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Abstract

In this paper we investigate relationships between closure-type properties of hyperspac
a spaceX and covering properties ofX.
 2005 Elsevier B.V. All rights reserved.
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0. Introduction

Let X be a Hausdorff space. By 2X we denote the family of closed subsets ofX. If A is
a subset ofX andA a family of subsets ofX, then we write

Ac = X \ A and Ac = {
Ac: A ∈A

}
,

A− = {
F ∈ 2X: F ∩ A �= ∅}

,

A+ = {
F ∈ 2X: F ⊂ A

}
.

* Corresponding author.
E-mail addresses:giuseppe.dimaio@unina2.it (G. Di Maio), lkocinac@ptt.yu (Lj.D.R. Kočinac),
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The most known and popular among topologies on 2X is the Vietoris topologyV =
V− ∨ V+, where thelower Vietoris topologyV− is generated by all setsA−, A ⊂ X open,
and theupper Vietoris topologyV+ is generated by setsB+, B open inX.

Let∆ be a subset of 2X . Then theupper∆-topology, denoted by∆+ [23] is the topology
whose subbase is the collection

{(
Dc

)+
: D ∈ ∆

} ∪ {
2X

}
.

We consider here two important special cases:

(1) ∆ is the family of all finite subsets ofX, and
(2) ∆ is the collection of compact subsets ofX.

The corresponding∆+-topologies will be denoted byZ+ andF+, respectively and both
have the collections of the above kind as basic sets. TheF+-topology is known as the
upper Fell topology(or theco-compact topology) [6].

Let us fix some terminology and notation that we need.
Let A andB be sets whose elements are families of subsets of an infinite setX. Then

(see [28,12]):

S1(A,B) denotes the selection principle:

For each sequence(An: n ∈ N) of elements ofA there is a sequence(bn: n ∈ N) such
that for eachn bn ∈ An and{bn: n ∈ N} is an element ofB.

Sfin(A,B) denotes the selection hypothesis:

For each sequence(An: n ∈ N) of elements ofA there is a sequence(Bn: n ∈ N) of
finite sets such that for eachn Bn ⊂ An and

⋃
n∈N

Bn is an element ofB.

For a space(X, τ) and a pointx ∈ X we consider the following setsA andB:

• O: the collection of open covers ofX;
• Ω : the collection ofω-covers ofX;
• K: the collection ofk-covers ofX;
• Ωτ

x (or shortlyΩx ): the set{A ⊂ X \ {x}: x ∈ A}.

Let us recall that an open coverU of a spaceX is called anω-cover [7] (respectively
ak-cover[19]) if every finite (respectively compact) subset ofX is contained in a membe
of U andX is not a member ofU . (To avoid trivialities we suppose that considered spa
are infinite and non-compact.) Let us mention thatK ⊂ Ω .

The propertyS1(O,O) was introduced by Rothberger in [24] and is called now
Rothberger property(see also [28,12,21]). The propertySfin(O,O) is known as theMenger
property[20,9,21,28,12]. A spaceX hascountable fan tightness[1,2] if for eachx ∈ X it
satisfiesSfin(Ωx,Ωx). X hascountable strong fan tightness[25] if for eachx ∈ X the
selection principleS1(Ωx,Ωx) holds.
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We consider only spaces having property that eachω-cover (k-cover) ofX contains
a countableω-subcover (k-subcover), and so all covers are supposed to becountable.

A number of results in the literature show that for a Tychonoff spaceX closure prop-
erties of the function spacesCp(X) andCk(X) of continuous real-valued functions onX
endowed with the topology of pointwise convergence or with the compact-open top
can be characterized by covering properties ofX defined or characterized by using sel
tion principles. We refer the reader to [1,2,7,25–27,16–19,29,22,13].

In this paper we show, in a similar spirit, that closure properties of spaces of c
subsets of a spaceX, endowed with appropriate topologies, can be characterized in t
of covering properties ofX.

For similar investigation see [4,8,14,15].
In Section 1 we considerS1 selection principles in hyperspaces and give comp

proofs of the results, while in Section 2, in which we studySfin selection principles, th
most of proofs are omitted being similar to the proofs of the corresponding results
Section 1. Section 3 contains results involving the notions of groupability and weak gr
bility introduced recently in the literature.

1. The Rothberger-like selection principles

In this section we study when hyperspaces(2X,Z+) and(2X,F+) have countable stron
fan tightness. Related questions are also considered.

Theorem 1. For a spaceX the following statements are equivalent:

(1) (2X,Z+) has countable strong fan tightness;
(2) Each open setY ⊂ X satisfiesS1(Ω,Ω).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence ofω-covers ofY . Then(Uc
n : n ∈ N) is

a sequence of subsets of 2X andY c ∈ ClZ+(Uc
n) for eachn ∈ N. Indeed, givenn, let (F c)+

be aZ+-neighborhood ofY c. ThenF is a finite subset ofY so that there is aU ∈ Un such
thatF ⊂ U . ThusY c ⊂ Uc ⊂ Fc, i.e.Uc ∈ (F c)+ ∩ Uc

n . Therefore,Y c ∈ ClZ+(Uc
n). Since

(2X,Z+) has countable strong fan tightness there is a sequence(Uc
n : n ∈ N) such that for

eachn, Un ∈ Un andY c ∈ ClZ+({Uc
n : n ∈ N}). We claim that{Un: n ∈ N} is anω-cover

of Y . Indeed, letS be a finite subset ofY . Then(Sc)+ is aZ+-neighborhood ofY c and thus
(Sc)+ ∩ {Uc

n : n ∈ N} �= ∅; let Uc
k be a member of this intersection. Then fromUc

k ⊂ Sc it
follows S ⊂ Uk .

(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a pointS ∈ 2X

belongs to theZ+-closure ofAn for eachn. Then, as can be easily verified,(Ac
n: n ∈ N)

is a sequence ofω-covers ofSc, and becauseSc is anS1(Ω,Ω)-set, there is a sequen
(Ac

n: n ∈ N) such that for eachn, Ac
n ∈ Ac

n and {Ac
n: n ∈ N} is anω-cover ofSc. It is

equivalent to the assertion thatS ∈ ClZ+({An: n ∈ N}), so that the sequence(An: n ∈ N)

witnesses for(An: n ∈ N) that(2X,Z+) has countable strong fan tightness.�
Theorem 2. For a spaceX the following statements are equivalent:
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(1) (2X,F+) has countable strong fan tightness;
(2) Each open setY ⊂ X satisfiesS1(K,K).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence ofk-covers ofY . Then(Uc
n : n ∈ N)

is a sequence of subsets of 2X andY c ∈ ClF+(Uc
n) for eachn ∈ N. Indeed, fixn. Let K

be a compact subset ofY . There is aU ∈ Un such thatK ⊂ U ⊂ Y and thusY c ⊂ Uc ⊂
Kc, i.e. Uc ∈ (Kc)+ andY c ∈ (Kc)+. So,Uc ∈ (Kc)+ ∩ Uc

n , i.e. Y c ∈ ClF+(Uc
n). Since

(2X,F+) has countable strong fan tightness there is a sequence(Uc
n : n ∈ N) such that for

eachn, Un ∈ Un andY c ∈ ClF+({Uc
n : n ∈ N}). We prove that{Un: n ∈ N} is a k-cover

of Y . Let K be a compact subset ofY . Then(Kc)+ is anF+-neighborhood ofY c and thus
(Kc)+ ∩ {Uc

n : n ∈ N} �= ∅; let Uc
m belongs to this intersection. ThenUc

m ∈ (Kc)+ implies
K ⊂ Um.

(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a pointS ∈ 2X

belongs to theF+-closure ofAn for eachn. It is not hard to prove that(Ac
n: n ∈ N) is a

sequence ofk-covers ofSc and sinceSc is anS1(K,K)-set, there is a sequence(Ac
n: n ∈ N)

such that for eachn, Ac
n ∈ Ac

n and {Ac
n: n ∈ N} is a k-cover of Sc. It is equivalent to

S ∈ ClF+({An: n ∈ N}), so that the sequence(An: n ∈ N) witnesses for(An: n ∈ N) that
(2X,F+) has countable strong fan tightness.�
Theorem 3. For a spaceX the following statements are equivalent:

(1) 2X satisfiesS1(Ω
F+
A ,ΩZ+

A ) for eachA ∈ 2X ;
(2) Each open setY ⊂ X satisfiesS1(K,Ω).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence ofk-covers ofY . Then(Uc
n : n ∈ N)

is a sequence of subsets of 2X with Y c ∈ ClF+(Uc
n) for eachn ∈ N (see the proof of the

previous theorem). Apply (1) to find a sequence(Uc
n : n ∈ N) such that for eachn, Un ∈ Un

andY c ∈ ClZ+({Uc
n : n ∈ N}). Then{Un: n ∈ N} is anω-cover ofY . Indeed, letS be a finite

subset ofY . Then(Sc)+ is aZ+-neighborhood ofY c and thus(Sc)+ ∩ {Uc
n : n ∈ N} �= ∅;

let Uc
i be a member of this intersection. Then fromUc

i ⊂ Sc it follows S ⊂ Ui .
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X such that a pointS ∈ 2X

belongs to theF+-closure ofAn for eachn. Then(Ac
n: n ∈ N) is a sequence ofk-covers

of Sc and becauseSc is anS1(K,Ω)-set, there is a sequence(Ac
n: n ∈ N) such that for

eachn, Ac
n ∈ Ac

n and {Ac
n: n ∈ N} is anω-cover ofSc. The last fact is equivalent wit

S ∈ ClZ+({An: n ∈ N}), and thus the sequence(An: n ∈ N) witnesses for(An: n ∈ N) that
2X satisfies (1). �

After Theorems 1–3 it is natural to ask what happens ifX satisfiesS1(Ω,Ω), or
S1(K,K), or S1(K,Ω). The next three theorems answer these questions.

Let D denote the family of dense subsets of a space.

Theorem 4. For a spaceX the following statements are equivalent:

(1) (2X,F+) satisfiesS1(D,D);
(2) X satisfiesS1(K,K).
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Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of openk-covers ofX. For eachn,
An := Uc

n is a dense subset of(2X,F+). Indeed, letn be fixed and let(Kc)+ be a basic
open subset of(2X,F+). There is a memberUK,n of Un containingK . Thus we have
Uc

K,n ∈ (Kc)+ andUc
K,n ∈ An, i.e.An is a dense set in(2X,F+). Applying (1) one finds a

sequence(An: n ∈ N) such that for eachn, An ∈An and ClF+({A1,A2, . . .}) = 2X. Let for
eachn, Ac

n = Un ∈ Un. We claim that the sequence(Un: n ∈ N) witnesses for(Un: n ∈ N)

thatX satisfiesS1(K,K). Let C be a compact subset ofX. Then(Cc)+ contains someAi

so thatUi = Ac
i satisfiesC ⊂ Ui , i.e. {Un: n ∈ N} is ak-cover ofX.

(2) ⇒ (1): Let (Dn: n ∈ N) be a sequence of dense subsets of(2X,F+). Let for eachn,
Un := Dc

n. ThenUn is an openk-cover ofX. To prove the last statement, letK be a com-
pact subset ofX. Pick a setD in (Kc)+ ∩ Dn. We haveDc ∈ Un andK ⊂ Dc. Apply
now (2) to(Un: n ∈ N) and find a sequence(Dc

n: n ∈ N) such that for eachn, Dc
n ∈ Un

and{Dc
1,D

c
2, . . .} is ak-cover forX. It is easy to verify that the sequence(Dn: n ∈ N) is a

selector for the sequence(Dn: n ∈ N) which witnesses that(2X,F+) satisfies (1). �
In a similar way we prove:

Theorem 5. For a spaceX the following are equivalent:

(1) (2X,Z+) satisfiesS1(D,D);
(2) All finite powers ofX have the Rothberger property(i.e.X satisfiesS1(Ω,Ω)).

Theorem 6. For a spaceX the following are equivalent:

(1) 2X satisfiesS1(DF+ ,DZ+);
(2) X satisfiesS1(K,Ω).

At the end of this section we consider when the spaces(2X,F+) and(2X,Z+) have the
Rothberger property.

Recall that a familyξ of subsets of a spaceX is aπ -networkif for each open setU ⊂ X

there is aM ∈ ξ such thatM ⊂ U . For a spaceX let Πk (respectivelyΠω) denote the
family of π -networks ofX consisting of compact (respectively finite) subsets ofX. In this
notation we have:

Theorem 7. For a spaceX the following statements are equivalent:

(1) (2X,F+) has the Rothberger property;
(2) X satisfiesS1(Πk,Πk).

Proof. (1) ⇒ (2): Let (Kn: n ∈ N) be a sequence fromΠk . Then for eachn ∈ N, (Kc
n)

+ :=
{(Kc)+: K ∈ Kn} is an open cover of(2X,F+). To see this, fixn and letA ∈ 2X. Ac is an
open subset ofX, hence there is aK ∈ Kn with K ⊂ Ac. ThenA ∈ (Kc)+ so that(Kc

n)
+

is indeed an open cover of(2X,F+). By (1) pick for eachn, Kn ∈ Kn such that the se
{(Kc

n)+: n ∈ N} is an open cover of(2X,F+). We show that{Kn: n ∈ N} is aπ -network
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in X. Let U be an open subset ofX. FromUc ∈ 2X it follows that there is somei ∈ N for
whichUc ∈ (Kc

i )+ holds, henceKi ⊂ U .
(2) ⇒ (1): Let (Un: n ∈ N) be a sequence of open covers of(2X,F+); without loss of

generality one may suppose that for eachn all elements ofUn are basic sets in(2X,F+):
Un = {(Kc

n,s)
+: s ∈ S}. For eachn, Kn := {Kn,s : s ∈ S} is a π -network inX. Indeed,

if G ⊂ X is open, then for some(Kc
n,s)

+ ∈ Un we haveGc ∈ (Kc
n,s)

+ which implies
Kn,s ⊂ G. Apply now (2) to the sequence(Kn: n ∈ N) to find setsKn ∈ Kn, n ∈ N, such
that{Kn: n ∈ N} is aπ -network inX. Without difficulties one verifies that{(Kc

n)+: n ∈ N}
is an open cover of(2X,F+) showing that (1) is true. �

Similarly, we have

Theorem 8. For a spaceX the following are equivalent:

(1) (2X,Z+) has the Rothberger property;
(2) X satisfiesS1(Πω,Πω).

2. The Menger-like selection principles

We investigate now the fan tightness of hyperspaces. As might expected the pro
theorems of this section are similar to the proofs of the corresponding results conc
strong fan tightness. Thus we shall only give the proof of the following result.

Theorem 9. For a spaceX the following statements are equivalent:

(1) (2X,Z+) has countable fan tightness;
(2) Each open setY ⊂ X satisfiesSfin(Ω,Ω).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence ofω-covers ofY . Then(Uc
n : n ∈ N) is

a sequence of subsets of 2X andY c ∈ ClZ+(Uc
n) for eachn (see the proof of Theorem 1). A

(2X,Z+) has countable fan tightness there is a sequence(Vc
n: n ∈ N) such that for eachn,

Vn is a finite subset ofUn andY c ∈ ClZ+(
⋃

n∈N
Vc

n). We prove that
⋃

n∈N
Vn is anω-cover

of Y . Indeed, letS be a finite subset ofY . Then(Sc)+ is aZ+-neighborhood ofY c, hence
there is aUc

k in (Sc)+ ∩ ⋃
n∈N

Vn �= ∅. It follows from Uc
k ⊂ Sc thatS ⊂ Uk .

(2) ⇒ (1): Let (An: n ∈ N) be a sequence of subsets of 2X and letS ∈ 2X belong to
the Z+-closure ofAn for eachn. Then(Ac

n: n ∈ N) is a sequence ofω-covers ofSc and
becauseSc satisfiesSfin(Ω,Ω) there is a sequence(Bc

n: n ∈ N) such that for eachn, Bc
n

is a finite subset ofAc
n and

⋃
n∈N

Bc
n is anω-cover ofSc. It implies S ∈ ClZ+(

⋃
n∈N

Bn).
Therefore, the sequence(Bn: n ∈ N) witnesses for(An: n ∈ N) that (2X,Z+) has count-
able fan tightness. �

The proofs of the following theorems are omitted.

Theorem 10. For a spaceX the following statements are equivalent:
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(1) (2X,F+) has countable fan tightness;
(2) Each open setY ⊂ X satisfiesSfin(K,K).

Theorem 11. For a spaceX the following statements are equivalent:

(1) 2X satisfiesSfin(ΩF+
A ,ΩZ+

A ) for eachA ∈ 2X ;
(2) Each open setY ⊂ X satisfiesSfin(K,Ω).

Theorem 12. For a spaceX the following statements are equivalent:

(1) (2X,F+) satisfiesSfin(D,D);
(2) X satisfiesSfin(K,K).

Theorem 13. For a spaceX the following are equivalent:

(1) (2X,Z+) satisfiesSfin(D,D);
(2) X satisfiesSfin(Ω,Ω), i.e. each finite power ofX has the Menger property.

Theorem 14. For a spaceX the following are equivalent:

(1) 2X satisfiesSfin(DF+ ,DZ+);
(2) X satisfiesSfin(K,Ω).

3. Set-tightness

The set-tightnessts(X) of a spaceX is countable if for eachA subset ofX and each
x ∈ A there is a sequence(An: n ∈ N) of subsets ofA such thatx ∈ ⋃{An: n ∈ N} but
x /∈ An for eachn ∈ N (see [11]). The set tightness of the function spaceCp(X) was
studied in [26].

Theorem 15. For a spaceX the following statements are equivalent:

(1) (2X,F+) has countable set-tightness;
(2) For each open setY ⊂ X and eachk-coverU of Y there is a countable collectio

{Un: n ∈ N} of subsets ofU such that noUi is a k-cover ofY and
⋃

n∈N
Un is a

k-cover ofY .

Proof. (1) ⇒ (2): Let Y be an open subset ofX and letU be ak-cover ofY . ThenA = Uc

is a subset of 2X andY c belongs to theF+-closure ofA. Since(2X,F+) has countable se
tightness there is a family{An: n ∈ N} of subsets ofA such that for eachn, Y c /∈ ClF+(An)

butY c ∈ ClF+(
⋃{An: n ∈ N}). Let for eachn, Un = Ac

n. Then for eachn, Un ⊂ U and the
family {Un: n ∈ N} witnesses forU that (2) is true.

(2) ⇒ (1): Let A be a subset of 2X and letS ∈ ClF+(A). ThenSc is an open subse
of X andU = Ac is its k-cover. Apply (2) toSc andU and choose subsetsU1,U2, . . . of
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⋃

n∈N
Un is a k-cover ofSc but noUn is such a cover. If we put for eachn,

An = Uc
n we get a countable family of subsets ofA such that for eachn, S /∈ ClF+(An) but

S ∈ ClF+(
⋃

n∈N
An). �

The following corresponding result on the space(2X,Z+) is proved similarly.

Theorem 16. For a spaceX the following statements are equivalent:

(1) (2X,Z+) has countable set-tightness;
(2) For each open setY ⊂ X and eachω-coverU of Y there is a countable collectio

{Un: n ∈ N} of subsets ofU such that noUi is an ω-cover ofY and
⋃

n∈N
Un is an

ω-cover ofY .

4. T -tightness

The T -tightnessof a spaceX is countable if for each uncountable regular cardinaρ

and each increasingρ-sequence(Fα: α < ρ) of closed subsets ofX the set
⋃{Fα: α < ρ}

is closed (see [11]). In [26] theT -tightness of function spacesCp(X) was studied, while
in [13] the same question was considered for spacesCk(X).

Denote byT (Ω) the following statement on a spaceX:

For each regular infinite cardinalρ and each increasingρ-sequence(Uα: α < ρ) of
families of open subsets ofX such thatU := ⋃{Uα: α < ρ} is an ω-cover there is
aβ < ρ so thatUβ is anω-cover ofX.

T (K) is defined in the similar way when “ω-cover” is replaced by “k-cover”.

Theorem 17. For a spaceX the following statements are equivalent:

(1) (2X,Z+) has countableT -tightness;
(2) Each open setY ⊂ X satisfiesT (Ω).

Proof. (1) ⇒ (2): Let ρ be a regular uncountable cardinal and letU = ⋃{Uα: α ∈ ρ},
with Uα ⊂ Uβ wheneverα < β < ρ, be anω-cover ofY . For eachα < ρ let Aα = Uc

α :=
{Uc: U ∈ Uα} andA = ⋃{ClZ+(Aα): α < ρ}. Since theT -tightness of(2X,Z+) is count-
able, the setA is a closed subset of(2X,Z+). We claimY c ∈ ClZ+(A) = A. Let (F c)+,
F a finite subset ofY , be a standard basicZ+-neighborhood ofY c. SinceU is anω-cover
of Y andF ⊂ Y there is aξ < ρ and an elementU ∈ Uξ such thatF ⊂ U . It implies
Uc ∈ (F c)+, hence(F c)+ ∩Aξ �= ∅, so thatY c ∈ ClZ+(Aξ ) ⊂ A. Further, fromY c ∈ A it
follows Y c ∈ ClZ+(Aβ) for someβ < ρ. We prove thatUβ is anω-cover ofY . Let S be a
finite subset ofY . ThenY c ∈ (Sc)+ so that there is a memberA ∈Aβ ∩ (Sc)+. This means
S ⊂ Ac ∈ Uβ .

(2) ⇒ (1): Let (Aα: α < ρ), ρ a regular uncountable cardinal, be an increas
ρ-sequence of closed subsets of 2X. We have to prove thatA = ⋃{Aα: α < ρ} is a
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closed set in(2X,Z+). Let S be an element in theZ+-closure ofA. For eachα < ρ let
Uα = Ac

α and putU = ⋃{Uα: α < ρ}. ThenU is anω-cover ofSc. Apply (2) to Sc and
theρ-sequence(Uα: α < ρ). There is aβ < ρ such thatUβ is anω-cover ofSc. It implies
S ∈ ClZ+(Aβ) = Aβ ⊂ A. �

As before, similarly one proves:

Theorem 18. For a spaceX the following statements are equivalent:

(1) (2X,F+) has countableT -tightness;
(2) Each open setY ⊂ X satisfiesT (K).

5. The Hurewicz-like selection principles

In this section we need the notion of groupability [17].
An ω-cover (ak-cover)U of a spaceX is groupable[16,17,13] if it can be represente

as a union of infinitely many finite, pairwise disjoint subfamiliesUn such that each finit
(compact) setA ⊂ X is contained in a member ofUn for all but finitely manyn. Ωgp (Kgp)
will denote the family of groupableω-covers (k-covers) of a space.

In [9] (see also [10]) Hurewicz introduced a covering property, nowadays known a
Hurewicz property, in the following way. A spaceX is said to have the Hurewicz proper
if for each sequence(Un: n ∈ N) of open covers ofX there is a sequence(Vn: n ∈ N) of
finite sets such that for eachn, Vn ⊂ Un and for eachx ∈ X, for all but finitely manyn,
x ∈ ⋃

Vn. In [17] this property was described by anSfin-type property and it was show
that all finite powers of a spaceX have the Hurewicz property if and only ifX satisfies
Sfin(Ω,Ωgp). Similarly, the propertyS1(Ω,Ωgp) was characterized:X has this property i
and only if each finite power ofX has the Gerlits–Nagy property(∗) [7] (≡ the Hurewicz
property as well as the Rothberger property).

Here we study the mentioned properties in the context of hyperspaces. For sim
vestigation see [14].

Call a countable elementD from D groupableif there is a partitionD = ⋃
n∈N

Dn into
finite sets such that each open set of the space intersectsDn for all but finitely manyn.

Let Dgp denote the family of groupable elements ofD.

Theorem 19. For a spaceX the following statements are equivalent:

(1) (2X,F+) satisfiesS1(D,Dgp);
(2) X satisfiesS1(K,Kgp).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of openk-covers ofX. For eachn,
An := Uc

n is a dense subset of(2X,F+). Use (1) and for eachn, pick anAn ∈An such that
A = {An: n ∈ N} is a groupable dense subset of(2X,F+); let the partitionA = ⋃

n∈N
Bn

witnesses that fact, i.e. each open subset of(2X,F+) meetsBn for all but finitely manyn.
PutV = Ac and for eachn,Wn = Bc

n. We claim thatV is a groupablek-cover ofX and that
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Wn’s witness that fact. LetK be a compact subset ofX. Then(Kc)+ is open in(2X,F+)

and so there isn0 such that for eachn � n0 one finds a memberBn ∈ Bn with Bn ∈ (Kc)+.
ThenBc

n belongs toWn andK ⊂ Bc
n.

(2) ⇒ (1): Let (An: n ∈ N) be a sequence of dense subsets of(2X,F+). Let for eachn,
Un := Ac

n. ThenUn is an openk-cover ofX. Applying (2) we find a sequence(Un: n ∈ N)

such that for eachn, Un = Ac
n ∈ Un andU := {U1,U2, . . .} is a groupablek-cover forX:

there is a partitionU = ⋃
n∈N

Vn into finite sets such that each compact subset ofX is
contained in a member ofVn for all but finitely manyn. Then one can easily check th
letting for eachn, Bn = Vc

n, the partitionA = ⋃
n∈N

Bn witnesses that for the sequen
(An: n ∈ N) there is a selector showing that(2X,F+) satisfies (1). �

Similarly one proves:

Theorem 20. For a spaceX the following statements are equivalent:

(1) (2X,F+) satisfiesSfin(D,Dgp);
(2) X satisfiesSfin(K,Kgp).

Theorem 21. For a spaceX the following are equivalent:

(1) (2X,Z+) satisfiesS1(D,Dgp);
(2) X satisfiesS1(Ω,Ωgp).

Theorem 22. For a spaceX the following statements are equivalent:

(1) (2X,Z+) satisfiesSfin(D,Dgp);
(2) X satisfiesSfin(Ω,Ωgp), i.e. each finite power ofX has the Hurewicz property.

For the next consideration we need the notion of weak groupability.
A countable open coverU of a spaceX is weakly groupable[17] (respectivelyk-weakly

groupable[5]) if there is a partitionU = ⋃{Un: n ∈ N} such that eachUn is finite,Um ∩
Un = ∅ wheneverm �= n, and each finite (respectively compact) subset ofX is covered by
Un for somen ∈ N.

Owgp (respectivelyOk-wgp) denotes the family of open weakly groupable (respectiv
k-weakly groupable) covers of a space.

In [3] a covering property of a space (Ufin(Γ,Ω) in the notation from [12]) which is
intermediate between the Hurewicz property and the Menger property was charac
as anSfin property, namely asSfin(Ω,Owgp). In [5] the propertySfin(K,Ok-wgp) was con-
sidered. We characterize these two properties of a spaceX by the corresponding propertie
of hyperspaces(2X,Z+) and(2X,F+), respectively.

Theorem 23. For a spaceX the following statements are equivalent:

(1) (2X,Z+) satisfies: for each sequence(An: n ∈ N) of dense subsets of(2X,Z+) there
are finite setsBn ⊂ An such that

⋃
Bn can be partitioned into finite setsCn, n ∈ N,
n∈N
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such that{⋂Cn: n ∈ N} is dense in(2X,Z+);
(2) X satisfiesSfin(Ω,Owgp).

Proof. (1) ⇒ (2): Let (Un: n ∈ N) be a sequence of openω-covers ofX. Then(An ≡
Uc

n : n ∈ N) is a sequence of dense subsets of(2X,Z+), so that there is a sequen
(Bn: n ∈ N) such that for eachn, Bn is a finite subset ofAn andB = ⋃

n∈N
Bn is a union⋃

n∈N
Cn of finite, pairwise disjoint sets such that{⋂Cn: n ∈ N} is dense in(2X,Z+). Let

V = Bc,Wn = Cc
n, n ∈ N. Then the setsV andWn’s witness for(Un: n ∈ N) thatX belongs

to the classSfin(Ω,Owgp).
Let F be a finite subset ofX. The open subset(F c)+ of (2X,Z+) meets{⋂Cn: n ∈ N},

i.e. there existsm ∈ N such that
⋂

Cm ∈ (F c)+. This means thatF ⊂ (
⋂

Cm)c = ⋃
Wm,

i.e.V is an open weakly groupable cover ofX.
(2) ⇒ (1): Let (An: n ∈ N) be a sequence of dense subsets of(2X,Z+). For eachn,

Un := Ac
n is anω-cover ofX. By (2) there is a sequence(Vn: n ∈ N) such that for eachn,

Vn is a finite subset ofUn andV = ⋃
n∈N

Vn is a weakly groupable open cover ofX.
We have thatV is a union of countably many finite, pairwise disjoint setsWn satisfying:
for each finite setF ⊂ X there is ann with F ⊂ ⋃

Wn. Let us check that the sequen
(Bn: n ∈ N), where for eachn, Bn = Wc

n, shows that(2X,Z+) satisfies (1). Indeed, pick
basic open set(Sc)+ of (2X,Z+). Then there ism for which S ⊂ ⋃

Wm holds. It follows⋂
Wc

m ≡ ⋂
Bm ∈ (Sc)+, i.e. the set{⋂Bn: n ∈ N} is dense in(2X,Z+). �

In a similar way one can prove

Theorem 24. For a spaceX the following are equivalent:

(1) (2X,F+) satisfies: for each sequence(An: n ∈ N) of dense subsets of(2X,F+) there
are finite setsBn ⊂ An such that

⋃
n∈N

Bn can be partitioned into finite setsCn, n ∈ N,
such that{⋂Cn: n ∈ N} is dense in(2X,F+);

(2) X satisfiesSfin(K,Ok-wgp).
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[17] Lj.D.R. Kočinac, M. Scheepers, Combinatorics of open covers (VII): Groupability, Fund. Math. 179 (2

131–155.
[18] S. Lin, C. Liu, H. Teng, Fan tightness and strong Fréchet property ofCk(X), Adv. Math. (China) 23 (3)

(1994) 234–237 (in Chinese); MR 95e:54007, Zbl. 808.54012.
[19] R.A. McCoy, Function spaces which arek-spaces, Topology Proc. 5 (1980) 139–146.
[20] K. Menger, Einige Überdeckungssätze der Punktmengenlehre, Sitzungsberichte Abt. 2a, Mathema

tronomie, Physik, Meteorologie und Mechanik (Wiener Akademie, Wien) 133 (1924) 421–444.
[21] A.W. Miller, D.H. Fremlin, On some properties of Hurewicz, Menger and Rothberger, Fund. Math

(1988) 17–33.
[22] A. Okuyama, T. Terada, Function spaces, in: K. Morita, J. Nagata (Eds.), Topics in General Top

Elsevier, Amsterdam, 1989, pp. 411–458.
[23] H. Poppe, Eine Bemerkung über Trennungsaxiome in Raumen von abgeschlossenen Teilmengen

gisher Raume, Arch. Math. 16 (1965) 197–198.
[24] F. Rothberger, Eine Verschärfung der EigenschaftC, Fund. Math. 30 (1938) 50–55.
[25] M. Sakai, PropertyC′′ and function spaces, Proc. Amer. Math. Soc. 104 (1988) 917–919.
[26] M. Sakai, Variations on tightness in function spaces, Topology Appl. 101 (2000) 273–280.
[27] M. Sakai, The Pytkeev property and the Reznichenko property in function spaces, Note Mat. 22 (2)

43–52.
[28] M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topology Appl. 69 (1996) 31–62.
[29] M. Scheepers, Combinatorics of open covers (III):Cp(X) and games, Fund. Math. 152 (1997) 231–254


