-
View metadata, citation and similar papers at core.ac.uk brought to you by .i CORE

provided by Elsevier - Publisher Connector

JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 34, 590-601 (1971

A Generalized Invariant Imbedding Equation |l

MicHAEL A. (GOLBERG

Mathematics Department, University of Nevada, Las Vegas 89109

Submitted by Richard Bellman

I. INTRODUCTION

In a previous paper [6], the technique of invariant imbedding was extended
to a class of two-point boundary value problems for a first order differential
equation in a Banach Space X. If x(#) denotes the solution to the equation
then the boundary conditions were of the form Pyx(0) 4 Pyx(T) =v,ve X
and P, , P, bounded linear. In addition, we required that P; + P, have a
bounded inverse. This condition is typical of those boundary value problems
that arise in Control Theory [2] and Transport Theory [3]. However, it
does not cover such important problems as Dirichlet conditions for second
order scalar equations.

In this paper, we relax the condition that P, + P, be invertible. The main
difficulty in this case is the derivation of appropriate initial conditions for
the invariant imbedding equation. In fact, the solutions in general become
unbounded as T— 0. In order to retain the method as a computational
device, we supplement the invariant imbedding equation with the asymptotic
behavior of the solution as T -> 0. In the linear case, one can effect this
analysis completely; but only partially for the non-linear situation. This
analysis constitutes the bulk of the paper.

II. NoraTioN

The notation for Calculus in Banach Spaces is that of [4]. X will denote a
Banach Space. If F(x, y)is a function from X X Y — Z, F (x, y) will denote
the partial Frechet differential. The Landau O and o notation follows
that in [7]. L(X) will denote the space of bounded linear operators
on X.
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III. AN EXISTENCE THEOREM

We consider the family of two-point boundary value problems:
dx(t)
dt
Px(0) + Px(T)=9, wveX, 0<T<T, (3.2)
P, P,, AeL(X).

= Ax(t) + f(t, 2(2)), x(t) € X, (3.1

DeFiniTION.  The triple of operators {P, , P, , A} will be called a boundary
compatible set if for 0 << T' << T the operator Py + Pye™ has a bounded
inverse.

The first thing that we do is to establish a suitable integral representation
of (3.1) and (3.2).

Lemma 3.1. Let{P,, P, , A} be a boundary compatible set. Let f(t) be a con-
tinuous function on [0, T]. Then the linear problem

51% = Ax(t) +f()),  x(t)e X, @3)

Px(0) + Px(T)=v, welX, 3.4)
has a unique solution given by

x(t) = e4Hy(4) v + f: G(t, 7) f(7) dr, (3.5)
where
H(A) = (Py + Pye™), (3.6)
and

eI — Hi(A) Py e4,  0<r <t

G(t, ) = — e [Hp(A) Pye™] 74, t<r T

(3.7)

Proof. Using the variation of constants formula [7], the general solution
to (3.3) is given by

x(0) = eug + | ‘etmaf(y dr, feX. (3.8)
(1]
Using this in (3.4) gives

Px(0) + Ppx(T) = (P + Pye™) £ + f : P! T-14f(7) dr, (3.9
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Using the fact that P, 4+ P,e™ is invertible, we can solve uniquely for ¢
getting

£ = Hy(A)v — f : Hy(A) P ™14f(7) dr. (3.10)

Substituting (3.10) in (3.8) and rearranging gives (3.5). Q.E.D.

TueoreM 3.1. Let Py, P,, A be boundary compatible. Assume 3 ¢; >0
such that

I HAA) <l +), 0<T<T.

Let f(t, x) be continuous from [0, T] X X — X and be uniformly Lipshitz in its
second wvariable with Lipshitz constant K. Let ¢, = ¢ || P,{|. If 2c,K < 1
30 < s < T such that for 0 < T < s (3.1) and (3.2) have unique solutions.

Proof. By Lemma 3.1, (3.1), (3.2) has a unique solution iff the integral
equation

) = et1H(A) v + J‘: G(t, 7) f(r, 2(r)) dr, (3.11)

has a unique continuous solution.
We let C°[0, T] be the Banach Space of continuous functions from
[0, T]— X with the norm of x(¢) given by

| %()llo = sup || ().
1e[0,T1]

To prove the theorem it suffices to show that the map ¢ : C°[0, T1— C°[0, T]
given by

$r(x) = e H (A) v + f: G(t, 7) f (v, x(r)) dr (3.12)

is contracting and then apply the contraction mapping principle. Therefore
we consider

#6) = 41) = [ 6D L 30) — Sy dr. (13
Using the Lipshitz property of f we get that

14r) = e <Kz =31a [ NG Ndr.  (314)
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We now estimate |, : || G(¢, 7)|| dr. From the assumption on Hy(4) we get that
1 — Hy(A) Pt < 1+ el S i (3.15)
Using (3.15) and the expression for G(¢, ) given in Lemma 3.1, we get that

t
J' eIl gy

0

r
J | G@, )l dr < 31 + Tl _CTl Tl
0

+ 3czeTuAn + %2 Tl

[ ewsmadr (3.16)
t

eTuAu

| ] {elal — 1} 31 + 2c,eTiH Al + e7 i
= KT). (3.17)

We note that A(T') is a continuous function and that

lim W(T) = 2, (3.18)
| ¢(x) — d(Wo < KKT) [ % — ¥ o - (3.19)

Since 2c,K < 1 by assumption, it follows that 30 <s << T such that for
0 < T < 5, Kh(T) < 1. Therefore, for this range of T, each ¢, is contracting
and by the contraction mapping principal, ¢ has a unique fixed point.

Q.E.D.
CoroLLaRrY 3.1.  Iff(¢, x) is differentiable in x and
Sup (£ #)l| < K,
te[0,T]
then the theorem holds.
Proof. By the mean-value theorem, it follows that
Sup [[f(t,x) —fLI < Klx—y]. (3:20)
te[0,T1

. f(t, x) is uniformly Lipshitz on [0, 7] with Lipshitz constant < K.
Q.E.D.

We now write the solution to (3.1), (3.2) as x(¢, T, v), explicitly showing
its dependence on the parameters 7 and v.
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THEOREM 3.2. Let f(¢, x) be a C? function on [0, T] X X. Let

Max{ Sup {|fot, 2)l|, Sup || feult, 2)iI, Sup [ fuelt, %)} < L.
E e y

Also assume that f(t, x), fi{t, x) are uniformly Lipshitz in x on [0, T] X X.
Then x(t, T, v) is C? on (0, 5] % (0, 5] X X.

Proof. The proof is essentially the same as that given in Theorem 4 of (6).
See (6) for details.

IV. TuE INvariANT IMBEDDING EQUATION

Taeorem 4.1. Let R(T, v) = x(T, T, V). Then R(T, v) satisfies the par-
tial differential equation

Ri(T, v) + Ry(T, v) P{AR(T, v) 4 f(T, R(T, v))}

~ AR(T,9) +f(T,R(T,v)), 0<T<s, veXx. D

Proof. 'The proof is identical to that of Theorem 1 of [6]. It only needs to
be noted that the derivation of (4.1) is independent of the nature of the
boundary conditions and relies only on the differentiability given in Theorem

3.2 above. See [6] for details.

V. Inrriar CONDITIONS

In order to make (4.1) useful for numerical purposes, it must be supple-
mented by appropriate initial conditions. It can be seen in general from (3.11)
that R(T, v) will be unbounded as T'— 0 since it is assumed that P, 4 Pye’4
is not invertible for T = 0. Consequently, we must supplement (4.1) by the
asymptotic behavior of R(T, v) as T— 0 in order to utilize the invariant
imbedding technique for the numerical solution of two-point boundary
value problems when P, 4 P, is not invertible.

DeriNiTION. Let f(T, v) be a function defined from (0,s] X X to Y;
X and Y are arbitrary Banach Spaces. We will say that f(T, ) is 0(g(7")) as
T —> 0 if for a fixed v € X IM > 0 such that || f(T, v)|| < Mg(T), T (0, s};
where g(T') is a function defined on (0, s].

Levma 5.1.  Under the conditions of Theorem 3.1,

R(T,v) =0 (—IT—) :
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Proof. We first note that because of the Lipshitz condition that f(¢, x)
satisfies

Ife O <K +Klxf, 0<t<T (5.1)
(K is the Lipshitz constant of f(¢, x).) Therefore, using (3.11) we get that

T
5t T, 9l < e (14 ) ol + [ 160t 1L o, T, o)l e
0
< e (1 + ) ol + KT [ 30t T, Ol + Ki(T).
(5.2)
Since Kh(T) < 1 for 0 < T < s, we get by transposing that

e (14 ~) 0l + KKT)

I %5 T, o)l <

[ — Ki(T)
But
| R(T, o)l = | AT, T, o)} <Ml 22, T, )l
R(T,v) =0 (—IT—) .
Levma 5.2

1
[l %2, T, 0)]l = O (_T—) .
Proof. 1In the course of the proof, Lemma (5.1), we obtained
1
Ia(t, 7, o)k = 0 (=) -

From the differential equation (3.1) we get that

242 T, 0)llo <U Al 22, T, o)lo + 11 F (@ 22, T, o)
<141l + K[| 2, T, 9)|l + K - (53)

24t T, o) = 0 () QED

To make a more exact asymptotic analysis, we must impose an additional
condition on Hy(A4). Therefore, as T — 0, we assume that

Hy(4) = % +0(1), SeLX) (5.4)
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Lemma 5.3, Under the previous assumption on Hp(A) and under the condi-
tions of Theorem (3.2), R(T, v) satisfies the following relation as T — 0:

R(T,v) = S—;f — P,Sf(T, R(T, v)) + 0(1). (5.5)

Proof (All the asymptotic relations are as T'— 0). From Theorem (3.2)
and Taylor’s Theorem [7], we get that

f(& x(t, T, v)) = (T, o(T, T, v))
+ (T — 1), (6T — 1), T, 0) x0T — 1), T, o) (T — 1)
+ AT — 1), (T — 1), T, o) (T — ), (5.6)
= f(T, (T, T, v)) + g(t, T, v), 0<b<l.
Using (3.11) we see that R(T, v) satisfies

R(T, v) = eTHy(d) v + f " TAIT — Hy(A) PyeTA] e
o (5.7)
X f(z, x(r, T, v)) dr.

We substitute (5.6) into (5.7) and use (5.4) to get

R(T,v) = S—]f’ +0() + | : eT=04( f(T, R(T, v)) + g(r, T, o)} dr

— f: ; Sﬁz + 0(1)2 4 f(T, R(T, v)) + g(r, T, v)} dr  (5.8)

S
e R A ()

Using the properties of f,(t, x), f(, x) given in Theorem 3.2 and Lemmas
(5.1), (5.2), it follows that I, = 0(1). Also I, = I,’ + I, where

T
= SR eea( £(2, R(T, v) + glr, T, ) d,

and
L'"=1,—1,.

Again using Lemmas (5.1), (5.2), I is seen to be O(1). Similarly,

I, = SP, f(T, R(T, v)) + O(1).

R(T,v) = 573 — SP, (T, R(T, v)) + 0(1).

Q.E.D.
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We will now examine (5.5) in the case where f (¢, x) is linear. In this case
we are able to determine the leading term in the asymptotic expansion of
R(T,v)as T — 0.

Lemma 5.4. Let f(t, x) = K(t) x + r(t) where t+— K(t), t—r(t) are C*
maps from [0, T]— L(X) and X respectively. (5.9)
Then

2, T,0) =U@, T)v+ ht, T)  where Ui, TYel(X). (5.10)
Proof. This follows immediately from the uniqueness of x(¢, T, v} and
linearity of f(¢, x). See (6).
COROLLARY.
R(T, v) = R(T) v + g(T), (5.11)
where
RTYy=UT,T) and g(T)=HT,T).
Proof. Let t =T in (5.10).

THEOREM 5.1. Let f(t,x) satisfy the hypothesis of Lemma (5.3). In addsition,
assume that the operator I -+ SP,K(0) has a bounded inverse. Then

( + SP,E(©) S
T

R(T) = +0(1), (5.12)

and
&(T) = — (I + SP,K(0)) SPyr(0) + O(T). (5.13)

Proof. From Lemma (5.3) we get that
R(T,v) = —%2 — SP,[K(T) R(T, v) + r(T)] + 0(1). (5.14)

Using (5.11) in (5.14) gives

R(T)v + ¢(T) = §T£ — SP[K(T) R(T) v + K(T)(T) + r(T)] + O(1).

(5.15)

Since R(T) does not depend on r(T'), we obtain the behavior of R(T, v) by
setting 7(T') = g(T') = 0 in (5.15).

R(T)v = S—; — SPK(T)R(T)v +0(1).  (5.16)

[ + SPK(TY] R(T) v = - + (D). (5.17)
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We will now analyze the operator I + SP,K(T). Since T+ K(T) is C? it
follows by Taylor’s Theorem that

IK(T)— KO =OT) as T—0. (5.18)
Now
(I + SP,K(T)) = (I + SP,K(0)) + SPK(T) — K©)].  (5.19)
Since || K(T) — K(0)|| = O(T), 3T" such that for
0<TLT I+ SPKO) SP(K(T) — K(O)l <1.  (5.20)

Since (I + SP,K(0)) is assumed invertible, it follows from (5.20) and
Banach’s Lemma [7] that for 0 << T << T' (I -+ SP,K(T)) has a bounded
inverse. Using the Neumann series for [I + SP,K(T)]~* we get that

[I 4+ SP,K(T)]* = (I 4+ SPK(0))* + O(T). (5.21)

Using (5.21) in (5.17) gives

R(T)v = (I + SPEO) 5 + (1)

s (5.22)
R(T) = (I 4 SP,K(0))! v o(1).
To get the behavior of g(T) as T'— 0 we set v = 0 in 5.15 giving
(I + SPK(T) g(T) = — SPyr(T) + 0(1). (5.23)

This relation is insufficient to determine the leading term in the expansion
of g(T) near 0, therefore we examine the 0(1) term in (5.23) more closely.
To do this, we note first of all that A(, T) satisfies the following integral
equation obtained from (3.11) and Lemma 5.4:

ht, T) = f : G(, 7) [K(r) k(z, T) + 1(z)] dr. (5.24)

oT) = [ G(T,7) [Ke) bir, T) + 7(e)) dr

~ " AL — Hy(A) PyeA] o4 (5.25)

X K(r)yh(r, T) + 1(s)] dr.
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From (5.25) we easily show that g(T') is 0(1). Using the asymptotic expansion
for H;(A) and arguing as in Lemma (5.3) we get from (5.25) that

o1y = — [ S22 oA (R(T) (1) + H(T) dr + O(T).
0 (5.26)
(I + SPK(T) g(T) = — SPa(T) + O(T)

= — SP,;(0) - O(T). (5.27)

Again using the fact that (I + SP,K(T))! = (I + SP,K(0)) + O(T) we

get that g(T) = — [I + SP,K(0)]2 SPy(0) 4 O(T). Q.E.D.
COROLLARY.
Iiij(? oT)= — (I + SP,K(0))! SPyr(0). (5.28)

Note. By assuming that H;(4) = S/T + W + O(T) and using a similar
analysis to that above, it is possible to get a formula for the 0(1) term in the
expansion for R(T).

Theorem 5.1 points the way towards using invariant imbedding as a
method for solving boundary value problems with P, + P, non invertible,
at least for linear problems. Since we know the asymptotic behavior of R(T)
as T— 0, we can integrate the Ricatti equation (6) satisfied by R(T) by
using as approximate initial conditions, R(T,) = [I 4 SP,K(0)]-* S/T, for
T, near 0. The linear equation satisfied by g(T') (6) can be integrated from
T = 0 since (5.28) establishes appropriate initial conditions.

VI. AN ExamMPLE

The motivation for the theory developed in this paper comes from the
consideration of the following Dirichlet problem:

d;’:(;) —F(t,u(2)),  u(z)real, ©6.1)
u(0) = v, uwl) = v,. (6.2)

If we make the usual substitution ©() = du(t)/dt then (6.1), (6.2) can be put
in the form of (3.1), (3.2). We get

B0 _ autt) + £, 50, (6.3)
Pyx(0) + Pox(1) = v, (6-4)

4909/34(3-9
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where
x(t) = (), »(t)),  f(t %(t)) = (O, F(z, u()),
0 1 10 0 0
A:[o 0]’ Plz[o 0]’ PZ:[I 0]’
and
v = (v, , Vg). (6.5)
The matrix
1 0
H(4)= [ 1 1 ] (6.6)
-

If we use ||(x; , )| = | %, | + | &5 | , then || HH(A)| < 1 + 1T, T > 0. Also
|| P;|| < 1. Using this, we get that the constant ¢, in Theorem 3.1 is < 1.
If we let K be the Lipshitz constant of F then 2¢,K < 2K.

Therefore, if K < }, Theorem 3.1 holds for (6.3), (6.4). The asymptotic
analysis of (V) can be carried out if we note that

i =57 ]+ of

CONCLUSION

We have shown in this paper how to extend the invariant imbedding
theory of [7] to the case where P; -+ P, is not necessarily invertible. The
analysis of (V) shows that one must supplement the invariant imbedding
equation with asymptotic conditions near 0. This analysis was completed for
linear problems; however, coupled with a linearization technique for non-
linear problems [5] the method should be applicable here too. Numerical
experiments are planned.
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