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The energy loss of a fast charged particle probe incident on a two-dimensional graphene
sheet is examined here. The fast particle motion is taken to be perpendicular to the 2D
graphene sheet, which is considered to be in the degenerate limit of zero temperature.
The response dynamics of the 2D graphene layer are described in the random phase
approximation and the energy loss for particle motion perpendicular to the 2D graphene
layer is calculated as a function of the velocity of the charged particle.

1. Introduction

The remarkable conduction properties of graphene have inspired intense and widespread
research on its unusual properties. It is of interest to study its response to all probes,
and in this paper we examine fast particle energy loss spectroscopy for graphene in the
perpendicular case.

We analyze fast particle energy loss in terms of the effective potential V(1) at space-time
point 1 = (ry;¢;) induced by the Coulomb potential it impresses,

Ze
U2)= ————, 1
(2) )~ R(5) (1)
at space-time point 2 = (ry;ty), polarizing the 2D graphene sheet. The frictional energy
loss is assumed to be small, so that the motion of the charged particle is approximately

uniform, i.e.,
R(tz) = vta + Ry, (2)

where Ry is the initial position vector of the charged particle.

The impressed potential, U, which is dynamically screened by the polarized graphene
sheet (lying on the zy-plane), is characterized by an inverse dielectric function K(1,2)
describing its nonlocal relation to the effective potential, V', through

V(l)—/d42K(1,2) v K2 -2 3)
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(d*2 = drydty). This inverse dielectric function for the graphene sheet (in 3D), K(1,2),
is related to the direct dielectric function, £(1,2), through

/d43K(1,3)5(3,2) = /d435(1,3) K(3,2) =0*(1-2). (4)
The induced charge density, p, associated with V' (1),

p(1) —/d43R (1,3)V /d4 /d44R (1,4) K(3,2)U(4), (5)

is described in terms of the density perturbation response function, R(1,3) = g{;(é)) (“ring

diagram”). Considering the contribution of the perturbed density to the effective poten-
tial, we have

V(1) = U(1)+ / '3 0,(1 - 3) p(3), (6)
where
v(1—3) = ﬁé(tl ), (7)

is the instantaneous inter-electron Coulomb interaction of the graphene plasma. Taking
the variational derivative of Eq. (6) with respect to U(2) and using the chain rule of
variational differentiation, we have

K(1,2) =6*(1—-2) — /d44a(1,4) K(4,2), (8)

where «(1,2) is the polarizability, which will be written in a form that describes both
the free electron response and an additive static background term ag = g9 — 1 (g is the
background dielectric constant) as

a(1,2) = — [d*3v.(1—3)R(3,2) + apd*(1 — 2)
=e(1,2) = 641 -2). (9)

Combining Egs. (8) and (9), we obtain an integral equation for K(1,2),
K(1,2) = 754 1-2) /d4 /d43vc (1—-3)R(3,4) K(4,2).

€0
Applying the operator V? to the above equation, we get

\&i [K(l, 2) — i54(1 —2)

_ 47re
€0 N

- d*4R(1,4) K(4,2). (10)

Comparing Egs. (5) and (10), we obtain the perturbed density, p (1), as
1

€o

p(1) = — T /d42v2[ (1,2) — 54(1—2)} U(2). (11)
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The force per unit volume on the electron plasma due to the passing charged particle
is —p(1) V1V (1) and the reaction force on the fast particle is

f= e/d3r1p(1) ViV(1) = 0 d*r, V2 [V(l) — ;U(l)] viv(1), (12)

where use was made of Eq. (11). The first term of Eq. (12) integrates to zero, reflecting
the fact that there can be no “self force,” and we obtain

f=—Ze ViV(Dlls,—rt) » (13)
where we employed
ViU(1) = —4rZed*(r; — R(ty)). (14)

Substitution of V(1) from Egs. (6) and (11) into Eq. (13) and Fourier transforming both
in space and time, we find

f = —dr(Ze)? (vl ( / dz / (;ljsgeif"fl

% / %eipzZQe—i(f)'\_’erzUz)tle*i(f"RO‘f’pzZO) K(z1,20,P;w =P - V 4 p:02)
21 P+ 13

(15)
ri=vt1+Ro
where v =V +v.2, r = (F, 2), and p = (P, p.). Writing the force as f = f 4 f.2, we obtain
for the force component perpendicular to the graphene sheet,

d2— d } eipz(ZQ—vztl—zo) o
f. = —4n (Ze)? /dZQ/(27TI)>2 b <K<21722713;W =p-Vv +pzvz))

2r PP+ p? 0z

Considering charged particle motion perpendicular to the graphene sheet, v = 0, and the
resistive force of Eq. (16) reduces to

z1=vzt1+20

> dp, eP=(22 vzt1—20) B
f = 41 Z@ /dZQ/ /_0027TMaZOK('Uztl+207227p;60=pzvz)’(17)
where p = |p|. The quantity of interest here is the total work integral
W = / dZQ fz, (18)

which may be evaluated by integration by parts as
d2 de z 29 —Z Pz z =
W =dmr( Ze) /sz/dzo/ / p=(22—%0) — 2K2(20,227P;W:pzvz)7(19)
P+ P
with Zg = 29 + v,t1, and we wrote K = K; + iKy where K (Kj) represents the real

(imaginary) part of K. The inverse dielectric function K(z1, 29, p;w) for a 2D plasma
sheet in 3D space is determined as

1 1 _
K (21,20, Bi) = ~0(s = 22) + 0(z2) 7 [K2P(,0) — 1] (20)

where K?P (p,w) is the 2D inverse dielectric function on the 2D plane. Substitution of
Eq. (20) into Eq. (19) and evaluation of the Z;-integral yields the total work integral as

47 d*p ® dp, 2p.p _
W=7 (z¢)? / P / P D 12D (5 = pu). (21)
K (2m)" J oo 27 (P% + p?)
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2. Low Velocity Limit

The screening function may be written in terms of the real and imaginary parts as

2D (= 1 51(I—)7 w) - 2'052([_)7 w)

) = T afe) ~ )+ a3(pe) | 22)
The zero-temperature polarizability for doped/gated graphene (Er # 0) was determined
[1-5] explicitly in the degenerate case, and the result is written below in terms of the den-
sity perturbation response function, R (expressed in terms of the dimensionless quantities
z = p/kp, v=w/Ep, and R(p,w) = R(p,w) /Dy, where Dy = D(Ep) = (g,,ﬁgvn/ﬂ')l/2 /v
is the density of states at the Fermi energy, v is essentially the 2D Fermi velocity, gs and
g, are the spin and valley degeneracies respectively, and we take h =1 and oy = 0):

R(z,v) = R™(x,v) + R~ (z,v), (23)
with
R (z,v) = Rf (,v)0(v — ) + RS (z,v) 0(z — v), (24)

where the real parts of the polarizability are

RRf (z,v) = —1+ 8\/1/;77{]”1(35, v)0(12+v| —x)+sgn(v —2+x) fi(z,—v)0(]2 — v| — x)
St fola, ) [z +2— ) +0(2 — 2 — V)] } (25)
RRS (2,0) = —1+ &/ﬁ{fg(x, V) 0z — v +2|) + fole,—1) 0(z — v —2|)
+2 [0l + 2| - 2) + 0w — 2| - 2)] }, (26)

and the imaginary parts of the polarizability are

~ T 2
SR (z,v) = &/ﬁ{fg(x, )0 — v — 2+ (0 +2 = v) + 62— 2 = )] }(27)
S5 (00) =~ 2 (1) ~ il )02 =), 9
where
filz,v) = 24+ v)\/(2+v)* —22—2%In QTJﬁ;—FVT—FV’ (29)
fo(x,v) = 2*In %2_1,2, (30)
2+ v

fs(z,v) = (2+v)\/22 — (2+v)* + 2?sin”} . (31)
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f4(xyy)_(2+y)m_ﬁmWHzm’ )

and

A  wx*(z—v) mrtO(v —x)
)= -7 v

In the low velocity limit we expand the imaginary part of the inverse dielectric function,
K2P (p,w), to linear order in w = p,v., obtaining

9 _
. =w <&UK22D(p,w))
since K2P(p,w) is an odd function of frequency w. Using Eq. (22), we write Eq. (34) as
ve(p) 55 Ra(P,w = 0)
1= ve(p) Ra(p. )
and substitution into Eq. (21) yields the total work integral as
Ze2\? [ P 1 ZRy(pw=0
|W| _ —47T2UZ <6) / in Ow 2(7p w ) 5 (36)
K (2m)"P[1 = ve(p) Ru(p,0)]

which, in terms of the dimensionless variables introduced above, can be recast as

(33)

0
Ky°(p,w) = K37(p,0) + w <&0K§D(ﬁ7w))

, (34)

w=0

K3P(p,w) ~w

(35)

Dopr ((Ze*\* [ 2 Ry(w,v =0
W = —2r0, EOPF (:) / dr a: 2(ac~u ) . (37)
7 0 1= EERL R (= 0)
KPpF X

The expressions appearing in the above integrand are

%RQ(:C, y—0) = —%\/4 22002 — 2)0(x), (38)
and
Ri(z,v=0)=—1-— %9(1’ -2)+ % (2\/362 — 4+ 2%sin! <i)> O(x—2). (39)

Substitution of the above two expressions into Eq. (37) yields

Dopr <262)2 /2 VA2
ze L IVA Z 27
0

W = v, ~LF , 40
W=mo Er K (:1:+c)2 (40)

where we have defined ¢ = 2me? Dy /kpr. Executing the x-integral we obtain the following
expression for the total work integral

W| = v, DE“;F (ZQZY [cw g 2E22) (2)] . (41)

K 2 —4 c
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3. High Velocity Limit

In the case of a high velocity probe particle the principal contribution to energy loss
arises from the excitation of plasmons and consequently the denominator on the right
side of Eq. (22) must vanish and can not be subjected to any contrary approximation.
However, there is simplification due to the fact that the frequency argument at high
velocity, w = p,v, dominates, driving the polarizability into its local limit. Thus, in the
high velocity case

1

KQD (I_)yw) _ KQD(O,W> = m’

(42)
with 2P (0,w) the high frequency local dielectric function, which has the same structure
for graphene as it does for electrons with parabolic dispersion:

2
2P(0,w) =1 -2, (43)
(.4)2

where w, = (’yeQW / /‘iﬁ) 12 /P = A\/p is the graphene plasma frequency [4]. The
imaginary part of the inverse dielectric function is obtained by letting w — w+i0" (with 0"
a positive infinitesimal) in Eq. (43), resulting in K (p,w) = =52 (0 (w — wp) — 0 (w + wp)).
The total work integral of Eq. (21) may be written using this form of K(p,w) for high

velocity as

47 d’p e D w w
W=-——— (26)2/ p2 / dpz%lé (pz _ p>
K (2m)" Jo (p* +p2)” V= vz

LY P A U S
= <Z vz) /0 2§ (p”Z(A)QY (44)

Vz

Finally we employ an upper upper cutoff p. for the p-integral, with p. marking the max-
imum momentum for which the plasmon approximation is valid, namely vp < w < 2Ep
or p!/2 < A/vp. The resulting total work in the perpendicular case is given by

2 A\ 2 2 2
W:(Ze> <2“22—1n<1+”§>>. (45)
K U, v; +Up V%

In Fig. 1 we plot the total work |W/| (in units of (Ze)/v,)?/k) as a function of v, (in
units of vg) in the high velocity limit. It is important to note that while the high velocity
result in the plasmon approximation closely resembles that of a normal plasma with a
quadratic dispersion law, the case of graphene substantially differs in regard to density
dependence because w, = (9590 Ep/2602)* \/p = (ve?\/ngsgv/kh) 12 /D, wherein the
Fermi velocity, v, is independent of density and the Fermi energy involves density in the
form Ep = vpp = 7 (47n/gs9,)"?, leading to w, oc n'/4 instead of the usual n'/2.

In conclusion, we have presented explicit expressions for the energy loss of a fast charged
particle moving perpendicular to a two-dimensional graphene sheet. In particular, we have
considered both the low and high velocity limits and have stated the differences between
the normal two-dimensional plasma results and those in the presence of graphene.
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Figure 1. Plot of |[WW| (in units of (Ze)/v.)?/k) as a function of v, (in units of vr) in the
high velocity limit.
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