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Abstract

We present a simple approach in order to compute recursively the connection coefficients between two families of
classical (discrete) orthogonal polynomials (Charlier, Meixner, Kravchuk, Hahn), i.e., the coefficients C,(n) in the expres-
sion P,(x) = an:o Cn(n)Om(x), where {P4(x)} and {On(x)} belong to the aforementioned class of polynomials. This is
done by adapting a general and systematic algorithm, recently developed by the authors, to the discrete classical situation.
Moreover, extensions of this method allow to give new addition formulae and to estimate Cn(n)-asymptotics in limit
relations between some families.
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1. Introduction

The connection coefficients C,(n) between two families of orthogonal polynomials {P,(x)} and
{On(x)} are defined by

Pu(x)=>_ C(n)Qn(x). (1)

m=0
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In recent papers [3, 10-12, 15] we have developed an algorithm building a recurrence relation in m
only for C,(n) when {P,(x)} and {Q.(x)} belong to a large class of orthogonal polynomials called
semi-classical orthogonal polynomials [4, 7], which contains the classical as a particular case. This
algorithm has been already applied to classical continuous (Jacobi, Bessel, Laguerre and Hermite)
[3, 10, 15] and to classical discrete (Hahn, Meixner, Kravchuk and Charlier) [11, 12, 15]. The
algorithm acting on classical discrete can be summarized in the following way (see [10, 11] for
details).

Let us assume that we know a linear difference operator &, of order s with polynomial coefficients
annihilating the polynomial P,(x) in Eq. (1), giving

3 Cu(1) D n[O(x)] = 0.

m=0

Using properties of classical discrete polynomials the expression Z;,[Q,(x)] can be expanded
[10, 11] in a linear constant coefficient combination of the family {Q,(x)} which generates a recur-
rence relation in m for C,(n).

However, it is also possible to expand Z,,[0.(x)] in other basis instead of {Q.(x)} (like
{40n(x)} or {AVQ,(x)}), by using a so-called “Difference representation” (see Section 2) sat-
isfied by the classical discrete orthogonal polynomials. It turns out that the length of the recurrence
for C,(n) depends strongly on the choice inside these three bases and this property justify the name
“MINIMAL” used in this article: The minimal recurrence relation is the shortest one in order given
by the algorithm among these three bases.

The structure of the paper is as follows: in Section 2 we give the basic relations which will be
useful in the rest of the manuscript. Section 3 deals with the connection problem involving classical
discrete orthogonal polynomials. In this section we adapt the method described in [3] in order to find
the minimal recurrence relations for connection coefficients between two families of classical discrete
orthogonal polynomials. Moreover (see Section 3.3), particular examples are considered where the
explicit recurrence relations for several connection coefficients are given. Finally, in Section 4 we
present some related connection problems about addition formulae and limit relations which can be
also treated with our algorithm.

2. Notations and basic properties
Given a polynomial p(x), the forward and backward difference operators are defined as
Ap(x)=p(x+1) - p(x),  Vpx)=p(x)— plx—1),
respectively. Both operators satisfy the following basic properties:

AV =V 4, A=V + 4V, (2)
Ap(x) = Vp(x + 1), A[ p(x)q(x)] = q(x)4p(x) + p(x + 1)4q(x),

where p(x) and g(x) are two arbitrary polynomials.
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Let {P,(x)} be a family of monic classical discrete orthogonal polynomials. Then, they satisfy
the orthogonality relation [2, 8, 13]

b—1

ZPl(xi)Pm(xi)p(xi) = 51md3n,

xXi=a

where the weight p(x) must be [2, 8] a solution of the Pearson-type difference equation:
Alo(x)p(x)] = t(x)p(x), (3)

o(x) and t(x) being polynomials of degree maximum two and one, respectively. The weight p(x)
(defined on [a,b — 1]) is characterized by (3) and the following two conditions:
e p(x)>0 fora<x;<b-1 (x3y=x;+ 1),
o 6(x)P(X)* 1m0y = 0 (k0).
Besides the second-order difference equation [8]:
92,n[1:,n(-)c)] : =0'(x)A VP,,(X) + T(X)AP,,(X) + AnPn(x) =0, (4)
(Jn=—nt' — in(n — 1)a"),
where o(x) and t(x) are the same polynomials as in Eq. (3), the classical discrete orthogonal
polynomials {P,(x)} with respect to p(x) satisfy a number of properties which in turn provide
characterizations of them (see e.g. [2, 8, 13]). We shall need here four of those properties.
First, as any orthogonal polynomial sequence [1], the monic family {P,(x)} verifies a three-term
recurrence relation
xPy(x) = Pyp11(x) + B,Pa(x) + CPpi(x)  (n20), (5)
PL(x)=0; Pox)=1 (G, #0).

Second, one has the so-called forward or A-Structure relation (see, e.g., [2, 8, 13])

[0(x) + ©(x)]APu(x) = 0uPpi1(x) + BaPu(X) + YaPrr(x) (n20), (6)
P_(x)=0; Pyx)=1.

Third, the (monic) classical discrete orthogonal polynomials satisfy the corresponding backward or
V-Structure relation (see, e.g., [8, 13])

G(X)VPu(x) = 8Py (X) + B (X)Pu(x) + 7, Pros(x)  (n20), (7)
P_1(x)=0; Pyx)=1.

And fourth, there exists the not so well-known A-Difference representation [8, 13]

Pyx) = nj_—lAPnH(x) 4 FyAPo(x) + G dPys(x) (n30), 8)
P_1(x)=0; Py(x)=1.

Remark 1. It is interesting to notice here that all the x-independent coefficients appearing of the
above four structural properties (5)—(8) can be expressed [2, 8, 13] in terms of the polynomials
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o(x) and 7(x) which characterize the Pearson weight equation (3). For the sake of completeness, an
appendix has been included at the end of the manuscript giving these expressions. Moreover, the
appendix also includes two tables (see Tables 2 and 3) where the specific values of these coefficients
are collected for each monic classical discrete orthogonal family.

Concerning notations for the connection problem (1), the family {P.(x)} will satisfy Egs. (4)-
(8), while for the family {Q,(x)} the upper bar notation will be used; i.e., this family will satisfy

Egs. (4)—(8), with overlined coefficients (4,7, An), (Bm>Cm), (@ms B,»7,) and (F,, G,), respectively.

Remark 2. As we have already mentioned, throughout the paper the normalization for both {P,(x)}
and {Q,(x)} families in (1) will be to consider monic polynomials. Notice that this can be done
without loss of generality in what concerns the connection problems. This is so because if other
normalizations are considered, say P.(x) = N,P,(x) and Qn(x) = M,0On(x), it is easy to check that
the new connection coefficients C,(n) between the families {P,(x)} and {Q,(x)} are given by
Cu(n) = N7'M,,C,u(n).

3. Minimal recurrence relations for connection coefficients between classical discrete orthogonal
polynomials

As in [11], the first step to obtain a recurrence relation for the connection coefficients consists in
applying the difference operator &, ,, defined in (4), to both sides of the connection problem (1).
This gives

DoalPal =Y Cu(n){0(x)AV O(x) + 1Ux)A0n(x) + 7 Om(x)} = 0. )

m=0

Then, the searched recurrence relation comes out (with a shift of indices) after expanding, in a linear
constant coefficients combination of linearly independent polynomials, the expression:

Sm,n(x) . :O'(X)A VQ,,,(X) + T(x)AQm(x) + Aan()C). (10)

As pointed out in the introduction, the algorithm developed in [10, 11] chooses the {Q,(x)} family
as expanding basis for (10), giving a recurrence of maximum order eight (cf. [11, Table 2], where
there is a misprint: the word “order” should be replaced by “number of terms™).

As shown below (see Section 3.1), the minimal recurrence relation (i.e. the shortest one in order)
for the connection coefficients in (1) is attached by using the {4V Q,(x)} basis and it is of maximum
order four, which strongly decrease when Hahn polynomials are not present in the connection problem
(see Table 1 below). Moreover, when the families {P,(x)} and {Qn(x)} in the connection problem
(1) satisfy two difference equations (4) and (4) respectively, with o(x) = G(x), then the order of
the recurrence (see Section 3.2) is reduced to two using {A4Q,(x)} instead of the aforementioned
{4V Qu(x)}. All of these considerations are summarized in Table 1. Of course, further reductions
in the order could appear for some specific values of the parameters.

Let us now describe the algorithms when {4V Q,} and {4Q,} are chosen as expanding basis for
expression (10).
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Table 1

Order of the “minimal” recurrence relation satisfied by the connection coefficients between
two families of classical discrete orthogonal polynomials and the corresponding expanding
basis. The column represents the {P,(x)} monic family in Eq. (1) and the row the {Qn(x)}

monic family also with the notation of Eq. (1)

{On} family — Charlier Meixner Kravchuk Hahn

{P,} family | Ci(x) MP)(x) K (xN) H*P(x;N)
Charlier Order 1 Order 2 Order 2 Order 4
(%) {40n} {4V Qn} {4V Qn} {4V 0n}
Meixner Order 2 Order 2 Order 2 Order 4
M0 (x) {4V Qn} {40.} {4V Qn} {4V 0n}
Kravchuk Order 2 Order 2 Order 2 Order 4

K (x M) {4V 0n} {4V Qn} {40n} {4V 0n}
Hahn Order 4 Order 4 Order 4 Order 4

H D (x; L) {4V Qn} {4V Qn} {4V Qn} {40n}

3.1. Using the {4V Q,} basis

325

To consider the basis {4V Q,(x)} one can proceed as follows. First, applying V to (8) and using

(2) one obtains

A0n(x) = ﬁ—lzi VO () + By + 1)AVOn(x) + CnAV Os(5).

Then, this expression together with (8) allows to write

m+2
Qm(x) = Z am,jA VQj(x)a
j=m-2
with
a _ 1 a _ F;n +Fm+1 +1
m,m+2 — (m + 1)(m + 2)5 mm+1 — m_'_l__ 1 -
_ G, . G,
apm = BB + 1)+ 2+ 2,

Am,m—1 = Em(Fm + Fm—l + 1): Amm—2 = -Gmém—l-

Second, from (5) and (8) one has

m+2

(X)A0n(x) = Y a4V Q;(x),

j=m—2

2

(11)

(12)
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with
a(l) mT/
mm = O 1) (m + 2)

) T [m(F,,,_H + l) —+—B —F - 1] + ‘C(O)

m, m+1 - m + 1
(1) — m6m+l 6m _am - e
o T[m—i—l+ + (B + D[ (Bw — Fm — 1) + 1(0)],
a1 =T [Cu(Bn — Fpp — Fyet) + C(Finey + 1] + 1(0)Go,
aSy=7(Crn — Gp)Groi.
And third, (6) and (8) give
m+2
o(X)AVOu(x)= > a2 AVQ;(x), (13)
j=m—2
with
a(z) _ m(m — 1)0'”
™t m+ 1) (m + 2)
) m—1 O'“ — — — — ’
A mte1 — +1 {_[(Bm+1+Bm'—2(1+En+Fm+l)]+O’(0)}’

@ _9" G m—2= .= B _2F. — 1)
am,m_ 2 |:m+1(Cm+1 2Gm+1)_i_ m (Cm 2Gm)+(Bm 2F‘m 1):|

+0'(0)(B,, — 2F,, — 1) + o(0),

4@ = (Cp—2G») [%[B‘m +Bos = 2(F w4 Foy + 1)) + a'(O)] ,

"’
(2) _(Em - 2Em )(6m—1 - ng—l )

mm -2 =

Now, inserting (11)—(13) in Eq. (9) one obtains

n m+2
> Culn) { > Qui(m)4 VQj(x)} =0,
m=0

Jj=m—2
2 1
Q, (n):= af,,,)j + aﬁ,,,)j + Al ;.

Finally, after an appropriate shift of indices, this latter expression provides the backward “minimal”
recurrence relation of order four which can be written as

4
Z Qm+s,m+2(n)cm+s(n) = 09 0 <m Sn - 1’ (14)

s=0

being the initial conditions given by C,.,(n)=0 (s=1,2,3) and C,(n)=1, since monic polynomials
have been considered.
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3.2. Using the {4Qn(x)} basis

When the difference equations (4) and (4) satisfied by the polynomials P,(x) and Q,(x) in (1),
respectively, are such that o(x) = @(x), then the minimal recurrence relation for the connection
cocfficients appears when {4Q,(x)} is the expanding basis for expression (10). For this reason,
this basis should be used when dealing with the Charlier—Charlier, Meixner—Meixner, Kravchuk—
Kra-wtchouck and Hahn—-Hahn connnection problems (see Table 1).

The algorithm in this case is as follows. First, the difference equation (4) gives

0(x)AV Qn(x) = G(X)AV O(x) = —T(x)A0n(x) = InQOm(%)-

So, Eq. (10) can be rewritten as
> Cu(m(t(x) = T(x)) A0m(x) + (or — I )Qu(x)] = 0. (15)
m=0

To expand this expression in the {40, (x)} basis one has: first, from the difference representation
(®),

m+1

Un = Im)On(x)= 3" by, ;40n(x), (16)
j=m—1
with
Jn = Ton - .
bm,m+1 = m—"‘_l—, bm,m = (ln - lm En: bm,m—l = (An - lm)Gm~
And second, use of (5) and (8) gives
m+1
[1(x) = T A0n(x) = > B3 40n(x), (17)
Jj=m—1
with
(1) _ m (‘CI _ ?/)

m,m+-1 — m 1
by = (7' =7 )Bp — F — 1) + ((0) = 7(0)),
bgr},)m—l = (TI - fl)(fm - —Gm )
Then, inserting (16) and (17) into (15) we obtain

n m+1
> Culn) { > An ,-(n)AQ,,,(x)} =0, Ap;(n)=b,;+b.).
m=0 J=m—1

Finally, after an appropriate shift of indices, this latter expression provides the backward “minimal”
recurrence relation of order two which can be written as

1
> Anpom()Cnis(n) =0, 1<m<n, (18)

s=—1
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Table 2
Data for monic Charlier, Meixner and Kravchuk polynomials

Charlier Meixner Kravchuk

CP(x) MP(x) K&, N), n<N

(4> 0) (>0, ue(0,1)) (@€(0,1), NeZ*)
a(x) x x x

Na —x
7(x) p—x vi - x(1 — p) -
n

i 1-—

" n( #)1 1—a
B, nip %ﬂ n+a(N — 2n)
C, un ply+n—1) an(1 —a)(N —n+1)

1—p
Oy 0 0 0
B 0 un an
N a—1
n un ”"(th";__ an(l —n+ N)
F, 0 B —a
l—pu

G, 0 0 0

being the initial conditions given by C,.(n)=0 and C,(n) =1, since monic polynomials have been
considered.

3.3. Examples

As illustration of the recurrences which these algorithms provide, we consider now several
examples giving for each of them, the concrete connection problem, the minimal recurrence relation
for the corresponding connection coefficients (together with the initial conditions) and, sometimes,
the solution of this recurrence. The expanding basis for expression (10) used in each example is
the one listed in Table 1. Notations for discrete classical orthogonal polynomials are described in
Tables 2 and 3 (see the appendix).

For a different approach (also recursive) to compute these connection coefficients see [6].

1. Charlier—-Charlier
e Connection problem: C{(x) =3 _ C(n)CP(x).
e Minimal recurrence relation (of order one)

(@a—bmC,(n)y+(n—m+ 1)Cp_1(n) =0 (1<m<n).

e Initial condition: C,(n) = 1.

e Solution: Cu(n) = (")(b —a)y" ™ (0<m<n).

This expression coincide with the one obtained in [11, Section 5.1], where the family {Qn,(x)} was
used as expanding basis for expression (10). On the other hand, notice that these C,(n)-coefficients
are always positive when n—m is an even number. However, if n—m is odd, the additional condition

b>a must hold.
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Table 3
Data for monic Hahn polynomials

Hahn
HEY(x;N), n< N
ab> —1,Nez*

a(x) x(N +a—x)

T(x) b+1HYN-1)—(a+b+2)x

An nla+b+n+1)
3 a—b+2N -2 b* —a®Ya+b+2N)

" 4 4a+b+2n)a+b+2n+2)

C n(N —n)a+n)b+n)a+b+n)a+b+N+n)

" (@a+b+2n—Da+b+2n2(a+b+2n+1)
[+ —n
5 n(l+a+b+n)N@a—b)—2na+b+n+1)—(a+b+ab+5b?)

(@a+b+2n)2+a+b+2n)
na+n)b+n)N—na+b+n+N)a+b+n)a+b+n+1)
(-1+a+b+2n)a+b+2n)(1 +a+b+2n)

Na—b)—a—b—ab—b*~2n(1+a+b+n)
(a+b+2n)2+a+b+2n)
n(a+n)b+n)(—N +n)a+b+N+n)
(—l+a+b+2n)Na+b+2n)*(1+a+b+2n)

Yn

F

Gn

. Meixner—Charlier
e Connection problem: M{*"(x) =Y | Cp(n)CO(x).
Minimal recurrence relation (of order two)

(1 =w(Q =m+n)Cy1(n) +m(u(a+y+m—1) —a)Cu(n)
+amu(m + 1)Cpp1(n) =0 (1<m<n). (19)

Initial conditions: C,,;(n) =0 and C,(n)=1.

. Kravchuk—Charlier

Connection problem: KW (x; N) = 3" _; Cn(n)CH(x).
Minimal recurrence relation (of order two)

(m —n—1)Cy_1(n) + m(u+ a(m — N — 1))Cy(n)
+ampu(m + 1)Cpii(n) =0 (1<m<n). (20)

Initial conditions: C,.(n) =0 and C,(n)=1.
. Charlier—Meixner
Connection problem: C9(x) =37 _; Cu(m)M#(x).
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e Minimal recurrence relation (of order two)

m(m + 1)(y + m)p* Cpy1 (1)
+m(l — p)(u2m —n+y+a—1)—a)Cu(n)
+(1 = p)(m—n—1)Cpi(n) =0 (1<m<n).
e Initial conditions: C,.(n)=0 and C,(n)=1.
5. Meixner—Meixner

e Connection problem: M®(x) = 3" _ Cp(n)MP"(x).
e Minimal recurrence relation (of order two)

(1 = p)(r = m+ 1)(¥ = 1Cps(n)
+m(v—1)((2m—n+6—1)v
+u(l —y—m+(y—36—m+n)v))Cu(n)
+m(m +1)(0 + m)(u — v)VCpi(n) =0 (1<m<n). (21)

¢ Initial conditions: C,,(n)=0 and C,(n)=1.
If u=v, Eq. (21) reduces to a first-order recurrence relation, whose solution is

Col(n) = (:1) (ﬁ) =) (O<m<n).

In case y =0 the result is

_(n\T(n+9) vV—pu nom
Culm)= (m) o (@) ©Osmen

For y=0=1 (discrete Laguerre polynomials), this expression is also given in [11, Section 5.2]
where there is a missprint: the first factor (n — m) should be (n — m)!.

6. Kravchuk—Meixner

e Connection problem: K\ (x; N)= 3" _, Co(m)MZP(x).

e Minimal recurrence relation (of order two)

(4 = 1)2(m = n = 1)Cps(n)
+m(u = D)1~y = 2m +n) + a(N — m + 1)(1 — u))Cn(n)
+m(m + 1)+ mp(a + p(1 — @)Cniy(m)=0 (1<m<n). (22)

o Initial conditions: C,.;(n)=0 and C,(n)=1.

Remark 3. The well-known relation between Kravchuk and Meixner polynomials can be written as

K\ (x; Ny = My~ D(x), (23)
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This choice of Meixner parameters reduces the recurrence relation (22) to a first-order one, now
independent on N:

am(n —m)Cp(n)+ (m—n—1)C,_1(n)=0,
which gives C,(n)=0 for all 0 <m <n—1 in accordance with Eq. (23).
7. Charlier—Kravchuk

e Connection problem: C¥(x)= 5" _ Cn(n)K@(x; N).
e Minimal recurrence relation (of order two)

(n—m+ D)Cpy(n)+m(pu+a2m —n—N —1))Cyu(n)
+a*m(m+ 1)(N —m)Cpa(n)=0 (1< m<n).

e Initial conditions: C,,1(n)=0 and C,(n)=1.
e Solution:

n = An—m\ plar—m
Cn(n)= N-—n+1)m —1y .
(m>( ,};( J (N—-n+1)
8. Meixner—Kravchuk

e Connection problem: M{*»*(x)= "1 _, Cu(n)K@(x; N).
e Minimal recurrence relation (of order two)

(1 —w)m—m+1)Cy_1(n)
+m(pim+y—1)+a(u— 1)1 -2m+n+ N))C,(n)
+am(m+ 1)(a+ (1 —a))(N —m)Cp(n)=0 (1<m<n). 249

¢ Initial conditions: C,;1(n)=0 and C,(n)=1.

Remark 4. Now, the relation between Kravchuk and Meixner polynomials can be written in the
form

M,fy”‘)(x) :Kﬁ“/(“_l))(x; -). (25)

This choice of Kravchuk parameters reduces Eq. (24) to a first-order recurrence relation independent
of y:

mp(n — m)Cp(n) + (1 — 1)(m —n — 1)Cp_1(n) =0

and gives again C,(n)=0 for 0 <m < — 1, in accordance with (25).
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9. Kravchuk—Kravchuk
e Connection problem: K@ (x; N)= 3" _ Cu(n)K)(x; M).
e Minimal recurrence relation (of order two)
(m—n—-1)Cy,_i(n)
+m(b(1 —2m+M +n)+a(m — N — 1))C,(n)
+b(b — a)ym(m + 1Y(m — M)C, . 1(n)=0 (1<m<n). (26)

e Initial conditions: C,.(n)=0 and C,(n)=1.
In case N =M the solution of (26) is

Cn(n)= (::) (b—ay™"(N—n+1)sm O<m<n

This formula agrees with the one obtained in [11], where the family {Q,(x)} was used as expanding
basis for (10) giving rise to a third-order recurrence relation for the connection coefficients (see [11,
Section 5.3]).

In case a=» the solution of (26) gives the (new) result

Ca(m) = (,’;) &M =Ny (0<m<n).

Remark 5. Connection problems involving Hahn (or Hahn—Eberlein) discrete polynomials could
be also considered in a similar way as in the above examples. In fact, the corresponding minimal
recurrences for the connection coefficients can be obtained by inserting the data of Hahn polynomials
(see Appendix, Table 3) in Egs. (14) or (18). However, these recurrences are (in general) lengthy.
In spite of this, they can be handled and solved in some simple cases (see e.g. [11, 15]) by using
Mathematica [14] computer algebra system. More results in this direction are now under investigation.

4. Two related connection problems
As pointed out in the introduction, this section deals with two kinds of problems close related with

connection problems, namely, the computation of addition formulas and the obtention of asymptotics
for connection coefficients in limit relations between classical discrete orthogonal polynomials.

4.1. Addition formulas

Let us consider an addition formula, i.e. an expression of type

P(x+y)=_ Culn; y)Pu(x), 27

m=0
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where y is a x-independent parameter and {F,(x)} is a classical discrete orthogonal polynomial
family. Hence, its members are solutions of (4) and then, the polynomial P,(x + y) satisfy the
corresponding difference equation, i.e.

Doy [P(x + y)] i = 0(x + y)AVE(x + y) + t(x + y)4P(x + y)
+ AFu(x + y)=0.
On applying this 2, , ,-operator to (27) one obtains

i Co(n; Y)o(x + y)AVE,(x) + 1(x + y)AF,(x) + AuFu(x)] =0,

m=0

which, taking into account that o(x + y)=o0(x) + yo'(x) + %za” and 1(x + y)=1(x) + y7’, can be
written as follows:

n 2
3 G ) [ya”xA VP (x) + ( y6'(0) + Xz—a) AVP,(x)

m=0

+ ytU ARy (x) + (A, — /lm)P,,,(x)} =0.

So, we are now able to expand this latter expression in a linear constant coefficients combination
of one of the three families {P,(x)}, {4P,(x)} or {4V P, (x)} giving three different recurrences for
the connection coefficients. Since in Eq. (27) one always has o(x + y)# o(x), the minimal one is
reached by using the {4V F,(x)} as the expanding basis.

As illustration let us consider some examples.
1. Charlier polynomials
e Addition formula: C¥W(x + y)= Y.r_, Cu(n; y)CW(x).
e Minimal recurrence relation (of first order)

(m—1D)(n—m—y+1Cus(n; )+ (n —m+2)C,_o(n; y) =0,
(1<m<n)

e Initial conditions: C,(n; y)=1.
o Solution: Cp(n; )= (")(=1)"""(=3)—m (0 S m<n).
The same expression was given in [11] from a second-order recurrence obtained by using {FP,(x)}
as expanding basis.
2. Meixner polynomials
e Addition formula: M"¥(x + y)= >0 _; Cu(n; Y )M P(x).
e Minimal recurrence relation (of second order)

u(m — 1ym(m — n)Cy,(n; y)
+p-Dm-1)(A+p)n—m+y+1)—2y)Cphi(n;y)
+(u—1)*(m—n—2)Cpa(n;y)=0 (1<m<n).
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o Initial conditions: C,.,(n; ¥)=0 and C,(n; y)=1.

Notice that the recurrence and the initial conditions being independent of y the connection coefficients
Cpn(n; y) too.

3. Kravchuk polynomials

e Addition formula: K¥(x + y; N)= Y0 _o Cu(n; »)KP(x; N).

m=0

e Minimal recurrence relation (of second order)
u(p — Dym(m — 1)(m — n)Cy(n; y)
+(m—1)((m —n— 1)1 - 24) + y)Cpi(n; y)
+(m—n—-2)C, 2(n;y)=0 (1<m<n).

e Initial conditions: C,.(n; y)=0 and C,(n; y)=1.
Similarly to what happens in Meixner case, the connection coefficients do not depend on the
parameter N.

4.2. C,(n)-asymptotics in limit relations

In some situations a polynomial family F,(x, p;) tends to another family QO.(x,q;) when the
parameters p; and g; tends to particular limiting values (p; and g; being related). From the
recurrence relation for coefficients in the connection problem:

Pn(x, Pz) = Z Cm(na pi, qj) Qm(xa qj )’

m=0

it is possible to estimate the asymptotic behaviour of C,(n, p;,¢;) in the limiting parameter.

The algorithmic part is the same as in Section 3. The asymptotic behaviour is afterward computed
from the recurrence relation given by the algorithm. This is illustrated by means of the following
two examples.

4.2.1. Kravchuk to Charlier
The limit property between these two discrete polynomial families is [5]

Nlim K“9M)(x; N) = C(x). (28)
This suggests to consider the connection problem

KN = Coln) CO(x).

m=0

Then, Eq. (20) with the appropriate parameters gives
a’m(m + 1)Cpi1(n) + a(m — 1)mC,,(n)
+(m—n—1)NC,_,(n)=0, 29)

with initial conditions C,,(n)=0 and C,(n)=1.



I Area et al. | Journal of Computational and Applied Mathematics 87 (1997) 321-337 335

Of course, when N goes to infinity C,_,(n)=an(n — 1)/N goes to zero and from Eq. (29) all
Cu(n) (0S<m<n—1) go also to zero. The interest of this development is to give explicitly the
behaviour in (1/N)* in limit property (28). The expression of the first few connection coefficients is

a’n(n — 1)((n—1)(n—2)+N)
2 N? ’

an(n—1)(n—2)
6 N3

and the behaviour in the general case is

Cn—Z(n) =

Cos(n) = (n—=1)(n=2)(n—3)+NQ@Bn-13)),

n\ .m 1
Cu(n) ~ (m) a" mBK-C(",m),

where Bg_c(n,m) can be computed recursively, and the symbol ~ is used in the sense of [9, p.4].

4.2.2. Meixner to Charlier
The limit property [5] is now lim,_, o, M{#@M(x) = C{¥(x), and for the connection problem

M’E)’,a/(aﬂ))(x) — Z Cn(n) C’(,a)(x),

m=0

the recurrence relation (19) reduces to
a’m(1 4 m)Cpia(n) + am(m — 1)Cp(n) + /(1 — m + n)Cp_1(n) =0,

with C,;1(n)=0 and C,(n)=1. The general behaviour is now

ny\ ,_ 1
Cn(n) ~ (m)a ’”mBM_C(n,m),

where By;_c(n,m) can be computed recursively.

Remark 6. As already mentioned in Remark 5 for connection problems of the form (1), addition
formulas and asymptotics for C,(n) in limit relations including Hahn (or Hahn-Eberlein) discrete
polynomials involve lengthy computations. Nevertheless, they could be also handled with our algo-
rithm and the help of Mathematica [14]. Results in this direction are in progress.

Appendix. Data for monic classical discrete orthogonal polynomials

With the notation

__1(0)+na'(0) — n%c" /2
N v + no”

n ’
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the expressions of the coefficients appearing in Eqs. (5)—(8) in terms of the polynomials ¢ and 7
characterizing the Pearson weight equation (see Remark 1) are as follows:
e Coeflicients of the three-term recurrence relation (5).

_ =0)(t' — 6") +n(t" —26'(0) — 27') (7' + ¢"(n — 1)/2)
B (¢"(n—1)+7)(0"n+ 1) ’

C—— n(t + %”(n -2)) [
T (' +0"(2n - 3)2) (T + 0"(2n — 1)/2)
o Coeflicients of the A-structure relation (6).

o="0"  p=1 w8 —n (v + - n).

B,

6(Mn—1) + t(Ma—1)].

2 2
1
Py = — (1:’ + gz——(n — 1)) C,.
o Cocflicients of the V-structure relation (7).

a('n = Uy, Bn = :Bn + A, :J;n = VYn>

being A, the difference equation coefficient given in (4).
e Coefficients of the A-difference representation (8).

T(Bn) 1 C,, c”

F,= , G=—1—""+—.
2n(t"' + o"'(n — 1)/2) 2 27 +a"(n—2)
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