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1. Introduction and hypotheses

During the last two decades, bifurcation problems of homoclinic and heteroclinic loops of planar systems have been
investigated by many authors [1-15]. In [13], Shil'nikov studied the codimension 1 homoclinic bifurcation problem with
two complex conjugated eigenvalues. He pointed that if the eigenvalues « and g verify Re« =Re 8 < 1, then the dynamical
behavior in a small neighborhood of the homoclinic orbit is chaotic. Recently, the bifurcation problems of homoclinic and
heteroclinic loops in high dimensional systems have been comprehensively studied as well [ 16-22]. Among all these works,
not many concern the bifurcation of double homoclinic loops. However, nowadays, there is an increasing interest in the
subject, for example, see [23-32]. In [23,32], the attention mainly goes to the perturbation of the Hamiltonian planar
vectors fields and their results focus on the number of limit cycles and their distributions by using method taken from
bifurcation theory and qualitative analysis. In [24], by using normal form theory and Poincaré return maps, the stability of
the planar double homoclinic loop is studied. In [31], one proved the existence of two families of homoclinic orbits in the
small neighborhood of the double homoclinic loops of a planar system. In [30], the authors established the classification
for the set of nonwandering points, homoclinic orbits and limit cycles, respectively. In [29], the author described the
topological equivalence class of X, |, fora C3-dynamical system X, in general position, where 2, is a set of trajectoriesin a
neighborhood of the double homoclinic loop. In [26,28], the author shows the existence of Lorenz attractors in the unfolding
of a double homoclinic loop with a resonance condition on eigenvalues. While in [27], the author proves that perturbations
of the initial stable double homoclinic loop can lead to the creation of a Lorenz attractor. In [25], with the same configuration
below, the existence of an invariant set (shift type) in the variant center manifold (an intersection of a center stable manifold
and a center unstable manifold) is obtained for conservative and reversible vector fields.
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For a fixed r, we consider the following C" system

z=f(@2)+gz ), (1)

wherez e R™2 m>0,n>0,m+n>0,uecR,1>20<|u| <K1,f(0) =0,g(z 0) =0, here || - | denotes the
scalar product. Conversely with these articles cited above, the degeneracy of the unperturbed vector field

z=f(2), (2)

comes from exclusively form the double homoclinicity, and various bifurcation manifolds and the corresponding existence
regions are concretely given.
First of all, we assume that:

(H;) System (2) has a hyperbolic equilibrium at the origin and the relevant linearization matrix Df(0) has simple
eigenvalues: A, A (i=1,2,...,m), p1, 02 = 1,2, ..., n) satisfying

—Re pyj < —p1 < 0 < A1 < Re Ay

With no strong resonance between p; and A being allowed, we can always assume that p; > A; without loss of
generality.

Thanks to the Implicit Function Theorem, since the equilibrium of the unperturbed system (located at the origin for
i = 0) is hyperbolic, this equilibrium persists and admits a continuation for small values of || ||. Up to a translation, one
can assume that the equilibrium is always located at the origin.

Moreover we assume that Df (0) satisfies the Sternberg condition of order Q with Q = K([Af—lm] + [%”]) + 2, where K
is the Q-smoothness of Df (0), and r > 3Q, so that system (1) is uniformly C¥ linearizable according to [33]. Hence, up to a

CX diffeomorphism, there exists a small neighborhood U of 0 in R™*"+2, such that for all & € R!, 0 < |||l < 1 and for all
(x,y,u,v) € U, system (1) has the following CX~! (K > 4) normal form:

x=rmx,  y=-pi(wy, U=k(@u  =—p(nv. (3)
Here, A, (w) is an m x m diagonal matrix with A1, Az, ..., Ay as its diagonal elements and p,(w) is an n x n diagonal
matrix with 031, 022, . . ., P25 as its diagonal elements.

Besides, we make the following assumptions:

(H) System (2) has double homoclinic loops I' = I'7T U I3,
Ii={z=ri(t):t eR,ri(£oo) =0}

and dim(Ty,, W* N T, (nx W) = 1,i = 1, 2, where W* and W" designate the stable and unstable manifold respectively
and T,W is the tangent space of W at A.

(H3) Let eii = lim;_, 700 % then ei+ € ToWY, e; € ToW* are unit eigenvectors corresponding to A1 and — p, respectively.
1
Moreover, ef = —eJ, e = —e, .
(Ha) Span{T,yW", T,y W?, €} = R™"2 as ¢ > 1, Span{T,, () WY, T, ) W*, €] } = R™"2 ast « —1.(see Fig. 2)

Remark 1.1. For the existing loop I", (H3) is generic, which guarantees that I" has no orbit flip. While (H,) says that both
homoclinic orbits are not of the inclination to flip. If both H; and H, hold, the orbit is called non-critically twisted.

With the above assumptions, the double homoclinic loops, say I, I3, are of codimension 2. Besides, a non-degenerate
homoclinic orbit I" is called a non-twisted homoclinic orbit if the unstable manifold W* has an even number of half twists
along the homoclinic orbit. It is called a twisted homoclinic orbit if W has an odd number of half twists along I", see [34]
for more details. We shall study the problems of p—q double homoclinic loops, p—q left (or right) homoclinic loop, p-q large
homoclinic loop and p-q large period orbit bifurcated from the twisted double homoclinic loops in an arbitrarily high-
dimensional system. Here, “left” or “right” means the corresponding orbit circulates in the small neighborhood of the original
double homoclinic loops whereas it just takes infinite time in the neighborhood of one orbit of the double homoclinic loops,
either I'; or I. “Large” means that the corresponding orbit moves around in the small neighborhood of the original double
homoclinic loops and it takes an infinite time in the neighborhood of each homoclinic orbit. In addition, “p-q” refers to the
rounding number in each orbit’s neighborhood. Precisely speaking, the p—q loop will round I;p cycles, while it has winding
number q in a small neighborhood of I7. (see Fig. 1)

The present paper is organized as follows. After giving some preliminary results in Section 2, we obtain the bifurcation
equations with a single twisted orbit in Section 3 and in Section 4, we give the bifurcation results in this case. In Section 5,
we study the bifurcation of double twisted orbits.
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Fig. 1. Illustration of orbits definition.
2. Preliminaries

As in the meaning of the first approximation, the tangent vector bundles, situated in the tangent space bundles are
confined on the homoclinic loops, which is the intersection of the stable manifold and the unstable manifold, inherit and
exhibit sufficiently the properties (such as the geometry, the invariance, the contractibility, the expansiveness, etc.) of the
system near the loop. Our aim is then to select carefully some tangent vector bundles along the loops and some others
complement to them to form a moving frame so as to obtain the simplest form. Let us consider the linear variational system
of (2)

z = Df (;(t))z, (4)
and its adjoint system
z = —(Df (ri(t)))*z. (5)

Denote ri(t) = (r¥(t), 1! (t), r}'(t), r’(¢)) and take T2, T;' to be large enough such that
(=T = ((=1)8,0,8/,0),  r(T’) = (0. (=15, 0,8},
where [|8}'[], |87 | = 0(6%),i=1,2, o = min;{Re ps;/p1, Re Ay /A1} > 1, and 6 is small enough so that
(G, y,u,v) 0 Ixl L llull, (vl < 48} C U.

We state the following lemma which can be found in [18,20].

Lemma 2.1. There exists a fundamental solution matrix Z;(t) = (z(t), z2(t), 22 (t), 2 (t)) for system (4) with
2! (t) € (T W™ N (T W),
zZH(t) = —1i(0) /| (T))] € Ty W" N Ty WP,
Z2(t) e T, W™,
Z;L(t) [S Tri(t)WSS
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satisfying
o' o 0 o 1 0 o' 0
12 1 i 32
; 0 0 ; 0 (-1 w; 0
Z(=TH = @i Z(T%) = i
i(=T7) 02 2 lnem a)43 ’ (1) 0 0 w? o0 |’
0 o0 0 a)44 ot o 0 I

where,as T > 1(i = 1,2,j = 0, 1), 0 detwP det w* # 0, (~1)'w?! < 0, ||| < 1, |81 < 1, [(0>) 0]'| <
. - k
1, @) ol < 1; ||(w,21) 1B < 1, (et o) 1ol < 1, for k4 [[(det®) 0| < 1, for k £ 3.

Remark 2.1. In the above lemma, W stands for the strong unstable manifold while W** stands for the strong stable

manifold.
As is well known from the matrix theory, system (5) has a fundamental solution matrix @;(t) = (Z; “ly* =
(@ (t), p2(0), 3 (t), p(t)). Introduce the local active coordinates N; = (n 0, n?, n!), then we parametrized a point

Z = (x,Y, u, v) near the orbits I3 in the section S;(t) by the coordinates (n}, nl , f‘). And the section S;(t) can be written as
Si(t) = {z = ri(t) + Zi(ON} = ri(t) + 2z} (On! + 22 ©On] + 2} (O)n}). (6)
Choose the cross sections, fori = 1, 2,
S ={z =ST") : xI, Iyl, lul, [v] <28} C U, S} = {z =S(=T}) : Ixl, lyl, lul, [v] < 28} C U.
With the above notation, system (1) has the following form
= () gu (i), Op+o(lul), i=1,2j=134, (7)

which is C¥~2 and produces the transition maps P! : S} — S?,i = 1, 2. Here, g, is the derivative of g with respect to x.
Integrating both sides of (7) from —T' to T?, we have

nl (1Y) = n) (=T + Ml +o(lul), i=1,2;j=1,3,4,

. 10 .
where Ni(T?) = (n}(T?). 0, n?(T), n}(T%)), Ny(=T}) = (n} (=T;), 0. n?(=T;"), nf(—T})), and M] = [ (¢(£))*g,. (rs (1),
0)dt,i =1,2;j =1, 3, 4 are Melnikov vectors (see for example [17,18,20-22]).
Remark 2.2. The Melnikov vectors in the case j = 1 are given by
TO

+o00
M = <¢> ()" g, (ri(t), 0) dt = / (@} () g, (r(), 0)dt fori=1,2.

3. Bifurcation equations with single twisted orbit
We now study the case of a single twisted orbit which means that the following hypothesis is satisfied.
(Hs) The orbit I'y is nontwisted and I is twisted, that is, w]?> > 0 and w,* < 0.

Consider the map P : S* — S1,¢% —> q1, P : 9 — S1, g9 —> gl and P? : 9 — !, ¢% —> q! induced by the flow
of (3) in the neighborhood U of z = 0. Set the flying time from ¢{ to g} as 71, g5 to g; as T2, 3 to g} as 73 and the Shilnikov
time s, = e 1%k = 1, 2, 3 (see Fig. 2). Then we have

o. 0.0 .0 .0 0 1/,1 1 1 1
Py ql(xpjﬁ,u], )_> Q2(X2’y2’u2,v2)

0 1 P1/21,,0 0 A2/h1, 1 1 p2/21,.0
X1 = S1Xy, y2—51 Y1 Up =357 Uy, =S5 Uy,
50 . 2050 0 =0 -0 “11 =1 =1 =1
P, : qz(xz»}/z,uza Uz) g qZ(XpyZ,uz, Uz)
=0 51 P1/A150 A2/A1 =1 =1 p2/A1 =0
X5 = 5)X,, yy = sot/M1y9, ) = 5,2/ "y, vy = 552710,
0. 040 0 .0
p; qz(xzvhv”zvvz) e Gh(XwJ’p”lvU ),
0 1 P1/A1.,0 A2/h, 1 p2/A1,.0
Xy = 53Xy, 1= 55", uy = 557"y, =S37 Vg
A/ A21/h ,\ A A /b p s A p .
where for k = 1,2,3, s, 2/ = diag(s}, a/k 22/ ‘,...,skz"‘/ 1),5{:2/1 dlag(s”“/1 f”/ 1,...,sf2"/ 1y are diagonal

matrices of order m and n respectlvely
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Fig. 2. Poincaré map with single twisted orbit.

To be more precise, let
St =1{geS! 1yg>0,,  SL={geS |y, <0},
St.={qeS)|xg>0}, S ={qeS’|x <0}, i=12.
Then,
0:50 sl Py :st sl Pe:isY sl P ist sl
Equipped with these formulae, we calculate the relations between

2j+1
(qz]) - qurl

2j+1,1 0, n21+13 2]+14

Zj) 2]+1
b

2j 21 251 2741 2+
(x1 7y1 ’ , ’ j )9

(G AR TR 15

and their new coordmates NZnP' 0,73, %), NI (n] ) fori = 1, 2, where g} = ¢!, and similar

relations for g q2 and ‘2“1 = Pz(q? ). Using (6 ) 6) and according to the expressions of Z,-(—Ti ) and Z,-(Tio), we obtain

,—1;11 :)—{gj —w?(w )" 1= 21 n%” _ (wf‘) 1u§j,

ﬁng — —21 -8 — a);‘lx%] + (w;4wgl wg4)(w2 )_]u?,

ﬁ§j+1,1 _ (a) ) 15 21+1 (a)l )— a) (a)44)*152f+1,

ﬁ§j+1,3 _ —21+1 5u 3(0);2) 1 21+1+[w23(w22)7] 42 w‘zs](w‘z“‘)*]l_);j“,
ﬁ§j+1,4 _ (a) )—11—)21+1,

nilj,l :XiZJ' (waa) 1 21 ni21’ — (a)33) 1 21

”iZM _ UiZj _ (SV x 2j + (a)” 31 _ ?4)(%33)7 ufj,

ni21+11 _ (w12) 1 21+1 (wyz)—lwflz(wfvt)—lv?jﬂ,

“z‘2j+1'3 — ui21+1 _5;4 B(a)”) 1 21+1 + [wiw(wilz 710)142 ](a)44) 1 21+1’

2+1,4 __ (w;;4)71vi21+1’
and
XN (85~ Y A (185 A8 i=1,2
From the above, we obtain the following Poincaré maps:
Fi=P, 0P} :S) —s9,
! = )5~ @) tof SR+ + o)
12 = ud = 8+ WP @)V + [P @) 6 — w1 M2+ o),
ny* = (wih™! pz/Mv? + M3+ o(ll ),
Fy=PloPy:50 — S0,
iy = @7)71516 — (@) @) ) + My o).
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iy =1y — 8 — 03’ (@) 7155116 + [0’ (@37) N 0f — 013 18 4+ M3+ o(llul)),
iy = (@375 09 + My + o),
F3 =Pl oP):S) — S,
nf1 (a)}z)’lsg’]/hS _ (wu)*lw‘lz(a)“) 1 pz/h V0 +M w4 o),
”13 _u} _8u _w13( 12) 1 p‘/hé—l—[a)w(a) )7 a)] _wl ](w44) 1 /72/)»1 0+M w+o(l ),
= (1) "2 0 + M+ o(l ).
Now, the successor function
G(s1, S2, 53, U}, Uy, uy, V9, 09, v3) = (G, G3, G, Gy, G3, G3, Gy, G3, G3)
= (F1(q) — @3, F2(@)) — 4. F3(a) — q?)

is given by the following:

G = —(@)7's7718 — (@) Mo (@Y TSP — 508 4 03! (@3") 1y My 4 My + o)),

G} =3 — 8 + 0’ @) M8 4 [0 (@37) 0’ — 015 ISP — (@) 71 A M3+ o),
c;‘=—53+52“+(a>;‘4)*1s”2“‘v°+w‘4ss —[wg‘*wg] w3 (@3*)~ ”2/Mu;+M§M+o(||u||)

Gy = (@3)7'5/"18 — (@) o (03 ' °+s6+w (@375 u} + My + o[l

G =y — 85 — 0 (@) 7'5718 + [0 (@;1) 0y’ — 0 N(wfh) ”’2/*1 9 — (@)1 ul + M3+ o(llul),
Gy = —v) + 85 + (w3) "53] — )3 — [w;“w;” 03*1(@3%) ”2“‘ ]+M§M+0(|Iull)

G = (@)7'55/718 — (@) TP (i) s3] — 518 + ot (@) ”2/“ uy + M+ o(llul),

G =uj =8 — 0 @) '35 + [0 () o — o 1@l ‘”2/“ v — (@)1 My + M+ o(ll ),

G;; _ —v?+8§)+(wf) 1 pz/h 0+w14851 [w}“w?l 3 ](w1 )~ 1 kz/h 1+M i+ o).
Therefore, there is a correspondence between the solution Q = (sy, S3, 53, ul, &3, ud, v9, 89, v9) of
(G1.G1.G1. G5, G3, G5, G5, G3, G3) = 0

with s; > 0,5, > 0,s3 > 0, and the existence of 1-1 double homoclinic loops, 2-1 double homoclinic loops, 2-1 right
homoclinic loop, 1-1 large homoclinic loop, 2-1 large homoclinic loop and 2-1 large period orbit of system (1).

Solving (uj, v9, 43, v9, u}, v9) from (G3, G}, G3, G3, G3, G3) = 0 and substituting it into the equations (G}, G, G3) = 0,
we obtain the following bifurcation equations

—(@?) IS sy + 87 Ml 4 hoot. =0,
(wn) 1Sm/M +s34 5—11\/121# + h.o.t. =0, ®
(a)}z)’]s?/h —s1+8 '"M{pu+ho.t.=0.

4. Bifurcation results with single twisted orbit

In this section, we study the existence, uniqueness and non-coexistence problem of p—-q double homoclinic loops,
p-q right homoclinic loop, p-q left homoclinic loop together with p-q large homoclinic loop and p-q large period orbit
for a nontwisted orbit Iy and a twisted I3. Similarly, we can consider the corresponding problem for twisted Iy and
nontwisted I'5.

Firstly, we have the following result concerning the uniqueness and the incoexistence.

Theorem 4.1. Assume that hypotheses (H{)-(Hs) hold. Then, for || 11| sufficiently small, system (1) has at most one 1-1 double
homoclinic loop, or one 2-1 double homoclinic loop, or one 2-1 right homoclinic loop, or one 1-1 large homoclinic loop, or
one 2-1 large homoclinic loop or one 2-1 large period orbit in the small neighbourhood of I'. Moreover these orbits do not
coexist.

Proof. Let Q = (sq, S, S3, u], uz, uz, vl, vz, )then
w 0 0

3G, Gl Gl G G2, G2, Gh. G4 G _ ( A o)
8Q Q=0,u=0 W13 0 Ign

W =
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where I, denotes the identity matrix of order k,
Wip = diag(—8, —5,8), W3 = diag(e!4s, w148, —wl4s)

are diagonal matrices. Notice that det W = —§3 # 0. According to the implicit function theorem, in the neighborhood of
(Q, n) = (0, 0), there exists a unique solution s; = s;(w), u} = u}(w), v? = V2 (w), ) = 4y(n), v3 = v3 (1) satisfying
5i(0) = 0, u/(0) = 0,v?(0) = 0, u3(0) = 0, v9(0) =0, fori =1, 2.

Then, depending on the solutions s;, one may have the following possibilities which have relations with the bifurcation
problem.

If s; = s, = 0, then necessarily s3 = 0. By the uniqueness, we see that the double homoclinic loop is persistent and it is
impossible to appear two different homoclinic loops near I, forming bellows configuration.

If s, = s3 = 0ands; > 0, then I is persistent, and meanwhile system (1) has a unique 1-1 large homoclinic loop.

Ifs; = s3 = 0ands; > 0, then system (1) has a unique 2-1 double homoclinic loop.

Ifs;=0,s5 > 0,53 >0o0rs; =0,s; > 0,5, > 0, then system (1) has a unique 2-1 large homoclinic loop.

Ifs; = 0,s; > 0and s3 > 0, then system (1) has a unique 2-1 right homoclinic loop.

Ifs; > 0,s, > 0,53 > 0, system (1) has a unique 2-1 large period orbit.

Clearly, the uniqueness guarantees that all these kinds of orbits do not coexist. O

Remark 4.1. If there exists any p — q large homoclinic (or periodic) orbit for large p and q, then from (Hs), p = 2q must be
satisfied. However, due to the uniqueness of solution, it is impossible for the 2q — q (q¢ > 1) large homoclinic orbit to exist,
and all the 2q — q (¢ > 1) large periodic orbits are in fact the 2-1 large periodic orbit.

Remark 4.2. If s; = s, = s3 = 0 is the solution of Eq. (8), then Gj1 = sz, forj = 1, 3, 4, thus the first two equations of (8)
are the same.

In the forthcoming section, we study the different bifurcation manifolds and their existence regions for the single twisted
orbit case.

By substituting s; = s, = s3 = 0 into the first two equations we obtain M21/,L + h.o.t. =0. lszl # 0, then this equation
defines a manifold L, of codimension 1 with a normal vector le at u = 0. One concludes that the first two equations of (8)
have solution s; = s, = s3 = 0when u € L, and ||t|| < 1, which means that I3 is persistent.

Similarly, there is a codimension 1 manifold L; defined by Mllu + h.o.t. = 0 with normal vector M} at 4 = 0 such
that the third equation of (8) has solutions; = s, = s3 = 0as u € Ly and ||| < 1. Therefore I is persistent. Suppose
rank(M], M}) = 2, then L; = L, N L; is a codimension 2 manifold with normal plane Span{M/, M}} such that the double
homoclinic orbit I" = Iy U I is persistent for . € Lq;.

Substituting s, = s3 = 0 into Eq. (8), we obtain

—(@?) 7'M 45 M+ hot. =0,

8 'Myu +ho.t. =0,

—s1+ 8 "M+ ho.t. =0.
Therefore we get s; = 8*1M11u + h.o.t. If M]‘M > 0 then we have s; > 0. Substituting it into the first two equations, we
obtain the codimension 2 bifurcation set 1-1213 such that a 1-1 large homoclinic loop bifurcates and I persists. We have

Hyy @ —(wd) 167 'M1)?/*1 + 7'M} + ho.t. = 0,

8§ 'Myu + h.o.t. =0,
which is well defined at least in the region {x : Ml > 0, Mjpu < 0, M]p = o(|Mj p|*1/P1)}.

Similarly, if Eq. (8) has s; = s3 = 0, s, > 0 as its solution, we need to have

—s3 + 8 "My + h.o.t. =0,

(@) 71N 4 57 My + hot. = 0,

8§ 'M{u +ho.t. =0.

As the first equation induces s, = 8‘1M21u + h.o.t., so we can get the bifurcation manifold for a 2-1 double homoclinic
loop:

HL : 8 'Mju+hot.=0, &8 'M{n+hot =0.

Accordingly, for rank{M], M;} = 2,dimp =€ > 2,and 0 < leu << 1, we have le3 N{w | s2(n) > 0} # @, so there do
exist 2-1 double homoclinic orbits with these conditions. If not, there exist no 2-1 double homoclinic orbits.

Proposition 4.1. There exists no p—q large homoclinic loop foranyp > 2,q > 1.
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Proof. If Eq. (8) has a solution with s; = 0, s, > 0, s3 > 0. One has
—s;+ 8 "My + h.o.t. =0,
(@) 'S0 s34+ 57 Ml + hoot. =0,
(@75 + 87 M + hot. =0,
which implies that
s; =8 '"Mju+hot., s3=-8"Myu+ho.t.

Hence, it is impossible to have a 2-1 large homoclinic loop bifurcation for system (1). Moreover, reminding ourselves of the
Remark 4.1, our proof is completed. O

If s, = 0,57 > 0, s3 > 0is the solution of (8), we obtain
—(@) 71 4 5T IMI w4 hout. =0,
s3+ 8 'Mju +ho.t. =0,
(@)1 — 5y 457 Ml + hot. =0,

Thus,

51 = (W28 M) /P £ hot.,  s3=—8"Miu+ ho.t.

So the codimension 1 bifurcation manifold for the 2-1 right homoclinic loop is
H)? = {u | —(0)?87 "My )™/? 4+ 87 'M} pu + h.o.t. = 0}

which is well defined at least in the region {x : M] i > 0, MJ . < 0} and has normal vector M, at j = 0.

Let u be situated in the neighborhood of H,, differentiating Eq. (8), take values at H,>, and denoting by s;,, the gradient
of s;(u) with respect to u, we get

—(@3) 7 p1(w)?8TIM) ) P Prsy sy, + A8 'M, + ho.t. =0,
3 +87'M, + h.o.t. =0,
(@) o1 (=87 My )P0 Mgy — dgsy, 4+ 487 M| 4 hoo.t. = 0.
Accordingly, we have s,, = §'MJ] + O(|wl?8 1M, u|P1=*V/#1) Therefore, s, = s, (1) increases along the direction M; in

a small neighborhood of H>.
Suppose s3 = 0, s; > 0, s, > 0is the solution of (8), then one has

—(@) IS sy + 57 Ml 4 hoot. = 0,
(@) 7'M 4 57 Ml + hot. =0,
—s1+ 8 'M{p+ hot.=0.
Hereafter,
s1=08""Mlu+hot., 5= (w8 M) +ho.t.,
and the codimension of one 2-1 large homoclinic loop bifurcation manifold is
H = {u | —(0d®) 7'M w)P/*1 — (—wd?87 M) )*1/P1 4+ h.o.t. = 0}
with normal vector M} (resp. M{) at © = 0 as M, # O(resp. M, = 0), which is well defined at least in the region
{w | Mip>0,Mu> 0}
When 12 € H3%, based on (8) we get
— (@) o1 (87 M ) 1 Mgy — dgsy, + 48T IMY) + hoo.t. = 0,
(@) prl(—y?8 "My )11 A0 P15y, + dassy + 18T 'My + oot =0,
—S1 + 87 'M{ + h.o.t. = 0.
Then we have s3, = —8~'MJ] 4+ 0(|w)?8~ 1M | ®1=*1/P1) such that s; = s3(u) increases along the direction of the gradient

—M, in a small neighborhood of Hj2.
Now, we study the 2-1 large period orbit bifurcation and its existence regions.
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Fig. 3. Bifurcation diagram in single twisted case as rank(M;, M;) = 2.

Due to (8);- (8),, we get s, + s3 = —(c();z)‘1sf‘/Al + h.o.t., so s3 = o(s1). Because of this and owing to (8);, we have
s1 =8 M u + h.o.t. Meanwhile (8);, (8), produce

$3=8""Mju — (03?18 'M] )M + hoot.,
s3=—8""Mju — (03) 7'My — (03?1 (ETIM] )Py o hot

From the former lines we deduce that for y sitting on the set H'?? defined by
{i | M > Oand (9) is verified},
a 2-1 large period orbit persists, where
(@) 7' @ MM < 6T My < ()TN T My — (w3?) T BT My )R, (9)

and it is nonempty when rank {M], M)} = 2.
With the above analysis, we state the following result:

Theorem 4.2. Suppose that (H,)-(Hs) are fulfilled, then we have the following.

1. If Mll # 0, there exists a unique manifold L, with codimension 1 and normal vector M} at ;© = 0, such that system (1) has a
homoclinic loop near I'y ifand only if u € Ly and ||| < 1.

If le # 0, there exists a unique manifold L, with codimension 1 and normal vector le at w = 0, such that system (1)
has a homoclinic loop near I'.

If rank(M1, M21) = 2, then L, = Ly N L, is a codimension 2 manifold and O € Ly, such that system (1) has an 1-1 double
homoclinic loop near I" as u € Ly and ||| < 1, namely, I" is persistent.

2. In the region defined by {i : M]jn > 0, My < 0, M = o(|M, w|*1/#1)}, there exists a unique bifurcation set H}; which
is tangent to L, such that system (1) has one 1-1 large homoclinic loop and I'; persists as u € Hzl3.

In the region defined by {it : 0 < MZ]M & 1}, there does exist a unique codimension 2 bifurcation manifold le3 which is
tangent to Ly U L, at . = 0 with the normal plane span{M, M} } when rank{M, M} = 2, and for j» € H%,, system (1) has
a unique 2-1 double homoclinic loop near I'.

In the region defined by {jx : Ml ju > 0, My u < 0}, there exists a unique codimension 1 bifurcation set H,> with normal
vector M, (resp. M) at o = 0 as Mj # 0 (resp. Mj = 0, M} # 0) such that for i € H,?, system (1) has a unique 2-1 right
homoclinic loop near I'.

In the region defined by {1 : M}/L > 0, le,u > 0}, there exists a unique 2-1 large homoclinic loop bifurcation manifold
HJ? of codimension 1 with normal vector M, (resp. M{) at s = 0 as M; # 0 (resp. My = 0, M{ # 0) such that for n € H3?,
system (1) has a unique 2-1 large homoclinic loop near I".

3. When p belongs to the region H'?* = {1 | M} > 0 and (9) is verified} which is bounded by H,* and H3?, system (1) has a
unique 2-1 large period orbit, and when p is situated in the region {g | Ml < 0} U{p | Mjp < (w03®) 18 M] w)Pr/*1}
Ul I MIp > —(@3) 71 ™M) — (0371 (87 IM] w)Pr/*1y»1/41} system (1) has no large period orbit. (See Fig. 3)
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I

Fig. 4. Poincaré map with double twisted orbits.

5. Bifurcation with double twisted orbits
5.1. Bifurcation equations with double twisted orbits

We now study the bifurcation problem of double twisted orbits, which means that the following hypothesis is verified.
(Hs) Suppose that both I'y and I are twisted, that is, w1? < 0 and w)? < 0.

Let PY, ﬁg, PY be the same as in Section 3 and let ﬁ: : S9 — S] (see Fig. 4) be given by

50 .-0/50 =0 -0 -0 1,51 =1 =1 =1
P qi (X5, Y7, uy, v7) = G (X1, Y4, Uq, Vq),
0 _ o 5l P1/2150 _ M2/ =1 _ P2/*1 -0
X1 = SaXq, y1 =535, T Uy =347 Uy
where s, = e~*1™ and 14 is the flying time from ‘_11 to él, 2‘(1 ~ —§, 371 ~ —4. Like before, we have
_2,1 _ =2j 31 33y—1:-2f
ny =Xy —owy (7)) uy,
=23, 33\—1-2
i) Uy,
=2j,4 __ —2j v - 1452j ~-14 31 34 33y —1-2j
=] — 0] — 0 X + (0" w] — o7 N w?)” Uy,
_2j+1,1 2j+1 - —1-2j+1
j+ _(12)1;+ (w) a)(a)‘m)]v”
—2j+1.3_—21+1 u_ 13 1= 2]+1 13, 12—1 42 431,44\ —1-2+1
n; = — 8] (a)l )" + [w;” (0, o] — o (@) 07,

. 44y —152+1
ny :(w1) ]

and
Fs=PloP" 5% — 5P,
— _ A A
n%,l — _(w}z) 15/71/ 15— (w12) wé]lZ( 44) 102/1 O+M1M+0(”M”)

i3 = i1l = 8Y 4+ (02 1018 + [P (012) 0P — P10 20 + M3+ o(l| ),

Ayt = (@S0 4+ M+ o(lll).
Up to now, the successor function is given by
G(s1, S2, 53, S4, U1, Uy, uy, 11, 09, 09,09, ¥9) = (G, G3, G}, Gb, G3, G5, G}, G3, G3, Gy, G, Gy)
= (F1(q)) — @, F2(@)) — 43, F3(q9) — @3, Fa(@) — q9)
where
G = —(@) 7577718 — (@) M0 @H TP — 28+ 031 (@) 1y My 4+ My + o)),
G? =u1 —8”+w23(w52) 1 m/h(s_'_[ 13(w52)7 a)42 3](0);14) 1 pz/h 0 (wz) 1 ?»2/)»1—1 +M3M+0(||M||)
Gl = =09 + 85 + (w3 'SP + @ytss; — (01wl — w3l ”2/“u2+1w2u+o(||u||>
G; =(w22) 101/k15 (@ 12) a)gz(w“) ”’Z/Mvz—i—s 8+w21(w33) IAZ/A1U1+M21M+0(||IL||)
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G3 — ﬁ; 5; —a)23(a) )" 1 m/M(S + [a)f(a) )" w42 ;13](0)44)71 pz/M—o _ (a)33) 1 Az/M 1+M2M+0(||M||)

Gzzl _v2 +5u+(w ) 152//\11)2 "14853 [w}“wgl 34](a)33) 1)»2/11 1+M2M+0(||M||)

G;:(wl 1p1/)\18 (a) ) 1 42 4) 1pz/h 0+s48+w (w ) 1)\z/k1 1+M1M+0(||M||)

Gg — u} _611 +w13(a) 2) 1 01/)%8_’_[&)] (wlz) 1 42 _ ]3]( ) 1 /’2/)‘1 0 (0)33) 1 )‘2/)‘1 1+M I’L—’_O(”M”)’

(;431 _vl +5u+(w ) 152/11 g —14554_[0)}40)?1 a)34](a) 1)»2/)»1 1+M w4 o),

G;ll — —((1)1 ) 1 /71/)‘18 _ ((1)12) 1 42(0)44) 1 /32/}‘1 0 — 5 8+C() (C() X33) 1 )LZ/}‘I 1+M1M+O(”M”)

G3 _ ﬁ} _(Su +w13(a)}2) 1 01/115_’_[ (wlz) w42 3](a)‘1‘4) 1 pz/M 0 — (@ 33) 1 )»2/7~1 1+M3M+0(||M||),

Gh= =00 + 87 + (™) IS0 4 0455y — [0 — 003! *2/“ ul + M+ o([l il
Thereafter, there is a correspondence between the solution Q = (s1, S, S3, S4, U], Uy, Ug, U], v, 89, v9, ¥9) of

(G}, G3,G1, Gy, Gy, Gy, G3,G3,G3, Gy, Ga, Gg) = 0
withs; > 0,5 > 0,s3 > 0,54 > 0, and the existence of 1-1 double homoclinic loop, 1-2 double homoclinic loop,
2-1 double homoclinic loop, 2-2 double homoclinic loop, 2-1 large homoclinic loop, 1-2 large homoclinic loop, 2-2 large
homoclinic loop, 2-2 right homoclinic loop, 2-2 large homoclinic loop, 2-2 left homoclinic loop and 2-2 large period orbit
of system (1).

From equation (G}, G, G3, G3, G3, G5, G3, Gj) = 0, we can solve (uj, v9, i}, v3, ul, v9, u}, v?) as in the former section.

Substituting it into (G}, G, G}, G}) = 0, we obtain the bifurcation equations

—(a)gz)_lsfl/)“ — s34+ 8 "M+ ho.t. =0,

(@) 18 453+ 57 "M + hoot. =0,

(@)1 45,48 Ml +hot. =0,

—(@?) M 5y 487 MI 4+ hot. = 0.

5.2. 2-2 bifurcations results with double twisted orbits

In this section, we study the existence, uniqueness and incoexistence problem of the p—q double homoclinic loops, p-q
large homoclinic loop, p-q left (right) homoclinic loop, p—q large period orbit for the double twisted homoclinic orbits I".
First, let us give the following result concerning the uniqueness and the incoexistence.

Theorem 5.1. Assume that (H;)-(H4) and (Hg) hold. Then, for ||| sufficient small, system (1) has at most one 1-1 double
homoclinic loops, one 1-2 double homoclinic loops, one 2-1 double homoclinic loops, one 2-2 double homoclinic loops,
one 2-1 large homoclinic loop, one 1-2 large homoclinic loop, one 2-2 large homoclinic loop, one 2-2 right homoclinic loop,
one 2-2 large homoclinic loop, one 2-2 left homoclinic loop or one 2-2 large period orbit in the small neighborhood of I". Moreover
these orbits do not coexist.

1 71 01 71 .0 50 .0 50

Proof. Let Q = (s1, $2, $3, Sa, Ug, Uy, Uy, Uy, V7, V3, ¥y, V1) and
Tl cl cl 3 63 €3 3 ¢4 4t ct
_ 9(Gy, Gy, Gy, Gy, Gy, Gy, G, G3, Gy, G, G, G3)

0 _0 |Q:O, n=0,
(s1, S2, 53, Sa, U}, Uy, ug, u, v9, 03, vy, v9)

then det W = §* # 0. Due to the implicit function theorem, in the neighborhood of (Q, ;) = (0, 0), there exists a unique
solution s; = si(w), u! = ul(n), v} = VX (w), o] = al(w), v° = vY(w) satisfying s;(0) = 0,u}(0) = 0, v(0) =
0,u!(0) =0,37(0)=0,i=1,2.

It indicates that, if s; = s, = s3 = s, = 0, system (1) has a unique 1-1 double homoclinic loops, that is to say, the double
homoclinic loop I" persists.

Ifs; = s, = s3 = 0,s4 > 0, then there exists a unique 1-2 double homoclinic loops, i.e. I'1 becomes a 2-homoclinic
orbit and I persists.

Ifs; = s3 = s4 = 0, s, > 0, then there exists a unique 2-1 double homoclinic loops, namely, I becomes a 2-homoclinic
orbit and I'; persists.

Ifs; =s3=0,s, > 0,s4 > 0, system (1) has a unique 2-2 double homoclinic loop.

Ifs; =s4 =0,s, > 0,s3 > 0, then I' is persistent, and meanwhile system (1) has a unique 2-1 large homoclinic loop.

Ifs, =s3 =0,s; > 0,s4 > 0, then I} is persistent, and meanwhile system (1) has a unique 2-1 large homoclinic loop.

Ifs; =0,s, > 0,53 > 0,s4 > 0, there exists a unique 2-2 large homoclinic loop.

Ifs, =0,s1 > 0,53 > 0,s4 > 0, system (1) has a unique 2-2 right homoclinic loop.

Ifs3 =0,s1 > 0,5, > 0, s4 > 0, there exists a unique 2-2 large homoclinic loop.
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Ifs;, =0,s7 > 0,5, > 0, s3 > 0, system (1) has a unique 2-2 left homoclinic loop.

Ifs; > 0,s, > 0,53 > 0,54 > 0, system (1) has a unique one 2-2 large period orbit.

Clearly, the uniqueness guarantees that all these kinds of orbits do not coexist. And all other cases are impossible based
on the definition of the Poincaré map. O

We now study the bifurcation problem for the double twisted orbits case. It can be remarked that if s; = s, = s3 =
0 (s; = s3 = s4 = 0) is the solution of Eq. (10), then G| = G, (G; = G}) forj = 1, 3, 4, thus the first (or last) two equations
of (10) are the same one.

By the same reason as in Section 4, if s; = s, = s3 = s4 = 0 is the solution of the first (or second) equation of (10), then
we have My i + h.o.t. = 0. In the case of M, # 0, there exists a codimension 1 manifold L, with a normal vector M, at
w = 0, such that the first two equations of (10) have solutions; = s, = s3 = s, = 0as u € Ly and ||u|| < 1, thatis, I}
is persistent. Similarly, there is a codimension 1 manifold L, defined by M}M + h.o.t. = 0 with normal vector M} atu =0
when Mll # 0 such that the third and the fourth equations of (10) have solutions; = s, = s3 = s, = 0as u € Ly and
1]l < 1, which indicates that I'y is persistent. Suppose rank(M;, M;) = 2, then Ly, = L; NL; is a codimension 2 manifold
with normal plane span{M!, M;} such that (10) has solution s; = s, = s3 =s4 = 0as i € L; and ||| < 1, namely, the
double homoclinic orbit I" = I'; U I is persistent.

Suppose s; = s, = s3 = 0, 54 > 0 is the solution of (10). We have s4 = —8 "M i + h.o.t. for M{ i < 0. Substituting it
into the last equation, we obtain the codimension 2 bifurcation set

Hiy; :Mypu+hot.=0, Mju+hot. =0,

which is well defined at least in the region {x : M| < 0} with normal plane span{M], M, } at © = 0 when rank{M], M} } =
2 such that a unique 1-2 double homoclinic loop bifurcates from I" for u € H7);. That is, I; persists, while I'; becomes a
2-homoclinic orbit.

Similarly, we get the bifurcation set

HL, :Myjpu+hot. =0, Mu+hot. =0,

such that (10) has solutions; = s3 =s4, = 0,5, > 0as u € H1234, that is, system (1) has a 2-1 double homoclinic loop near

I". Clearly, H,, which is well defined at least in the region {x : M, u > 0} when rank{M{, M;} = 2, has codimension 2 and
anormal plane span{M], M;} at u = 0.
If (10) has s; = s, = s4 = 0, s3 > 0 as its solution, then s; = —5*1M2]u + h.o.t.. Hence, the bifurcation set

Hyy i Miu+hot. =0, Mlu+hot =0,
(@) (=87 "My )" + 87 M{w + hoot. =0,

where I" persists and a 1-1 large homoclinic orbit bifurcates near I", is well defined at least in the region {u : M}/L >
0, M, < 0}. When rank{M], M, } = 2, it has a codimension no less than 2.
Similarly, another bifurcation set

Hysy : My +hot.=0,  M{p+hot. =0,
— (@S MI )M 4 5T IMI 4+ hoo.t. =0,

such that I" persists and a 1-1 large homoclinic orbit bifurcates near I" for 1 € H, 5 , is well defined at least in the region
{w:Mlu > 0,M}p < 0}. It has a codimension no less than 2 as rank{M, M} } = 2.

Suppose s; = s3 = 0,s, > 0,s4 > 0 is the solution of (10). Consequently, we have s, = 8‘1M2‘u + h.o.t.,s4 =
—8*1M11p¢ + h.o.t.. Substituting it into the second and fourth equation, the 2-2 double homoclinic loop bifurcation set
HZ :M]p+ho.t. =0, Mjju+h.o.t. = 0is obtained, which is well defined at least in the region {x : M{x < 0, My > 0}
as rank{M], M;} = 2.1t is of codimension 2 and has normal plane span{M{, M, } at x = 0.

When u € H]Z;’.‘, system (1) has unique 2-2 double homoclinic loops near I".

Using the same reasoning, we can obtain the bifurcation set

Hy? : — () (7'M )™ + 7'My + hot. = 0,
(@)™ (=87"MJ )"t 487 'Mlp + hot. = 0,
which is situated in the region {u : M}M > 0, MZ]/L < 0} such that (10) has a solutions, = s4, = 0,57 > 0, s3 > 0as
ne Hzlj’ and the corresponding system (1) has two 1-1 large homoclinic orbits near I".

Ulteriorly, as the similar analysis tells us that it is impossible for (10) to have a solution (s1, S5, 3, S4) with s; = 0 and for
j#i,si>0o0rs; > 0fori,j=1, 2,3, 4 So there exists no 2-2 large period orbit.
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Thanks to the above analysis, we have

Theorem 5.2. Suppose that (H1)-(H4), (Hg) are valid, then

1. If Mi1 # 0, there exists a unique manifold L; with codimension 1 and normal vector Mi1 at u = 0, such that system (1) has a
homoclinic loop near Ijifandonlyif u € Liand ||u|| < 1,i=1, 2.

If rank(M1, M21) = 2,then L, = L1 N L, is a codimension 2 manifold and O € Ly, such that system (1) has an 1-1 double
homoclinic loop near I" as u € Lu and ||| < 1,1 =1, 2 namely, I' is persistent.

2. In the region defined by {1 : M! 110 < 0}, there exists a unique codimension 2 bifurcation set H123 such that system (1) has
one 1-2 double homoclinic loop and T, persists.

In the region defined by {u : le u > 0}, there exists a unique codimension 2 bifurcation set H1234 such that system (1) has
one 2-1 double homoclinic loop and Iy persists.

In the region defined by {;+ : M] . < 0, M} v > 0}, there exists a unique 2-2 double homoclinic loop bifurcation set H%;
of codimension 2 . For u € leg‘, system (1) has a unique 2-2 double homoclinic loop near I".

In the region defined by {u : M}u > 0, le,u < 0}, there exists a codimension 2 bifurcation set H;j' such that system (1)
has 1-1 large homoclinic orbits near I" for u € H,;.

In the region defined by {i : M]u > 0, M, < O}, there exist two bifurcation sets H3,, and HJ,, with a codimension
no less than 2, where I' persists and an additional 1-1 large homoclinic orbit bifurcates near I' for u € H3,, U H};, and
lnl < 1.

There exists no 2-2 large period orbit, 2-2 large homoclinic loop, 2-2 left homoclinic loop and 2-2 right homoclinic loop
near I'.

5.3. 1-1 bifurcations results with double twisted orbits

In the sequel, we give a further study of the 1-1 large homoclinic orbit and 1-1 large period orbit bifurcation for the case
of double twisted orbits.
Consider the following Poincaré maps:

Fi=P)oP?:80 - 5S%  F=pP oP):5)—s?

and the successor function
G(s1, 83, ul, uy, v9,09) = (G}, G3, G}, G, G3, G3)

= (Fi(q) — a3 F3(q3) — ¢}

Using the same procedure as in Section 4, we have:
Gl = —(@) M8 — (@) (@) TSP 4 538 + 03 (@)1 g + My + o),
Gl =u) — 8 + w0’ @) 's]M6 + [0’ (@)1 0 — w13 lsfz/“ D= @) u + Miu o+ o(llul),
Gl = =0 +8 + (@3 {1 — @853 — (0,03 — w31} '3 ‘+M2u+o<||u||>
G = @) 1s57"18 — (@) o (@) 1) — 518 + 0] () ”2/“ uy + M+ o(l]),
G =u — 8 — 0P ”"/“8+[ (w“ 1w;‘2— o) ”2/“ v — @) 75y + M+ o(ll).
Gy = —v) + 6! + (of* 1§2/“v0+w1455 — [@}*?! — i) ”2/“ u + Mi i+ o(| ).

Therefore, there is a correspondence between the solutions Q = (s1, s3, ”1» uz, vl, ) of

(G1,G3,G1,Gy,G3,G3) =0

with s; > 0, s3 > 0, and the existence of 1-1 large homoclinic loops, and a 1-1 large period orbit of system (1).
Solve (uj, v9, ul, v¥) from (G3, G}, G3, G3) = 0 and then substitute it into (G}, G}) = 0, we obtain the bifurcation
equation
— (@)1 L5y 457 M)+ hot. =0, an
(@) 18 — 5y 457 "M + hoo.t. = 0.

Similarly as in the former sections, we state the following results.

Theorem 5.3. Assume that (H1)-(Hy), (Hg) hold. Then, for a sufficiently small |||, the system (1) has at most one 1-1 large
homoclinic loop or one 1-1 large period orbit in the small neighborhood of I". Moreover these orbits do not coexist.
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M,

L

L, H

Fig.5. 1-1bifurcation diagram in double twisted case as rank(M], M;) = 2.

a(Gl.61.63.63,¢4.6%
Proof. L = Tyl 09 w9y and W = 2:01,63:67,65.64
oof. Let Q (s1, 83, Uy, Uy, v7, v3) and TSRO R R

. Then detW = —§2 # 0, According to the
Q=0,u=0
implicit function theorem, in the neighborhood of (Q, u) = (0, 0), there exists a unique solution s; = si(u),u} =
ul (), v = v2(w), satisfying s;(0) = 0, u}(0) = 0,v’(0) = 0,i = 1,2. Thenifs; = s3 = 0, by the uniqueness, we
can see that the double homoclinic loop is persistent; if s; = 0, s3 > 0ors3 = 0, s; > 0, then system (1) has a unique 1-1
large homoclinic loop; if s; > 0, s3 > 0, system (1) has a unique one 1-1 large period orbit.
Clearly, the uniqueness guarantees that all these kinds of orbits do not coexist. O

If (11) has s; = s3 = 0 as its solution, then Ml-]u + h.o.t. =0,i =1, 2. In the case ofMZ] # 0, there exists a codimension
1 manifold L, with normal vector le at u = 0 such that the first equation of (11) has the solutions; = s3 = 0asu € L,
and ||u|| < 1, thatis, I3 persists. Similarly, there is a codimension 1 manifold L, defined by M}u + h.o.t. = 0 with normal
vector M} at u = 0 such that the second equation of (11) has solutions; = s3 = 0as u € Ly and ||u|| < 1, thatis, I'
persists. Suppose rank(M, le) = 2, then Ly, = L; N L, is a codimension 2 manifold with normal plane span{M., le} such
that the double homoclinic orbit I” = I'; U I3 is persistent.

If (11) has solution s; = 0, s3 > 0, then s3 = —5*‘M21,u + h.o.t. for Mz]u < 0. Substituting it into the second equation,
we obtain the bifurcation set

H} (@) (=87 "My )PM + 87 'M] u + ho.t. = 0,

which is well defined in the region {x : M{u > 0, M, < 0}, such that system (1) has a unique 1-1 large homoclinic orbit
for u € H and ||u| < 1.
When i € H3, from (11) we have

s3, +8 7'My +ho.t. =0,
(@) pr(=87 M) P10 Mgy aysy, + 48T IM) + hoo.t. = 0.

As sy, = 87 M + O(IM] | P17#D/41) 50 51 increases along the direction of M} for 1 € H3 and ||u|| < 1.
Similarly, we get the bifurcation set

H 1 —(0)®) ' (7'M )" + 87 "M + hoot. = 0,

which is well defined in the region { : Ml > 0, Mju < 0}, such that (11) has solutions; > 0,s3 = O as u € HJ,
that is, system (1) has a unique 1-1 large homoclinic orbit near I" for u € H31 and |||l < 1. And s3 increases along the
direction —M,.

Thus we have proved the following statement.

Theorem 5.4. Assume that (H{)-(Hg), (Hg) hold. Then

1. If Ml-1 # 0, then there exists codimension 1 manifold L; with normal vector Mi1 at i = 0 such that T; persists for . € L; and
lull € 1,i=1,2.
If rank(M;, Mj) = 2, then L = Ly N Ly is a codimension 2 manifold with normal plane span{M, M} such that the
double homoclinic orbit I' = I'1 U I, is persistent as i € Ly and ||| < 1.
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2. In the region defined by {i : M]p > 0, Mju < 0}, there exists a unique codimension 1 bifurcation set H; (resp. H}) such
that system (1) has a unique 1-1 large homoclinic orbit for u € Hf' (resp. H3l) and || ¢l <€ 1.

3. There is a sector R bounded by Hf and H; such that system (1) has a unique 1-1 large period orbit for u € Rand ||| < 1.
(See Fig. 5)
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