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Abstract

In this paper we study Littlewood—Paley—Stein functions associated with the Poisson semigroup
for the Hermite operator on functions with values in a UMD Banach space B. If we denote by H the
Hilbert space L2((0, 00),dt/t), y(H,B) represents the space of y-radonifying operators from H
into B. We prove that the Hermite square function defines bounded operators from BMO £ (R", B)
(respectively, H é (R™*,B)) into BMO,/(R",y(H,B)) (respectively, H [1: (R", y(H,B))), where
BMO, and H é denote BMO and Hardy spaces in the Hermite setting. Also, we obtain equivalent

norms in BMO/(R",B) and H 11: (R",B) by using Littlewood—Paley—Stein functions. As a conse-
quence of our results, we establish new characterizations of the UMD Banach spaces.
© 2012 Elsevier Inc. All rights reserved.

* The authors are partially supported by MTM2010/17974. The second author is also supported by a FPU
grant from the Government of Spain. The third author is partially supported by MINECO: ICMAT Severo Ochoa
project SEV-2011-0087.

* Corresponding author.

E-mail addresses: jbetanco@ull.es (J.J. Betancor), ajcastro@ull.es (A.J. Castro), jezabel.curbelo@icmat.es
(J. Curbelo), jcfarina@ull.es (J.C. Farifa), Irguez@ull.es (L. Rodriguez-Mesa).

0022-1236/$ — see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jfa.2012.09.010


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jfa.2012.09.010
http://www.elsevier.com/locate/jfa
mailto:jbetanco@ull.es
mailto:ajcastro@ull.es
mailto:jezabel.curbelo@icmat.es
mailto:jcfarina@ull.es
mailto:lrguez@ull.es
http://dx.doi.org/10.1016/j.jfa.2012.09.010

J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856 3805

Keywords: y-Radonifying operators; BMO; Hardy spaces; Hermite operator; Littlewood—Paley—Stein functions;
UMD Banach spaces

1. Introduction

The Littlewood—Paley—Stein g-function associated with the classical Poisson semigroup
{Pr}r>0 1s given by

o 1/2
d
g({PI}t>O)(f)(X):(/\tatpzf(x”z?t) s xERn.
0

It is well-known that this g-function defines an equivalent norm in L? (R"), 1 < p < oo.
Indeed, for every 1 < p < oo there exists C, > 0 such that

1 n
o v <[[g(tP=0) (D Loy < Cpll Fllran,  fELP(RY). (1)
p

Equivalence (1) is useful, for instance, to study L?-boundedness properties of certain type
of spectral multipliers.

In [31] g-functions associated with diffusion semigroups {7;},~0 on the measure space
(82, n) were considered. In this general case (1) takes the following form, for every 1 <
p <00,

1
C_Hf - EO(f)HLI’(.Q,,u) < Hg({Tt}’>0)(f)HLI’(.Q,M) SCplflleregw, feLP(,w),
p

where C), > 0. Here Ej is the projection onto the fixed point space of {7} };>0.

Suppose that B is a Banach space. For every 1 < p < 0o, we denote by L” (R”, B) the
p-Bochner—Lebesgue space. The natural way of extending the definition of g({ P;};~0) to
LP(R",B), 1 < p < 00, is the following

o 1/2
d
gs({Pi)i=0) (/) (x) = (/Hrathf(x)H%?t) . fELP(R".B), 1<p<oc.
0

Kwapien in [25] proved that B is isomorphic to a Hilbert space if and only if
”f”Lp(]Rn,B) ~ HgB({PI}l>O)(f)HLP(RH)’ feLp(Rn’]B)v (2)

for some (or equivalently, for any) 1 < p < oo.
Xu [41] considered generalized g-functions defined by

oo 1/q
d
gB.q({Pihi>0)(/)(x) = </||tatP,<f)(x)H%7t) . feLP(R".B), 1 <p<oo,
0
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where 1 < g < 0o. He characterized those Banach spaces B for which one of the following
inequalities holds

o llgn,q({P}=0)(DlLr@wn < ClfllLr®eB), f € LP(R",B), 1 < p < o0,
o [[fllLr@nB) < Cllgs.g({P}>0)(HlLr@wn), f € LP(R",B), 1 < p <oo.

The validity of these inequalities is characterized by the g-martingale type or cotype of the
Banach space B.

Xu’s results were extended to diffusion semigroups by Martinez, Torrea and Xu [27].

In order to get new equivalent norms in L?(R”, B) for a wider class of Banach spaces,
Hytonen [22] and Kaiser and Weis [23,24] have introduced new definitions of g-functions
for Banach valued functions.

In this paper we are motivated by the ideas developed by Kaiser and Weis [23,24]. They
defined g-functions for Banach valued functions by using y -radonifying operators.

The main definitions and properties about y -radonifying operators can be found in [40].
We now recall those aspects of the theory of y-radonifying operators that will be useful
in the sequel. We consider the Hilbert space H = L2((0, 00), dt/t). Suppose that (ex);2
is an orthonormal basis in H and (yx);2 is a sequence of independent standard Gaussian
random variables on a probability space (§2, P). A bounded operator 7 from H into B is a
y-radonifying operator, shortly 7 € y (H,B), when ) ;- | v« Tex converges in L*(2,B).
We define the norm || T ||, (#,B) by

2\ 12
)

This definition does not depend on the orthonormal basis (ex);2, of H. y(H,B) is a Ba-
nach space which is continuously contained in the space L(H,B) of bounded operators
from H into B.

If f:(0,00) —> B is a measurable function such that for every S € B*, the dual space
of B, So f € H, there exists Ty € L(H, B) for which

TNy HB) = (E

o]

(S, Tr () = /(S ) IBSh(t) h e H and S € B,
0

where (-,-)p+p denotes the duality pairing in (B*,B). When Ty € y (H,B) we say that
f €y(H,B) and we write || fl,(g,B) to refer us to || T¢ll,(H,B)-
The Hilbert transform H(f) of f € LP(R), 1 < p < 00, is defined by
1
H(f)(x)=— lim M, ae. x eR.

T e—0t xX—=y
lx—yl>e¢

The Hilbert transform 7 is defined on LP(R) ® B, 1 < p < oo, in a natural way. We
say that B is a UMD Banach space when for some (equivalent, for every) 1 < p < oo
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the Hilbert transformation can be extended from L”(R,B) as a bounded operator from
L? (R, B) into itself. There exist many other characterizations of the UMD Banach spaces
(see, for instance, [1,9,10,17,18,22,24]). Every Hilbert space is a UMD space and y (H, B)
is UMD provided that B is UMD.

UMD Banach spaces are a suitable setting to establish Banach valued Fourier multiplier
theorems [15,20]. Convolution operators are closely connected with Fourier multipliers.
Suppose that i € L2(R™). We consider ¥, (x) = ti,ﬂ/f(x/t), x € R" and ¢ > 0. The wavelet
transform Wy, associated with v is defined by

Wy (), ) =(f*v¥)(x), x€ R"andt > 0,

where f € S(R”, B), the B-valued Schwartz space.
In [24, Theorem 4.2] Kaiser and Weis gave sufficient conditions for i in order to

Wy fllE®r,ya,BY) ~ I f Il ER?,B), 3)

for every f € E(R",B), where B is a UMD Banach space and E represents L”, 1 < p <
oo, H! or BMO. Here, as usual, H' and BMO denote the Hardy spaces and the space of
bounded mean oscillation functions, respectively.

If P(x) = I((n+ 1)/2)/7 D21 4 |x2)~@+D/2) x € R, then P,(x) = £ P(%),
x € R" and t > 0, is the classical Poisson kernel. By taking ¥ (x) = 9, P, (x);=1, x € R",
we have that

Wy (f)(x, 1) =13 P (f)(x), xeR"'andt>0.

Moreover, y(H,C) = H and y (H, H) = LZ((O, 00), dt/t; H), provided that H is a Hilbert
space [40, p. 3]. Then, when E = L?, 1 < p < 00, (3) can be seen as a Banach valued
extension of (1) and (2).

Also, in [24, Remark 4.6] UMD Banach spaces are characterized by using wavelet trans-
forms.

Harmonic analysis associated with the harmonic oscillator (also called Hermite) opera-
tor L=—A+ |x|2 on R” has been developed in last years by several authors (see [1,5,33,
35,36,38,39], amongst others). Littlewood—Paley g-functions in the Hermite setting were
analyzed in [35] for scalar functions and in [6] for Banach valued functions. Motivated by
the ideas developed by Kaiser and Weis [24], the authors in [2, Theorem 1] established new
equivalent norms for the Bochner-Lebesgue space L”(R", B) by using Littlewood—Paley
functions associated with Poisson semigroups for the Hermite operator and y -radonifying
operators, provided that B is a UMD space. Our objectives in this paper are the following
ones:

(a) To obtain equivalent norms for the B-valued Hardy space H é (R",B) and
BMO,(R",B) associated to the Hermite operator, when B is a UMD Banach space,
and

(b) To characterize the UMD Banach spaces in terms of H ll: (R™",B) and BMO/(R", B),
by using Littlewood—Paley functions for the Poisson semigroup in the Hermite context
and y-radonifying operators.
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We recall some definitions and properties about the Hermite setting. For every k € N the
k-th Hermite function is /g (x) = (/7 2%k =12 1y (x)e_xz/z, x € R, where Hj, represents
the k-th Hermite polynomial [26, p. 60]. If k = (ky, ..., k,) € N" the k-th multidimensional
Hermite function Ay is defined by

n
hie(x) = [ [ ha; (). x =1, xa) €RY,
j=I

and we have that
Lhy = (2|k| +I’l)hk,

where |k| = ki + -+ + k;,. The system {hj}rene is a complete orthonormal system for
L2(R™). We define, the operator L as follows

Lf=Y (lkl+n)(f )k, feDQL),

keN”

where the domain D(L) is constituted by all those f € L*(R") such that
> ke Clkl+ n)2|(f, hi)|> < co. Here (-,-) denotes the usual inner product in LZ(R"). It
is clear that if ¢ € C2°(R"), the space of smooth functions with compact support in R”,
then Lo = Lo.

For every ¢ > 0 we consider the operator Wt'c defined by

WEF) =D e "R f e, f € LA(R).

keN"

The family {W,L},>o is a semigroup of operators generated by —£ in L>(R") which is
usually called the heat semigroup associated to £. By taking into account the Mehler’s
formula [38, (1.1.36)] we can write, for every f € LZ(R”),

WE(F)(x) = / WEx.y)f(»)dy, xeR"andt >0,
Rn

where, for every x, y e R” and r > 0,

-2t n/2 -2t —2t
r _ e 1/1+e 5, l1—e 2
Wi (X,y)—<ﬂ(1_—e4,)) GXP(—Z(WM—yl + 1+672,|X+y| .
The Poisson semigroup {P,ﬁ} >0 associated to £, that is, the semigroup of operators gen-
erated by —+/£, can be written by using the subordination formula by

PE(f) = «/%_71 /s*3/ze*t2/(4“)Wf(f) ds, feL*(R")andt> 0. )
0
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The families {Wtﬁ}t>0 and {PIL},>0 are also Co-semigroups in L? (R"), forevery 1 < p <
oo (see [31]), but they are not Markovian.

In [35] Stempak and Torrea studied the Littlewood—Paley g-functions in the Hermite
setting. They proved that the g-function defined by

00 1/2
d
g({Pf},>0)<f)(x)=(/|za,P,‘f<x)|27t) , xeR",
0

is bounded from L”(R") into itself, when 1 < p < oo [35, Theorem 3.2]. Also, we have
that

1A e ~ e P o) | oy £ €LP(RY), (5)

[4, Proposition 2.3].
From [6, Theorems 1 and 2] and [25] we deduce that by defining, for every 1 < p < oo,

e 1/2
d
gIB({P,C}t>0)(f)(x)= </H’3tp,£f(x)”é7t) . feLP(R".B),
0

then, for some (equivalently, for every) 1 < p < oo,

IF e m ~ |es({PEY,o) (D] oy £ € LP(R",B),

if, and only if, B is isomorphic to a Hilbert space.
We consider the operator G  defined by

Gru(f)(x.1) =18, PF(f)(x), xeR"ands >0,

forevery f € LP(R",B), 1 < p < o0.
In [2] the authors proved that, for every 1 < p < oo,

”f”LI’(R”,B) ~ Hgﬁ,B(f) ”LP(R”,)/(H,IB))’ (6)

provided that B is a UMD Banach space. Since y (H, C) = H, (6) can be seen as a Banach
valued extension of (5).

Our first objective is to establish (6) when the space L” is replaced by the Hardy
space H' and the BMO space associated with the Hermite operator.

Dziubanski and Zienkiewicz [14] investigated the Hardy space H év (R™) in the
Schrodinger context, where Sy = —A 4+ V and V is a suitable positive potential. The
Hermite operator is a special case of the Schrodinger operator. In [13] the dual space
of H év (R™) is characterized as the space BMOgs,, (R") that is contained in the classi-
cal BMO(R") of bounded mean oscillation function in R”. The results in [13] and [14]
hold when the dimension 7 is greater than 2, but when V (x) = |x|2, x € R", that is, when
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Sy = L the results in [13] and [14] about Hardy and BMO spaces hold for every dimension
n>l1.
We say that a function f € L'(R", B) is in Hé (R™, B) when

sup [ W~ () € L' (R").
t>0
As usual we consider on Hé (R", B) the norm || - ”Hé ®R".B) defined by

, feH}R"B).

L
”f”H[l:(R”,B) = Hng” W[ (f) HIB%‘ LL(RM)

The dual space of H [1: (R",B) is the space BMO/(R", B*) defined as follows, provided
that B satisfies the Radon—-Nikodym property (see [7]). Note that every UMD space is
reflexive [28, Proposition 2, p. 205] and therefore verifies the Radon—Nikodym property
[11, Corollary 13, p. 76]. A function f € L}OC(R", B) is in BMO(R”", B) if there exists
C > 0 such that

(1) foreverya e R" and 0 <r < p(a)

1
[ﬁ;m'/nﬂ@—ﬁ@ﬁbﬂga

B(a,r)

where fB(q.r) = me(a,r) f(z)dz, and
(ii) forevery a € R" and r > p(a),

1
m / ”f(Z)“IBdZ < C.

B(a,r)

Here p is given by

When B = C we simply write H}.(R") and BMO.(R"), instead of H}.(R",C) and
BMO/(R", C), respectively.

In [3] it was established a T1 type theorem that gives sufficient conditions in order that
an operator is bounded between BMO spaces.

Suppose that B; and B, are Banach spaces and 7 is a linear operator bounded from
L2(R",B,) into L2(R", B,) such that

T(f)(x) = / K(.»)f()dy. x¢supp(f). f e LZ(R".By),

Rn
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where K (x, y) is a bounded operator from B into B,, for every x, y € R”, x # y, and the
integral is understood in the B,-Bochner sense.

As in [3] we say that T is a (B, B,)-Hermite—Calderén—Zygmund operator when the
following two conditions are satisfied:

. —c(x—y2+lxllx—yl)
(1) ||K(.X, )’)||L(IB%1,IB%2) g C%’ X,y € Rn’ X ?é Y,

(i) 1K (. y) = K2l By + 1K (0 = K@ 0@k < C R b=yl >
2|y —zl,

where C, ¢ > 0 and L(B1, B,) denotes the space of bounded operators from B into B;.
If T is a Hermite—Calder6n—Zygmund operator, we define the operator T on
BMO(R",B;) as follows: for every f € BMO/(R",B),

T(f)() = T(f x8)(x) + / K(x.y) f () dy,
R\ B

a.e. x € B= B(xo,19), xo € R" and rg > 0.

This definition is consistent in the sense that it does not depend on xq or ry. Note that if
f €BMO,(R",By), B= B(xo, ro), and B* = B(xq, 2rg) where xo € R"” and ry > 0, then

T(f)(x)=T((f — fB)xB*)(x) + / K@, »(f) — f8)dy +T(fB)(x),
R\ B*

aex e B*.

Note that if f € L°(R",B) then T(f) = T'(f). In Theorems 1.2 and 1.3 below we es-
tablish the boundedness of certain Banach valued Hermite—Calderén—Zygmund operators
between BMO spaces. When we say that an operator 7 is bounded between BMO  spaces
we always are speaking of the corresponding operator T, although we continue writing 7 .
In order to show the boundedness of our operators in Banach valued BMO , spaces we will
use a Banach valued version of [3, Theorem 1.1] (see [3, Remark 1.1]).

Theorem 1.1. Let B| and B, be Banach spaces. Suppose that T is a (B1,B,) Hermite—
Calderon—Zygmund operator. Then, the operator T is bounded from BMO(R", B;) into
BMO/(R", By) provided that there exists C > 0 such that:

(i) forevery b € By and x e R",

1

1B o) f | 7)) |5, dy < CliblIs,,

B(x,p(x))
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(ii) foreverybeBi, x e R" and 0 < s < p(x),

px)
<1+log< sx ))|B(x o / IT® ) = (T®) gy |5, dy < ClibIB,.

where (T (b)) B(x,s) = oy Ja.s TGV dy.

This result can be proved in the same way as [3, Theorem 1.1]. In some special cases
the conditions (i) and (ii) reduce to simpler forms. For instance, if 7'(b) = 7(1)17, b e By,
where T is a (C, L(B1,B,)) operator (where (C, L(B;, B,)) has the obvious meaning)
then properties (i) and (ii) are satisfied provided that T(l) € L®(R", L(B;,B,)) and
VT (1) e L°(R", L(B;, By)).

We denote by {Pt£+°‘},>0 the Poisson semigroup associated with the operator £ + «,
when « > —n. We can write

[e )
t 2
P[E+(X(f) — /S_3/2€_t /(45‘)6—113‘ Wsﬁ(f) ds.
4
d 0

The operator G4 p is defined by
Grrap (), 1) =13, PLY(f)(x), xeR"andt > 0.
Our first result is the following one.

Theorem 1.2. Let B be a UMD Banach space and oo > —n. Then, if E represents H [1: or
BMO we have that

”f”E(R",B) ~ Hg£+a,18(f) ||E(R”,}/(H,]B))’ f € E(Rn’ ]B)

In order to establish our characterization for the UMD Banach spaces we introduce the
operators Tfi, j=1,...,n, defined as follows:

TFL(f)x. 1) =1(; £x))PF(f)(x), xeR"andr>0.

In [2, Theorem 2] it was established that if B is a UMD Banach space then the operators
Tfi are bounded from L?(R",B) into L?(R", y(H,B)), forevery 1 < p <oo and j =
1,...,n, provided that n > 3 in the case of Tff.

The behavior of the operators Tf - on the spaces H [1: (R™*,B) and BMO(R", B) is now
stated.

Theorem 1.3. Let B be a UMD Banach space and j = 1,...,n. By E we represent
the space H }: or BMOy. Then, the operators Tfi are bounded from E(R",B) into

E[", y(H,B)), provided that n > 3 in the case of Tf_.
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UMD Banach spaces are characterized as follows.

Theorem 1.4. Let B be a Banach space. Then, the following assertions are equivalent.
(i) B is UMD.

(1) For some (equivalently, for every) j =1, ..., n, there exists C > 0 such that, for every
feH(R")®B,

”f”HZ(Rn,B) <C ||g£+2,]B(f) HHZ(R”,)/(H,]B))’

and

” TJ§+(f) H HL(R" y(H,B)) < C”f”Hé(R”,]B)‘

(>iii) For some (equivalently, for every) j =1, ..., n, there exists C > 0 such that, for every
feEBMO,(RY) @B,

”f”BMOL(R”,B) < C”gl:-‘rZ,IB(f) HBMOC(R”,}/(H,IB))

and
L
H T4 () ”BMOL(R”,V(H,IB)) < Clif lBmo, @ B)-

In (ii) and (iii) the operators G, o p and Tf+, Jj=1,...,n, can be replaced by Gr_,
and Tf_, j=1,...,n, respectively, provided that n > 3.

In the following sections we present proofs of Theorems 1.2, 1.3 and 1.4. In Appendix A
we show that the Riesz transforms in the Hermite setting can be extended as bounded op-
erators from BMO £ (R", B) into itself and from H é (R™, B) into itself. These boundedness
properties will be needed when proving Theorem 1.4. Moreover, they have interest in them-
self and complete the results established in [3] and in [14].

Throughout this paper by C and ¢ we always denote positive constants that can change
on each occurrence.

2. Proof of Theorem 1.2
We distinguish four parts in the proof of Theorem 1.2.

2.1. We are going to show that the operator G, g is bounded from BMO,(R",B)
into BMO,(R", y(H,B)). In order to see this we will use Theorem 1.1. According to
[2, Theorem 1] the operator G, g is bounded from L%(R",B) into L%(R", y(H,B)),
because B is UMD.
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Suppose that f € BMO,(R",B). Then, f is a B-valued function with bounded mean
oscillation and hence [, || f(x)IlB/(1 + |x)"*!dx < co. The kernel PEY(x, y) of the

operator P,E‘Hx can be written as
o0
L+o _ 4 —3/2 —12/(4s)—as y L n
P (x,y)——/s e W=(x,y)ds, x,yeR"andr>0.
t \/47 N
0

We have that

o
t8,P,C+°‘(x,y) / 3/2( ) —12/(4s)— asW[:(x y)ds,
0

x,yeR"and 7 > 0.

By [3, (4.4) and (4.5)] we have that, for every x, y e R” and s > 0,

r e s |.X _ y|2 —2v
W; (x,y)SCWexp —c m-ﬁ-(l )x + v

+(IXI+|y|)Ix—y|>>

—ps—clk=” H —c(1— f,”23)|x—§—y|2

—c(x—yP+(x|+yDIx—y) €
< Ce TEv=nTE (7
Hence, since « +n > 0, foreach x,y e R" and t > 0,
X —c—‘x7y|2+t2 —(a+n)s
L+a —c(lx—yP+(xl+HyDlx—y) : ¢
10, P (x, y)’ < Cte 32 (1 —e—dsyn/2 ds
0
00 —y24i?
—c(x—yP+(xl+HyDlx—y) [ € °
< Cte ORI ds
0
< Co—clr=y P+l T
(14 |x — ypr+l
t
(8

<C—m——.
(t +|x —yprtt

Then, fR,, |t8,Pt£+°‘(x, WIfOIBdy < oo, for every x € R" and ¢ > 0, and we deduce
that

18, P () (x) :/;a,Pf+°‘(x,y)f(y)dy, xeR"and? > 0.

Rn
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Moreover, by (8) we get that,

00 1/2
L+ —c(x=yP+Iyllx=yD) !
HtatP, a(Xay)HH<C€ C‘x y‘ Iny yl </ (t+|x_y|)2(n+1) dt)
0

e—Cc(x=yP+yllx—yD

<C . x,yeR" x#y. ®

lx —y|"

Let x,y e R?, x # y. We write F(x,y;t) = tatPl£+“(x, y), t > 0. Since F(x,y;-) €
I;I, for every b € B, the function Fp(x,y;t) = F(x,y;t)b, t > 0, defines an element
Fp(x,y;-) € y(H,B) satisfying that

0]

d
(5, By, v ) 5 / (5. Fie. v3 D) (0
0

e¢]

dt
= (S,b)B*)B[F(x,y;t)h(t)T, ScB*andh € H.
0
Then, for every b € B,

o
~ dt
Fy(x,y;)(h) = /F(x,y;t)h(t)T b, heH.

0

We consider the operator 7 (x, y)(b) = I?b(x, v; ), b € B. We have that
2\ 172
IB)

o 7 dt
=|E F ot 1)—b
( ];yk/ (6, 5 Dex ()=

- 0

e O, 8 = (E Y viE(x, ;e

k=1

2\ 1/2
]B)

o PENTE
=|E F(x,y;t t)— b
( I;Vk/ (x.y )ek(>t‘> bz
- 0

= Fexe,y: 9| 4l0lB,  beB. (10)

Hence, if L(B, y (H, B)) denotes the space of bounded operators from B into y (H, B), we
obtain

e—Cx=yP+Iyllx—yD

Iz L@, my <€ e =yl
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Let j =1,...,n. We have that

oo
t _ _f2 _

0, (19, PEH (x, y)) = NS / s 3/2< ) ey (WG ) ds

0
x,yeR"andt > 0.
Since
r 1(1+e2 1—e2 r
o, (We e 3)) = =5\ T @ =) + 1, iy ) WE@L ).

x,yeR"and s > 0,
we obtain that

2
P el
ns—c—

|0 (W (x, )| < Ce—c(x=yPH(xl+IyDIx—yD) x,yeR"ands > 0.

(1 _ e—4s)(n+1)/2 ’

(1D
By proceeding as above we get

C

L
2 (60 PE  )|y < r—p

x,yeR", x#y,

and then

C
HanT(X’Y)HL(B,y(H,B)) < —yprs Y eR", x#y.

By taking into account symmetries we obtain the same estimates when dy; is replaced
by dy; .
Next we show that if f € L2°(R", B) then

19, PEY(f) () = / r@) fO)dy, x ¢ supp(f), (12)

]Rn

where the integral is understood in the y (H, B)-Bochner sense. Indeed, let f € L2°(R", B)
and x ¢ supp(f). We have that

[leensoluna<c | ':f_% dy < oo,
]Rn

supp(f)
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Since y(H,B) 1is continuously contained in the space L(H,B), t(x,-)f €
L (R"*, L(H, B)). Then, there exists a sequence (T¢)xeN in LIR"Y ® L(H, B) such that

Ti — t(x,)f, ask— oo, in L'(R", L(H,B)).
Hence,
[ remdy — [rwnrordy. ask— oo in L.
Rn Rn
and also, for every h € H,
Te[h] — t(x, ) flh], ask— oo, in L'(R", B).

Suppose that T =)}, frt¢, where f; € L'®R") and 7y e L(H,B), £ =1,...,m e N.
We can write

(/T(y) dy) =Y uin [ fndy= [ To)kIay. hen
=1 g

Rl‘l

R}’l
Hence, we conclude that
( fr(x, W) dy) [ = / e, ) fOIAldy, heH,
Rll Rn

where the last integral is understood in the B-Bochner sense.
For every h € H, by (9) we have that

e e]

d
/ t(x,y) f ()] dy = / ( / t8zP;£+°‘(x,y)h(t)Tt>f(y)dy
R" supp(f) "0
i L+a di
- / / 1P ) f 0y )0 T
0 supp(f)

v d
- f 1 PR (PO = (0 PET () 0) L
0

Thus (12) is established.
We conclude that G4 o g is a (B, y (H, B))-Hermite—Calderén—Zygmund operator.
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On the other hand, by [34, Proposition 3.3] we have that

WE)(x) =

It follows that, for every x € R” and ¢t > 0,

WL (1) () = 8 (e WE (D) (x))

1—e ¥ ) b4 r
=—¢ <a+n1+ - =+ |x| (1+€—4t)2>Wf (DH(x).

We can write

o
! /e_ L+a
— W5 () (x)du
T t%/(4u)
fo N

GrtacDx, 1) =

r/ 3/2%

Minkowski’s inequality leads to

o0

—u
19 ac@ )y <€ [ Sl WE W@ |
0

oo

—u
<C/ﬁ“zazWZE“‘(l)(x)”Hdu, xeR".
0

Moreover, we have that

1 00 1/2
”Za W£+C\l(1)(x)HH (/e CZ\X| ( + |X| ZdZ +/e—2(n+a)2 ) < C,
0 1

x eR".

1 o2t \"/2 l—et
S n
71"/2(1+e4f) eXP(‘mlxl ) xeR"and 7 > 0.

8 VV£+ (1)(x)|z t2/(4u) du X ER” and r > 0.

(13)

(14)

(15)

Hence, [|Gria.c(D)(x, )z € L°(R"). As above, this means that Gpy,c(l) €

L®R", H).

In a similar way we can see that, forevery j =1,...,n, 0x,;Gryac(1) € L*®[@R", H).
By using Theorem 1.1 we can show that the operator G,y,p is bounded from

BMO(R",B) into BMO(R", y (H, B)).
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2.2.  We are going to prove that G, 4, g is a bounded operator from H é (R"*, B) into
H é (R", y(H,B)). In order to show this property we extend to a Banach valued setting the
atomic characterization of Hardy spaces due to Dziubanski and Zienkiewicz [12,14].

A strongly measurable function a : R” — B is an atom for H é (R",B) when there
exist xg € R" and 0 < ro < p(xp) such that the support of a is contained in B(xg, rg) and

(i) llall @) < |B(xo, r0)| ™",
(ii) [gna(x)dx =0, provided that ro < p(x0)/2.

Proposition 2.1. Let Y be a Banach space. Suppose that f € L'(R",Y). The following
assertions are equivalent.

() sup,.o IWS(H)lly € LTRY.
(i) sup,—o 1P ()lly € L'(R™).
(iii) There exist a sequence (a;)jeN of atoms in HE(R", Y) and a sequence (A;)jen of
complex numbers such that ) ;o |Ajl <ocoand f =3 nAja;.

Proof. Dziubariski and Zienkiewicz proved in [14, Theorem 1.5] (see also [12]) that (i) <
(iii) for Y = C. In order to show [14, Theorem 1.5] they use the atomic decomposition
for the functions in the local Hardy space h' (R") established by Goldberg [16, Lemma 5].
By reading carefully [32, Theorem 1, p. 91, and Theorem 2, p. 107] we can see that the
classical Banach valued H'(R”, Y) can be defined by using different maximal functions
and by atomic representations, that is, [32, Theorem 1, p. 91, and Theorem 2, p. 107]
continue being true when we replace H'(R") by H'(R", Y). Then, if we define the Banach
valued local Hardy space hL(R", Y) in the natural way, hY(R", Y) can be described by the
corresponding maximal functions and by atomic decompositions (see [16, Theorem 1 and
Lemma 5]). More precisely, the arguments in the proofs of [16, Theorem 1 and Lemma 5]
allow us to show that if f € L'(R",Y) then f € h'(R", Y) if and only if f = ZjeN)‘jaj’
where ; € C, j € N, and ZjeN [Aj] < oo, and, for every j € N, a; is an hl-atom as in
[16, p. 37] but taking values in Y. With these comments in mind and by proceeding as in
the proof of [14, Theorem 1.5] we conclude that (i) <> (iii).

By the subordination representation (4) of P,L, t > 0, we deduce that (i) = (ii).

To finish the proof we are going to see that (ii) = (iii). In order to show this we can
proceed as in the proof of [14, Theorem 1.5]. We present a sketch of the proof. Firstly,
by (4) and (7) and proceeding as in (8) we deduce that

t

— —y|? —
PE(x, y) < Cemelr—yPixllx—y) AR

x,yeR"andr>0. (16)

Hence, for every £ € N, there exists C > 0 such that

|x — vl
p(x)

—L
P,‘(x,y)gc(ur ) x—y|™, x,yeR'andt>0. (17)
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Moreover, for every M > 0 we can find C > 0 for which

c x —y\'"?
P, (x,y)—Pz(x—y)|<C< >0 ) lx —y™",

x,yeR" |x —y|<Mp(x)andt > 0, (18)

where P; denotes the classical Poisson semigroup.
Indeed, let M > 0. According to (4) we can write

. T o1/ 4s) B
[PEGy) = Pitx =] € €1 [ S [WE ) = Wetx = ) as,
0

x,yeR"and r > 0,

where W, (x) = e /@40 )4z 1)1/2 x € R" and ¢ > 0. From (7) it follows that

o2/ (4s) ’
I/W|WS (x,y)—Ws(x—y)}ds

p(x)?
e T o Hix—y ) /s e T ds
SC ] T S sD/2
p(x)? p(x)?
C — " 1
< =C<|x yl) , x,yeER" x#yandt>0.
p ()" o(x) |x — y|"
On the other hand, we have that
2
P(X) e_tz/(4s) .
t / W‘Wg (x,y) — Ws(x —y)|ds
0
2
p(x) e—c(t2+IX—y|2)/S s
< C t S(n+—3)/2 ’e = lyds
0
2
PO e =y P)/s 1 1
T / $3/2 (=22~ (asy)? ds
0
2
PO e =P 11— o2 ,
+t / chp(—zmu—kﬂ)—l‘ds
0
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|

2
p(x) o—1/(45)
+1 / s(n+3)/2
0

4
:CZIj(x,y,t) x,yeR"andt > 0.
j=1

114+ e /(ds
exp(_zm|x_y|2)_e [x—y|°/(4s)

Since |e™ — 1| < Cs, s >0, and

! L 1< C 1
(1 — e—4syn/2 - (4s)1/2 = n/2-1° <s<l,
we deduce that
2
PO el +i—yP)s
Ij(x,y,t)QCt / s(n+—l)/2ds
0
1 2 2 !
e CHx—y?)/s 1 ds
< C/ Tds < C(t2 e _y|2)(n/2—1/4) / m
0 0
C
=y
_ 12
C<|x y|> , x’yeR”’x¢y’t>Oandj=1,2.
o(x) lx —y|"

Also, we have that, for every x, y € R” and s > 0,

—2s
exp<_ 4 y|2> D)

Z —lx=y12/(48) ) _ |2 —clx—y[*/s
11— < Ce |x — y|” < Cse .

Then, by proceeding as above we get

lx — ¥l
p(x)

2
I4(x,y,t)<C< ) | " x,yeR" x#yandr>0.
X =Yy

Finally, we analyze I3. We have that

11— —2s
exp( =~ I +y?)—1|<Cslx+yP<C
414e %

s
p(x)?’
|x — y| < Mp(x) and s > 0.

Hence, it follows that
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2
PO e tix—yPys

C
I(x,y,1) < )2 [ e ds
0

p(x)?
S )
T ()2 x — y[rm1/2 J si/4 p(x) lx — |’

provided that |[x — y| < Mp(x),x #yand t > 0.

By combining the above estimates we obtain (18).

Estimations (17) and (18) can be also obtained when n > 3 as special cases of
[14, Lemma 3.0].

According to [30, p. 517, line 5]

p()~#—sup{ ! f||2d <1}
T — yPdy <1t

B(x,r)

Since p(x) < 1/2, there exists mq € Z such that the set B,, = {x € R": 2"/2 < M(x) <

2" } is empty, provided that m < mg. Then, for every m € Z, m > mg, and k € N we can
consider x(, k) € R" as in [14, Lemma 2.3] and choose, according to [14, Lemma 2.5],
a function Y.k € CX(B(Xm .ty 2%7™/2)) such that ||V im.illLo@ny < C2/? and
Z<m’k) Ym,k) =1, x € R". Here C > 0 does not depend on (m, k). We can assume mo =0
to make the reading easier.

For every m,k € N, let us define Biyx) = B(Xxni), 24/ and By =
B(Xn ks (/1 + 1)2@4=m/2y and consider the maximal operators

Mu(f)= sup |P(f)—PF ML= sup | PEHy.
O<tL2—m O<tL2—™m

M ()= sup

O<tL27m

and the maximal commutator operator

Mf}n,k)<f>=0 sup | PE@Wrnir £) = Womy PECH -
<tL2™m

Let m, k € N. By using (16) we deduce that, for a certain C > 0 independent of m and k,

sup / sup }Ptﬁ(x,y)—P,(x,y)|dx<C

YEB(n, k) J O<rL2™m
R\ B k)

Indeed, if x, y € R", x # y, the function w(r) = 1/(t> + |x — y|>)**TD/2 ¢ > 0, is increas-
ing in the interval (0, |x — y|/ 4/n) and it is decreasing in the interval (|x — y|//n, 00). If
x e R" \B(m v and y € By iy, |x — y| = J/n2¢=m/2 Hence, from (16) it follows that
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sup f sup |Pt£(x, y) — P(x, y)‘ dx

yGB(m_k) 0<t<27m
R\ B, k)
<C2™" sup / ! dx
B yeB(m,k) J (2—2m + |)C _ y|2)(n+l)/2
R\ B k)
Le2™m ! du<C 2" <C
b @2 ¢ )2 S T nammr S

R\ B(0,/n 24=m)/2)
By (18) and arguing as in [14, Lemma 3.9], we conclude that, for a certain C > 0,
| Mon Wm0 D) 1y < Cl¥ oy Fll iy, f € L' (R, Y).

Also, by proceeding as in the proof of [14, Lemma 3.11] we can find C > 0 such that

Yo AIME O ey SCUF @y feL' (R, Y).
(m,k)

By combining the above estimates we deduce that

> M on )l ey < € (1 sy + [supl 2 71 |

) <oc
LI(R")
(m,k)

provided that (ii) holds.
Now the proof of (ii) = (iii) can be finished as in [14, Section 4]. O

In the next result we complete the last proposition characterizing the Hardy space by
the maximal operator associated with the semigroup {P,E+°‘},>o.

Proposition 2.2. Let Y be a Banach space and o > —n. Suppose that f € L'(R",Y). Then
f € HLR™,Y) if, and only if, sup, IPFH(F)lly € LERM).

Proof. We consider the operator L, defined by

Lo(g) = sugH PEt(g) - PF(9)|,. geL'(R"Y).
1>

Y’

We can write

, xeR"
Y

Ly(g)(x) =sup / Ly(x,y;0)g(y)dy

t>0
Ril
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where
T 17/ )
Lo(x,y;t) = — / 7 _“”—1)Wu£(x,y)du, x,yeR"andt > 0.
0

From (7) and by taking into account that |e =@+ — ¢~ | < Cue™, u € (0, 00), we
obtain that

00
e—c(t2+|x—y|2)/u |e—(oz+n)u _ e—nu|

: —cl—yP?
|La(x,y,t)|<Cte / e (1= iz du
0

—C|X—V|2 ooe—c(\x—y|2+t2)/ue—cu
SCre ™™ / Wl/2(1 — g—duyn/2 du

0
ey [ e C P
0
e—cl)c—y\2 .
Cm’ x,yeR" xz#yandr>0.

Hence, for every g € L' (R", Y),
7c x—y |2
/|L (©)()|dx < //| 7|0 dydx <l
R)‘l Rn Rn

This shows that L, is a bounded (sublinear) operator from L'(R",Y) into L' (R").
The proof of this property can be finished by using Proposition 2.1. O

As usual by H'(R", B) we denote the classical B-valued Hardy space.

Proposition 2.3. Let Y be a UMD Banach space and « > —n. The (sublinear) operator Taﬁ
defined by

TE(f)(x) = sugH PEGLay (NG| pys

is bounded from H'(R", Y) into L' (R") and from L' (R", Y) into L1-*°(R™).

Proof. In order to show this property we use Banach valued Calderén—Zygmund the-
ory [29].
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As in (8) we can see that

t

L+
Pty <C—
N S S

x,yeR"andt > 0.

Hence, it follows that

sup| PET(9) ||, < Csup P (llglly). geLP(R",Y), 1< p<oo,
t>0 t>0

and from well-known results we deduce that the maximal operator

PE+(g) = sup| PET(9) .
t>0

is bounded from L?(R",Y) into L?(R™"), for every 1 < p < oo, and from L' (R",Y) into
L 1,00 (Rn ) .
Moreover, according to [2, Theorem 1] the operator G, 4 y is bounded from

e LP(R",Y)into LP(R",y(H,Y)),1 < p < 00,
e LI(R",Y)into L"*®°R", y(H,Y)), and
e H'(R",Y)into LY(R", y(H,Y)).

Hence, if we define the operator T,f by
TS (), 8,0 = PEYGr oy (f)(x,1), x€R", 5,10,

it is bounded from L?”(R",Y) into L”(R", L*°((0, c0), y(H,Y))), 1 < p < 00, and from
H'(R",Y) into L' (R", L*((0, 00), y (H, Y))).

We are going to show that ']I‘g is bounded from L' (R",Y) into L% (R", L*°((0, 00),
y(H,Y))) and from H'(R", Y) into L' (R", L>°((0, 00), y (H, Y))).

We consider the function

Rq(x,y;8,1) = ta,PfJa(x, y), x,yeR"'ands,t>0. (19)

It follows from (8) that

t

|.Qa(x,y;s,t)| < C(s+t+ T x,yeR"and s, > 0. (20)
Letj=1,...,n. By (11) we get
r 1
. e(x—y [P (s1)?
]axj.(zo,(x,y,s,;)Kcthg c(x=yI"+6+D7)/u g,
0

t
<C ,
(s+1t+|x —ypnt2

x,yeR"ands,t > 0. 21
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By taking into account the symmetries we also have that

t
(s+1+]x —yhrt?’

|8yj.{2a(x,y;s,t)|<c x,yeR"and s, > 0.

(22)

Let N e Nand C([1/N, N],Y) be the space of continuous functions over the interval
[1/N, N] which take values in the Banach space Y. The function £2,(x, y; s, t) satisfies

the following Calderén—Zygmund type estimates

C
”Qa(x’ yie) ”C([I/N,N],H) < ” 24 (x,y; "')”LOO((O,OO),H) < m

x,yeR" x#y,

and

“VX'Q“(X’ s ')”C([I/N,N],H) + ”V.Vga(x’ ys "')”C([I/N,N],H)

< ” Vif2a(x, y: "')”LOO((O,oo),H) + ” Vy$24(x,y; "')“LOO((O,oo),H)

C

<m, x,yeR”,x;ﬁy.

Note that the constant C does not depend on N. Indeed, by (20) we get

00 172
t
H $24(x, y; "')”LOO((O,oo),H) S C?i%(/ ((s +t)2 +]x — y|2)n+1 dt)
0

00 4 1/2
<C /—f
( (t + [x =yt
0

C
S x =y

x,yeR" x#y,

and (23) is established. In a similar way we can deduce (24) from (21) and (22).
Suppose now that g € L2°(R"). By (23) it is clear that

/”Qo{(-xs Y ’)||C([1/N,N],H)|g(y)|dy < o0, X ¢ Supp(g)
R?

We define

&@m=fmumwmw@,xﬁmmx
Rn

(23)

(24)



J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856 3827

where the integral is understood in the C([1/N, N], H)-Bochner sense. We have that

[Sa(®) ()]s, -)=/9a(x,yzs,~)g(y)dy, x ¢ supp(g) and s € [1/N, N].
Rn

Here the equality and the integral are understood in H and in the H-Bochner sense, re-
spectively.
For every h € H, we can write

<h,/9a(x,y;s,~)g(y)dy>

H,H
R

r d
=/[Qa(x,y;s,t)h(t)%g(y)dy
Rr 0

e ¢]

d
=/fsza<x,y;s,r)g(y)dyhmf, x ¢ supp(g) and s € [1/N, N1.
0 Rn

Hence, for every x ¢ supp(g) and s > 0,

/Qa(x,y;s,t)g(y)dyz (/Qa(x,y;s, -)g(y)dy>(t),
R~ R7

as elements of H.
We have proved that

PEYGr i c(9)@. ) = [Su(@)(0](s,).  x ¢ supp(g) and s € [I/N, N1,

in the sense of equality in H.
Assume that g = Z;’Ll bjgj,wherebj €Y and g;j € L:°(R"), j =1,...,m € N. Then,

PEY Gy y(2)(x,-)

> b PE G c(e) () = Y b[Sa(g) )] (s, )
j=1

j=1
= (/Qa(x, Vi -)g(y)dy>(s, ), x ¢supp(g) and s € [1/N, NJ,
Rn
where the last integral is understood in the C([1/N, N1, y (H, Y))-Bochner sense.

According to Banach valued Calderén—Zygmund theory (see [29]) we deduce that the
operator ’H‘g can be extended from
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e L>2(R",Y)N L' (R",Y) to L'(R",Y) as a bounded operator from L'(R",Y) into
L"“>@®R",C([1/N, N1, y(H,Y))), and as
e a bounded operator from H'(R”,Y) into L' (R*, C([1/N, N1,y (H,Y))).

Moreover, if we denote by ﬁf y the extension of T§ to L1(R",Y) there exists C > 0
independent of N such that

”’TOLI:,N ||Ll(R”,Y)—>L1’°°(R”,C([l/N,N],y(H,Y))) <C

and

H’TzﬁN ”Hl(Rn,Y)—>L1(R",C([I/N,N],V(H,Y))) <C
Let g € L'(R",Y) and let (gx)ren be a sequence in LY(R", Y) N L%(R", Y) such that
gk —> &, ask— oo, in Ll(R", Y).
It is not difficult to see that
TZ(9)(x, 5,1) = Gryay (PET(9)(x,1), x€R"ands, >0,
and

TZ (81)(x, 5,1) = Grvay (PEY (1)) (x, 1), x€R", s,1>0andk € N.

Hence, since PS£+°‘ is bounded from L! (R", Y) into itself, for every s > 0, and G, y is
bounded from L'(R”, Y) into L"*°(R", y(H, Y)) [2, Theorem 1],

T (1) (-, 8, ) —> TE(g)(,5,-),  ask — oo, in LY(R™, y(H, Y)),

for every s > 0. Moreover, we can find a subsequence (g,)ren Of (gk)ken verifying that
for every s € Q,

T (gr,) (x,5,) —> TE(@)(x,5,-), as€— oo, iny(H,Y),
a.e. x € R". On the other hand,
T (gk,) = TE y (k) — TE y(g),  as€— oo, in LY°(R", C([1/N, N1,y (H.,1))),

and then, there exists a subsequence (gkzj) jeN of (gr)een such that, for every s €
[1/N, N],

Ty (k) (¥, 5, ) — Ty y(@)(x,s,2), s j— oo, iny(H, Y),
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a.e. x € R". Thus, forevery s € [1/N, N]NQ,
TE v(©)(x,5,) =TE(9)(x,5,), ae.x eR", iny(H,Y).

Finally,

Hx e R": supH']If(g)(x,s, ~)HV(H’Y) > )»”
§>0

< { eR"™: TL s A}‘
NLGJN x sqf}l}gmﬂ L5y >

— : n. I .

=N [x eR™ se[l/sle/lgv]ﬂ@”% (&)(x,s, )||V(H’Y) >A”

= lim [xeR”: sup T. (@) (x,s,-) >AH
Jim SE[I/N’NWH N )

C
< x”g”Ll(Rn,y), A >0,

and we conclude that Tg is bounded from LY(R",Y) into LL°°(R", L*®((0, c0),

y(H,Y))).
By proceeding in a similar way we can show that '[F§ is also bounded from H!(R",Y)
into L'(R", L®((0,00), y(H,Y))). O

We now establish that G, p is bounded from H [1: (R", B) into H L]Z R*, y(H,B)). Ac-
cording to Proposition 2.2 it is sufficient to show that G-1, 5(f) € L'(R", y(H,B)), for
every f € H []: (R", B), and that the operator

TE(f)(x) = supl PEYGr 0 m (D] )

is bounded from H}(R",B) into L' (R").

First of all, we are going to see that G-, g is a bounded operator from H é R"*, B)
into L'(R", y(H,B)). By [2, Theorem 1], G4 is bounded from H'(R",B) into
L'(R", y(H,B)). Hence, if a is an atom for HE(R", B) such that fR" a(x)dx =0, then

“gﬁ-i-a,IB%(a) ”LI(]R",)/(H,B)) < C”a”Ll(R",B) g C1

where C > 0 does not depend on the atom a.

Suppose now that a is an atom for H é (R", B) such that supp(a) C B = B(xy, ro), where
x0 € R" and p(x0)/2 < ro < p(xp), and that [a|lLomeB) < |B|™!. Since Griqp is a
bounded operator from LZ(R”, B) into L2(R", y(H,B)) [2, Theorem 1], we have that
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1/2

/ |92 402@0x. )] g5 dx < !B*|”2< / |92 +ap @@ ) dx)
B* B*

1/2
< C|B|1/2(/||a(x)||§dx) <c, (25)
B

being B* = B(xg, 2rp).
Moreover, if y € B and x ¢ B*, it follows that |x — y| > ro = p(x0)/2 and p(y) ~
p(x0). Then, by taking into account (9), (10) and (12) we get

|G +am@@, I, dx

R"\ B*
< [ [lorErecnlylaogarax
R™\B* B
e—cUx=yPP+yllx—=yD

o [ [

R\B* B

> dxdy

<c [lall 3 / () 172

B =001 p(x) <k —y1 <2 p(x0)

> 1 1
<C§) @ pGo) (o) 172 <c§)m <¢ 20

From (25) and (26) we infer that

|G +aB@] 11z, 11,8y < C-

where C > 0 does not depend on a.

We consider f = Z;’il Ajaj, where a; is an atom for HE(R”, B)and 1; €C, jeN,
being Z‘;’;l |Aj] < oo. The series converges in L'(R",B). Hence, as a consequence of
[2, Theorem 1], we have that

o
GrraB(f) =) AiGrianla)),
j=1
as elements of L1 (R", y (H, B)). Also,

o
||g£+a’B(f)HL](R”,V(H,]B)) g Z |)‘j|||g[:+a,IB(aj) ||L1(R”,)/(H,]B)) < C Z |)"]|7

o
j=1 j=1
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where C > 0 does not depend on f. Thus,
||g[:+a,IB(f) HL] R,y (H,B)) < C”f”H[l:(R",]B)

Finally, to show that T(f is bounded from H é (R*, B) into L' (R") we can proceed as

above by considering the action of the operator on the two types of atoms of H é R, B),
and taking in mind the following facts, which can be deduced from the proof of Proposi-
tion 2.3:

e T is bounded from H'(R", B) into L' (R"),

e T is bounded from L?(R", B) into L>(R"),

° Pf“‘ Gr+q.B can be associated to an integral operator with kernel £2,, (see (19)) veri-
fying that

e—Cc(x=yP+Iyllx—yD

sup||Qa(x,y,s,-)||H<C , x,yeR' x#y,
s>0

lx —yI"
° TaL is bounded from L!(R”, B) into L1 (R").
2.3.  Our next objective is to see that there exists C > 0 such that

| flsmoc @B < ClGeras(H | pyopnyimy: | €BMOL(R™.B).  (27)
In order to prove this we need to establish the following polarization equality.

Proposition 2.4. Let B be a Banach space. If a € L (R") ® B* and f € BMO,(R",B),
then

r dxdr 1
/ / (G a3 @ (.1, G (N Dy g T = 7 / (@G, £))ge dx.

O Rﬂ Rll

Proof. Firstly we consider a € L°(R") and f € BMO(R"). In order to prove that

T dxdr 1
/ / G (@, NG 0 (N N = / a(x) f(x) dx. (28)
0 Rn R~

we use the ideas developed in the proof of [13, Lemma 4].
According to [13, Lemma 5] we can write

o0

dxd
/ / |G 4a.c(@) (& D]|Grtac (N, t)|fo <C[Sa@] L1 g,

0 R?

()| oo nys 29)
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where
1/2
S (@) (x) = (/ / |Grta, C(a)(y,t)|2dr):fl> , xeR",
0 |x—y|<t
and
r(B) /2
Iol(f)(x)=21£(|B| f/|g£+aC(f)(y t)|2dyd> , xeR"

Here B represents a ball in R"” and »(B) is its radius.
We are going to show that the area integral operator S, is bounded from H é (R") into

L'(R"). According to [19, Theorem 8.2] S is bounded from H.(R") into L'(R"). Then,

it is sufficient to see that S, — Sp is bounded from L!(R") into itself.
By using Minkowski’s inequality we obtain

1/2
d
(/ / 1G240 5. 1) — Gr.c (@)1 Ll’)

0 |x—y|<t

172
dyd
/|g(z)|(/ / 19, [PE* (v, 2) — PE (. 2] ,Lf) dz, geL'(R").

0 |x—y|<t

Since,

t0:[PEY (v, 2) — PF(y, 2)]

o2/ @s) 2
( _)(e_as_l)wfz(yvz)dss y,ZER", t>0,

7 / (3
by employing Minkowski’s inequality and (7) it follows that

00 1/
dydt
(/ f |t8;[Pt£+a(y’Z) — PIL(}’»Z)ZHZ t')’)""l )

0 |x—y|<t

s — 1 [ [ ) 2dydr\”
— — 8. L
/ T (/ / lte B WE(y, 2))| th) ds

0 |x—y|<t

|e—(ot+n)s — eS| _C(t - )/dedt 1/2 )
s¢ $2(1 — e~ Hsyn/2 / f pr ds, x,zeR".

0 0 |x—y|<t
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By taking into account again that |e_(°‘+")s —e ™| < Cse ™, 5 € (0,00), and that 2+
|z — y|2 > (£? + |z — x|?) /4, when |x — y| <, we can write

o0 dydt 2
</ f |t8t[Pt£+°‘(y,Z) - Pzﬁ(y’z)“z ;Jrl )

0 |x—y|<t
0 1/2
e=esgmcl=al’/s ey dyd
/s
S C/ S(l _ e—4s)n/2 / / -1 ds
0 0 |x—y|<t

00 2
efcsefc\xle /s
c. < n
<C/ G2 ds, x,zeR".

0

Then,

i dydr\"? [ oo
L L 24y e ¢
/(/ / 10, [P (v, 2) — PE(y, 2] ,n+1) dx<C/ 77 ds <C,
0

R M0 |x—y|<t

zeR".

Hence, the operator Sy, — Sy is bounded from LY(R") into itself.
Our next objective is to see that I, (f) € L>°(R"). Let xo € R” and rg > 0. We denote
by B the ball B(xg, rg) and we decompose f as follows

=0~ f)xp+(f — fp)xgm\p* + fpx = f1 + f2+ f3,

where B* = B(xg, 2rg).
According to [2, (4)], since y (H, C) = H, we can write

2dydt zdtdy

lBl//|gc+a<c(f1)(y,t)|

<EB[|f<x>—fB* 2dx

By using (8) we can proceed as in [13, p. 338] to obtain

lBl//!gz:+acc(f1)(yJ)|

< Clf Wgmop@ny (30)

0
1 dydt
o / f G +ac (00 < ClLF Byio oy G1)
0 B

If ro > p(x0), since Gr4q,c(1) € L(R", H) (see Section 2.1), then
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o
1 adydt _ | fp)? 2
o [ [16cracmonPZE <L [16e ool
|B| t |B|
0 B B
<Clfp+ > < CllSf g, oy (32)

Suppose now that ry < p(xp). According to (15), we have that

Griac(D(x, 1) = WET(1)()).—2 4y du.  x €R" and 1 > 0.

o0
12 / e 3
Vax | W
0
By (14) it follows that, for every x € R” and z > 0,

—(a+n)z ,—c(1—e~%)|x|?
o, WEte (1) ()| < €& ¢

(p(x))?
¢~ max e~/ (P p=c/(p(x)?) 1
<C : <C :
(p(x))? (p(x)1/2z3/4

Then, we conclude that

t

1/2
—) , xeR"andt > 0.
p(x)

190 e 0] < c(

The arguments developed in [13, p. 339] allow us to obtain
ro
ﬁ f [ G40 U0 P L < ClLF 0y (33)
0 B
Putting together (30), (31), (32) and (33) we get
ro
% f / 1G24 cD0 DL < U o e,
0 B

where C does not depend on B, and we prove that I, (f) € L (R").
Sincea € H é (R"), from (29) we deduce that

8

S—

dxd
/|g£+a,<c(a)(x,t)||g.c+a,<c(f)(x, t)|th < o0, (34)

Rn
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Then,

o0

/ G va (@), DG ra (), r)—
0

]Rn

xdt

= lim //gua(c(a)(x DG va,c(f)(x, 1)

N—o0
1/N R"

Let N € N. By interchanging the order of integration we obtain

N
dxd
f / G tac(@ (.G rac(F) . )
1/N Rn
dtd
=/f(y) / Griac(Gtac@ )y, D= Ly,
Rr 1N

We are going to justify this interchange in the order of integration. For that we will see that

N
dyd
/ / £ / 110, PEY (x, )Gy (@) 1) 22 o (35)

1/N R
By using (8) it follows that

/|t3tPt£+“(x,y)|/|t8tPt£+°‘(x,z)Ha(z)|dzdx
R}l

Rﬂ
<C [ la@)| ! ! dxdz
= (x — Z|2 + t2)(n+1)/2 (Jx — y|2 + t2)(n+1)/2
R~ R~

t
C a(z)| ————dz, x,yeR"andt>0.
/’ Qe Y
R)l

Suppose that supp(a) C B = B(0, R). We have that

/yta,Pf+“(x,y)|/|ta,P,‘5+“(x,z)||a(z)|dzdx
R}l n

< Cllallpeewny < y€B*andt > 0. (36)

¢
(1+ [yDr+1



3836 J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856

On the other hand, if y ¢ B* = B(0,2R) and z € B, then |z — y| > |y|/2. Hence, we get

/|ta,P£+°‘(x,y)|/|¢3,Pf+“(x,z)|}a(z)|dzdx
Ril Rn

< CR"|lal| oo @) y¢ B*andt > 0. (37)

1
(t+yhr+t’

Since f € BMO,(R"), (36) and (37) imply (35).
By taking into account that a € L>(R") we can write, for every x € R” and 7 > 0,

Grta,c(Grrac@C, 1)), )=

= _g£+a,C( Z ll\/2|k| +n+ ae*11«/2|k|+n+a (a, hk)hk) (x, t)m:t
keN"

=12 (2lkl +n +a)e VG ().
keN"

Note that the last series converges uniformly in (x, #) € R" x [a, b],forevery 0 <a < b <
00. We have that

N
d
/gﬁ-ﬁ—a,(C(QCﬂx,(C(“)('»tl))(yvt)lntht

1/N
N
=3 (@ () 21k + 1 + ) / 1 o=20/ TR g,
keNn N
! 1
— Z (a, hk)hk(y)[—i 21k| +n +a<Ne—2N¢m _ ﬁe_% 2|k|+n+a>
keNn
RN T _eﬁm)}
4
! 1
y eR".

According to (8) it follows that

tla(z)|
sup|Grya,c@(y, )| <Csup | ——————=dz < Cllallpomn
,>o| o | >0 (t+1z—yhrH! &
R)l
C
y € B¥,

g —’
(1+[yh+!
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and by proceeding as in (8) and using (7), we get

te—cyliz=yl

— _d
t+lz—yh

sup|Gria,c(@)(y. )| < Csup / la2)]
t>0 t>0 2

vl t
< Cllall Lo @mye P! /—dz
h ) (t+lz — yhr+!
R}l

< 76‘ B*
Sy F
In a similar way we can prove that
sup| P (@) ()| € —————. yeR".
10 (1+[yhr+!

‘We conclude that

C
su g g a)(-,t t <—) eR".
Ne% / L+a,C £+a(C( )G, 1))()’ )\tl t (1+|y|)"+1 y
Hence, for every increasing sequence (Ny,)men C N, we have that
dxdt
/ f Ot c(@) (6, 0G24 ()6, 1)
0 R»
dtd
/ £O) lim / G s (G s 0@ 1) 0 D T
l/N
because f € BMO,(R").
Then, (28) will be proved when we show that
. dt _aly) .
Jim f Grtac(Geiac@m)0, = — ==, nL*(R"). (38)

1/N

In order to see that (38) holds we use Plancherel equality to get

2
d
/ Griac(Grtac@C ), l)m:th _a)

1/N

L2(R")
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= [ta.hi)

2|21kl +n +a <_N62N«/m n %e§4ﬁ2k+n+a>

2
keN"
2
_ 1(672N4/—2\k\+n+0t _ o 2RFFRFY) 1
4 4

The dominated convergence theorem leads to

2
d
/ g£+0l(c g,c+(x (a)( tl))(y’t)lll l—t — M

l/N LZ(R")

hm =0.

Thus, the proof of (28) is finished.
Suppose now that f € BMOg(R",B) and a = )"
bjeB*, j=1,...,m e N. We have that

j=1ajbj, where aj € L°(R") and

o0

/ / Gt v @ 1), G4 () D)5
0

Rn

dx dt

Zi dxdt

j=1

j=

/ Gt o @) Db G s (1), D)o e

xdt

O\

[ Grrac@))(x. G rac((bj. fE5) (. 1)
R»

Since, (b;, f)B*B € BMO,(R"), j =1,...,m, the proof can be completed by us-
ing (28). O
We now prove (27). Let f € BMO(R", B). We denote by A the following linear space

A= span{a: ais an atom in H}(R")}.

We have that
I fllBMO - R B) = sup ‘ /(f(x),a(x))E pr dX
ac AQB* '
lall g1 o ey <1 K"

Note that, according to [21, Lemma 2.4] A®B* is a dense subspace of H é (R™, B*). More-
over, since B is UMD, B is reflexive and B* is also a UMD space. Hence (H é R, B*)* =
BMO,(R", B).
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By Proposition 2.4 we deduce that

T dxd
/(a(x)v f('x))]B*,B dx =4/ /(g£+a,B*(a)(x’ t)’ gﬁ—‘ra,B(f)(x’ t))[g*’Etha

R» 0 Rn
acAQB*.

Proposition 2.5. Let Y be a Banach space. Suppose that g € BMOy(R",Y) and h €
HZ (R™, Y*) such that

[ 119,500 lax <0
Rn

Then,

S ClAll g ge v+ I8 BMOL R, Y)-

‘ / (1), ()., dx
Rﬂ
Proof. Note firstly that g defines an element T, of (H é (R™, Y*))* such that

Tg(a):f(a(x)7 g(-x))Y*’Yd-xv

Rn

and

a0, ). s

R”

< C”a”Hé(R”,Y*) llgllBmo, ®n,yy,

provided that a is a linear combination of atoms in H E(R”, Y*). Moreover, it is well-
known that the function F(x) = (a(x), g(x))y* v, x € R", might not be integrable on R”
when a € HE(R", Y*). On the other hand, if g € L*°(R", Y), then g € BMO(R",Y),

T3(a) = /(a(x),g(x))y*’ydx, aeHL(R", YY),
Rll

and

~ 1
< C”allHZ(Rn,y*)”g”BMOL(R”,Y)v ae HE(Rns Y*)-

’ / (a(x). §(0)),. , dx

R
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Let ¢ € N. We define the function @, : ¥ — Y by

b
By(b) = { 2 bl > e,
b Iblly < €.

’

@, is a Lipschitz function. Indeed, let by, by € Y. If ||b1|ly = £ and ||b2]ly = ¢, then

b
<Hb _p, Iy
Ik

Ib1lly
Ibally |

by 127
Dy (by) — Py(b
” ¢(D1) e( 2)||y H ||b1||Y 621y Iy

< b1 = bally +lIb2]ly |1 — 2|by = bally.

Moreover, if ||b1||y < € and ||b2||y = ¢, it follows that

thy by
D(b)) — Dy (b =|b
EACHEEACN N ‘ oally b2l

b1 = b2lly + [I1b2lly — €] < l1b1 = bally + Ib2lly — b1l

< b1 — bally + ||b2 —

1 —

<

< 2([by = bally.
We define the function g¢(x) = ®@¢(g(x)), x € R". We have that g € BMO/(R",Y) and
llgellBMo. vy < CllgllBmo - e, y). Moreover,

ae.x e R".

)

(). g0 () 4| < |(BG. g))y.

By using convergence dominated theorem, since limg— oo(h(x), ge(x))y*y =

(h(x), g(x))y*y ae. x € R", we deduce that

‘ / (). g(0))y y dx| = lim ‘ / (h(x), g (). y dx

Rn Rn
< Cel_l)rgonl’lHHé(Rn’Y*)”gEHBMOg(R”,Y)

S ClAllg e yslglBmo @) O

Suppose that a = Z'/'?:lajbj, where a; is an atom for H}:(R") and b; € B*, j =

1,...,m € N. Then, according to Theorem 1.2 for H é (R™, B*), we have that

Gryam (@ =) b;Griaclaj) € HE(R", y(H, BY)).
j=1

If (eg)jz";l is an orthonormal basis in H by taking into account that y(H,B)* =
y (H,B*) via trace duality we can write



J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856 3841

<g£+a,IB* (a)(xv ‘), g[:+a,B(f)(xv .)>y(H,IB%*),y(H,]R)

m

Z(b]guac(a,)(x ). G210 B (), 5oy 15)

f ee(r)
0

du d
f ee(r) f G 4a,0a) (5 0G L (b, S 8) (e, el S
0 0

—

3

ud
(610 4c@) (6 1), G (P D) Bez(u)—f

HP”ﬂ
uMg

O"\

o0

Mg

2

d
Lo (@) (6 )G ra o (b f)EeB) (. ”TI

.
I
-

Il
3
P 0\8 I

Il
o

d
(G sas @50, G (D) 5

.
I
-

3

d
(G s @0, O (Hx D)y 5 5 ac xR

0\

Moreover, since (b, f)pB € BMOs(R"), j =1, ..., m, from (34) we deduce that

/|<g£+a,B* (a)(-x’ ')a gﬁ+0{,]]33(f)(-xv .)>y(H,IB*),y(H,]B) | dx

Rn

<y / f e ac@) (0] (b, Fae5)
jlen 0

Hence, according to Proposition 2.5 and the results proved in Section 2.2 we get

’ / (), £@)ge =4’ / (G @ ). Grras (D), 1 ey 1.5y 45
R? Rr

< C ” g[:+0t,]B3* (a) ” Hé (R",y (H,B*)) ” g£+a,]B (f) ” BMO - (R",y (H,B))

< Cllall gy g gy |G+ 8O gy @y 1.3y
We conclude that

”f”BMO[;(]R”,]B) <C ”gﬁ-i-a,IB(f) HBMOL(R”,}/(H,IB))'
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2.4.  We are going to show that, for every g € H é (R", B),

”g”Hé(R”,]B) <C ”gﬁJra,IB%(g) ” HL(R",y(H,B))" (39)

Suppose that a € A ® B, where A is defined in Section 2.3. Since B is UMD,
(H}(R",B))* = BMO,(R", B*), and we have that

feBMO . (R",B*
I/ smo ; mn ) <1

lall g e ) = sup ‘ /(f(x), a(x))g, 5 dx|.
) n

Moreover, for every f € BUO(R", B*), since G4 p+ is bounded from BMO (R, B*)
into BMO . (R", y (H,B*)) (see Section 2.1), again by Proposition 2.5 it follows that

‘/(f(x)’a(x»l&*,]}% dx| < C[Grram(f) HBMOL(R",;/(H,]B%*)) |Gc+an@] HL(R",y(H,B))
Rn

< C”f”BMOL(R",]B*) gE—i—a,IB%(a) ” Hi(R",)/(H,B))'

Hence,
lall 1 @n gy < C|Ge40B@ | g1 gy 13-

Since A ® B is a dense subspace in Hll; (R",B) and G4 B is bounded from Hé (R", B)
into H é R"*, y(H,B)) (see Section 2.2) we conclude that (39) holds for every g €
H}(R",B).

3. Proof of Theorem 1.3

3.1.  'We are going to prove that the operator Tf ", is bounded from BMO £ (R", B) into
BMO/(R", y(H,B)). The corresponding property for Tjﬁf when n > 3 can be shown in a
similar way.

We consider the function §2 defined by

2 P24
! /e YWE(x, y)ds, x,yeR'andt>0
Q(xsy’l)z— (8x+x] ¢ 3 3 ) .

/4 S3/2 J s

& 0
We have that

1142 [1—e>

(8xj +XJ)WS£(X,y) = (xj — Em(xj _y]) - Em()ﬁ +yj) Wsﬁ()ﬁ y)’

x,yeR"and s > 0.
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Note that |a| < |a + b| + |a — b|, a, b € R. Then, it follows that, for every x, y € R” and
s >0,

1—e
-2 -2
X exp _l £| —y|2 g|x+y|2 )
8\1—e 2 14e%

As in (7) we obtain, for every x, y € R” and 7 > 0,

p 1 e~ 28 n/2
’(axj'dl_xj)Ws (xvy)‘<C 1_e23< 4S)

efc(terleylz)/sefns
s3/2(1 _ 8745)(n+1)/2

o0
|20x,y,0)| < Ct2e*6<leylz+lylley|)/

o0
e—CHlx—yP)/s

2 ,—c(lx—yPP+lyllx—yD
< Cte / S ds
0
12e—c(x=yP+Iyllx=yl)
(40)
(t 4 |x — ypr+2
Hence, it follows that
o0 1/2
[ $2( ), <cC —c(x=yPP+yllx=yD / £ dt
X, ¥, xte 54
St =y
0
e—Ccx=yP+Iyllx—yD
<C , x,yeR' x#y. 41)

lx —y|*

Leti =1,...,n. We can write, if i # j,

1 1+e—23 11—
axi(axj +xj)Ws£(X,)’) = - <xj - Em(xj —yj) - Em(xj +)’j)>
114e 5 11—e %
<21_ (i — )+ 2T<xi+yi>>vvf<x,y>,

x,yeR"and s > 0,
and

By, (B, +x)WE(x, y)

2e% 1l4e™ 11—
T Tli—em P\ T 2T W T Ty m
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11+e—2S( )+11
21— AR N B

x,yeR"and s > 0.

(x, +y,)>}W£(x,y),

Then, we get, for each x, y € R"” and s > 0,

L 1 e_zs n/2
!axi(ax,+x,~)ws(x,y>|<cl_e_25< 4S)

1—e

1(1+e 1—e™2
X exp| —¢ ﬁ| x =yl +7_zs|x+y|

8\1 I+e

By proceeding as above we obtain

C
||3x,-!2(x,y,-)||H<W, x,yeR", x#y.
In a similar way we can see that
C n
||3y19(x,y,-)||H§—|x_y|n+1, x,yeR" x#y.

Putting together (42) and (43) we conclude that

C

L P L T

(42)

43)

According to [2, Theorem 2] the operator Tf+ is bounded from LZ(R",B) into

L*(R", y(H, B)). Moreover, the same argument we have used in Section 2.1 allows us

to show that, for every f € L°(R", B),

TE () = ( / 206, v, )f () dy) (1), ae.x ¢supp(f).
Rn

By taking into account (13), for each x € R" and s > 0, we obtain that

’ 1 e_zs n/2 1— e—4s 1—
(O +x) W (D(x) = m(m) (1 - m)xj CXP(—W

Hence, Minkowski’s inequality leads to

[e.e]

I e oLy < [ G510 4 pWE L 000y

|x|2).
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o]

< cfe—s [Vu@y, +xpWEM )|, ds <C. xeR"
0

In a similar way we can see that V, Tf+(1) € L®°(R", H).

By using Theorem 1.1 we conclude that Tﬁr is bounded from BMO,(R",B) into
BMO.(R", y(H,B)).

3.2. We are going to see that Tf+ is a bounded operator from H Z(R”,]B) into

H é (R", y(H,B)). The boundedness property of Tf_ can be proved in a similar way, for
n>3.

In Section 3.1 we saw that Tf 18 a Calderon-Zygmund operator. Hence, it follows
that Tf . can be extended from L>(R",B) N L'(R",B) to L'(R", B) as a bounded oper-
ator from H'(R”,B) into L' (R", y (H,B)) and from L' (R",B) into L1 (R", y (H, B)).
Moreover, according to [2, Theorem 2], Tf+ is a bounded operator from H 1(]R”, B) into
L'(R", y(H,B)) and from L'(R", B) into L"*°(R", y(H,B)). By using (41), the pro-
cedure developed in Section 2.2 allows us to see that the operator Tﬁ+ is bounded from
H}(R",B) into L'(R", y (H,B)).

We consider the maximal operator S defined by

S(Hx) = 555” PE(TE (D)@, .y

According to Proposition 2.2 the proof of our objective will be finished when we establish
that the operator S is bounded from H}.(R", B) into L' (R").
The maximal operator M, given by

M. (g) = SUISH Pf”(g) ”y(H,IB)
5S>

is known to be bounded from L?(R", y(H,B)) into L?(R"), for every 1 < p < oo,
and from L'(R",y(H,B)) into L“*°(R"). Since Tﬁr is bounded from L”(R"*, B)

into L?(R", y(H,B)), 1 < p < oo, from L' (R",B) into L1 (R", y(H,B)), and from
H'(R",B) into L' (R", y (H, B)), the operator S defined by

S(f)(x.s.1) = PEY2(TE (/)¢ 0)(x)
is bounded from L?(R",B) into LP(R", L*°((0,00),y(H,B))), 1 < p < o0, and from

H'(R",B) into L1 (R", L((0, 00), y (H, B))).
According to [33, Lemmas 4.1 and 4.2] we have that, for every f € L2°(R") ® B,

S(F)(x,s8.0) = 1@, +x)PE()x), x€R"ands, > 0.
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We consider the function

st [ e—(+D2/0)

Var u3/?
0

x,yeR" x#yands,t>0.

Y(x,y,s,t)=t

(x, +x,))WE(x, y)du,

By proceeding as in (41) we can see that

e C(x=yP+Iyllx=yD

||y(xvyv'v')”Lw((O’OO)’H)<C ) xvyEan x#)” (44)

lx — yI”

and

C
Hny(x, Y "')“LOO((O,oo),H) + ”Vyy(x,y, 's')”LOO((o,oo),H) S W

x,yeR", x#y.

Moreover, as in Section 2.2 we can see that, for every g € L2°(R") ® B,
S(g)(x,s,1) = (/y(x,y, -«)g(y)dy)(s,t), x & supp(g),
RVI

being the integral understood in the L*°((0, 00), y (H, B))-Bochner sense.

Vector valued Calderén—Zygmund theory implies that the operator S can be extended
from L2(R",B) N L'(R*,B) to L'(R",B) as a bounded operator from L'(R",B) to
LV (R", L®((0,00), y(H,B))) and from H'(R",B) into L'(R", L*®((0, c0),
y(H,B))). In order to see that S is in fact bounded from L!(R",B) into L% (R",
L>®((0, 00), ¥ (H,B))) and from H'(R", B) into L' (R", L>((0, c0), y (H,B))), we can
proceed as at the end of the proof of Proposition 2.3.

By taking into account that

e (44) holds,
e S is bounded from L'(R”, B) into L'>*°(R", L*®((0, o0), y (H, B))),
e Sis bounded from H'(R”, B) into L' (R", L*®((0, 0), y (H, B))),
we can prove, by using the procedure employed in the final part of Section 2.2, that S is

bounded from H}.(R", B) into L' (R", L*((0, 00), y (H, B))).
Thus the proof of Theorem 1.3 for Tﬁ_ is finished.

4. Proof of Theorem 1.4

Theorems 1.2 and 1.3 show that (i) implies (ii) and (i) implies (iii).



J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856 3847

Suppose that (ii) is true for some j =1,...,n.Let f =Y 1", f;b;, where f; € H L(R”)
and b; eB,i=1,...,m € N. We denote by RE the j-th Riesz transform in the Hermite
setting (see Appendlx A for definitions). Accordmg to Proposition A.2,

R (f)=)_biRF (fi) e H-(R") ®B.
i=1

By applying [33, Lemmas 4.1 and 4.2] we get, for every atom a for H é ®R"),
TF (@) =—GracRE (@)

Moreover, T] and Go o c o R 4 are bounded operators from H} (R") into H} (R, H)
(see Theorem 1 3, Proposition A 2 and Theorem 1.2). Then, we have that

TS (8)=—Gr12cRT 4 (9), g€ HL(R"),

and this implies

TF (f)=—=Gr2BRF (f).

‘We can write

”R +(f)||H R, B) = C”g£+ZBRJ +(f)||H (R",y(H, B))_C“ +f||H (R",y (H,B))

< C”f”HZ(R”,]B)'

Since HE(R”) ® B is a dense subspace of HE(R",IB%) [21, Lemma 2.4], H'(R",B) C
H}(R",B) and H}(R",B) C L'(R",B) [27, Theorem 4.1] implies that Rf L can be
extended to LZ(R",B) as a bounded operator from L*(R",B) into itself. Then, from
[1, Theorem 2.3] we deduce that B is UMD.

Assume now (iii) holds for some j =1, ..., n. By proceeding as above, this time ap-
plying Proposition A.1, we can see that, for every f € LX(R") ® B,

“R +(f) ”BMOL(R" B) X C”f”BMOL(R” B)- (45)

Let [E be a finite dimensional subspace of B. By taking into account that L °(R") ®
E =LPR" E) C BMO-(R",E) and BMO,(R",E) c BMOR",E), from (45) and
[27, Theorem 4.1] we deduce that R - can be extended to L>(R",E) as a bounded op-
erator from L2(R", E) into itself and

| RS () | 2@ gy S CIFl2n sy, f € L(RYE),
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where C > 0 does not depend on E. Hence,
L 2
[R5+ D 2y S CUfNp2@n 3y, f € L*(R") @B
From [1, Theorem 2.3] it follows that B is UMD.
The proof of the result when ch . and G 4o  are replaced by Tjﬁf and Go_» B, respec-
tively, can be made similarly, for every n > 3.

Appendix A

The Hermite operator L can be written as follows

L= —%[(V+x)(v—x)+(v—x)(v +x)].

This decomposition suggests to call Riesz transforms in the Hermite setting to the operators
formally defined by

Rfi=(3xj:|:xj)£7l/2, j=1,....n (46)
(see [33] and [37]).
Let j =1,...,n. We denote by e; the j-th coordinate vector in R”. It is well known
that

@y +x)he = k) Pl @Oy = x)hie = =2kj +2 Phige;, @)

for every k = (ky, ..., k,) € N".
The negative square root £~1/2 of £ is defined by

LG = [ P f e R),
0
We have that
1
L7120 = —(f h)hy, L2(R"). 48
N keZNn _2|k|+n<f Khe,  f e L*(R") (48)

Equalities (46), (47) and (48) lead to define the Riesz transforms R][.E 4 by

2k;
RE - L ) g—e L2(R"),
e kXNj S ey f € L2(RY)
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and

2k; +2
RE - £ b hicre L2(R").
T = kZNn A S ey € (R")

Plancherel equality imply that R][.: 4 is bounded from L%(R") into itself. LP-boundedness
properties of Rf . were established by Stempak and Torrea in [33] (see also [39]). They

use Calderén—Zygmund theory and show that Rf .. are singular integrals associated to the
Calder6n—Zygmund kernels

R (x,y)= /(ax_,. £x)PF(x,y)dl, x,yeR", x#y. (49)

RL "4 can be extended from L2(R™) N L?(R") to L?(R") as a bounded operator from

LP(R") into itself, 1 < p < oo, and from L!'(R") into L-°°(R") [33, Corollary 3.4]. We
continue denoting by Rf . the extended operators.

In the following propositions we analyze the behavior of Rf 1. J=1,...,n, in the
spaces BMO(R") and H}.(R").

Proposition A.1. Let j = 1,...,n. Then, the Riesz transforms Rjﬁ L are bounded from
BMO £ (R") into itself.

Proof. We only analyze Rf +- The operator Rjé_ can be studied similarly. In

[3, Section 4.3] it was shown that the operator Rjé LXj £-Y2 is bounded from BMO - (R")
into itself.
We consider now the operator 7 = x jﬁ’l/ 2. By (4) we can write

Ti(Hx) = / £(f)(x)— /M ., fdy, feL*(R"),
0
where
Mix,y)=—= f £(x, y) , x,yeER' x#y.
0

According to [8, Lemma 3] the operator 7 is bounded from LZ(R”) into itself.
We are going to show that

e—Cc(x=yP+lxllx—yD

|Mj(x,y)|<C , x,yeR"andx #y,

lx —y|*
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and
’VxMj(x,y)|+’VyMj(x,y)|§W, x,yeRn andx;éy.
By using (7) we deduce
00 2 1—e2t 2
|M;(x, y)| < Clx|e—cr—yPxliv—yD [ € /e )|x+y|)dt
JEVIS PICES)Yp)

0

< C(lx+yl+|x — yl)ememyPeliimsh

1
e—cUx—y*/t+tlx+y?) N
X / pTERYYE dt + e )

0

1
—clx—y|?/t
—c(lx—y2+lx|lx—y]) e
< Ce </ NOFYE dt+1)
0

e—cUx—y*+x|lx—yD)

, X, yeR" x#y.

N

lx — y|"

Leti=1,...,n.Forevery x,y € R*, x # y, and i # j, we have that

o0
1+e‘2’ 1—e2 r dt
O Mj(x,y)=— 5 ]TX/ 2t(z yz)'f‘ﬁ(xi‘f‘)’i) Wi (X’y)ﬁ,
0
and
o
1 1+e2
ijMj(x,y)=ﬁ/<1 —xjﬁ( —Yj)
0

1— e—2t

dt
L
_xjm(xj +)’j)>Wt (x, y)—.

Ji

Hence, by (7) we get

|, M (x, y)|

o0
|x | _ dt
<c/(1+| |—y (x4 yl+x—y)(1—e 2’)|x+y|>Wf<x,y>$
0



J.J. Betancor et al. / Journal of Functional Analysis 263 (2012) 3804-3856 3851

e—c\x—y\z/te—ct dt Ooe—c\x—ylz/t
sC (1—e~4)ntD/2 /7 s¢ t(1+3)/2 di
0 0

C

<W, x,yeR", x#y.

In a similar way we can see that, foreveryi =1,...,n,

C n
’3yiMj(x,)’)| gm, x,yeR" x#y.

According to (13) we can write

® /2 —4¢
1—e 2\ dt
Ti(Hx) = (n+])/2/<1+e—4t> eXP(-wlxl >$ x eR".
0

It follows that

b —ctlP i
T (1) ()| <C|x|(/ ‘ 7 dz+e—C'X'2/e—'“dt) <C, xeR
0 1

Moreover, forevery i = 1,...,n, i # j, we have that
o
ax,-Tj(l)(X)Z_xsz / Wﬁ(l)(X) , xeR",
NG
0
and

o

dt n
3, T (1) (x) = f/( ~Tiar )W{C(l)(x)ﬁ, x eR".

Then, we can deduce that VT (1) € L (R").
By [3, Theorem 1.1] we conclude that 7'; can be extended to BMO . (R") as a bounded
operator from BMO (R") into itself. O

Proposition A.2. Let j = 1,...,n. Then, the Riesz transforms R].E . can be extended from
L2(R™) N Hé (R™) to H}J (R™) as bounded operators from Hé (R™) into itself.

Proof. We study the operator ch iy R].L_ can be analyzed in a similar way.
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By taking in mind Proposition 2.2 it is enough to see that Rf 4 can be extended as a
bounded operator from H é (R"™) into L!(R") and that the operator G defined by

G(f)(x.1) = PE2(RE () (),

is bounded from Hé(R") into LL(R", L®°(0, 00)).
In [33, Theorem 3.3] it was proved that the Riesz transform RJ.L + is a Calderén—
Zygmund operator associated to the kernel given in (49). Thus, in order to see that R]L.: +

can be extended as a bounded operator from H 2 (R™) into L'(R"), we only need to show
that

e—cUx=y*+yllx=yD)

IR, (x.y)|<C . x.yER" x#y (50)

lx — y|"

and then reasoning as at the end of Section 2.2. Estimation (50) follows from (40).
Now we establish that G can be extended as a bounded operator from H E(R") into
LY(R", L°°(0, 00)). We observe that (see [33, (4.1) and (4.3)])

2k i
GHx, =" ﬁe—f AR, Y g—e ()

keNn k| +
=RE (PE(H)).  feL*(RY).

We consider the function
o0
Clx,y,t)= /(ij +xj)Pt€rS(x, y)ds, x,yeR"andr € (0, 00).
0

This function C satisfies the following L°°(0, co)-Hermite—Calderén-Zygmund condi-
tions:

124 ylx—
e—CUx=yI"+Iyllx=yD

1CCr 3, o000 S € , x,yeR" x#y (51)

lx — y|"
and

c
lx — y| 1

x,yeR", x#y. (52)

” ViClx, y, ')”Loo«),oo) + HVyC(x, Y ')HLw(o,oo) <
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Indeed, by (40) it follows that

oo

. , t+s
C, v, ) < e~ Cr=yPyllx=yD g ds
ey im0 o) (st -yt
0

e—cx=yP+yllx—yD)

< Csup
=0 (E+Ilx—yD"

e—cUx=yP+yllx—y)

P , x,yeR" x#y.

In order to show (52) we can proceed in a similar way.
Suppose now that f € CZ°(R"). We can write

G(f)(x,t)=fC(x,y,t)f(y)dy, x ¢ supp(f) and ¢ > 0.

R}l

Let x ¢ supp(f). Note that, for every y € R", the function g, ,(t) =C(x,y, ) f(¥), t €
(0, 00) is continuous, lim; s« gx,y(t) =0, and there exists the limit lim,_, o+ gy, y (7).

We denote by Cy([0, 00)) the space of continuous functions on [0, co) that converge
to zero in infinity. Co([0, 00)) is endowed with the supremum norm. The dual space of
Co([0, 00)) is the space of complex measures M ([0, c0)) on [0, 00).

By (51) we have that [, [IC(x, y, )ll%0,00)| f ()| dy < co. We define

Lx(f)=/C(x,y,-)f(y)dy,
Rl‘l

where the last integral is understood in the C ([0, 00))-Bochner sense. Let 1 € M([0, 00)).
We can write

e Lo cotonn = | LD = [ [ coysrdue sy
[0,00) R” [0,00)

= / /C(x,y,S)f(y)dydM(S)-

[0,00) R"

Then,

L(f)) = /C<x, v fG)dy, 1€[0,00),
Rn
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and we conclude that

G, 1) = (/C(x,y, -)f(y)dy)(t), 1 € (0, 00),

RH

where the integral is understood in the C¢([0, co))-Bochner sense.
Rf 4 is bounded from L2(R™) into itself. Moreover, the maximal operator

PE2(g) = sup| PEF (g)|
t>0

is also bounded from L2(R") into itself. Hence, G is bounded operator from L2(R™) into
L2(R", L*(0, 00)).

According to Banach valued Calderén—Zygmund theory we deduce that G can be ex-
tended to L' (R") as a bounded operator from L!(R") into L Loo(R ,°°(0, 00)) and from
H'(R") into L' (R", L>(0, 00)).

By proceeding now as in the final part of Section 2.2, (51) allows us to conclude that G
can be extended to H Z (R™) as a bounded operator from H é (R™) into L' (R", L*(0, 00))).
We denote by G this extension.

Suppose that f € H é (R™). There exist a sequence (a;);eN of atoms for H é (R™) and a
sequence (;);en of complex numbers such that ) oo, |A;| < ocoand f =) i, A;a;. Since
this series converge in H é (R"), we have that

G(f)=) xGa). inL'(R",L¥(0,00)).
i=1
Then, for every ¢t > 0,
GHCD=Y rGa).n=Y xPE2(RE (@), inL'(R").
i=1 i=1

Moreover, for every t > 0,

oo
PEVIRE (f) =) MPFY(RY (a). in L'(R").
i=1

We conclude that
G(f)C.t)=PFA(REL(f). t>0,

and the proof of this property is finished. O
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