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ABSTRACT

This paper discusses three kinds of generalized Pascal matrix, and generalizes the
results of R. Brawer and M. Pirovino. © Elsevier Science Inc., 1997

Let x be any nonzero real number. The generalized Pascal matrix of the

first kind, P,[x), is defined as (see [1])

P(x;i,j) =xi_j(;), i,j=0,...,n,

with
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Further we define the (n + 1) X (n + 1) matrices I, S, [x], and D,[x] by

I, = diag(1,1,...,1),

I
s = {5 15
D,(x;i,i) =1 for i=0,...,n,
D(x;i+1,i)= —x for i=0,....n—1,
D.(x;i,j) =0 if j>iorj<i-—1.
It is easy to see that
LEMMA 1.
S.[x] =D '[x],
P '[x] =P [—x].
EXAMPLE.
[1 0 o][1 o o
S[x]Dy[x]=]x 1 0 [——x 1 0J=Iz,
[x2 x» 1]LO0 —x 1
1 0o o0 o] 1 0 0
EE T e IR |
[ x® 3x* 3x 1] —x* 3x* —3x

Furthermore we need the matrices

Blxl=|L O |eroioxain ks
k 0 PJlx] ’ =

I,y 0
Glx]- [ 0 silx]

and G, [x] = S,[x].

ER(n+l)><(n+l) k=1 o
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LEMMA 2.
Silx1P_i[x] = P[x]  for k> 1.

Proof. The (i, j) element of P, [x]is

(;:})x"f (i.j=1.2.....k),

or1(i=0,j=0),0r00G#0,j=0or(i=0,;#0).
Let S [x]P; \[x] = (C(x;i, j)). Obviously, Ci(x;i,0)=x""° (i=
0,1,2,...,n)and C(x; i, j) = 0 (i <j). When i > j, we have

k
. nlh—1 .
Ck(xﬂ’]) Zx }(j_l)xh !

h=0

RtV

Thus, S,[x]1P, _ [x] = P[x]. [ |
EXAMPLE.
[1 0 o o[t o o o
— x 1 0 0flo 1 0 0
SS[x]Pz[x]— x2 X 1 ollo « 1 0
_x3 2 oy 1 0 x2 2x 1
1 0 o0 0
S 1 0 0
Tk o2¢x 1 o)
[ x® 3x% 3x 1

An immediate consequence of Lemma 2 and the definition of the G,[x]'s
is

THEOREM 1. The generalized Pascal matrix of first kind, P,[x], can be
actorized by the summation matrices G, [ x]:
Yy k

P[x] = G,[x]G, [x] G[x]. (1)
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EXAMPLE.
(1 0 o0 0
x 1 0 0
Pg[x] T a2 2% 1 0
3 3x% 3x 1

1 0 0 0]11 0O 0 Ol o 0 O
| = 1 0 00 1 O Oflo 1 o0 o
12 ox 1 offo x 1 O0flo 0 1 of

x* x2 x 1/l0 x2 x 1]{0 0 x 1

For the inverse of the generalized Pascal matrix of the first kind, P [x],
we get

P x] = G [x]Gy  [x] - G '[x]
= Fl[x]FQ[x]"' Fn[x]
with

I 1 0
Flx]=Gi'[x] = [ b

and
F[x] =G '[«] = D,[x].
Using Lemma 1, we have
THEOREM 2.
Py [x] = P[—x] = Fi[x]F[x] - F[x]. (2)
In particular,

P [x) = B[-x] = L.RI<]].. (3
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where

J, = diag(1, —1,1,...,(—1)") € R®* X2+ 1,

Equation (3) represents the well-known inverse relation

n—kg — - ERRYAL n—j(’_’) j—k(j
x n, k ]gk( 1) x j k ’

that is,

R

We define the generalized Pascal matrix of the second kind, Q,[x], as

Qn(x;i,j)=x”j(]l.), i,j=0,...,n.

Similarly, we define the (n + 1) X (n + 1) matrices M, [x], N[x]by

. f j<i,
M"(x”’])z{o if j‘>i
N(x;i, i) = e for i=0,...,n, x#0,
x
1
Nn(x;i+l,i)=z_—x);+—j for i=0,....,n—-1, x#0,
N(x;i,j) =0 if j>iorj<i-—1

It is easy to see that
LEMMA 3.

M,[x] = N7 '[x],

071 - 0, 1|
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EXAMPLE.
[ 1 0 0 0 ]
1 1
1 o o ol ~—= = 0 0
xr x2 0 0 * y
M3[x]N3[x]= I 0 _is i4 0 =1,
3yt x5 6 X x
0 0 1 1
- xs x6_
1
Qs[x]Qa -
x
[ 1 0 0 0 |
1 1
1 0 0o o]l — = e 0 0
2
22 2x% xf 0 - - — 0 3
5 3x4 345 6 x” x? x*
x x x x 1 3 3 1
| xS x4 x® x6_

By the definition of fk[x], we get

LEMMA 4.

Mk[x]Pk_][%] =Qx] for k=1

Proof. Let Mk[x]Fk_l[l/x] = (Ci(x;4,7)); then Ci(x;i,0) =x' (i =
0,...,k)and C(x;i,j) = 0 (i <j). When i > j we have

k
anfh—1) 1

i3 — i+h
Cu(xiinf) = L x )

B0 ()

h=0 ] -1
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Thus,
_ 1
M [x]P,_, " = Qulx]
| |
EXAMPLE.
[1 0 0 0]
1 0 0 0 0 1 0 0
-11 x x2 0 0 1
Ma[x]Pz[;]z 2 23 xt 0 0 ; 10 =Q3[x].
3 4 5 6 1 2
x°  x* x x 0 — - 1
- x x =

An immediate consequence of Lemma 4 and the definition of the G;[x]s
is

THEOREM 3. The generalized Pascal matrix of the second kind, Q,[x],
can be factorized by the summations Gi{x] and M,[x]:

[z

0.[x] = Mn[x]Gn_l[%]cn_z[l]

x

EXAMPLE,
[1 0 0 0
x x? 0 0
Qslx] = | & 2x% x* O

(1 0 0011000
0 1 0 O
(10203 1 01 0 0
_|x = 0 o - 1 offlo o 1 of
2 %% x* 0 x 1
3 4 5 6 1 1 o 0 — 1
" xxxO_E_l x
2 x
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For the inverse of the generalized Pascal matrix of the second kind,

Q.lx], we get

O o F o Rt o A

Using Lemma 3, we have

THEOREM 4.

ortr-of-2]-eflef2] - = [

In particular
. [x] =Jro.lx]1!

1 1 1 1
wh * = di 1’ - — =, = =, ..., -1 c R(n+1)><(n+1).
ere | ag( il " (=D xz")

We define the symmetric generalized Pascal matrix R, [x] as

A |
Bn(x;i,j)=x'*f(ljj), i,j=0,..., n.

THEOREM 5. One has

Fi[x]F,[x] - F,_\[x]F,[x]R,[x] = Q;[x],

rls]m|5 ] mo| ae - e

and the Cholesky factorization [4] of R [x] is given by

R,[x] = Q.[x]P[[x] = P,[x]O;[x].
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Proof. Let Q[x1P][x] = (C(x;4, ). Then

(Vandermonde identities). Thus, we have

Q.[x]P[x] = R,[x].

Similarly

P[x]Qi[x] = R,[x].

EXAMPLE.

[ 1 X x? x?

R[ 1= x  2x%  3x8 4x*
sbel = x?2 3x% 6x* 10«5
| x®  4x* 10x2° 20x°

[1 o 0 01 » «2

_lx 22 0 0llo 1 2«

x2 2% xt 0 0 0 1

[ x® 3x* 3x° x5|LO O O

3x2 .

3x

59
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Using Lemmas 1 and 3, we have

THEOREM 6.
1
R (] = 27210, - 1 |

- o[- |-

Using Theorems 2 and 5, we get

THEOREM 7.
R x] =B (=] 0 Qul =11
e HCAE AN AES T

For the previous three kinds of generalized Pascal matrix, we also can get

THEOREM 8.
det P[x] = det P, '[x] =1,
det Q,[x] = x™"* 1),
det Q' [x] = x7"(** D),
det R [x] = det R ![x] = x™** D,
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