Let T be the corresponding C*-torsor. Now consider the
affine space

g/G = Spec(Fung)G = Spec(Funh)W =:h/W.

It carries a natural C*-action. We denote by (g/G)x.n = (h/ W)y, its twist by the C*-torsor
(TXX)(X)n:

(9/G)xn = ()" xcx /G-

Define the m-residue map

resy 1 Opg” (Dy) = (8/G)xm—1= (/W) m1 4.7)

sending V of the form (4.6) to the image of p_; 4+ v(0) in h/W. It is clear that this map is
independent of the choice of coordinate ¢ (which was the reason for twisting by (TXX)@’(’"’I)).
This generalizes the definition of 1-residue given in [7, Section 3.8.11]. The 1-residue which
takes values in g/G = b/ W and no twisting is needed. The definition of m-residue with m > 1
requires twisting by (7* y@0m=D  Alternatively, we may view the m-residue map as a morphism
from Opém(Dx) to the algebraic stack g/(G x C*) >~ b/(W x C*).

Introduce the following affine subspace gcan of g:

¢
gcanz{p_mLZyjp,, yeC}. (4.8)

j=1

Recall from [33] that the adjoint orbit of any regular element in the Lie algebra g contains
a unique element which belongs to gcan. Thus, the corresponding morphism gean — g/G =bH/ W
is an isomorphism.

Proposition 4.2. (See [10, Proposition 3.8.9].) The natural morphism Opém (Dy) = Opg (DY)
is injective. Its image consists of those G-opers on D whose canonical representatives have the
form

4
V=8 +pa+ Y t " ui)p;. uj) eCle. 4.9)
j=1
Moreover,
1
resn (V) = poi+ (#10) + 28m1 ) p1+ D _u;O)p;, (4.10)

j>1

which is an element of gcan = 9/ G (here we use the trivialization of Ty induced by the coordi-
nate t in the definition of resy,).
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Proof. First, we bring an oper (4.5) to the form
1 ¢
o + t_m<p_1 + ZCj(l)pj), cj(t) € (C[[t]]
j=1

(in the same way as in the proof of Lemma 4.1). Next, we apply the gauge transformation by
O0()™™ and obtain

4
O+ por+mpt™ Y G (0p;. cjt) e Ci.
j=1

Finally, applying the gauge transformation by exp(—mpj/2t), we obtain the operator

2
—m—1 m-—2 5 —m(dj+1
3z+p—1+<t "o - =t )p1+§ 174G (1) p;,

j>1
cj(t) e C[r]. (4.11)

Thus, we obtain an isomorphism between the space Opém (Dy) and the space of opers on D
of the form (4.9). Moreover, comparing formula (4.11) with formula (4.9) we find that u(t) =
ci1(t)— #tm_l and u(t) = c;(t) for j > 1. Therefore the m-residue of the oper (4.9) is equal
to (4.10). O

If m = 1, then the corresponding opers are called opers with regular singularity. In m > 1,
then they are called opers with irregular singularity. In what follows we will often refer to the
1-residue of an oper with regular singularity simply as residue.

Given v € hh/ W, we denote by Opé1 (Dy), the subvariety of Opé1 (Dy) which consists of
those opers that have residue v € hH/ W.

In particular, the residue of a regular oper d; + p_1 + v(¢), where v(¢) € b(O,), is equal to
@ (—p), where @ is the projection h — h/ W (see [7]). Indeed, a regular oper may be brought to
the form (4.6), using the gauge transformation with §(¢) € B(K,), after which it takes the form

1
3 + ?(pq —p+t-pO(vD)p® ).

If v(¢) is regular, then so is ,5(t)(v(t)),5(t)_l. Therefore the residue of this oper in /W is equal
« <1
to @ (—p), and so Opg(Dyx) = OPG (Dx)w(—ﬁ)~
Next, we consider opers with irregular singularities in more detail. Let m > 1. Denote by 7 the
projection g — g/G >~ h/W. Any point in g/ G may be represented uniquely in the form m(y),
where y is a regular element of g of the form

4
y=p_i+y=pa+) yip;. (4.12)
j=1
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Let N(D[¢] be the first congruence subgroup of N [¢], which consists of all elements of N [¢]
congruent to the identity modulo ¢. The next lemma follows from the definition.

Lemma 4.3. Let y be a regular element of g of the form (4.12). Then, for m > 1, the space
Opém (Dy)z(y) of G-opers with singularity of order m and m-residue 7 (y) is isomorphic to the
quotient of the space of operators of the form

1 _ -1
Ot (P + ) V). @) e B[],

by N [t]. Equivalently, it is isomorphic to the space of operators of the form
14
V=d+por+y (y "G 4Gy (1) pr o wj(n) € Cle].
j=I

4.4. Opers without monodromy

Suppose that X is a dominant integral coweight of g. Let Opg(Dy); be the quotient of the
space of operators of the form

4
V=0 + Y Yi)fi +v(), (4.13)

i=1

where

i) =1 (i +1(...)) € Ox, ki #0,

and v(7) € b(Oy), by the gauge action of B(Oy). Equivalently, Ops (Dy); is the quotient of the
space of operators of the form

J4
V=0,+ Y 1M fi+v@), (4.14)
i=1

where v(t) € b(O,), by the gauge action of N(O,). Considering the N (K ;)-class of such an
operator, we obtain an oper on D;*. Thus, we have a map Opg (Dy); — Opg (D).
To understand better the image of Opg; (D)5 in OpL (Dy’), we introduce, following [27, Sec-

tion 2.9], a larger space Opg (DX);Hp as the quotient of the space of operators of the form (4.14),
where now

v(t) € h(O,) & 17 'n(Oy),

by the gauge action of N(O,).
Consider an operator of the form (4.14) with v(¢) € H(O,) & t~'n(O,). Denote by

V1= Z Vo, —1€q €N,

OlEA+
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the coefficient of v(¢) in front of 7~!. Then, according to the definition, Opg (Dy)j is the subva-
riety of OpG(Dx);ilp defined by the equations v, 1 =0, ¢ € A

It is clear that the monodromy conjugacy class of an oper of the form (4.14) in Opg (Dx);ilp
is equal to exp(2wiv_y). Therefore Ops(Dy); is the locus of monodromy-free opers in
OpG (D™,

We have the following alternative descriptions of Opg(Dy); and Opg (Dx);ﬂp.

Proposition 4.4. (See [21,27].) For any dominant integral coweight X of G the map

Opg ( Dx);ilp — Opg (DY) is injective and its image is equal to Opé1 (Dy) . Moreover,

@ (—A=p)
the points of Opg (Dx); C Opg (D x);ﬂp are precisely those G-opers with regular singularity and
residue w(—)v» — p) which have no monodromy around x.

In particular, we find that Opg (Dy)j is a subvariety in Opgl(Dx) defined by |A4|
equations corresponding to vo 1 =0, ¢ € A

One may rewrite the elements v, 1 = 0, o € A4, which are the generators of the defin-
ing ideal of Opg(Dy); in FunOpS'(Dy),, iy
Uin, j=1,...,4;n>0,0n Opé1 (DX)w(f)vaﬁ) obtained via Proposition 4.2 (here u; , is the
t"-coefficient of u;(¢) in (4.9)). It is easy to see that these generators are homogeneous of de-
grees (o, A+ ), aeAp, with respect to the grading on Fun Opfé(Dx)w(Jﬁﬁ) defined by
the assignment degu; , = n. For instance, for X = 0 these generators are uj ;, j=1,...,¢

nj=1,...,d;. Other examples are discussed in [19, Section 3.9].

@ (—i—p)

as polynomials in the canonical coordinates

5. Spectra of generalized Gaudin algebras and opers with irregular singularities

In this section we describe the algebra of endomorphisms of V., the center of the completed
enveloping algebra U, (§) and the action of the center on various g-modules of critical level in
terms of © G-opers. We then derive from this description and some general results on coinvariants
[22,26] that the spectrum of the universal Gaudin algebra Z(;,) »c(g) is identified with the space
of all L G-opers on P! with singularities of arbitrary orders at z1, . .., zy and co. The spectrum of
the quotient Z((Zlﬁ)og"m (g9) of Z(;;),00(g) is identified with the subspace of those L G-opers which
have singularities of orders at most m; at z; and m, at 0co. We also describe the spectrum of the
algebra A, for regular semi-simple and regular nilpotent x, and the joint eigenvalues of A, , and
its multi-point generalizations, on tensor products of finite-dimensional g-modules.

5.1. The algebra of endomorphisms of Vo

Let g be a simple Lie algebra. Recall that, by definition, the Langlands dual Lie algebra g is
the Lie algebra whose Cartan matrix is the transpose to the Cartan matrix of g. In what follows
we will choose Cartan decompositions of g and “g and use the canonical identification
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between h* and the Cartan subalgebra ©h of the Langlands dual Lie algebra “g. In particular, we
will identify the weights and roots of g with the coweights and coroots of g, respectively, and
vice versa.

Recall that we denote by 3, (@) the algebra of endomorphisms of the vacuum module Vy , of
level « (see Section 2.4). We will now describe 3, (@) following [16,20] (for a detailed exposition,
see [25]).

Let G be the adjoint group of Lg and Op.g; (D) the space of “G-opers on the disc
D = SpecC[t] (see Section 4.1). Denote by FunOp. (D) the algebra of regular functions on
OpLg (D). In view of Lemma 4.1, it is isomorphic to the algebra of functions on the space of

£-tuples (v1(2), ..., ve(t)) of formal Taylor series, i.e., the space (C[[t]]z. If we write
vi() =Y vint ™"
n<0

then we obtain
FunOp. g (D) = Clv; nli=1,....¢; n<o0- 5.1

Let Der O = C[t]d; be the Lie algebra of continuous derivations of the topological algebra
O = C[t]. The action of its Lie subalgebra Dery O = tC][t]d; on O exponentiates to an action of
the group Aut O of formal changes of variables. Both Der O and Aut O naturally act on Vg , in
a compatible way, and these actions preserve 3, (g). They also act on the space Op. (D). One
can check that the vector field —¢9; defines a Z_ -grading on Fun Op. (D) such that degv; , =
d; — n, and the vector field —9; acts as a derivation such that —9; - v; , = —nv; ,—1.

Recall the critical invariant inner product «, introduced in Section 2.5.

Theorem 5.1. (See [16,20].)

() 5/((3) ZCi]cK #Kc.

(2) There is a canonical isomorphism
3%, (§) = FunOp. (D)
of algebras which is compatible with the actions of Der O and Aut O.

Since 3, (@) is trivial for k # k., we will set k¥ = k. and omit « from our notation.

Let again x be a smooth point of a curve x and O, C K, be as in Section 4.2. We have the
Lie algebra g(K,) and its central extension gy, , defined by the commutation relations (2.2).
Since the residue is coordinate-independent, the Lie algebra @y, , is independent on the choice
of an isomorphism K, >~ C((r)). We have a Lie subalgebra g(O,) C @k,.x and we define the
corresponding vacuum module of level «. as

T qOke.x
V()’x = Indg(OX)EB(Cl C.

Set

3(@)e = (Vo)) =Endg, , Vo.,.
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Then the compatibility of the isomorphism of Theorem 5.1 with the action of Aut O implies the
existence of the following canonical (i.e., coordinate-independent) isomorphism:

3(8)x = FunOpL g (Dy). (5.2)
Recall from Section 3.2 that the action of Ly = —t9; € Der O on the module V| defines a Z-

grading on it such that degvy = 0, deg J? = —n. The action of L_; = —0d; € Der O is given
by the translation operator 7' defined by formula (2.6). Theorem 5.1 and the isomorphism (5.1)

imply that there exist non-zero vectors S; € Vg Il of degrees d; + 1,i =1, ..., £, such that
(@ =C[s™"] v
39 i Ji=1,. 6020V
where Si(") = T"S;, and under the isomorphism of Theorem 5.1 we have
S™ v nlv _poy, n=0. (5.3)
The Z-gradings on both algebras get identified and the action of T on 3(g) becomes the action
of —9d; on FunOp. (D).

Now recall from Section 3.2 that the PBW filtration on U (g, ) induces a filtration on Vj such
that the associated graded is identified with

S(a(@)/a[t]) = Fun(g()/glr])" = Fun(g*[] dr) ~ Fun g*[1],
where we use the canonical non-degenerate pairing
¢()dr e g*[t]dr,  A@t) € g(1)/0t] = Res;—o(¢p (1), A(r))dt,
and a coordinate ¢ on D. Let
Inv g*[¢] = (Fung* M)g[[fﬂ
be the algebra of g[¢]-invariant functions on g*[¢]. According to Theorem 3.8, the map
gr3(g) — grVo=TFung*[]
gives rise to an isomorphism
gr3(@) ~Invg[r].

In particular, the symbols of the generators Sl.(") of 3(g) have the following simple description.
Let Inv g* be the algebra of g-invariant functions on g*. By Theorem 3.1,

Invg* =C[P;li=1, ¢,

where the generators P; may be chosen in such a way that they are homogeneous and deg P; =
di +1.
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As in Section 3.2, we use the elements P; to construct generators of the algebra Inv g*[¢].
We will use the generators J%, n < 0, of S(g((¢))/g[t]) = Fung*[¢], which are the symbols of
J#0) € Vo. These are linear functions on g*[¢] defined by the formula

J2(¢(1)) = Resi—o(op (1), J*)t" dt. (5.4)

We will also write

Ja(Z)_ZJa —n— 1

n<0

Let us write P; as a polynomial in the J%’s, P; = P;(J%). Define a set of elements P; , €
Fun g*[[¢] by the formula

Pi(J%2) =Y _Piaz """ (5.5)

n<0

Note that each of the elements P; , is a finite polynomial in the J¢’s. Now Theorems 3.7 and 3.8
imply the following:

Lemma 5.2. The generators P; of Invg* may be chosen in such a way that the symbol of

S,.(") €3(9) is equal to n'P; .

For example, we may choose the degree 2 vector S; to be the Segal-Sugawara vector (2.16)
(it is unique up to a non-zero scalar). Its symbol is equal to

— 1 — _
Pl,—l = EZJa,—lj(ily
a

where P| = % > 4 JaJ? is the quadratic Casimir generator of Inv g*.
The algebra Fun Op. (D) has a canonical filtration such that the associated graded algebra is
isomorphic to

Inv “g[t] = (Fun Lg[[t]])LG[[t]1

(see [20, Section 11.3]). The spectrum of this algebra is the jet scheme of
Lg/"G = Spec(Fun Lg)LG
Using the canonical isomorphisms
Fo/tG="0/W=b"/W =g"/G,

we identify the jet scheme of L' g/~ G with the jet scheme of g*/ G. Therefore we have a canonical
isomorphism

Inv Lg[[t] = Inv g*[z]. (5.6)
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On the other hand, we know that
gr3(g) =Invg*[r].
The following result is proved in [20, Theorem 11.4].

Proposition 5.3. The isomorphism 3(§) ~ FunOpc (D) of Theorem 5.1(2) preserves the filtra-
tions on both algebras, and the corresponding isomorphism of the associated graded algebras is
the isomorphism (5.6) multiplied by (—1)" on the subspaces of degree n.

5.2. The center of the completed enveloping algebra

Recall from [26] that Vo = V., is a vertex algebra, and 3(g) is its commutative vertex
subalgebra; in fact, it is the center of Vo. We will also need the center of the completed universal
enveloping algebra of g of critical level. This algebra is defined as follows.

Let U,,(g) be the quotient of the universal enveloping algebra U (g,) of @, by the ideal
generated by (1 — 1). Define its completion ﬁ,(c (@) as follows:

Ue (8) =1im Uy, ()/Uc(3) - (g ® £V C[1]).

It is clear that l7,q, (9) is a topological algebra which acts on all smooth g, -module, i.e. such
that any vector is annihilated by g ® ~tN C[z] for sufficiently large N, and the central 1 acts as the
identity. Let Z(g) be the center of Uy, (§).

Denote by FunOp.;(D>) the algebra of regular functions on the space Op.;(D*) of LG-
opers on the punctured disc D* = Spec C((¢)). In view of Lemma 4.1, it is isomorphic to the
algebra of functions on the space of £-tuples (vi(¢), ..., ve(t)) of formal Laurent series, i.e., the
ind-affine space C((1)". If we write v; (f) = ZneZ vi’nt_”_1 , then we obtain that Fun Opr (D™)
is isomorphic to the completion of the polynomial algebra Clv; ,,li=1..._.¢. nez With respect to the
topology in which the basis of open neighborhoods of zero is formed by the ideals generated
by viy,i=1,...,€;n>N,for N > 0.

Theorem 5.4. (See [16,20].) There is a canonical isomorphism
Z(§) ~FunOp.;(DX)
of complete topological algebras which is compatible with the actions of Der O and Aut O.

For a smooth point x € X as above, we have the Lie algebra Bi.x- We define the completed
enveloping algebra Uy, (gy) of @, » in the same way as above. Let Z(g), be its center. Then
Theorem 5.4 implies the following isomorphism:

Z(§)x >~ FunOp.s(DY).

Each element A € V| gives rise to a “vertex operator’” which is a formal power series

YA, =) Amz " A €U (@

nez
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(see [26, Section 4.2]). In particular, we have the elements S; ;) attached to the generators S; €
3(@) C Vy. Under the isomorphism of Theorem 5.4 we have

Si ] = Vin- (5.7)

The algebra [7,<(, Lﬁ) has a PBW filtration, and its associated graded algebra is the completed
symmetric algebra S(g((1))) of g((+)), which we identify with the topological algebra Fun g*((¢)).
Let P;, be the symbol of the element S; [, in Fung*((#)). These elements are given by the
formula

Pi(J%2) =Y _Piaz """, (5.8)

nez
where

T =Y Ter

nez

and the .7;’ ’s are the generators of Fun g*((¢)), defined by the formula

J4 (¢ (1)) =Res—olp (1), J)" dt, ¢(t)eg* (1), n€Z

(compare with formula (5.4)).

It is easy to see that the elements ﬁ, n» are G((¢))-invariant elements of Fung*((?)).
Moreover, they are topological generators of the algebra (Fung*((1)))¢‘). More precisely,
(Fun g*(1)))“ is isomorphic to a completion of the free polynomial algebra in Pin, i=
1,...,4;neZ,see |7, Theorem 3.7.5].

On the other hand, the algebra FunOpr (D) also has a canonical filtration such that the

associated graded algebra is canonically isomorphic to (Fun © g((t)))LG((’)). In the same way as
at the end of Section 5 we obtain a canonical isomorphism

(Fun Lg(@)) 7 = (Fung* (1)) 7.
We can now take the symbol of v; ,,n € Z, in (Fun g*((t)))G«’» and compare it with I_’i,,, =
o (Si,[n]), where v; , and S; [, are related by formula (5.7). Using the commutative vertex algebra
structures on 3(g) and Fun Opz (D) and Proposition 5.3, we obtain the following:
Lemma 5.5. The symbol of v; ,, is equal to (— 1)‘11'+l E’n.
If M is a smooth g, -module, then the action of Z(g) on M gives rise to a homomorphism

Z(g) — Endg,, M

For example, if M =V, then using Theorems 5.1 and 5.4 we identify this homomorphism with
the surjection

FunOp. (D) — FunOpe (D)
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induced by the natural embedding
Op.(D) <= Oprg(D*).

Recall that the Harish—Chandra homomorphism identifies the center Z(g) of U(g) with the
algebra (Funb*)" of polynomials on h* which are invariant with respect to the action of the
Weyl group W. Therefore a character Z(g) — C is the same as a point in Spec(Fun h*)" which
is the quotient h*/W. For A € h* we denote by @ (1) its projection onto §*/W. In particular,
Z(g) acts on M, and V), via its character @ (A + p). We also denote by I, the maximal ideal
of Z(g) equal to the kernel of the homomorphism Z(g) — C corresponding to the character
oA+ p).

Recall that we have an isomorphism

g"/G b/ W="h/W.
Let us denote by 7 the corresponding map g* — L/ W.
Theorem 5.6.
(1) Let

e
U, = IndtMg[[z]]@(Cl C.

The homomorphism Z(g) — Endg, Uy, factors as
Z(§) ~FunOp.;(D*) — Fun Opfé" (D) < Endg,_Uy.

(2) Let

Oke
Hm’)( = Indl’”g[[t]]@@l CX N

where x € g* and t" g[t] acts on Cy via
M) - g @™ % C.
The homomorphism Z(g) — Endg,. L, y factors as

Z(§) ~FunOp.(D*) - Fun Opy ™V (D)r(—y) — Endg,, Iy . (5.9)

where Opfc(;mﬂ)
residue w(—x).
In addition, if x is a regular element of g*, then the last map in (5.9) is injective.

(D) (—y) is the space of opers with singularity of order m + 1 and the (m + 1)-

(3) Let M be a g-module on which the center Z(g) acts via its character w (A + p), and let Ml
be the induced gy,-module. Then the homomorphism Z(g) — Endg, M factors as

Z(§) = FunOpig (D*) — FunOp;, (D)o (—1—p) — Endg, M.
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(4) For an integral dominant weight A € h* the homomorphism
FunOp.;(D*) — Endg,, V.
factors as
FunOp. (DX) — FunOp. (D), — Endg, V.
Proof. According to Proposition 4.2, the ideal of Opfg;1 (D) in FunOp.5 (D) is generated
by Vi, i =1,...,¢; n; 2m(d; + 1). By formula (5.7), these correspond to S; 4,1, i =1,...,¢;
n; = m(d; + 1). It follows from the definition of vertex operators that for any A € V of de-

gree N, the operators A}, n > mN, act by zero on any vector that is annihilated by g ® " C[¢].
Since deg S; = d; + 1, we obtain that the homomorphism Z(g) — Endg,, Uy, factors as

Z(g) >~ Fun OpLG(DX) —» Fun Opfg’(D) — Endg, Uy

To complete the proof of part (1), we need to show that the last homomorphism is injective. It
suffices to prove that the map

FunOpyr (D) — Uy,

applied by acting on the generating vector of U,,, is injective. This map preserves natural filtra-
tions on both spaces, and it is sufficient to show that the corresponding map of the associated
graded is injective.

The PBW filtration on U (gy,) induces a filtration on Uy, and the associated graded space is
identified with the symmetric algebra S(g((#))/¢" g[¢]). On the other hand, we have, by Proposi-
tion 4.2,

<
Fun OPLg(D) 2>~ Clvi n; li=1,....: n<m(di+1)-

Now Lemma 5.5 implies that
<m i)
grBunOp,; (D) = C[Pinli=1,...t;n<m(d;+1)
(see formula (5.8)). Thus, we need to show that the map
CIPinli=1,...t: n<mdi+1) = S(a(@)/1" g[1]),

is injective. Let us apply the automorphism J% v Jyu_m of g((?)) (considered as a vector space)
to both sides. Then we have P; , = P; ,,_p(4;+1), and so the above map becomes

(C[ﬁi,n,-]i=],.‘.,i;n<0 g S(g((t))/g[[fﬂ),

which is injective by Theorem 3.7. This completes the proof of part (1).
Next, we prove part (2). We will work with I,,_; , instead of I, ,. According to the result of
part (1), we have an injective homomorphism from the algebra

<m

FunOp. (D) 2 Clip, li=1.....: n; <m(di+1)+
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to Endg,, Uy, sending
Vjn; > Si,[n,']-
In addition, the commutative algebra

S@=S(g®t" )= (C[_ranfl]azl,..,dimg

also acts on U,, and commutes with the action Fun Opfgl(DX). Let us denote the generat-
ing vector of U, by v,,. Since the elements J, n > m, of ﬁ,(c annihilate v,,, we obtain from
Lemma 3.9 that the generator S; [;5(4;,+1)—1] acts on the generating vector of U, by multiplica-
tionby P;(J% ).

It follows from the definition that I,,_; , is the quotient of U, by the maximal ideal in
S(g) = Fung* corresponding to x € g*. Therefore we find that S; [jng;+1)-1] € Z(g) acts on
the generating vector of I,,_1 ,, and hence on the entire module I, ,, by multiplication by the
value of P; € Fung* at x € g*. By Lemma 5.5 and Proposition 4.2, this means that the action of
Fun Opfé" (D*) on I,—1, factors through the algebra of functions on opers with singularity of
order m and the m-residue 7 (—y).

Thus, we obtain that the homomorphism Z(g) — Endg,, Ly—1,5 factors as

Z(§) ~FunOpy(D*) — FunOpjer (D)x(—y) = Endg,, Tn—1.5-

To complete the proof of part (2), we need to show that the last homomorphism is injective if x
is regular. It suffices to show that the natural map

CLSi,tni)i=1,....e: nj<m(di+1)—1 = L1, (5.10)

obtained by acting on the generating vector of I,_1 4, is injective. As in the proof of part (1), we
will derive this from the injectivity of the corresponding maps of associated graded spaces.

The associated graded space of I,,_1,, with respect to the PBW filtration on the universal
enveloping algebra of g, is naturally identified with

S(g@) /1" ' a[t]) ~ Fun(r " g*[¢] dt) ~ Fun(r~"+'g*[1]).

Now, using Lemma 3.9, we obtain that the symbol of the image of a polynomial R in §; ;] under
the map (5.10), considered as a function on ="+ g* [#], is equal to the same polynomial R in
which we make a replacement

St Pia(-+ xt™")

followed by the shift of argument by xt~". Thus, injectivity of the associated graded map
of (5.10) is equivalent to the algebraic independence of the restrictions of

Pin, i=1,...,¢ ni<m(d;+1)—1,

which are functions on g*((1)), to =" 4+ ¢~ +1g* [¢]. Let us prove this algebraic independence.
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To simplify the argument, let us apply the automorphism of g((¢)) sending J 9 to J ¢ _ - Then
xt™™ + 1t~ 1g*[¢t] becomes x + tg*[t] and P;, > Piy—ma;+1)- We therefore need to prove
that the restrictions of the polynomials P;,, i =1,...,¢; n < —1, to x + tg*[t] C g*[¢] are
algebraically independent. This would follow if we show that their differentials at the point x are
linearly independent.

Let us identify the cotangent space to x € g* with (g*)* = g and the cotangent space to
X € x +tg*[t] with (¢g*[t])* = @)/t ' g[t]. Since x is regular, we obtain from [33] that the
values d P;|, of the differentials d P; of the generators P; of the algebra Inv g* at x € g* are
linearly independent vectors in the centralizer g, of x, considered as a subspace of g. Using the
explicit formula (5.5) for P; ,, we find that the value of dP; ,, n < —1, at x € g*[¢] is equal to

*)*

dPily) ®1" e g(()/t " g[r].

These vectors are linearly independent fori =1, ..., £ and n < —1. Therefore the restrictions of
the polynomials P; ,,i =1,...,€;n < —1,to x +tg*[t] C g*[t] are algebraically independent,
and so the map (5.10) is injective. This completes the proof of part (2).

Part (3) of the Theorem is obtained by combining Theorem 12.4, Lemma 9.4 and Proposi-
tion 12.8 of [20].

Part (4) is established in [28, Lemma 1.7]. O

We note that parts (1) and (2) of the theorem may be interpreted as saying that the sup-
ports of the Z(g)-modules Uy, and T, x» considered as subvarieties in Oprg (D), are equal

to Opfc(;mﬂ)(D) and Opfc(;mH)(D),,(, x)» respectively. If x were not regular, then the support

of I, would still be contained in Opfémﬂ) (D)5 (—y), but it would not be equal to it (equiva-

lently, the last map in (5.9) would not be injective). For example, if x =0, we have I, 0 = U,,,

and so the support of I is equal to Opfé" (D). This explains the special role played by regular

characters .

5.3. Description of the Gaudin algebras

Now we are ready to show that the Gaudin algebras Z((Z;)OZ’ *(g), which were introduced
in Section 2.5, are isomorphic to algebras of functions on opers on P!\ {zi,..., zy, 00}

with appropriate singularities at the points zy, ..., zy and co. Here we follow the analysis of
[22, Section 2.5], where the Gaudin algebras were described in the case regular singularities
(when all m; and m, are equal to 1).

Let us denote by

the space of L G-opers on P! \ {z1, ..., zy, oo} whose restriction to sz,- belongs to

Opra(DX) COprg(DY). i=1.....N,

and whose restriction to D belongs to

Opfg“’ (DX) COpLg(DL)-



B. Feigin et al. / Advances in Mathematics 223 (2010) 873—-948 929

Thus, points of OpLG(Pl)EZ;)gZO" are L G-opers on P! with singularities at z;, i =1, ..., N, and
oo of orders m;, i =1,..., N, and m, respectively (and regular elsewhere).
Theorem 5.7.

(1) There is an isomorphism of algebras

Z((Z)’)O':m (g) @ FunOp.g (Pl)EZ’))Or:“’ .
Let us fix a g, -module M; foreachi =1, ..., N, and a g,,,-module M. Then the following
holds:

(2) Suppose that we have mj =1 and let M ; be a g-module on which the center Z(g) acts via
its character w (A + p). Then the action on((Z;)C’g“ (g) on ®lN:1 M; ® M factors through

the algebra of functions on a subset of OpLG(Pl)EZS?ggm

regular singularity and 1-residue w (—\; — p) at z;.
(3) Under the assumptions of part (2), suppose in addition that ). j is an integral dominant weight

and Mj =V, is the finite-dimensional irreducible g-module with highest weight A ;. Then
the action of Z((Z';)OZ’ *(g) on ®fv:1 M; ® My factors through the algebra of functions on
a subset of OpLG(Pl)Ezg)gm, which consists of the opers with regular singularity at zj,
1-residue @w (—Aj — p), and trivial monodromy around z ;.

, Which consists of the opers with

(m;),moo

(4) Now let x € g* be a regular element. Set M; = L y. Then the action of Z(Zi)’oo (g) on
®1N=1 M; ® My factors through the algebra of functions on a subset of OpLG(Pl)(m")’mc’o,

(zi),0
which consists of the opers with singularity of order mj + 1 at zj and (m; + 1)-residue

7 (—x) (here we trivialize the tangent space to zj using the global coordinate t on Ph.
An analogous result also holds with z; replaced by oo.

Proof. Proof is a word-for-word repetition of the argument used in the proof of Theorem 2.7
of [22] (which corresponds to the special case of parts (1)—(3) of the above theorem when all the
m;’s and mq, are equal to 1). Using the general results of [26] about the action of commutative
vertex algebras on coinvariants, we show the following. Let M, ..., My and M, be ﬁ,(c -mod-
ules. Then, as explained in Section 2.5, the universal Gaudin algebra Z(;;) ~o(g) acts on the
corresponding space H (M, ..., My, M) of coinvariants. Suppose that the action of Z(g) =~
FunOp. (D) on M; factors through Fun OplLW("; (D*), where OpZLVIé (D*) C Oprg(D*). Then,
in the same way as in the proof of Theorem 2.7 of [22] we obtain that the action of Z;;) o0 (g)
factors through the space of “ G-opers on P! \ {z1, ..., zy, 0o} whose restriction to the punctured
disc D), i=1,..., N (resp., D) belongs to Op]LV[(";(DZ) (resp., Opiwé (D).

Now we combine this result with the local statements of Theorem 5.6 describing the action
of the center on g, -modules. This gives us the sought-after assertions about the factorization of
the action of the universal Gaudin algebra Z(;,) o (g) on particular modules.

To complete the proof of part (1), we need to show that the homomorphism

N
FunOpe (P')(")""™ — Q) U gm,) ® U @) (5.11)

(zi),00
i=1
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(m;),moo

obtained this way is injective. But its image is, by definition, the algebra Z( 21,00

injectivity of this homomorphism implies that we have an isomorphism

(9), and so the

1\mi)meo , ~(m;),moo
FunOpLG(]P’ )(Z’_)’oo ~Z e (@), (5.12)
as stated in part (1) of the theorem.

In order to prove the injectivity we pass to the associated graded algebras. According to
Theorem 3.4, at the level of associated graded algebras the homomorphism (5.11) becomes the
homomorphism

P PRGOS > Q) Sam) ® S(@ns)
i=1,..,.N

defined in formula (3.7). By Lemma 3.3, @g’f’))ggw is injective. This implies the injectivity

of (5.11). Therefore we obtain an isomorphism (5.12). O

Note that the embedding
1\ (mi).moo
OpLG(IP) )(Z[),OO —> OpLG(DM)
obtained by restricting an oper to the disc D, around a point u € P'{z;, ..., z), 0o} gives rise to

a surjective homomorphism

Fun Op. (D) — Fun Ope g (P1) "7

(zi),00

The corresponding homomorphism
-~ (m;), Mmoo
38~ 200" (@)

is nothing but the homomorphism @((Zl; )o': * from Section 2.5.

Observe also that part (1) of the theorem implies that the universal Gaudin algebra Z;,) «(g)
is isomorphic to the (topological) algebra functions on the ind-affine space of all (meromorphic)
LG—opers on P! \{z1,...,2n,00}.

5.4. The case of singularity of order 2

Consider a special case of the theorem when we have two points z; =0 and oo, set m; = 1
and mo, = 1 and choose a regular x € g* corresponding to the point co. The corresponding
Gaudin algebra A(l):éo(g)o,x is the algebra A, introduced in Section 2.7.

Let OpLg (P! )x(—y) be the space of L G-opers on P! with regular singularity at the point 0 and
with singularity of order 2 at oo, with 2-residue 7 (— ). This space has the following concrete
realization for regular .

Let us pick an element of the form

4
—pi—X=-p-1— Y X;Pj€ “gen
j=1



B. Feigin et al. / Advances in Mathematics 223 (2010) 873—-948 931

(see formula (4.8) for the definition of ©g.,,) in the conjugacy class 7(—x) € g*/G = Lg/LG

Then it follows from Lemma 4.3 that on the punctured disc D at oo (with coordinate s = =1
each element of OpLG(IP’l),T(_ x) may be uniquely represented by a connection operator of the
form

L
Oy — p_1— Z()_(js_2dj_2 + s_de'_luj (s))pj, uj(s) = Z ujns" €C[s]

j=1 n=>0

(the sign in front of p_; may be eliminated by a gauge transformation with p(—1), which would
result in multiplication of u(s) by (=1)/, but we prefer not to do this). This oper extends to
P! \ 0 if and only if each u ;j(s) belongs to C[s]. To understand its behavior at 0, we apply the
change of variables s = r~!. After applying the gauge transformation with 5(r~2), we find that
the restriction of this oper to the punctured disc D at 0 € P! is equal to

v J4
o+ p- 1+—+Z Xj+u0)pj. w0 =1"u(e").
j=1

Next, we apply the gauge transformation with exp(—p1/¢) and obtain

¢
0+ p-1+ Z()Tj +U;0)p;, w0 =t""u(t7h).
j=1

This oper has regular singularity at O if and only if

J
uj(s) = Zuj,ns".
n=0

Thus, we find that each element of OpLG(IE"1 )z (—y) may be represented uniquely by an oper-
ator of the form

14 dj
O + p-1 +Z()_(j+zuj,nt_n_l>pj. (5.13)
j=1 n=0

Note that according to Proposition 4.2, its 1-residue at 0 is equal to

4
1
poi+ Z(u,-,d,. + Zsj,1>p,» € “gean > "9/" G =9/G. (5.14)
j=1

In particular, we obtain that

FunOpLG(P])ﬂ(_X) :C[uj,nj]jzl,..A,Z;nj:O ’’’’’ d_/' (515)

Theorem 5.8. If x € g* is regular, then the algebra A, is isomorphic to the algebra of functions
on OpLG(Pl )77(—)()'
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Proof. According to Theorem 5.7(4), we have a surjective homomorphism
FunOpeg(P'),, _,) = Ay (5.16)

To show that it is an isomorphism, it is sufficient to prove that the corresponding homomor-
phism of the associated graded algebras is an isomorphism. According to [45] and Theorem 3.14,
gr A, = le. But for regular x the algebra -Zx is a free polynomial algebra with generators
DYy Pii=1,...,6;n;=0,...,d; + 1, by [34,38] and Theorem 3.11.

On the other hand, it follows from formula (5.15), Lemma 5.5 and the discussion in the proof
of Theorem 3.14 that grFunOp. s (Pl)n(— x) 18 isomorphic to the same free polynomial algebra.
Hence the map (5.16) is an isomorphism. O

5.5. Joint eigenvalues on finite-dimensional modules

Let us first recall the results of [21,22] (see also [17,19]) on the joint eigenvalues of the or-
dinary Gaudin algebra A (g) € U(g)®N on the tensor products ®11v: 1 Vo, of irreducible

(zi),00
finite-dimensional g-modules V;,. Let Op g (P1)(;;).00: (1)1 De the set of L G-opers on P! with
regular singularities at z;, i = 1,..., N, and oo, with residues @ (—A; — p) and @ (—Ax — p),

and with trivial monodromy representation. Then according to [21, Corollary 4.8] (see also
[22, Theorem 2.7(3)] and Theorem 5.7(3) above), we have the following description of the joint
eigenvalues of Z'L_(g) c U(@)®Y on QY V3,.

(zi),00

(1.1

(Zi),oo(g) on ®lN=1 Vi, (without multiplicities) is

Theorem 5.9. The set of joint eigenvalues of Z
a subset ofOpLG(IP>1 ) (2:),00: (M), hoo

Further, Conjecture 1 of [22] states that this inclusion is actually a bijection. Now we discuss
analogous results and conjectures for the generalized Gaudin algebras corresponding to irregular
singularity of order 2 at co.

We start with the simplest such Gaudin algebra, namely, the algebra .A, C U (g). Consider its
action on the irreducible finite-dimensional g-module V), where X is a dominant integral weight.
Note that from the point of view of the general construction of Section 2.8 this action comes
about through the action of A, = Aé:éo(g)o,x on the space of coinvariants

HV, i, )= (Va®I,)/gx= V.

Suppose that y is regular semi-simple. Then A, contains a Cartan subalgebra h of g, which is
the centralizer of x in g. Therefore the action of A, preserves the weight decomposition of Vy
with respect to the h-action. It is natural to ask what are the joint generalized eigenvalues of A,
on these components.

Let

OpLG(]P’])j;(iX) COpeg(P),
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be the set of © G-opers on P! with regular singularity at the point 0 with the 1-residue @ (—A — p),
singularity of order 2 at the point co with the 2-residue 7w (—y) and trivial monodromy. Then,
according to Theorem 5.7(3), the action of .4, on U (g) factors through the homomorphism

~ 1 1
AX _Fl.],n()pLG(]P> )71(7)() —»FlanpLG(P )77(7)()‘
In other words, we obtain the following description of the joint generalized eigenvalues of the
commutative algebra A, (which are the points of Op: G(IPl)ﬂ(_ x)» according to Theorem 5.8)
on its generalized eigenvectors in V.

Theorem 5.10. For regular semi-simple x € g* the set of joint generalized eigenvalues of A, on
Vi (without multiplicities) is a subset of OpL g (Pl)i(_x).

Concretely, elements of OpLG(Pl);(7 ) whose 1-residue at O is equal to @ (—A — p) are
represented by the connections of the form (5.13) with the expression (5.14) equal to @ (—A — p).
As we explained after Proposition 4.4, the condition that this connection has trivial monodromy
around 0 imposes a set of dim” n algebraic equations on the oper, and Op.g (IE”l)f‘Z =0 is just the
set of solutions of these equations plus dim” § equations corresponding to the 1-residue condition
at 0. Note that the dimension of Op. g (P');(—y) is equal to dim” b, and so it is reasonable to
expect that Opz (P}, is a finite set.

Conjecture 2. The injective map of Theorem 5.10 is a bijection for any regular semi-simple
element x € g* and dominant integral weight A.

If the action of the algebra A, on V) is diagonalizable (which we expect to happen for generic
regular semi-simple ), then Proposition 5.10 would give us a labeling of an eigenbasis of A,
in V) by monodromy-free ' G-opers on P! with prescribed singularities at 0 and oo.

Proposition 5.10 has the following multi-point generalization. Consider the algebra

AP (@00 U@V

(zi),00

(see Section 2.8 and [45]). It may be obtained as the quotient of

z2 (9) cU@®N @ U

(zi),00

obtained by applying the character g — g 4Le along the last factor.
Let

1.2
(zi),00

1y(D,2 1
OpLG (]P) )(Zi)Qﬂ(—X) C OpLG (]P) )
be the space of © G-opers on P! with regular singularities at the points z;, i = 1, ..., N, and with
singularity of order 2 at the point co with the 2-residue 7 (—x).

Conjecture 3. For any regular x € g*

1,2

),1 ~ 1
A (@)(0),x = FunOp. (P )(z,-);n(fx)'

(zi),00
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Now let A1, ..., An be a collection of dominant integral weights of g. Consider the action
of A&))loo (9)(0),x on the tensor product ®f\'= 1 V3. We will now assume that x is regular semi-
simple.

Let

1\ (i) 1y(D,2
P26 (B) im0 © OPL6 (B) i
be the set of “G-opers on P! with regular singularities at the points z;,i =1, ..., N, with the 1-

residues @ (—X; — p) and trivial monodromy around these points, and with singularity of order 2
at the point co with the 2-residue 7 (— ). Then Theorem 5.7 implies the following result.

Theorem 5.11. There is an injective map from the set of joint generalized eigenvalues of the com-
: M,1 N . TR 1y()
mutative algebra A(Zi)m(g)(o),x on Q;_; Vi, (without multiplicities) to Oprg (P )(Zi);ﬂ(—x)'

We propose the following analogue of Conjecture 2:
Conjecture 4. The injective map of Theorem 5.11 is a bijection.

This should be viewed as an analogue of Conjecture 1 of [22]. The motivation for both con-
jectures comes from the geometric Langlands correspondence (see the discussion in [22] after
Conjecture 1).

6. Bethe Ansatz in Gaudin models with irregular singularities

In this section we develop an analogue of the Bethe Ansatz method for constructing eigenvec-
tors of the Gaudin algebra in the case of irregular singularities. For definiteness, we will consider
here the case of the Gaudin algebras AE;))]OO (9)(0), x> but our methods may be generalized to
yield eigenvectors in other generalized Gaudin models.

The construction of the Bethe Ansatz for Gaudin models with regular singularities is explained
in detail in [22, Sections 4-5], following [17] (for another approach, see [44]). In this section we

will follow the same approach, using notation and results of [22].
6.1. Wakimoto modules

The construction of eigenvectors of the Hamiltonians of the ordinary Gaudin model developed
in [17,22] utilizes a class of g, -modules called Wakimoto modules. These modules were defined
in [54] for g = sl and in [14,15,20] for a general simple Lie algebra g (for a detailed exposition,
see [25]). Here we will follow the notation of [20,22], where we refer the reader for more details.

Wakimoto modules over g, are parameterized by connections on an L H-bundle £27" on the
punctured disc D* = Spec C((¢)). Here 277 is defined as the push-forward of the C*-bundle
corresponding to the canonical line bundle £2 on D* under the homomorphism C* — ©H cor-
responding to the integral coweight —p of L H (we recall that © H is a Cartan subgroup of the
group LG of adjoint type). A choice of coordinate # on the disc D gives rise to a trivialization
of £2, and hence of £27°. A connection on £27° may then be written as an operator

V=09 +v@), v)e h@)=h")
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(see [20, Section 5.5]). If s is another coordinate such that = ¢(s), then this connection will be
represented by the operator

@"(s)
Q'(s)

b + ¢/ S (9(s) +p- (6.1)

Let Conn(£2~") px be the space of all connections on the  H-bundle £2~° on D*. Denote
by b; ,,, n € Z, the function on Conn(§2~") px defined by the formula

3 +v(1) = Res—o{a;, v(1))i" dt.
The algebra Fun Conn($2 ~") px of functions on Conn(£2 ") px is a complete topological algebra
FunConn(27°) . ~imClb; n)i=1.....¢: nez/ IN

where Iy is the ideal generated by b; ,, i =1,...,¢; n > N. A module over this algebra is
called smooth if every vector is annihilated by an ideal I for large enough N. In particular, each
V € Conn(£2°) px gives rise to a one-dimensional smooth module over Fun Conn(£27°) px,
which we denote by Cg. Equivalently, Cg may be viewed as a module over the commutative
vertex algebra o = Fun Conn(£2 ") p (see [20, Section 4.2]).

Next, we define the Weyl algebra A? with generators ay 5, a ,, & € Ay, n € Z, and relations

[aa,nv a;,m] = (Sa,ﬁ‘sn,fm’ [ao,n,apm]l = [a;yn, a:‘;m] =0. (6.2)
Let M be the Fock representation of .48 generated by a vector |0) such that

agnl0)=0, n=0; a® 10)=0, n>0.

o,n

It carries a vertex algebra structure (see [20]). It follows from the general theory of [26, Chap-

ter 5], that a module over the vertex algebra My is the same as a smooth module over the Weyl

algebra A9, i.e., one such that every vector is annihilated by aq », a ,, for large enough n.
According to [20, Theorem 4.7], we have a homomorphism of vertex algebras

wy, : Vo = My ® mo,

which sends the center 3(g) C Vy to mg. Moreover, the corresponding homomorphism of com-
mutative algebras

FunOp. (D) — FunConn(227")
is induced by the Miura transformation
Conn(£27°) , = Opr (D)
defined in [20, Section 10.3], following [10]. We recall that this map sends a Cartan connection

V =8, + v(¢) to the © G-oper which is the N [¢]-gauge equivalence class of V =3, + p_1 + v(t).
There is a similar map over the punctured disc D> or a smooth curve.
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This result implies that for any smooth .A?-module L and any smooth module R over
Fun Conn(£2~ ") px the tensor product L @ R is a g, -module. In particular, taking R = Cg,
we obtain a g.-module L ® Cg. These are the Wakimoto modules. The following is proved
in [20, Theorem 12.6].

Theorem 6.1. The center Z(g) = FunOpr g (D*) acts on L ® Cg via the character correspond-
ing to the “ G-oper b*(V), where

b*(V) : Conn(27") . — Opr(D*)
is the Miura transformation on D*. In particular, the action of Z(g) is independent of the choice
of the module L.

6.2. Coinvariants of Wakimoto modules

The idea of [17,22] is to construct eigenvectors of Gaudin algebras using spaces of coinvari-
ants of the tensor products of Wakimoto modules. These coinvariants are defined (following the
general definition of [26, Chapter 10]) with respect to the vertex algebra My ® mo. By func-
toriality of coinvariants, the above homomorphism w,, of vertex algebras gives rise to linear
maps from the spaces of coinvariants with respect to Vo = V.., which are just the spaces of
9(z;)-coinvariants introduced in Section 2, to the spaces of coinvariants with respect to Mg ® .
Because My ® 7¢ is a much simpler vertex algebra, its coinvariants are easy to compute, and
in the cases we consider below they turn out to be one-dimensional. Therefore we obtain linear
functionals on the spaces of g(;;)-coinvariants that are of interest to us. It then follows from the
construction that these linear functionals are eigenvectors of the corresponding Gaudin algebra.

Let us choose a set of distinct points xi,...,x, on C C P!. We attach to each of these
points, and to the point oo, an Mg-module and a 7p-module. As the My-modules attached to x;,
i=1,..., p, we choose My itself, and to oo we attach another module Mé generated by a vec-

tor |0)’ such that
agnl0) =0, n>0; a¥ 10y =0, n>0.

o,n

As the mp-modules attached to x;, i = 1,..., p, we take the one-dimensional modules Cgi =
Cy,(z), where

Vi=09,+vi(2), vi(2)eh*(2)="h2)),

and as the 7rp-module attached to the point co we take (CgOC = C, 4 (), Where Voo =0, + oo (2).
The corresponding space of coinvariants for My ® m is the tensor product of the spaces

HMg (Pl; (xi), 005 (Myg), Mé) and Hpy, (Plv (i), 005 (Cy;(2)), Coyy (Z))

of coinvariants for the Mg-modules and the mp-modules, respectively (see [22] for their defini-
tion). The following result is proved in [22, Proposition 4.9] (see also [17, Proposition 4]).
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Proposition 6.2.

(1) The space Hpy, (P (x;), 00; (My), My) is one-dimensional and the projection of the vector
10Y®N & 10) on it is non-zero.

(2) The space Hy, (P, (x;), o0; (Cy,(2)). Cy (2)) is one-dimensional if and only if there exists
a connection V on the L H-bundle 2~ on P! \ {x1,...,xp, 00} whose restriction to the
punctured disc at each x; is equal to 9; + v;(t — x;), and whose restriction to the punctured
disc at oo is equal to 9;-1 + Vo (¢t h.

Otherwise, Hy, (P!, (x;), 00; (Cy, (), Cy (2)) = 0.

Formula (6.1) shows that if we have a connection on £2~* over P! whose restriction to P!\ oo
is represented by the operator 9, + v(¢), then its restriction to the punctured disc D at oo reads,
with respect to the coordinate s = ¢~

0y — s_zu(s_l) — 2,0s_1.
In [17,22] we chose v; (z) to be of the form

N
Vi@ ="+ viad,

n>0

and v (z) to be of the form

Voo
Voo(2) = — + Z Voo,nzn-
< n=0

In other words, we consider connections on £2~° with regular singularities. The condition of the
proposition is then equivalent to saying that the restriction of V to P! \ co is represented by the
operator d; + v(t), where

p

v =y .

i=1

and 9; + v; (¢ — x;) is the expansion of v(¢) at x;, i =1, ..., p, while Voo (1) is the expansion
of —t2v(t) — 2pt in powers of 1.

Now we will choose v;(z) to be the same as above, but we will choose vy (2) to be of the
form

X
VoD =5+ Y Voo™
N n=—1

where x € h*. Then the condition of the proposition means that the restriction of V to P! \ oo is
represented by the operator

p

Vi
8’_X+Zt lx-
— Al

i=1

This connection has irregular singularity at oo. Note also that we have vy, 1 = —2p — Zi’;] Vi.
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Using the homomorphism w,,, we obtain g, -module structures on Mg ® C,,(;) and on
M é ® Cy (z)- As explained in [22, Section 4.2], functoriality of coinvariants implies that there is
a natural map from the space of g,)-coinvariants

H(Mg®Cy (o), ..., Mg ® Cy,0), My ® Cy ),

defined in Section 2.2, to the corresponding space of coinvariants with respect to My ® 7o, which
is

Hyg, (P'; (x7), 00; (Mg), M) ® Hzy (P', (x;), 00 (Cyy ). C (2)).-

Now, if v;(z) and v () are as above, the latter space is one-dimensional, by Proposition 6.2.
Hence we obtain a non-zero linear functional

Tyt H(Mg ® Cyy gy, -, Mg ® Cy o), My ® Cy (2)) = C, (6.3)
which we normalize so that its value on [0)®Y ® |0)’ is equal to 1.

6.3. Construction of the Bethe vectors

We are now ready to construct eigenvectors of the Gaudin algebra A&)) ,loo (9)(0),x- The idea
is to use the space of coinvariants of the tensor product of specially selected Wakimoto modules.
We attach them to the points z;, i =1, ..., £, and oo, and also to additional points wy, ..., Wy,.
The modules attached to the points z;, i = 1,...,£ will be of the form My ® Cy,(,), where
the connection 9, + A;(z) has regular singularity. For such modules we have a homomorphism
M;ﬁi — My ® Cy, (), where A; is the most singular coefficient of A;(z). The module attached
to oo will be of the form Mé ® C;...(z)» Where the connection 9; 4+ Ao (z) has singularity of
order 2. We then have a homomorphism I , — Mé ® C;..(z)» Where x is the most singular
coefficient of A (z). Finally, the module attached to w; will be of the form My ® C 11(2)> where
wj(z) = —ai;/z+ ---. Considered as a «,-module, this module contains a vector annihilated
by g[t], provided that a certain system of equations, called Bethe Ansatz equations, is satisfied. If
it is satisfied, then we can use these g[¢]-invariant vectors to construct eigenvectors of the Gaudin

algebra AE;,-)i,loo (9)(0),y in ®lN:1 M;,.

Now we explain this in more detail. Let us look more closely at the Wakimoto modules My ®
Cy () and My ® Cy(;). Let M} be the g-module contragredient to the Verma module M;, and
M the corresponding induced g, -module. As shown in [22, Section 4.4], we have a non-trivial

homomorphism of §,.-modules

. v
M} — Mg ®Cy), ifv(z)= Z + Z V"

n=0
Now suppose that v = —q;, i =1, ..., £. Consider the vector
a
ef 10)eMg®Cyiry. V@ ===+ Y vu2” (6.4)
n>0

(see [22, formula (4.7)] for the definition of ef_l ).
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According to [17, Lemma 2] (see also [22, Lemma 4.5]), we have
Lemma 6.3. The vector (6.4) is annihilated by g[t] if and only if we have
(@i, vo) = 0. (6.5)

Finally, consider the g.-module My ® C,;), where

v(z) = zX_2 + 3w xebt (6.6)
n>—1

Using the explicit formulas for the homomorphism w, (see [22, Theorem 4.1]), we obtain that
the vector [0)" € My ® C, ) satisfies

gt -10) =0,  (A®N-10) = x(A)I0), Aeg,
where we extend x € h* to a linear functional on g* via the projection g — b obtained using
the Cartan decomposition of g (abusing notation, we will denote this extension by the same
symbol ).
This implies the following:
Lemma 6.4. For any x € b* there is a homomorphism of §y,-modules
]Il,x - Mé ®(Cv(z),

where v(2) is given by formula (6.6), sending the generating vector of 11 y to |0) € Mé ®Cyp)-

Now let us fix an N-tuple of distinct points zp, ..., zy of C=P' \ {co}, an element yx € bh*,
aset of weights A; e h*,i =1, ..., N, and a set of simple roots o, j=1,...,m,of g. Consider
a connection V on £2~° on P! whose restriction to P! \ oo is equal to 9; + A(¢), where

N A m a
At = — Lo B 6.7
() X+Zt—zi Zt_wj (6.7)
i=1 j=l1
where wy, ..., w, is an m-tuple of distinct points of P! \ {oo} such that w j # zi. Denote by
Ai(t —z;) the expansions of A(¢) at the points z;,i =1, ..., N,and by u ; (t — w;) the expansions
of A(t) at the points w;, j =1, ..., m. We have:
A o
M(z)=;+~--, Mj(Z)=—7+lij,O+"',

where

N
Ai o
i0o=—xt+ — . 6.8
1jo=—X I;wj__ Zw;—ws (6.8)

z ;
Tos#j
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Finally, the expansion of this connection near oo reads ds + Aoo(s), Where s = t~!. Then
hoo(s) =s72A(s™Y) — 2,0s_1. Therefore we have

Y ki =Y i+ 2p
St 6.9)

Aoo(2) =

3\l

In the previous subsection we constructed a non-zero linear functional 7(;) ;) on the corre-
sponding space of g(z;), (w;)-coinvariants

Ty P H (Mg ® Cii o). (Mg ® Cyyj ). Mg ® Cao o)) — C. (6.10)

(In particular, this implies that this space of coinvariants is itself non-zero.)

Next, we use Lemma 6.3, according to which the vectors e _110) e Mg ® Cyy () are glt]-
invariant if and only if the equations {(c; ;o j,0) =0 are satlsﬁed, where wu; o is the constant
coefficient in the expansion of A(¢) at w; given by formula (6.8). This yields the following
system of equations:

v

(@, Aj (a;;, o) .
Lj Ai) Z#:(aij,)(), j=1,...,m. (6.11)
U)/_Z[ N

2

i=1

These are the Bethe Ansatz equations of our Gaudin model.

This is a system of equations on the complex numbers w;, j =1, ..., m, to each of which we
attach a simple root «; ;. We have an obvious action of a product of symmetric groups permuting
the points w; corresponding to simple roots of the same kind. In what follows, by a solution of
the Bethe Ansatz equations we will understand a solution defined up to these permutations. We
will adjoin to the set of all solutions associated to all possible collections {o;;} of simple roots
of g, the unique “empty” solution, corresponding to the empty set of simple roots (when this
system of equations is empty).

Suppose that Egs. (6.11) are satisfied. Then we obtain a homomorphism of g, -modules

N N m
QM @VE" @11, - (R Mg ®Cy0) ® (R Mg ® ) ® (M ® Cr)
j = i=1 j=1

which sends the vacuum vector vy in the jth copy of Vj to efj _110) e Mg ® Cy (). Hence we
obtain the corresponding map of the spaces of g(z;), w,)-coinvariants

H((M3,), (Vo), Ity ) — H((Mg ® Cj, ), (Mg ® Cpy (), Mg ® Ci ()

But the insertion of V( does not change the space of coinvariants, according to Proposition 2.3.
Hence the first space of coinvariants is isomorphic to the space of g;,)-coinvariants

H((MZ), 1) ~ <®M)L®I>/g ®MAI
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Composing the corresponding map

N
Q) M}, = H((Mg ® Ciy2), (Mg ® Cpj ), My ® Ci o)
i=1

with the linear functional T(z),(w)) (see (6.10)), we obtain a linear functional
y(wy, ... owi) s Q) My, — C. (6.12)

The functional ¥ (w{',.. wimy coincides with the functional denoted in the same way
in [22, Section 4.4]. Indeed, 1t is obtained by computing the same coinvariants as in the setting
of [22] and here. What is different here is that the numbers w;’s are solutions of the Bethe Ansatz
equations (6.11), whereas in [22] they are the solutions of another set of equations, namely
Egs. (4.18) of [22], which correspond to the special case x =0 (note that in this case I; , = Uy,
which is the module that was attached to the point co in [22]).

According to formula (4.22) of [22] (based on the computations performed in [1] and in
[17, Lemma 3]), ¥ (wi', ..., w,') corresponds to the vector

N
¢(wi', wi,’l”) IS ®M;Lk
k=1

given by the formula

p(wl, ... win) = > (g)]_[ e SV, (6.13)

p=UI1,..,IV) k=1 serk (wy' s+1)

(up to a scalar). Here f; denotes a generator of the Lie algebra n_ C g corresponding to the ith
simple root, and vy, is a highest weight vector in M, . The summation is taken over all ordered
partitions I"UI?2U-..UIN of the set {1,..., m}, where IF = {j{‘, jé‘, R jfl‘j}, and the product

is taken from left to right, with the convention that the w with the lower index jZl‘j + 1 is zx. Note

that we differentiate between partitions obtained by permuting elements within each subset I¥.

Thus, xlf(wil .. ”") is the linear functional on ®l ]M;‘i equal to the pairing with
¢(wil,.. ,wimy. .
In particular, we find that ¢>(w;‘, ... ’") has weight

N m
o= ai (6.14)
i=1 j=I

We call ¢(w§' AU w,’;’q”) the Bethe vector corresponding to a solution of the Bethe Ansatz
equations (6.11).
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Theorem 6.5. If the Bethe Ansatz equations (6.11) are satisfied, then the vector ¢ (wil, ey w,l;’,")
given by formula (6. 13) is either equal to zero or is an eigenvector of the Gaudin algebra

(1)
(z,) o (@0, in ®z 1 My,

Proof. Proof is identical to the proof of Theorem 4.11 Qf [22] (which is based on [17, Theo-
rem 3]). Let us look at the linear functional 1p(w’11 ,...,w,;M) as a map of coinvariants

N
Q) M;, ~ H((M5,).T1.4) = H((Mg ® Cs ). (Mg ® Cpi (). My ® Ci o) ~ C.
i=1

By functoriality of coinvariants, this map intertwines the natural actions of

3(a)u = Fun OpLG(Du)

on the left- and right-hand sides. By Theorem 5.7, on the left hand side this action corre-
sponds to the action of the Gaudin algebra .A(Z 5 Oo(g)(o), x on ®ZN= i M. On the other hand,
by Theorem 6.1, the action of FunOp.;(D,) on the right-hand side factors through the Miura
transformation

FunOpz;(Dy) — Fun Conn(Q“’)D

u

This means that w(wil, ..., w'™) (and hence qb(wil, .., w™)) is an eigenvector of 3(@), =
FunOp:.s(D,) whose eigenvalue is the LG-oper on P! whose restriction to D, is the Miura
transformation of the connection d; + A(¢) restricted to D,,. O

In particular, ¢(w'11, ..., wdM) is an eigenvector of the operators Z; ,, i =1,..., N, given
by formula (2.20) and of the DMT Hamiltonians 7, (x) (acting via the diagonal action of g on
®lN: 1 M;.,). The Bethe Ansatz procedure for these quadratic Hamiltonians was considered, from
a different perspective, in [39], for g = sl,,. The results of [39] are in agreement with Theorem 6.5.
We also note that in the case when g = sl the diagonalization problem for the operators & ,,
i=1,..., N, was studied in [47].

6.4. Eigenvalues on Bethe vectors

Next, we compute the joint eigenvalues of the algebra AW

d)(wl e W),
It follows from Theorem 5.7 that the action of .A
H ((M;i ), 11,5 ) factors through the algebra

@), oo(g)(O),x on the Bethe vector

s Oo(g)(o), x on the space of coinvariants

RS (1) ()
FunOp g, (P) 1), X’

where Oplf?;(IPl)&")); 2(=x) is the space of LG-opers on P! with regular singularities at the

points z;, i = 1,..., N, with the 1-residues @ (—X; — p), and with singularity of order 2 at
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the point co with the 2-residue 7 (—y). Therefore the joint eigenvalues of AE;I))IOO (9)(0),x on
(A1)

¢(wi‘ ..., w™) are recorded by a point in Oplfg (IP’l)(Zi).n(fx).
To describe this point, we let

—p
Conn($2 )Pl\«z,-),(w,-),oo}

denote the space of connections on £27° over P! \ {(zi), (w;), oo}. Then we have a Miura trans-
formation

K (zi), (wj),00 - Conn(Qip)IP’l\{(zi),(wj),oo} — Oprg (P'\{(z), (w), 00}).

Lemma 6.6. Let V = 3; + A(¢), where A(t) is given by formula (6.7), and the numbers w; satisfy
the Bethe Ansatz equations (6.11). Then

“’(Zi),(wj);OO(§) € OPEE (Pl)gll)),n(fx) C OpLG(Pl\{(Zi)’ (w/)’ OO})

Proof. We need to show that the restriction of ,Uv(zi),(wj),oo(§) to D;j ,j=1,...,m,belongs to
the subspace Opz (Dy;) of regular opers, and the restriction of M(z,-),(wj),oo(§) to DX belongs
to Opgz(Doo)n(fx)- _

To see the former, we recall that the restriction of the connection V to D;jj has the form

o
tujot--,

t—wj

o —

where ;¢ is given by formula (6.8). The Bethe Ansatz equations (6.11) are equivalent to the
equations (&,-_/. , j,0) = 0. According to [22, Lemma 3.5], this implies that the Miura transforma-
tion of this connection is regular at w ;.

To prove the latter, we recall that the restriction of V to DX has the form (6.9):

as+%+.-., s=1"1
S

The Miura transformation of this connection is the G-oper which is the N ((s))-gauge equiva-
lence class of the operator

V =0+ p_i +L2+~-~.
s
Applying the gauge transformation with £(s)%, we obtain the connection

1 25
O+ Z(prtx) -+

This oper has singularity of order 2, and its 2-residue is equal to 7 (—p_; — x) =7 (—x), since
xEebh*Cg*. O

M,1

Now we are ready to describe the joint eigenvalues of A(m o

(9)(0),x on the Bethe vectors.
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Theorem 6.7. The joint eigenvalues of 'Ag,)) 100 (9)),4 on

N
¢(wlll,...,w£,;”) € ®Mxi,

i=1

where wy, ..., W, satisfy the Bethe Ansatz equations (6.11), are given by the L G-oper
T RS (1))
:Uv(zi),(wj),oo(v) € OpLG(]P> )(Z[);JT(—X)’
where V = 3; + A(t) with A(¢) given by formula (6.7).
Proof. According to the proof of Theorem 6.5, qﬁ(u)'l", e wf,’;’) is an eigenvector of 3(g), =
FunOp.(D,) and its eigenvalue is the LG-oper on P! whose restriction to Dy is the Miura
transformation of V/|p, . But then this oper is nothing but u(z;),(w;),c0(V). O
6.5. Bethe Ansatz for finite-dimensional modules
Now we specialize to the case when all g-modules M; are irreducible and finite-dimensional.

Thus, M; = V), for some dominant integral highest weight ;. In this case the oper
H(z),(w;),00(V) automatically has no monodromy around the points zy, ..., zy. Indeed, its re-

striction to szl, is the L G-oper which is the gauge equivalence class of

Ai

o +p-1—

+u(t), u(@)ebh*t—z].

23

Applying the gauge transformation with A(f — z;) !, we obtain the operator

4
o+ Y 19 fpu@),  u@) et -zl

J=1

which is regular at ¢t = z;. Hence this ©G-oper has trivial monodromy around z; for each i =
l,...,N. _ , . .

Now consider the Bethe vector ¢ (w}', ..., wy') € ®IN=1 My, Let p(wi', ..., w,") be its pro-
jection onto ®IN= 1 V- Then we find from Theorem 6.7 that the eigenvalues of the Gaudin
algebra on it are given by the ©G-oper

S 1\ (&) RS (1) (%)
e, .00 (V) €0 (P1) 1 oy COPLG (P) iy

where Op. G(IP’1 )8”)) 2(=x) stands for the monodromy-free locus in Oplfg (P! )8!’)) (=)

This is compatible with the statement of Theorem 5.11 which states that the eigenvalue on
any eigenvector in ®lN: 1 Vi, belongs to this monodromy-free locus.

An interesting problem is the completeness of the Bethe Ansatz: is it true that the Bethe eigen-
vectors gives us a basis of ®ZN: 1 Vy, for generic z1, ..., zy and x ? If this is so, this would mean

that there is a basis of ®lN= 1 V5, labeled by solutions of the Bethe Ansatz equations (6.11).
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In the case of the ordinary Gaudin model (corresponding to x = 0) this problem has been
investigated in great detail. The completeness of the Bethe Ansatz has been proved in some
special cases in [40,48,49]. However, examples constructed in [41] show that Bethe Ansatz may
be incomplete for some fixed highest weights A; and all possible values of z;’s.

Completeness of the Bethe Ansatz in the ordinary Gaudin model is discussed in detail
[22, Section 5]. According to Theorem 2.7(3) [22], which is recalled in Theorem 5.9, the joint
eigenvalues of the Gaudin algebra are realized as a subset of the set

(i)
OPLG(PI)@,-),oo;(M),Am = OPLG(PI)(z,-);n(m

of monodromy-free opers with x = 0, so that they have regular singularity at co. It was conjec-
tured in [22] that this inclusion is actually a bijection. We can try to prove this by associating to
an oper in Op. g (P! )8”)) x(0) AN eigenvector of the Gaudin algebra in ®11V: 1 V- This can be done
by using the Miura opers, as explained in [22]. The problem is caused by the degenerate opers

in OpL G(]P’l)&"));n o) in the terminology of [21,22].

Each non-degenerate oper gives rise to a Bethe vector of the form gg(w’i‘ s wi,’{’ ). If all op-
ers in OpLG(IP")&")), x(0) are non-degenerate and the corresponding Bethe vectors are non-zero,
then the Bethe Ansatz is complete (see [21, Proposition 4.10] and [22, Proposition 5.5]). How-

ever, a degenerate oper does not give rise to a Bethe vector. Thus, we may have a bijection
between OpLG(Pl)E?;)); 7(0) and the set of joint eigenvalues of the Gaudin algebra on ®IN= 1 Vi
(as conjectured in [22]), but the Bethe Ansatz may still be incomplete because of the presence of
degenerate opers, to which we cannot attach Bethe vectors (we believe that this is the reason be-
hind the counterexample of [41]). However, as explained in [22, Section 5.5], the construction of
the Bethe vectors presented above may be generalized so as to enable us to attach eigenvectors (of
a slightly different form) even to degenerate opers. This gives us a way to construct an eigenbasis
of the Gaudin algebra in ®ZN= 1 Vs, even if there are degenerate opers in Op. G(IP’1 )8{’)) n(o).lo
The approach of [22] may be generalized to the case of the Gaudin model with regular
semi-simple y . However, the notion of Miura oper becomes more subtle here because the oper
connection has irregular singularity at co. We hope to discuss this question in more detail else-

where.

6.6. The case of A,

Now we specialize the above results to the case of the Gaudin algebra A, = A(l)’éo(g)o, x>

corresponding to N = 1 with z; =0 and A; = A. We fix a regular semi-simple x € g*.
In this case the Bethe vectors in the Verma module M) have the form

. . fioonfio oo fi
¢(wlll’...’wlm) — Z lo(1) /1o (2) Lo (m) s,

" ocs (wa(l) - wo(Z))(wa(Z) - w0(3)) cee (wo(m—l) - wo(m))wo(m)

(6.15)

10 We note that for g = sl,; and generic x it follows from [45] that the action of AE;,);IOO(E)(O),X on ®[N_ 1V is
i) =
diagonalizable and has simple spectrum.
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where the sum is over all permutations on m letters. This vector has the weight

m
A= Zo‘i.f'
j=1

The corresponding Bethe Ansatz equations (6.11) have the form

aljv (aljvah

—Z = (& x)s J=1..,m (6.16)
s
s#]

If the Bethe Ansatz for an irreducible g-module V), is complete for a particular x € g*, then
the Bethe vectors (6.15) give us a basis of V) labeled by the solutions of Eqgs. (6.16). We remark
that in the case of g = sl,, it was shown in [45] that A, is closely related to the Gelfand—Zetlin
algebra. This suggests that for a general simple Lie algebra g the Gaudin algebra .4, may give
us a new powerful tool for analyzing finite-dimensional representations.
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