Theoretical
Computer Science

S

Theoretical Computer Science 251 (2001) 1-166

www.elsevier.com/locate/tcs

Fundamental Study
L(A) = L(B)? decidability results from
complete formal systems

Géraud Sénizergues™!
LaBRI, UMR 5800, CNRS et Université Bordeauxl, 351 Cours de la libération,
33405-Talence Cedex, France

Received 26 May 1998; revised 23 May 2000; accepted 13 June 2000
Communicated by M. Nivat

Abstract

The equivalence problem for deterministic pushdown automata is shown to be decidable.
We exhibit a complete formal system for deducing equivalent pairs of deterministic rational
boolean series on the alphabet associated with a dpda .#. We then extend the result to deter-
ministic pushdown transducers from a free monoid into an abelian group. A general algebraic
and logical framework, inspired by Harrison et al. (Theoret. Comput. Sci. 9 (1979) 173-205),
Conrcelle (Theoret. Comput. Sci. 6 (1978) 255-279) and Meitus (Kybernetika 5 (1989) 14-25
(in Russian)) is developed. (©) 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

We solve here the equivalence problem for deterministic pusdown automata (see
Section 1.2), which was an open question in formal language theory and also, undi-
rectly, in semantics of programming languages (see Section 1.1). We use several ideas
and techniques which appeared in previous works on the subject (see Section 1.3) and
also introduce some new ones. We aim to give a self-contained and readable exposition
of our solution (see Section 1.4).

1.1. Motivation

1.1.0.1. Origins The notion of context-free grammar and context-free language were
introduced in the late 1950s [8], as a mathematical model for approximating natural
languages. Their possible utilization for defining the syntax of programming languages
was quickly recognized [30,50]. The notion of pushdown automaton was then devised
in order to fit with this class of grammars [9,10]. Let us recall that this class of
formal languages constitutes level 2 of Chomsky’s celebrated hierarchy, whose level 1
is the class of regular languages (introduced in [41]). The efforts towards devising
subclasses of context-free grammars allowing an efficient left-to-right parsing algorithm
converged towards the definition of LR(k) grammars [42]; in the mean-time several
definitions of the notion of deterministic pushdown automaton were given [29,31,64]
which define the same class of languages? which is nothing else than the class of
LR(k) languages.?

1.1.0.2. The equivalence problem for deterministic pushdown automata In [29] the
authors investigate the mathematical properties of deterministic pushdown automata.
After having proved some positive algorithmic results, for example:

e it is recursively solvable to determine for an arbitrary deterministic language L and
a regular set R whether L =R (Theorem 5.1, p. 645),

they show some negative results, for example:

e for arbitrary deterministic languages L,L’, it is recursively unsolvable to determine
whether L C L' (Theorem 5.3, p. 646, point (b)).

They conclude their article by mentioning the question:
“is it recursively unsolvable to determine if L, =L, for arbitrary deterministic
languages L; and L,”?

2 We do not know if a formal proof of this statement exists, but this is asserted in [29, p. 621, footnote
1] and believed by us.

3 The fact that LR(k) grammars generate exactly the deterministic languages in the sense of [29] is
formally proved in [42, Theorem, p. 628, Theorem p. 630].
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From the beginning, the solvability of the problem when L, is rational (see above)
and its unsolvability when the equality relation is replaced by the inclusion relation
make this question likewise mysterious (hence mathematically attractive).

1.1.0.3. Partial solutions This question has motivated a huge amount of works which,
altogether, constructed increasing subclasses of dpda’s where the answer was positive 3
and also increasingly sophisticated methods to prove so. The decidability of the above
question (we name it the “equivalence problem for dpda’s”) was established for many
subclasses. Let us mention some important such subclasses where the equivalence was
proved decidable even though the inclusion problem was undecidable. ®

o the subclass of dpda’s with one state and no e-transition [40],
e the case where one dpda has one state and no e-transition and the other is general

[34],

e the subclass of dpda’s with only one stack symbol [80] (another related result is
also [38],

e the subclass of LL(k) grammars [62], generalized by the subclass of non-singular
dpda’s [78],

e the subclass of finite-turn dpda’s [4,79],

e the subclass of dpda’s with no e-transition, with empty final configurations [56,59]
(a more general result implying this one is also [75]),

e the subclass of dpda’s with no ¢-transition, with arbitrary final configurations [55,60].

1.1.0.4. The equivalence problem for program schemes Let us say that two programs
P,Q are equivalent iff, on every given input, either they both diverge or they both
converge and compute the same result. It would be highly desirable to find an algo-
rithm deciding this equivalence between programs since, if we consider that P is really
a program and Q is a specification, this algorithm would be a “universal program-
prover”. Unfortunately, one can easily see that, as soon as the programs P, compute
on a sufficiently rich structure (for example the ring of integers), this notion of equiv-
alence is undecidable. Nevertheless, this seemingly hopeless dream lead many authors
to analyze the reason why this problem is undecidable and the suitable restrictions
(either on the shape of programs or on the meaning of the basic operations they can
perform) which might make this equivalence decidable.’ Informally, one can define
an interpretation as an “universe of objects together with a certain definite meaning
for each program primitive as a function on this universe” and a program scheme

4Even though, from this point of view, no practical application was expected.

5 Let us call positive a proof of the solvability of the equivalence problem for some class of automata,
i.e. we forget the negative way in which Ginsburg and Greibach raised the question.

6 All the decidability results concerning classes of languages which are boolean algebras, are omitted
in this introduction. They are, of course, interesting by themselves, but one can hardly hope to adapt the
corresponding methods to the equivalence problem for dpda’s.

7 This second point of view appears to be quite pragmatic; even approximate decision procedures appli-
cable to programs for which equivalence is undecidable were developed (see, for example [39]).
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as a “program without interpretation” [49, p. 205, lines 5-13]. Several precise math-
ematical notions of “interpretation” and “program schemes” were given and studied
([12,13,24,28,36,39,44,49,52,57,61,63], see [19] for a survey). Many methods for ei-
ther transforming programs or for proving properties of programs were established but,
concerning the equivalence problem, the results turned out to be mostly negative: for
example, in [44, p. 221, lines 24-26], the authors report that “for almost any reasonable
notion of equivalence between computer programs, the two questions of equivalence
and non-equivalence of pairs of schemas are not partially decidable”. Nevertheless, two
kinds of program schemes survived all these studies:

e the monadic recursion schemes, where a special ternary function if-then-else has
the fixed usual interpretation: in [28] the equivalence problem for such schemes is
reduced to the equivalence problem for dpda’s and in [24] a reduction in the opposite
direction is constructed;

o the recursive polyadic program schemes: in [12,13], following a representation prin-
ciple introduced in [61], the equivalence problem for such schemes is reduced to the
equivalence problem for dpda’s and conversely.

1.1.0.5. Other links Some other Turing-equivalent problems on semi-Thue systems
were also found (see [67] for a survey) and formulations in terms of bisimulation
equivalence of infinite graphs (or processes) have been found too (see [6] for a survey).

1.2. Results

We prove in this article the following results.

Theorem 87. It is recursively solvable to determine if L(4)=L(B) for arbitrary de-
terministic pushdown automata A and B.

This theorem was exposed in [69,71] and proved in [70]. We give here a revised
proof and a simplified “proof-system” for all the pairs of equivalent “deterministic
rational boolean series” (see Section 1.3 and the system s in Section 10).

Corollary 180. The equivalence problem for monadic recursion schemes (with inter-
preted if-then-else), is decidable.

Corollary 181. The equivalence problem for recursive polyadic program schemes
(with completely uninterpreted function symbols) is decidable.

Theorem 177. It is recursively solvable to determine if T(A)=T(B) for arbitrary
deterministic pushdown transducers A and B, with outputs in an abelian group H.

This theorem extends Theorem 87 which corresponds to the case where H = {1}.
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1.3. Techniques

1.3.0.6. Deterministic series and matrices This idea appeared in [34]. One of the
difficulties encountered in manipulating the configurations of a pushdown automaton
(a configuration is a pair (state, stack-word)) is that no nice algebraic operation seems
naturally defined on them. We propose to overcome this difficulty by embedding the set
of configurations into a larger set: the set of deterministic rational boolean series which
is endowed with a partial sum, a product, a partial star. This notion of deterministic
rational boolean series is exactly the notion of set of associates defined in [34] and
generalized here to infinite rational sets. In connection with the ideas of [47,48] we
have then generalized this notion to vectors and to matrices. This allows then to define
a notion of linear combination of deterministic rational boolean series.

1.3.0.7. Deterministic spaces The notion of linear independence of languages (and
also of configurations) appeared in [47]. Let us sketch this idea for prefix languages.
We recall that a language L is said to have the prefix property if, for every u,v €L,
if u is a prefix of v, then u=v. Similarly, we shall say that a vector of languages
(ot1,00,...,0,) is a prefix vector iff U?_,o; is prefix and for every i #j, o; No; =(. Let
(Ly,Ly,...,L,) be a family of prefix languages:

(1) Either for every two prefix vectors (o1, 0%2,...,%), (1, 52,--+>Pn)
Do Li=> Bi-Li = (1,00,....0) = (B, B2 Br)
=1 i=1

(2) or, there exists some iy € [1,n] , and a prefix vector (y1,72,--.,7,), such that

n

Ly, = Zyi -L; where y;,, =0

i=1

When (1) (resp. (2)) is true, the family (L;,L,...,L,) is said linearly independent
(resp. linearly dependent). In other words, if (1) is not true, then (2) must be true.
The adaptation of this idea to equivalence of configurations (instead of equality of
languages) was technically non-obvious because, even when (1) is shown to be untrue
by a pair of vectors «, § defined by configurations, the vector y appearing in (2) need
not be still defined by a configuration. But we prove that it always corresponds to a
deterministic rational boolean vector (Lemma 30).

We are then naturally led to consider, for every given set of deterministic rational
boolean series {U;|i €1}, the set of all deterministic rational linear combinations of
these series. We call such a set the deterministic space generated by {U;|i€[}.

1.3.0.8. Deduction systems This idea appeared in full generality in [14]. We expose
this idea in details in Section 4. A deduction system is a kind of formal system, i.e.
a set of assertions together with a set of axioms and deduction rules. The originality
of these systems stems in the fact that the notion of proof allows some loops. Such



G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166 7

“looping proofs” are guaranteed to be correct as soon as some cost-function is strictly
increasing at every deduction step. We introduce in Section 4.3 a deduction system
9, which treats assertions of the form U =V, where U,V are “deterministic rational
boolean series” and U =V means that U and V define the same deterministic, cf.
language.

1.3.0.9. Strategies A strategy is a method allowing to find a proof of the fact that
two configurations (or series) are equivalent. A basic step of all the usual strategies is
to replace a pair

U=v (1)

by the finite set of all pairs obtained by letting one terminal letter x € X act on both
sides:

{Uox=V0ox, xeX}.

Such a step in the construction of a proof is called a T step.
In [78, p. 68], is introduced a second kind of step called a replacement, which
introduces, from a pair (1), another finite set of pairs

u=v, uv=v" 2)
such that
U=V & U =V and U'=V").

In the case of finite-turn or real-time dpda’s [4,55,78,79], the sequences of pairs (U, V;)
obtained by a suitable alternation of 7, steps and replacement steps are
“smooth” in the sense that the lengths of both sides have similar variations.

We define here a kind of replacement called 7 (because it is also analogous with
transformation 73 of [40]), which creates from two pairs

u=v, U=V 3)
a new pair

u'=vr" “4)
such that

U=Vand U =V U=V and U"'=V").

This transformation consists in replacing the pair U'=V' by the new pair U =V"
under the hypothesis that U = V. This type of replacements also leads to somewhat
“smooth” sequences of pairs in an algebraic sense which is sketched below.

1.3.0.10. N-stacking sequences Let us call a %p-tree the (possibly infinite) tree ob-
tained from an initial true equation U =V by the above strategy. We show that this



8 G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166

tree has “smooth branches” in the following sense: on every infinite branch b = (x;)o<;,
there exists:

e a “short sequence” of nodes

()i <i<ig-+Lay

(where L,k are constants),
e a “small” generating set

9 ={U;|1<i<do}

(where dj is a constant),
e and d integers

K1,K2,.. 'st() € [i07 iO +Ldo]

such that all left- and right-hand sides of the equations at nodes Xiey> Xicys -+ Xy,
belong to the deterministic space generated by %, and have small coefficients on the
generating set .

We are faced with a system of d, linear equations linking only d different series. The
“linear independence” idea (explained above) can then be applied to cut the branch
b (we name T the precise tranformation allowing to cut a branch containing such a
system of equations). At end, we obtain from the initial ¥jg-tree a finite jpc-tree
which is a proof in the formal system .

1.4. Organization of the paper

The overall organization of the paper should be clear from the table of contents. Let
us give additional hints to the reader.

The main result, Theorem 87, is obtained in Section 9. In particular, Sections
10-13 are not needed to establish this theorem. The crucial part of the proof of
Theorem 87 is Section 8.3, whose general idea is explained in the last paragraph of
Section 1.3. The precise realization of this idea turns out to be complex and combines
all the intermediate results of Sections 2.1-8.2. In some sense, everything in Sections
2.1-8.2 has been written in order to fit in some argument of Section 8.3.

Once this main result is established we give refinements, generalizations, examples,
applications and perspectives (Sections 10—13):

e Section 10 is devoted to successive simplifications of the deduction system %, so
as to obtain a last system &5 which is quite simple and is still complete.

e In Section 11 we generalize the classical equivalence problem for “boolean dpda’s”
to “H-dpda’s”: these are dpda’s whose transitions have outputs in some group
H. We show that when H is abelian, the equivalence problem remains decidable
(Theorem 177).

e Some examples of proofs in our formal systems are given in Section 12.
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e We give Section 13 some immediate applications either to formal language theory or
to other areas of theoretical computer science. We than sketch perspective of other
applications or extensions of the methods and results.

2. Preliminaries

2.1. Pushdown automata

A pushdown automaton is a 6-tuple M4 =(X,Z,Q,0,q0,z0) where X is the terminal
alphabet, Z is the finite stack-alphabet, Q is the finite set of states, go € Q is the initial
state, zo is the initial stack-symbol and 6: QZ x (X U{e}) — Z(QZ*), is the transition

mapping.
Let ¢, €Q,w,0' €Z*,z€Z, f€X* and acXU{e}; we note (qzw,af)r 4
(oo, f) if ¢’ €d(gz,a). v 4 is the reflexive and transitive closure of — . For

every qo,q'w’ € 0Z* and f€X™*, we note quw »L,{ go' iff (qo, )= (¢, ¢).
M s said deterministic iff, for every z€ Z,q € Q:

either Card(d(gz,¢)) = 1 and for every x € X, Card(d(gz,x)) =0, 5)
or Card(d(gz,¢)) = 0 and for every x € X, Card(d(gz,x))<1. 6)

M is said real time iff, for every gz € QZ, Card(d(gz,e)) = 0. A dpda .# is said
normalized iff, for every gz € QZ, x€X:

g o' € dgz,x)=|0'|<2 and ¢'o’ € d(gz,) = |o'| = 0. (7)
Given some finite set F C QZ* of configurations, the language recognized by M with
final configurations F is defined by L(4,F)={weX™|3c€F,qoz Su c}.

2.2. Deterministic context-free grammars

Let .# be some deterministic pushdown automaton (we suppose here that .# is
normalized). The variable alphabet V, associated to .# is defined as

Vauw=A{lp.z4llp.qc 0z €Z}
The context-free grammar G, associated to .# is then
Guy={(XVP),

where V =V,
P is the set of all the pairs of one of the following forms:

([p.z.qL.x[P 21, P" NP 22, 9)), (®)
where p,q, p’, p” € 0,x€X, p'z12z; € d(pz,x)

([p.z.q1.x[P".2, q]), 9)
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where p,q, p' € 0,x€X, p'z’ € §(pz,x)

([p,z.4q],a), (10)

where p,q€ Q,ae X U{e},q € d(pz,a). Gy is a strict-deterministic grammar. (A gen-
eral theory of this class of grammars is exposed in [33] and used in [34].)

We call mode every element of QZU{e}. For every q€Q, z€Z, gz is said
e-bound (resp. e-free) iff condition (5) (resp. condition (6)) in the above definition
of deterministic automata is realized. The mode ¢ is said ¢-free. We define a mapping
w:V*—Q0zZuU{e} by

we)=¢ and w(p,zq]-p)= pz

for every p,q€Q, z€Z, BcV*. For every we V* we call u(w) the mode of the
word w.

For technical reasons (which will be made clear in Section 7), we suppose that Z
contains a special symbol e such that, for every g € 0,d(ge,¢)={q} and im(J)C &
(O(Z — {e})*). Equivalently,

Vge O, ([g.e.ql.e) P (11)

and

V(U,W)EP, WE(V_{[paenq:Hp’qEQ})*' (12)

2.3. Free monoids acting on semi-rings

2.3.1. Semi-ring K{W))

Let us consider a semi-ring (K, -+, -, 0k, 1) and an alphabet W. By (K{(W),+,-,0,¢)
we denote the semi-ring of series over the set of non-commutative undeterminates W,
with coefficients in K:

the set K({(W)) is defined as K”"; the sum and product are defined by VS, T e K",
we w*,

(S+T)w) =SwW)+T(w); (S-TYw)= Y S(w)- T(wa).

W -Wr=w

Each word w € W* can be identified with the element of K"~ mapping the word w on
I« and every other word w' #w on 0Oy; each scallar k €K can be identified with the
element of K"~ mapping the word ¢ on k and every word w’' #¢ on 0. A family of
series (S;)ies is said locally finite iff, for every w e W™*, the set {i €1|(S;)(w)#0} is
finite. The sum

DS

iel
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of a locally finite family is defined as usual. Every series S €K{W)) can then be
written in a unique way as

where, for every we W*, S, €K.
We recall that for every S € K{W})) such that S, = 0, (S"),en is locally finite and
S* is the series defined by

S* = ZS”. (13)

neN

The semi-rings K considered in this paper® are naturally endowed with a notion of
sum

>k
il

for every denumerable family (k;);c; of elements of K which extends the notion of

sum for locally finite families. Given two alphabets W, W’ and two semi-rings K,K’, a

map Y : K(WY) — K (W' is said o-additive iff it fulfills: for every denumerable family
(Si)icr of elements of K{(W)),

Y <Z &-) = > WS (14)

iel iel

Let us denote by C(K’) the center of K/, i.e. the set {keK/,Vk' €K',k -k'=k" - k}.
The following property of K{(#)) will be used in the sequel: for every semi-ring K’,
alphabet W', maps 4 : K — K’ which is a semi-ring homomorphism and yx(K) C C(K’),
Y : W —K'(W")), there exists a unique c-additive semi-ring homomorphism

Y K(w) — K' (W) such that, Vk € K ji(k) = Y (k), Yo € Wah(v) = Y (v)
(15)
A map Y K{W) — K{W') which is a semi-ring homomorphism, a g-additive map

and which fixes every element of K, will be called a substitution. The support of S is
the language

supp(S) = {w e WS, # Ok}.

A series S such that supp(S) is finite is called a polynomial. By K(W) we denote the
set of polynomials with coefficients in K and undeterminates in W. It is a sub-semi-ring

of K((W)).

8ie. K=B or K=B(V)) in Sections 2-10, K=B{H)) or K=B{H)){(V)), where H is a group, in
Section 11.
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2.3.2. Semi-ring B{W))

Let (B,+,-,0,1) where B={0, 1} denote the semi-ring of “booleans”. In this partic-
ular case (which is the only case considered in Sections 2—10), we sometimes identify
a series S with its support. The usual ordering < on B extends to B{(/#)) by

S<S"iff vw e W*,S,, <8,
2.3.3. Actions of monoids

Given a semi-ring (S, +,-,0,1) and a monoid (M, -, 1,,), a map o:SxM — S is called
a right-action of the monoid M over the semi-ring S iff, for every S,7 €S, m,m’ € M:

Oom=0, Soly =S, (S+T)om=(Som)+ (T om)
and
So(m-m')y=(Som)om'. (16)

A right-action o is said to be a g-right-action if it fulfills the additional property
that, for every denumerable family (S;);c; of elements of S and m € M:

(Zsi) om=>_(Som). (17)
i€l iel

2.3.4. The action of W* on B{(W))
We recall the following classical g-right-action e of the monoid W* over the semi-
ring B(W)): for all S€B(W)),u,we W*

(S b ”)w = Syw

(i.e. S o u is the left-quotient of S by u, or the residual of S by u). For every S € B{W))
we denote by Q(S) the set of residuals of S:

QS)={Seu|lucw"}.

We recall that S is said rational iff the set Q(S) is finite. We define the norm of a
series S € B((WW)), denoted ||S|| by

IIS|| = Card(Q(S)) € NU {o0}.

2.3.5. The action of X* on B{(V))

Let us fix now a deterministic (normalized) pda .# and consider the associated
grammar G. We define a o-right-action ® of the monoid (X U {e})* over the semi-
ring B{(V')) by for every p,q€Q, z€Z, V™, xeX

[p.z.q)- p@x = > mex| B, (18)

([pzgql.m)EP.y
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[p,z,q]-ﬁ@e:ﬁ iff ([P,ZaCI]aﬁ) GP://; (19)
[PaZ,‘]] : ﬁ KQe= @ lﬂ ({[p»z,q]} X V*) mP,/l/ - Q)a (20)
e@x=0, exe=0. (21)

A series S € B{(V)) is said e-free iff Ywe V™, S, =1= w(w) is e-free. We define the
map

ps:B{V) — B{(V)
as the unique g-additive map such that
p:(0) =10, pe)=c¢
and for every p€Q, z€Z, q€Q, V¥,
pe([p,2,q] - B) = p:(([p,2,q] ® €) - B) if pz is &-bound and,
p([p:z.q]- B) = [p,z.q] - B if pz is e-free.

The above definition is sound because, by hypothesis (7), every [p,z,q] ® e is
either the unit series ¢ or the empty series (). One can notice that for every we V™,
p:(W)EV*U{D}. We call p, the e-reduction map. We then define ® as the unique o-
right-action of the monoid X* over the semi-ring B{(V)) such that: for every
SeB{V), xeX,

SOx= pz:(pz:(S) ®X).

One can notice that if u £ ¢, then S © u is ¢-free. Let us consider the unique substitution
@ :B{V)) — B({(X)) fulfilling: for every p,q€Q, z€Z,

o([p,z,q)) ={u € X" [[p,z,q] Ou = ¢}

(in other words, ¢ maps every subset L C V'* on the language generated by the grammar
G from the set of axioms L).

Lemma 1. For every S€B(V)), ueX*,

(1) @(S)=@(p(S)),
2) o(SOu)=@(S)eu (i.e. ¢ is a morphism of right-actions).

Proof. Let p,g€Q, z€Z, BEV*, X €X. One can check on formulas (18-21) that
e if [p,z,q] is e-bound, then

(P(([p’27Q] ' ﬂ) Y 6) = (P([p,Z, ('I] : ﬁ)

e if [p,z,q] is e-free, then

o(([p2,9] - B) @ x) = ([ p,2,q] - B) ® x.
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By induction on |w|, it follows that, Vw € V'™,

P(p(w)) = p(w),  @(w O x) = p(w) e x.

By c-additivity of ¢ and induction on |u|, the lemma follows. [J
We denote by = the kernel of ¢, i.e. for every S,T € B{V')),

S=T < o(S)=¢(T).

3. Series and matrices

3.1. Deterministic series and matrices

We introduce here a notion of deterministic series which, in the case of the alphabet
V' associated to a dpda .#, generalizes the classical notion of configuration of ./ . The
main advantage of this notion is that, unlike for configurations, it is possible to define
nice algebraic operations on these series: a product, a partial sum and a kind of star
operation.

Let us consider a pair (W,—) where W is an alphabet and — is an equivalence
relation over W. We call (W,—) a structured alphabet. The two examples we have in
mind are:

e the case where W =V, the variable alphabet associated to .# and [p,4,q]—
[p,A",q']iff p=p’ and A=A' (see [33, Proof of Lemma 11.5.2])

o the case where W =X, the terminal alphabet of .# and x — y holds for every x, y € X
(see [33, Proof of Lemma 11.5.2]).

3.1.1. Definitions

Definition 2. Let S € B{W). S is said left-deterministic iff either
(1) S=0 or

(2) S=e¢eor

(3) Iwpe W™, S, =1 and Yw, w € W*,

Sy=8y=1=[F4, A €W, w,wieW* A—A,w=A4-w and w' = 4"-w}].

A left-deterministic series S is said to have the type @ (resp. &, [4]_) if case (1)
(resp. (2), (3)) occurs.

Definition 3. Let S€B((W)). S is said deterministic iff, for every uc W*, S e u is
left-deterministic.

This notion is the straighforward extension to the infinite case of the notion of (finite)
set of associates defined in [34, Definition 3.2, p. 188].
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We denote by DB((/7)) the subset of Deterministic Boolean series over . Let us
denote by B, (W) the set of (n,m)-matrices with entries in the semi-ring B{(W)).

Definition 4. Let meN, SeB; (W) :S=(S1,...,S). S is said left-deter-
ministic iff either
(1) Vie[l,m], Si=0 or
(2) Jipe[1,m],S;, =¢ and Vi#iy, Si=0 or
(3) Jip€[1,m],S;, #0 and, Yw,w' € W*, Vi, j€[1,m],
(S, =(8)),, =1=[34,4" € W,wi,w € V5A—A' ,w=A-w; and w =4"-w}].

A left-deterministic row-vector S is said to have the type @ (resp. (&1ip), [4]-) if
case (1) (resp. (2), (3)) occurs.
Notice that S =(S,...,S,) is left-deterministic iff

[¥i.j € [1,m], supp(S;) N supp(S;) # 0 = i = j] and
ZSj is left-deterministic | .
j=1

The right-action e on B({()) is extended componentwise to B, ,{(W)): for every
S=(si;), u€ W*, the matrix T=S eu is defined by

ZL,‘,j =Si; ® U
The ordering < on B is also extended componentwise to B, ,, ().

Definition 5. Let S € By, (W)). S is said deterministic iff, for every u€ W*, Seu is
left-deterministic.

We denote by DBy, (/7)) the subset of deterministic row-vectors of dimension m
over B{(W)).

Definition 6. Let S€B, ,(W)). S is said deterministic (resp. left-deterministic) iff, for
every i €[1,n], S;. is a deterministic (resp. left-deterministic) row-vector.

Let us notice first some easy facts about deterministic series.

Fact 7. Let S€DB{W)). For every T €B{(W),uc W*
(1) T<S=TeDB({W),
(2) S e ucDB(WY.

3.1.2. Residuals
Lemma 8. Let SE€DB(W)), TeB(W), ucW* If Seu#0 then (S - T)eu=
(Seu)-T.
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Proof. Let SEDB(W)), T €B{(W)), uc W*, such that Seu (. Let u’,u” € W* such
that u=u"-u”,u"” #¢ and let w € supp(S). If weu' =¢ then Seu’ =¢ (because Seu’
is left-deterministic), hence Seu==ceu’ =(), which would contradict the hypothesis.
It follows that

Vu' < u, Vw € supp(S), weu #e.
Hence,

Yw; € supp(S),Vw, € supp(T), (w;-wy)eu=(w;eu)-wy.
This proves that (S-T)eu=(Seu)-T. [

Lemma 9. Let SEDB(W)), TeB(W)), ue W* and U=S - T. Exactly one of the
following cases is true:
(1) Seu0;
in this case Ueu=(Seu)-T.
2) Seu=0, W v, u=u - -u',Seu' =¢;
in this case Ueu=Teu".
3) Seu=0,vu'<u,Seu' #¢;
in this case Ueu=0=(Seu)-T.

Proof. Clearly, one of the hypotheses (1)—(3) must occur. Let us examine each one
of these cases.

In case (1), by Lemma 8, Ueu=(Seu)-T.

In case (2), Ueu=(Ueu')eu” and by case (1), Ueu' =(Seu’) - T. It follows
that Ueu=Teu".

In case (3), if S=10, the conclusion of lemma is clearly true. Let us suppose now
that S # () and let v’ < u be the maximum prefix of u such that S e’ # (). Then, there
exist some 4 € W,u" € W* such that u=u'-A4-u" and there exist some By,...,B, €W,
Si,...,S,€B(W) — {0} such that S e u'=3,_, B, - S, and Bi—
-+ ~Bj— ---— B, (because S eu’ is left-deterministic). By maximality of u’, 4 does
not belong to {Bj,...,B,}, hence

Ueu= ZB,»~Si-T ed|l e =0eu =0. O

1<i<q

Lemma 10. Let S€DBy (W), T€Bu (W), ue W* and U=S - T. Exactly one
of the following cases is true:
(1) 3j, Sjeud {0,¢};
in the case Ueu=(Seou)-T.
(2) Fjo, W " u=u"-u",S;, o' =¢;
in this case Ueou' =T, e u".
(3) V), S;eu=0,Yu'<u,S;eu' #¢,
in this case Ueu=0=(Sou)-T.
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Proof. Let us note S=(S;)i1<j<m I =(I;)i1<j<m Clearly, one of hypotheses (1)—(3)
must occur. Let us examine each one of these cases.

In case (1), every 3-tuple (S;,T;,u) fulfills case (1) or (3) of Lemma 9, hence
(S;-T;)eu=(S;eu)- T;. Hence,

Ueu= Z Sj-Tj)eu= Z (Sjou)y-Tj=(Seou)-T.

I1<j<m I<j<m

In case (2), Seu’ must be left-deterministic of type (e,/o), hence Vj# jo,S; e u' =0.
It follows that

Ueu=T;,eu"

In case (3), every 3-tuple (S;, 7;,u) fulfills case (3) of Lemma 9, hence (S;-T;)eu=0
=(S;eu)- T;. It follows that

Ueu=0=(Seou)-T. O

Lemma 11. Let S€DBy ,,(W), T €B,, (W), uc W* and U=S - T. Exactly one of
the following cases is true:

(1) 3j, Sjeug {0}
in this case Ueu=(Seu)-T.

(2) Fjo, " u=u"-u",S; eu' =¢;
in this case Uou=T, ,eu’.

3) Vi, V' <u,S;eu=10,S; 0u #¢;
in this case Uou=0*=(Seu)-T.

Proof. Let us notice that for every k €[1,s]:
Ui =S8-T. (22)

and that the hypothesis of the 3 cases considered in Lemma 10 depend on the vector
S and the word u only (but not on the integer k €[1,s]). In case (1), by Lemma 10,
Vk e[l,s]

Ucou=(Sou) Ty,

hence Ueu=(Seou)-T. Cases 2 and 3 can be treated in the same way. [J

Lemma 12. For every S€B, (W), T €B,, (W), if S and T are both left-deter-
ministic, then S - T is left-deterministic.

Lemma 13. For every S € DB, (W), T € DB s(W)),S - T € DB, s(W)).
(This statement appeared first in [34, Lemma 3.5, p. 190] for n=s=1.)

Proof. As the notion of deterministic matrix is defined row by row, it is sufficient to
prove this lemma in the particular case where n=1. Let us note U=S-T. Let uc W*.
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Let us show that U eu is left-deterministic. Let us consider every one of the 3 cases
considered in Lemma 11. In case (1) or (3),

Ueu=(Seu)- T
and in case (2),

Ueu=Teu".
In both cases, by Lemma 12, U e u is left-deterministic. [
3.1.3. Rational matrices, norm

Let us generalize the definition of rationality of series in B{(W)) to matrices. Given
M €B, (W) we denote by Q(M) the set of residuals of M:

QM)={Meuluec w"}.
Similarly, we denote by Q,(M) the set of row-residuals of M:

Q.M)= |J am;.).

I1<i<n

M is said rational iff the set Q(M) is finite. One can check that it is equivalent to the
property that every coeflicient M; ; is rational, or to the property that Q.(M) is finite.
We denote by RB,, ,,{(W)) (resp. DRB,_,,{(W))) the set of rational (resp. deterministic,
rational) matrices over B{{/)). For every M €RB,, ,{(W)), we define the norm of M
as

|M|| = Card(Q,(M)).
Lemma 14. Let A€ DB, (W), B € Bus(W)). Then |4 -B|<||4| + |IB]|

Proof. Let A=(aiz).B=(bi,).C=4 - B,C=(c;;). Let 1<i<mHeQ(Cpx). Let
u e W* such that

H=C,ou=(4;. -B)eu

We apply Lemma 11 to S =4; x and T =B. If case (1) or (3) of Lemma 11 is realized
then

H=(4;.ou)-B.
If case (2) of Lemma 11 is realized then
H = By,.ou".

The number of residuals H obtained by case (1) is less or equal than ||4| and the
number obtained by case (2) is less or equal than ||B||. This proves the inequality. [J
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314 W=V
Let (W, —) be the structured alphabet (V,—) associated with .# and let us consider a
bijective numbering of the elements of Q:(q1,92,.-,4x,). Some particular “vectorial”

notions turn out to be useful:

e we define a Q-series as a family S =(S;),eo such that the row-vector (S,,,S,....,
Sqng) is deterministic,

e we define a O-form as a family @ =(®,),co of deterministic series; more gener-
ally a Q — A-form (where A€ N — {0}) is a family of deterministic row-vectors:
P =(P,),eco with &, DB, (V) for every g€ Q.

Given a Q-series S and a Q-A-form @, their Q-product S * @ is the deterministic row-
vector defined by

Sxd=>Y 5,
q€Q
Given the above ordering of the elements of O, one can identify the O-series (S;), e 0
with the row-vector (S;,,S,,,. .. ,San) and the Q-/-form (@,), c ¢ With the np-A-matrix:
¢‘11

2,
2y,
The Q-product appears then to be just the ordinary product of matrices.
Let us define here handful notations for some particular row-vectors or Q-series.
Let us use the Kronecker symbol 0;; meaning ¢ if i=j and 0 if i#j. For every
1<n,1<i<n, we define the row-vector & as

n n s S
& = (& i<j<n Where Vj, &, = 0i,j-

We call unit row-vector any vector of the form ¢'.
For every 1<n,1<m, we denote by ()" € DBy ,{(V')) the row-vector:

0" =(0,....0)
and we denote by ()7, € DB, ,(V')) the matrix:
@l’l
0}’1
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For every w € Z*, p,q € O, [pwq] is the deterministic series defined inductively by

[pegl =0 ifp+#q, [peql =¢ ifp=gq,

[pog]l =Y [p.A.r]-[ro'q] if =4 for some 4 € Z,w € Z".
reQ

(In particular, [pAq]=[p,4,q].)
By [pw] we denote the Q-series:

[pw] = ([ pwg])geo-

(In particular [¢;]=¢¢.) These QO-series represent faithfully the configurations of .#
in the sense that, for every e-free configurations gw,q’e’ and word f € X™*,

gobs 440 iff [go] o f =[do] (23)
By [w] we denote the O—Q-matrix:

[0] = ([p©q]) peo.qc0-
Here also we identify [w] with the matrix ([q,‘a)qj])lgigngﬁlgjgng € DBy, (V)
Let us consider the componentwise extension of ¢ to row-vectors. For every
2€N —{0},S €By (V) we define ¢(S) € By (X)) by
VjielLa,  @(S); = @(Si)).
We then extend = to |J; ., B1,,{(V)) by: for every A€ N —{0},5,5" €By (V)
S=58<oS)= o(S). (24)

The next lemmas relate the mapping p. and right-action ® with the right-action e.

Lemma 15. Let 2€ N — {0},S € DBy ;{(V)):

(1) there exists vE V™ such that p,(S)=Seuv,
(2) pu(S) =S

Proof. We treat first the case where A =1, i.e. S is a series.

If for every w € supp(S), p:(w) =0, then p.(S)=0, which is a residual of S, hence
point (1) of the lemma is true. Moreover, in this case every w € supp(S) contains a
letter [p,z,q] which is e-bound and such that [p,z,q]®e=0, hence S = 0= p.(S),
which establishes point (2) of the lemma.

Let us suppose now that there exists some wy € supp(S) such that p,(wp)=w’ € V'*.
Then wo =[p1,z1,q1]1* - [ Pn>Zn> qn]- W', where n >0 and for every i € [1,n], [ pi,zi, qi]1®
e=¢e. Let us set v=[p1,z1,q91]" [ Pn>2n,q,]- We consider the set of words

D(D) = {Ul ! [Pj+1»Zj+lsCI}+1]s 0<]<n - 17 q;'+1 € Q’ Ul = U(j)’q_;'+1 7é qj+1}7

where v(j) denotes the prefix of v with length i.
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We set
S'= Y w-(Sew). (25)
w € D(v)

It is clear that, as S is deterministic:
S=v-(Sev)+S. (26)

Moreover, one can check that, for every we D(v), p.(w)=0 (because the letters
[Pj+152j41, 541 ] Fulfill po([pjs1,2j41,4),11) = 0). Hence p.(S')=0. As S is determinis-
tic, S e v must be left-deterministic of the same type as w’, hence S e v is ¢-free. Using
now (26) we obtain

p(S)=Sev+Ph=Seu (27)

Point (1) is then proved. Applying ¢ to the two members of Eq. (26) and using point
(1) we obtain that

O(S) = (v - p(S)) = @(v) - P(p:(S5)).

But, by the hypothesis on the letters [ p;,z;, g;], (v) = ¢. It follows that @(S) = @(p.(S)),
i.e. point (2) is true.
Let us treate now the general case. Let S =(S},...,S},...,S;). Let us consider S= Zj-:]
S;. Let us apply the above arguments (and notations) on S.

Case 1: Yw € supp(S), p(w)=0. In that case p,(S)=0*=Sev (for some vc V'*)
and S = p.(S).

Case 2: Iwy € supp(S), p(wo)=w' € V*. For every j€[1,7],

Si=v-(Sjev)+ > w-(Sjew). (28)
w € D(v)

where pg(v):s,ps(zweD(U) w-(S;jew))=0 and S;ev is efree. It follows that for
every j€[1,4], p.(S;)=S;ev hence

pu(S) =S e . (29)

We also know that ¢(v)=¢, (p(ZWED(U) w - (S;ew))=0, which together with (28)
shows that:

o(S) = @(S e v).

Hence points (1), (2) of the lemma are proved. [

Remark 16. Point (2) of the lemma is also a direct corollary of point (1) of
Lemma 1. The proof given here for point (2) will be re-used in the proof of
Lemma 111.
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Corollary 17. (1) VA€ N — {0},VS € DBy, (V') ps(S) €DBy_, (V).
(2) YAeN — {0},VS € DRBy ;i (V), po(S) € DRBy ; (V).

Lemma 18. Let 1€ N—{0},S €DB_;(V),uc (X U{e})*. One of the three following
cases must occur:

(1) S®@u=0,

2) S® uzs_/i- for some j€[1,4],

(3) Ju, e (X U{e)) 01 €V* p,qe Q. A€ Z,w e Z*, ® Q-A-form such that

u=u - u,SQu =Sev =[qA]* P, S®u=([q4] R uy)* ®,and

[qA] @ uy = [ pw] with |w|>1.

Proof. Let u€ (X U{e})*. Let us prove the lemma by induction on |u].

u=c¢: If SEWU{SJ}: | 1<j<A} then clearly the conclusion of case (1) or (2) is
realized. Otherwise, S has a decomposition as S =[gA4] * @ and the conclusion of case
(3) is realized with u; =up; =¢, v1=¢, p=¢q, W =A.

u=ug-a,ac€ X U{e}: Let us consider the u;, uy, vy, p, q, 4, @, @ given by the
induction hypothesis on .

(S@uy)®@a=(([g4] @ur) x P)® a
and
[qA]l @ u; = [pw], |w|=1.

Let [po] @ a=[p'n'].

Case 1: |n’| =1. Then S ® ua=([q4] ® upa) * ®. Hence conclusion (3) of the lemma
is fulfilled by u} =uy, vy =wa, vy =v1,4' =q. 4" =4,0' =1/, &' = .

Case 2: |n'|=0.

S Qupa = D,.

Subcase 1: &, € {W}U{g/-)' | 1<j<4}. Conclusion (1) or (2) of the lemma is then
realized.

Subcase 2: @, =[r'B]« ¥ for some r' € 0,B€Z, ¥ € DBy ; (V).

Then

S®ua=1[rB]*¥; Se(v[gdr])=®.=[r'B]*Y.

Conclusion (3) of the lemma is then realized by u| =ua,u)=¢,v| =v\[qdr]l,q =7,
A =B o' =B,d'=¥. O

Lemma 19. Let 2N —{0},S€DBy ,{(V),ucX™. One of the three following cases
must occur:

(1) SO u=0,

(2) SQu=¢l for some je[l,1],
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3) Ju,uy €X*,0,€V* g0, ACZ, ®Q-i-form such that

u=uy upp(S)YOu =Sev =[qA]* P and S ©u = ([q4] © uy) * P.

Proof. Suppose that u=x;---x; with [>=1. Let ' =e™xe™ ---x;e™ such that S ©®
u=S8 ® u'. If the hypothesis of case (1) or (2) is realized, it is clear that the corre-
sponding conclusion is realized. Otherwise

W =uuh, S@ui=Seuv =[qA]l*x®, S®u =([qgA]@uy)x P
and
[qAl@ us = [p'o'], |o|=1.

Let uy = Hx(u}),up = Ix (), (where Iy : (X U{e})* —X™* is the projection on the
subalphabet X). If u} =¢, then S ©® u=[g4] * @ implies that [¢A4] is e-free; if u) #e,
together with the condition [¢4] @) & {02} U {e9] p € O} it implies that [¢4] is &-free,
hence that

S@uy = p(S) O u.

The condition that S®u’' =S ®u, [u| > 1 implies that S®u’ is ¢-free, hence that [g4]Qu)
is e-free, so that

[¢4] ® uy = [gA] © uy.

Hence point (3) of the lemma is realized. [J

Corollary 20. (1) VS€DBy;(V),uc X*,S ©ueDB (V).
(2) VS €DRB, ; (V' ),uc X*,8 ® ucDRBy_; (V).

Proof. Let us consider case (3) of Lemma 19. Due to the form of the rules gener-
ating the right-action ® (see Section 2.3), [q4] ® uy is of the form [pw] for some
pEO,weZ* Hence S©®u is the O-product of a O-series by a O-A-form, which is a
deterministic row-vector by Lemma 13. [J

We give now an adaptation of Lemma 11 to the actions ®,® in place of e.

Lemma 21. Ler  S€DB; ,(V), T €Bus(V)uec(XU{e})* and U=ST.

Exactly one of the following cases is true:

(D) S@ug{0"yu{er1<j<m}
in this case U Qu=(S®u)-T.

(2) Fjo, W, v u=u"- u”,S@u’:s_%;
in this case U @ u="T , @ u".

B) V), V' <u,S@u=0" andS@u';ésj’-”;
in this case U Qu=0*=S @u)-T.
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Proof. The arguments used in the proof of Lemmas (8)—(11), can be adapted to ®
in place of e. The only non-trivial adaptation is that of lines 6—7 of the proof of
Lemma 8: let us suppose that u € (X U{e})* is such that

Vu' < u, Vw € supp(S), weu #e& (30)
and let us prove that
Yoy € supp(S),¥ws € supp(T),  (wy - w2) @ u = (wy @ 1) - wa. (31)

We prove by induction on |u| that (30) implies (31).

|u| =0: by definition of a right-action, Vw € W*,w ® ¢=w. Hence conclusion (31)
is true.

u=uy - a, where up € (X U{e})*,ac X U{e}:

Hypothesis (30) is fulfilled by u too, hence, by induction hypothesis,

(w1 -w2) @up = (W) Q@ up) - wa.
If w; ® ug =0, then, by the above equality (w; - w;) ® ug =0 too, hence
(w1 - w) @ upa = 0 = (wy ® upa) - wy,

hence (31) is true.
Otherwise, by hypothesis (30) w; ® ug & {0, ¢}, hence there exists p,q € Q,4 €Z such
that

wi & Uy = [P:AaQ] ©ws.
By definitions (18)—(20)

([p,4,q] - w3my) ®a = ([p,4,q] @ a) - wiw,
hence

(w1 - wy) @ upa = (w1 ® upa) - wy. O

Lemma 22. Let S€DBy ,{(V), T €By{(V),uc X" and U=S - T. Exactly one of

the following cases is true:

(D) Soug{0"yu{er1<j<m}
in this case U Qu=(Sou)-T.

(2) Fjo, ' u" s u=u"-u",p(S O u')=e7;
in this case U © u=py(Tj, . ©u").

(3) V), V' <u,S ©u=0" and p.(S ©u') # el
in this case U Qu=0*=(S @ u)-T.

Proof. Let u=x;---x;. Let us consider which case (as defined in the lemma) occurs.
Case 1: SOu=S®u with u=e" -xje" ---x;e™. By Lemma 21, UQu=(S®u)-T,
and, as S ® it is e-free and & {0"} U {e7'|1 <j<m},

Uu=U0cu, Su=S0u,
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which shows that
Ubu=E ou) T
Case 2: let it =e™ - xje™ - - - x;e™, with 0<i</, such that
p(SOU)=S®i.
By Lemma 21, case (2), where v/ =¢
Ui = Tju
hence U ® v’ = p,(T}, ), hence
UOu=p(Tjp) Ou" = po(Tjy ©u').
Case 3: let u=e™ - x1e™ ---x;e™ such that
U®iu=UO0Ou.
The hypothesis of this case implies that, Vj, Vu'<u,
S®u#e
(because, as &} is e-free, if S®@u=¢}" then p,(S ©u)=¢} too). Hence, by Lemma 21
U®i={".
Hence,
Uou=0"=ESou) T O

The particular letters [ p, e, q] for p,q € O play a special role in Sections 7 and 8: we
use them as marks in the series (somehow like the ceilings of [79]). We define below
a map p, which removes the marks in the series. Let us define p.: DB{(V)) — B{(V'))
as the unique substitution such that

pe[p,e.q]) =¢ if p=gq, pe([presq) =0 if p#gq,
pe[p,A4,q]) = [p,A4,q] if A#e. (32)

We note ¥, ={[p,e.ql| p.q, €0}, Vo=V—V,. A deterministic series S € DB{V)) is
said e-free iff its type is () or (&) or ([ pA]), with 4 #e.

Lemma 23. For every S € DBy (V)
(1) pe(S) € DBy (V).

@) oSl < IS
(3) § = pe(S).

s
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Sketch of proof. We establish first that, for every u € 1,*,3u’ € V'* such that
pe(SYeu=p.(Seu') and Seu is e-free. (33)

Let us prove (33) by induction on |u|.

lu|=0: If p.(S)=0* then (33) is true: it suffices to choose some u’' such that
S e u' = (}*. Otherwise, p.(S) # ()* and, using the determinism of S, one can show that
there exists a maximal integer » such that

3(pi)1<i<n S Qna Se ([plaea Pl] e [pmea pn]) 7é @)v‘

Then «' =[p1,e, p1]-- - [Pn-e, pn] (Where ' =¢ when n=0) satisfies (33).
lul=m+1:u=u;-v; where u; € V,*,|u;| =m,v; € ¥;,. By induction hypothesis there
exists u} € V'™ such that

pe(S)eu; = p.(Seuy) and S eu| is e-free.

If Seuj € {04 ¢f,. ..,sf}, then ' =u{v; satisfies (33). Otherwise let ([ p4]) be the type
of Seu) (p€ 0,4 # e). We then have

Pe(S) @ up = pe(S o uy) (34)
Seu| =[pA]x® (35)

for some Q-A-form @.
Subcase 1: vy =[p,A4,q1] (for some g, € Q). Let us consider the vector @, : by
induction hypothesis, there exists some wj € V'™ such that

Pe(Py) @ & = po(Py, @ w)) and Py, e wy is e-free. (36)
Combining Egs. (34) — (36) we see that u' =u| - [p,4,q:] - w} fulfills:
pe(S) @ (u1 - v1) = (pe(S) @ ur) @ vy
=pe(Seuy)e[p,4,q1]
= pe([pA] x P) o [p.4,q1]
= pe(éql)
= pe(Dy, @ wi)

where Se(u} - [p,4,q1]- w))=®, ew| and &, ew] is e-free. Hence (33) is fulfilled
by our choice of u'.
Subcase 2: v1 € {[pAq:1|q1 € O}

pe(S) @ u1vy = ([ pA] * po(D)) @ v = B,
pe(S @ tjv1) = p(([ pA] * @) @ v1) = p (") = 0"

Hence «' =u/ - v; satisfies (33).
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Let us prove the lemma now. By (33) every residual p.(S)eu is left-deterministic
of the same type as S eu’. Hence p.(S) is deterministic. Moreover formula (33) shows
that [|pe(S)] < IS]]

Let us prove point (3) now. By definition (32), for every veV, v = p.(v). As = is
the kernel of a substitution, this is sufficient to ensure point (3). [

3.1.5. Equivalence on row-vectors

We give here some basic properties of the equivalence = over vectors (defined by
(24)). Let us consider the structured alphabet (X,—) where the equivalence — is the
coarsest one: Vx, y € X,x — y.

Lemma 24. Let 2N —{0},S€DBy ;{(V)),j€[1,A] Then
(1) ($)€DbB;(X).
2) @(S)=¢] & pu(S)=+/.

Proof. (1) Let us suppose that S is e-free. Either S has type @ (resp. (¢,j)), and it is

then clear that ¢(S) is left-deterministic of the same type, or S has type [ pzg]_ for

some ¢-free mode pz and then, ¢(S) is left-determinsitic of type [x]_ (for any x € X).
Let S€DB; ;{(V),u€X*. Let us show that

@(S) e u is left-deterministic. (37)

By Lemma 1 ¢(S)eu= ¢(p.(S ®u)). The vector p,(S ®u) is deterministic (by Corol-
laries 17, 20) and e-free. Hence, by the e-free case, ¢@(p.(S©®u)), is left-deter-
ministic. This proves (37), hence point (1) of the lemma.

(2) By Lemma 1, ¢(S)= ¢(p:(S)), and by the above arguments in the e-free case:
@(p:(S)) has the type (s,j) iff p,(S) has the same type. This proves point (2). [J

Lemma 25. Let A€ N — {0},j€[1,4], S€DB (V). Then ¢(S) ;={ucX*|p,
(Sou)y=¢}.

Proof. By Lemma 1,

uc oS, & ec (S jousec p(p:(S,; ©u)).
By Lemma 24, point (1)

& € p(pu(S1,; O u) & P(p(S O u)) = ¢,
and by Lemma 24, point (2)

P(po(S O u)) =& p(S Ou)=¢].

The above equivalences prove the lemma. [J
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Corollary 26. Let 1€ N —{0},S,8"€DBy (V). Then S=S" if and only if, Yu € X*,
Vi€, 4],

p(S O u) =& & p(S' Ou) =&

Definition 27. For every A€ N — {0},5,5" €B; (V) we define: Div(S,S")=inf{]ul,
ueX* ucp(S)A o(S")}.

Where S A S means >, _;;S;AS), the sum of the symmetric differences of the
components of S and S’. We recall that for A=1, SAS = > .cx- u. We recall also

Su#S,,
that inf(()) = co. From Lemma 25 one can equivalently write

Div(S,8") = inf{|ul,u € X*,3j € [1, 2], (p(S © u) = &}) & (pu(S' @ u) # &))}.
(38)

For every n€ NU {00}, we denote by =, the following approximation of =:
S=,8pS)NXS" x - x X)) =S )NX " x --- x X").
(Hence =, is just =.) By Lemma 25 one can equivalently write

§=,8 & [VueX"Vje[1,4,(pS © u)=¢/)) & (pS' ©u)=¢})].

3.1.6. Operations on row-vectors

Let us introduce two new operations on row-vectors and prove some technical lem-
mas about them.

Given A4,B€B; (W) and 1<jo<m we define the vector C=AL); B as
follows:

if A=(ai,...,a;,...,an),B=(b1,...,b;,...,b,) then C=(ci,...,cj,...,cpn), Where

¢j=aj+aj by if j#jo ¢;=0if j=jo.

Lemma 28. Let A,B€ B, (W) and 1<jo<m:

(1) if A,B are left-deterministic, then A B is left-deterministic,
(2) if A,B are deterministic, then AC); B is deterministic,

(3) if A,B are deterministic, then ||AT; B| < ||A|| + ||B]|.

Proof. Let C=A4LJ; B.

(1) Let us prove first that if A,B are both left-deterministic, then C is left-
deterministic too.
If 4 is left-deterministic of type [ pz], then C is left-deterministic of the same type.
If A is left-deterministic of type (e,j1) with j; # jo, then C =4, hence C is left-
deterministic.
If 4 is left-deterministic of type (e, jo), then C < B, hence C is left-deterministic.
If A is left-deterministic of type (), then C =0, hence C is left-deterministic.
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(2) Let us suppose now that 4 is deterministic and let us examine a residual C e u,
for some u€ W*. Lemma 9 applies on S=a;, and T =b; for every j # jo. But the
case of the lemma fulfilled by (S,7,u) depends on (S,u) only. Suppose a;, eu # ()
(case 1); in this case

Coeu=(Aou)LJ;B. (39)
Suppose aj, e u=0, 3/, u" , u=u"-u",a;, eu' =¢ (case 2); in this case
Cou=(Bou"|00), (40)

where ()" is the row vector &7 in which () and ¢ have been exchanged and (x[) is
the “scalar product” defined by (S,7)=>_7"_,S; - T,

Suppose a;, eu=10, Yu' <u,a;, eu’ # ¢ (case 3); in this case, Eq. (39) is true again.
When Eq. (39) is true, C eu is left-deterministic by part (1) of this proof, and when
Eq. (40) is true, Ceu is left-deterministic because B is assumed deterministic. We
have proved that C € DBy, {(W)).

(3) The number of residuals of the form (39) is bounded above by ||4|| and the num-
ber of residuals of the form (40) is bounded above by ||B||. Hence ||C|| < ||4]| + ||B].

U]

Given 4 €DBy , (W) and 1 < jo < m we define the vector A’ :D;;(A) as follows:

1 / / ! !
if A=(ay,...,a;,...,a,) then 4 :(al,...,aj,...,am), where

aj=aj -a; if j#jo, d;=0 if j=jo.
Lemma 29. Let A€ DB, (W) and 1 < jo < m.
Then [} (4) € DBy, (W) and [T (A)]| < ||4].

Proof. Let us examine a residual A’ e u, for some u € W*. Let ' =max{v<u | vea}}.
Let u” € W* such that u=u'-u". One can check that for every S, T € B{W)

(S-Tyeu=(Seu)-T+ > Teu.

U=uy-uz,
cESeu;

Applying this formula to S :a;':) and T =a;, with j # jo we obtain

ajeu=(a; eu)- a;+ g a; e us. (41)
u=u; s,
c€a’t eu;
70

: . L "
Since aj, is deterministic and a;, e u” # ¢ we get

* _ " *
a eu=(aj,ou ) a,.
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As 4 is deterministic, if u, has some prefix u} in gj,, then a; 1) =) so that a; e u, = 0.
Hence

. 7
E ajeuy =a;eu .

u=ui-uz,
i
bea_,o ou|

Plugging the two last equations into (41) we obtain

ajeu=(ajeu")-a; -a;+a;eu” (for j # jo), and a;eu=10 (for j = jo)

which can be rewritten as
Aou=(Aeu") A (42)

Let us show that 4’ is left-deterministic. If 4 is left-deterministic of type [ pz], then 4’
is left-deterministic of the same type.

If 4 is left-deterministic of type (&, /1) with jj # jo, then 4’ =A (notice that §* =¢),
hence A’ is left-deterministic.

If A4 is left-deterministic of type (&, jo) or (1), then 4’=(), hence 4’ is left-deterministic.

By point (1) of Lemma 28, the fact that 4 eu” and A’ are both left-deterministic
implies that (4eu”)J;, A" is left-deterministic too. By formula (42), A" eu is left-
deterministic. We have proved that 4’ € DB ,,(W).
Moreover, by formula (42), Card(Q(4’)) < Card(Q(4)), ie. ||[4'|| < ||4]]. T

3.2. Deterministic spaces

We adapt here the key idea of [47,48] to series.

3.2.1. Definitions

Let (W,~) be some structured alphabet and let us consider the set £ =DRB{W)).
A series U= Y_,7; - U; where 7€ DRB; ,(W)), U; € DRB(W)) is called a linear
combination of the U;’s. We call deterministic space of rational series (d-space for
short) any subset V of E which is closed under finite linear combinations. Given any
set ¥={U;|i€l}, one can check that the set V of all (finite) linear combinations of
elements of ¢ is a d-space (by Lemma 13) and that it is the smallest d-space containing
%. Therefore, we call V the d-space generated by 4 and we call ¥ a generating set
of V (we note V=V({U;|i€l})). (Similar definitions can be given for families of
series. )

3.2.2. Linear independence

We let now W =V. Following an analogy with classical linear algebra, we develop
now a notion corresponding to a kind of linear independence of the images by ¢ of
the given series. Let us extend the equivalence relation = to d-spaces by: for every
d-spaces Vi,V,, Vi =V, & Vi, j€{1,2},VSeV,;,38 eV, S = 5.
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Lemma 30. Let S),...,S;,...,S, €DRB(V)). The following are equivalent:

(1) 34, B €DRBy, (V). & # B, such that 37, ;% - S; =31 <icmBi+Sis
(2) o €l1, m], 37 EDRB (V). # &fy, such that Sj, =5y < ; <V Sjs
(3) Fjo€[1, m], 3" €DRBy (V). 7}, = 0, such that S;, = Zlgjgm i S)s
(4) Fjo €1, m], such that V((Sj)1<j<m) = V(S 1<j<m,jzin)-

The equivalence between (1), (2) and (3) was first proved in [47, Lemma 11, p. 589°1],
in the case where the §;’s are configurations g;w, with the same w.

Proof. Let us use the notation S =(S;)1<j<m € DRB,,1 (V). In a first step, we assume
that all the vectors &, f5,S are e-free.
(1)=(2): Let us consider

u = min{q(&)4¢(f)}.
By Lemma 25, under our e-freeness assumption, 3jy € [1, m], such that
Eou=¢); @B@u#s%.

Let us suppose, for example, that & ©u=¢}; while ﬁ@u # &y and let 7:ﬁ®u. As
= is preserved by the action ® (see Lemma 1):

(&-S)@uE(E~S)®u. (43)
Using Lemma 22 we obtain
@-S)Ou==5,. (44)

Let us examine now the righthand-side of equality (43). Let ' < u. By minimality of
u, fOu is a unit iff #©u’ is a unit. But if #©u’ is a unit, then & © u= (", which
is false. Hence ff @ u' is not a unit. By Lemma 22

B-SHYou=Fou)-S. (45)

Let us plug equalities (44) and (45) in equivalence (43) and let us define = B@u.
We obtain

Sjy =7 S, where 7 # &},
(2)=Q0):
Sio = Vjo - Sjo T ZVj S Vi # &
J#jo
By the well-known Arden’s lemma (see Corollary 55, point (C1)), we can deduce that

=Y 7h0iS = TR0 - S.
J#jo

9 Numbering of the english version.
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Taking 7' :D;'f)(y) we obtain
Sj,=7"-S where y; =0.

(3)= (4): Let us denote by S the vector Sty s 8io—1,0,8j041 ... Sm) €DB i (V).
If T=54-8 then T = (300, 7')-S.

(4)=-(1): Let us suppose (4) is true for some integer jy. The element S is clearly
equivalent (mod =) to two linear combinations of the S;’s with non-equivalent vectors
of coefficients (mod =). Hence (1) is true.

Let us consider now the general case where some vector &, E,S might be &-bound.
By Lemma 15, point (2),

i=p@), B=pdB) S=puS)
and by Corollary 17,

p;:(&)’ Pz(ﬁ) € DRBl,d<< V>>

Hence the Lemma in the general case follows from the Lemma in the e-free case. [J

3.3. Height, defect and linearity

We define here notions of height and defect (for deterministic rational series) and a
subsequent notion of (d,d’)-linearity which will play a crucial role in Section 8. We
then relate these “size notions” with the notion of norm.

3.3.1. Definitions
Let S€DRB{V)). We call linear decomposition of S any pair ([pw],®) where
pPEQ,weZ* DBy, (V) such that

S = [pw] x .

We denote by Z(S) the set of all linear decompositions of S. We define the right-defect
of S (rd(S) for short) by

rd(S) = min{||®@|| |Ip € Q,w € Z*,([ pw], P) € 2(S)}.

One can easily see that the right-defect of S is finite and not greater than ||S||. We call
minimal decomposition of S the decomposition ([powo], @o) which makes the triple
(p,|wl|,||®||) minimal for the right-to-left lexicographic ordering in Q x N x N. We
then define the /linear-height of S (noted |S|) as the integer |S| = |wo| (and it is clear
that rd(S) = || Po]|)-

The height and right-defect of a Q-form are defined similarly.

Let @ €DRBg; (V). We call linear decomposition of ® any pair ([w], V') where
w€Z*, W DBy, (V) such that

®=[w]* Y.
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2(®) denotes the set of all linear decompositions of @. The minimal decomposition
of @ is the ([wo], ¥o) which makes the pair (Jw|,||¥||) minimal for the right-to-left
lexicographic ordering in N x N. The integers |®|,rd(®) are then defined by

|®| = |wof, rd(®) = [|¥ol|.

We say that S is marked iff S contains some occurence of some letter in {[p,e,q]|
D,q€q} CV (we assumed the existence of such a “dummy” letter e € Z in Section
2.2).

Definition 31. Let S € DRB((V)) and d,d' € N,d > 1.

(1) S is said (0,d’)-linear iff rd(S) < d’ and S is not marked,

(2) S is said (d,d’)-linear iff, either it is (0,d’)-linear or S has a decomposition
S= >, colphql-lgeq] - @, where every @, is a (0,d")-linear series and || < d.

In case 2, we call the series @, the d’-linear components of S. In case 1, we consider
that § itself is the unique linear component of S. It should be clear that the set of
d’-linear components are independent of the value of d (for d large enough) and that
it is uniquely defined: it is empty if S is not (d,d’)-linear for any d, otherwise it is
equal to

{Seu|uecV* Seu is unmarked and, Vu' < u,S e u' is marked}.

We denote by DBIin? (V') (resp. DRBIin? (V') the set of series in DB{(V)) (resp.
DRB{(V))) which are (0,d’)-linear.

Example. No series can be (0,0)-linear. S is (0, 1)-linear iff S=0. S is (0,2)-linear
iff there exists w € (Z — {e})*,0’ C Q, such that S= 3" _, [poq].

Hence, one can view the (0,d)-linear series as series which have a structure “not
too far” from the linear structure of the configurations of the initial dpda ..
(We illustrate in Fig. 1 the above definitions.)

3.3.2. Height and norm
Let us define the integer constant Ko =|0| + 1.
(Here |Q| denotes the cardinality of the set Q.)

Lemma 32. Let S€DRB({(V)), x€X,d, d' €N,
(1) rd(S ®x) < rd(S),

(2) S is (d,d")-linear =S ox is (d + 1,d")-linear,
(3) ISox]| < [IS]] + Ko

Sketch of proof. Point (1) follows from Lemmas 22 and 19. Points (2) and (3) follow
from the hypothesis that the dpda .# is normalized. [



34 G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166

h
P )
- ~ N
’ﬁ — e T~ ~
q 9 el
@,
wl
mz
w (] 3
?y
®
] 0,
(0.2)-linear (0,d')-linear (d,d")-linear

Fig. 1. (d,d’)-linearity.

Lemma 33. Let B,AcZ, ® DBy (V). If |[[A] * ®|>||®| then, Vg Q,[qBA] *
® ¢ Q,([A] * D).

Proof. Suppose that g € O, such that [¢BA] * @ € Q,([A] * ®). Let us fix some g €0,
u, €V*,q' €0, fulfilling

[gBA] * ® = ([¢'A] * D) o u,,.

Case 1: uy, = ¢. Hence ¢ =¢q', B=A,[qB]*[A]*® = [¢qB]+®. It follows that [A]+® = ¢
and finally ||[4] * @] = ||®||.
Case 2: uy # &, ® # 0p."" Then u, =[q'Ar]v, for some re Q,v, € V*.

[gBA] * ® = (([¢'A] * @) @ [¢Ar]) e v, = D, @ 1.
It follows that, Vp € Q,
[pA] * @ = P, e v, @ [qBp] € Q (D),

hence (4] + @] = |

10 By @]Q we denote the Q — 1-form which has all its entries equal to (.
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Case 3: uy # &, ® =10} Then [|[4] x ®| = ||| =1.
In all cases the lemma is proved by contraposition. [J

Lemma 34. Let weZ", 4", A€ Z, peQ, ®DBy (V). If ||[[4] * | > ||@||, then
(1) [[[wA] * || =0 - o] + [[[4] * @],
(2) [llpA’wA]* || =1+ Q] - || + [[4] + @]

Proof. Let us prove point (1) by induction on n=|w|.
n=0: Formula (1) is obvious in this case.
n=1: w=B. |[wA] * ®|| = ||[B] * ([4] * ®)||. By Lemma 33,

Q,([BA] * @) = {[qBA] * @ |q € O} UQ,([4] * P),

(where U denotes a disjoint union) hence ||[[BA]*®@|| = |Q|+]|[4]*®|. n=m+1,m > 1:
= CBw' for some C,BeZ o' €Z*.

[[wA] * @] =||[CB] * ([w'A4] * ®)||. As a consequence of the induction hypothesis,
I[B] * [@w'A] * ®|| > ||[w'A] * ®@)]|, hence, by Lemma 33

[[wA] « || = Q] + [[Bew'4] x @]|.
By induction hypothesis, ||[[Bw'A] x ®)||=m - |Q] + ||[4] * @||, hence
[[wA] * @[ = (m+1) - [O] + [[4] = @]|.

Let us prove now point (2).
By the above induction, [|[4'wA] x @] =]|0| + ||[wA4] * ®||, i.e. Vg€ O, [q4A'wA] *
& ¢ Q,([wA] * d). Hence,

Q. ([pA' wA] * @) = {[ pA'wA] * ®} UQ,([wA] * P).
It follows that

[lpA'wd] * @ = 1+ [[[0d] « B = 1 + |o] - |O] + [[[4] = @[ O

Lemma 35. Let o€ Z*,B€Z, peQ, ®€DBy (V). Then |[pBw]* ®|| <1+ |0 -
o] +[|@]|.

Proof. One can notice that ||[pBw]||=1+ |Q| - |®|. Hence, by Lemma 14,
[[pBw] * | <|[[pBe]|| + [|@]| =1+ 0] - [0 + [|2]. O
Lemma 36. Let S € DRB((V)). Then 1+|Q|-(|S|—2)+rd(S) < [|S] < 1+|Q|-|S|+rd(S).

Proof. The upper bound on ||S|| follows from Lemma 35. The lower bound follows
from Lemma 34 point (2) in the case where |S| > 2 and is clear for |S| < 1. O

The following lemma serves as a crucial technical argument in Section 8.
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Lemma 37. Let U =[ph]l* ®,H=U Gu where pc Q,h€Z*,|h| = 1,® is a Q-form,
u€X*,|u| <k. Let us suppose that |H|| > 1+ k|Q| + ||®|. Then
H=([phl®u)* ® where [ ph] ©u=[qw] for some q€ Q,|w| = k.

Intuitive meaning. If U is a deterministic rational series admitting a decomposition
over the O-form @ and, U ©®u has a sufficiently large norm (compared to ||®| and
|ul), then the action of u on U cannot have “touched” the form &.

Proof. If |u| =0 the conclusion of the lemma is clearly true. Let us suppose now that
|u| = 1. By Lemma 22, one of the following 3 cases occurs.

Case 1: YreQ,[phrloug{D,e}. Hence, JwecZ* 3qcQ,[phl®u=][qu],
H =[qw] * ® and, by Lemma 35,

]| <1+ 1Q[(|o| = 1) + 2]
The hypothesis about ||H|| implies then: |w|>=k + 1. Hence || >k.
Case 2: g€ Q0,3 u" e X*u=u'v",p,([phq]l ©u')=¢. Hence H = p,(®, ®u")

where |u"'|<k.
Subcase 2.1: u"” =¢. Then

[H|| = llp( Pl <Pl <[ P[] < 1+k|O]+ 2]
Subcase 2.2: u" # ¢. By Lemma 19, Juf,uf e X*,u" =u} - v, Ir€ 0, A€ Z,&'Q-
form such that
pe( Py Oul)=[rA] x @' € Q(®) and D, Ou" = ([rA] O uy) x .

As |uff| <|u"| <k, we have

1] =l1#y © || < [|[rA] @' + K[Q
< || 2]l + kO]
<1+ +|®],

contradicting the hypothesis about ||H||. This case is impossible.
Case 3: H=1. This contradicts also the hypothesis. [

Lemma 38. Let D>0. Let ®=(®,),co be a O-form and let S eV((P))4ecp) such
that

() [2]>D + 0], 8] >2,

(2) rd(S)<D.

Then, 3w e Z*,3p€ 0,8 = pw] * ®.

Proof. Let S fulfilling hypotheses (1), (2). S can be written as

S= a,b, = [poc] * V.
q€0
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where ([ powo], V) is the minimal decomposition of S. Let us suppose that
dgeQueca, I u" €V, u=u-u" and Seu' =V, (46)

Then ¥, e u”" =@, hence Q,.(¥)2D Q,(%).
As |®]| =2, we must have @ =[A4]* @ for some 4 € Z,|®’'|>1, hence by Lemma 33

Q,(®) = {[sA] * @' | s € 0} UQ()
= {[s4] = @' |5 € 0 — {g}} UQ(®,)

which shows that

Card(Q(®,)) = Card(Q,(®)) — |O| + 1. (47)
From (47) and the fact that Q,.(¥)2 Q(®,) we draw

[P[1=[12gll = |2 — Q]+ 1=D + 1.

But this contradicts the fact that rd(S)<D. We have established that (46) is impossible.
In other words, case (2) of Lemma 11 cannot occur in the action of a word u € o, on
the linear combination > gc0 %%, Hence VgeQ, Yuecoy,3q,€Q,0,€Z7,

Seu=([powo] ®u)* ¥ = [quw,]*¥. (48)

Let us notice that wg, w, have the same rightmost letter Ay. For such ¢,u, by Eq. (47)
we have the following equality

IS o ull = [|24] = [|2]] — Q] + 1. (49)

The minimality of decomposition ([powo], ¥') implies that ||[[4o] * ¥| > |||, the hy-
pothesis |@|>2 implies |®,|>2 hence |w,|>2 and Lemma 34 point (2) gives the
equality

1S @ ull =1+ |Q|(lou| —2) + [[[4o] + || (50)

These two Egs. (49), (50) show that there exists some unique integer 1 <n<|w|, such
that

Vg € O,Yu € 04, |, =n.

But all the words w, are suffixes of g, hence there exists some unique words
/ /! _ / 1
W, Wy, o = W - @y such that

Vg e QNVu€ca, Seu=|[quj]lx¥ =0,

It follows that [wy]* ¥ =@ and S=[powy] * . O
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3.4. Derivations

3.4.1. Ordinary derivations

A sequence of deterministic series Sy, S1,...,S, is a derivation iff there exist xy,...,x,
€X such that Sy ©x;1=S51,...,8,_1 ®x,=3S,. The length of this derivation is n. If
u=xy; -xy -+ -x, we call Sy,Si,...,S, the derivation associated with (Sy,u). We
denote this derivation by Sy A4S,

A derivation S, S1,...,S, is said to be a sub-derivation of a derivation S{, Sj,..., S,

iff there exists some i € [0,m] such that, Vj €[1,n], Sj:S,-’ﬂ-.

3.4.2. Stacking derivations

Let us adapt the usual notion of stacking derivation to derivations of series. For every
u€X™ we define the binary relation T (u) over DB({(V)) by for every S,S’ € DB({(V)),
STw)S' & 3IdeZweZt, p,ge O, ¥ €DBy (V) such that

S=[pd]l* ¥, [pAlOu=[qw], S =[qw]*P.

It is clear that if ST (u)S’ then S ®u=S" and that the converse is not true in general.
A derivation Sy, Si,...,S, is said to be stacking iff it is the derivation associated to a
pair (S,u) such that S=3S) and Sy T (©)S,.

Definition 39. A vector S €DRB, (V) is said loop-free if and only if for every
vEVT, Sev#£S.

Let us notice that every polynomial is loop-free. The two following lemmas give
other examples of loop-free vectors.

Lemma 40. Let « DB, ,(V),®€B, ;{(V), such that co>||o- ®||>||P|. Then o - P
is loop-free.

Proof. Let o, @ fulfill the hypothesis of the lemma and suppose, for sake of contra-
diction, that there exists some v € V" such that

(x-P)ov =10 D
By induction, for every n>=0,

(0-P)ev" =0o- . (51)
As o is a polynomial, there exists some 7 >0 such that |v™] is greater than the greatest
length of a monomial of «. Using Lemma 10, equality (51) for such an integer ny means

that there exists some k €[1,n],v” suffix of v such that

Dot =0 . (52)
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Using the hypothesis of the lemma we conclude that
1@ =[Pk o || = [|oc- @] > [|@]|
which is contradictory. [

Lemma 41. Let S€DRBy (V) ucX*, such that ||S®u||>||S|. Then S®u is loop-
free.

Proof. Let us consider S, u fulfilling the hypothesis of the lemma and let us consider the
3 possible forms of S ®u proposed by Lemma 19. Forms (1) or (2) are incompatible
with the inequality ||S ®@ u||>||S||. Hence S ®u has the form (3)

u=uy-uy, p(S)Qu=Sev;=[qA]- P, SOu=((gA]Cuy)- P
where
u,up EX*, 0, €V:,qeQ, A€ Z

Hence S ©@u=o- @ for some polynomial & € DRB (V). As for every r€Q, &, =Se
(v1[gAr]), we obtain that ||S||>||®||. Finally,

00 > [ISOul| = [lo- @ > [IS]| =],
and by Lemma 40, S ©u is loop-free. [J

Lemma 42. Let S € DRB((V)),w € X*, such that
(1) S is e-free and loop-free,
(2) Yoxw, ||S@v||=|S|. Then the derivation S-S ®w is stacking.

Proof. S is left-deterministic. If it has type () or (¢, j), the lemma is trivially true.
Otherwise

S =[qA]- ®

for some g € 0, A€ Z and some matrix ¢ € DRBy ;((V)). Suppose that for some prefix
u<w and r € Q,

[qgAr] ©u = e. (53)

As S is e-free, we must have u # .
Then, S ©u=p.(®,) so that

1S © ul <llp( @) < llpl P <[ @ < [IS]

which shows that S =S5 ©®u while u # ¢. This would contradict the hypothesis that S
is loop-free, hence (53) is impossible.
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Let us apply now Lemma 22 to the expression ([¢gA4]- @) ® w: case (2) is impossible,
hence

([g4]- ) O w = ([¢g4d] O w) - D,
which is equivalent to

STwSow. [

Lemma 43. Let S,S' €DRB(V),weX* k€N, such that SOw=S" and |S'||>
|S|| 4+ & - Ko+ 1. Then the derivation S S’ contains some stacking sub-derivation of
length k.

Proof. Let S=35,...,S;,...,S5, be the derivation associated to (S,w). Let ip =max
{i €10,n] | S| =min{|S;[| | 0</<n}} and iy = max{i € [ig+1,n] | |Sil| = min{ ||| | i
+ 1< <n}}. Let w=woww' where |wo| =iy, [wow;| =1.

As ||ISOwewi]|>||S©wo||, by Lemma 41, S©wew; =S, is loop-free. Using
Lemma 32, point (3):

1Sl = Wi ll 2= 1Sl = 11Sio Il = ClISi | = [1Soll) = (& — 1) - Ko + 1.

Using Lemma 32, point (3), we must have |w'|>k. Let w' =w,w; with |w;| =k. By
definition of 7y, Vi € [iy + 1,i; + k1, [|Si|| = ||S;, || + 1.
By Lemma 42, the sub-derivation Sj,..., S+« (associated to (S;,w,)) is stacking.
O

Lemma 44. Let S,S' € DRB(V),weX* k. d,d' €N, such that S is e-free, (d,d")-
linear and

(1) the derivation S-S’ contains no stacking sub-derivation of length k.

() |w|=d -k

Then S’ is (0,d")-linear.

Proof. If S is (0,d’)-linear, then the result follows from Lemma 32, point (1). Other-
wise,

S =" [pwqllgeq]T,
q€Q

for some w € Z*,1<|w|<d,(T;),e0 €DRBg, 1 (V') such that Vg€ Q,rd(T,)<d’. Let
SLs =(S80,...,5,). By induction on /, using hypothesis (1), one can show that: for
every [/ €[0,|w| — 1], either

Im<k 130, €Z*, o <|o| -1 and S, = [pnoaqllqeq]T,
q€0

or

dm<k-l,3g€ O, S,= pE(Tq)'
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Similarly,
dmy<k - |(U|,E|q €0, Smo = Pz;(Tq)'

Hence S,,, is (0,d’)-linear. Using Lemma 32 we obtain that S,=S" is (0,d’)-linear
too. [J

4. Deduction systems

4.1. General formal systems

We follow here the general philosophy of [14,34]. For any set &, we denote by
#(&) the set of its subsets and by Z,(&') the set of it finite subsets.

Let us call formal system any triple 9 = (/,H, |— ) where ./ is a denumerable
set called the set of assertions, H, the cost function a mapping o/ — NU{co} and
F—, the deduction relation is a subset of 2;(o/) x of.

<o is given with a fixed bijection with N (an “encoding” or “Gddel numbering”) so
that the notions of recursive subset, recursively enumerable subset, recursive function,
...over o/, Pr(s/),... are defined, up to this fixed bijection; we assume that & satisfies
the following axiom:

(A1) Y(P,A)€ —, (min{H(p), p€ P} < H(A)) or (H(4)=0).
(We let min(f)) =o00.) We call 2 a deduction system iff & is a formal system
satisfying the additional axiom:
(A2) |— is recursively enumerable.
In the sequel, we use the notation P — A for (P,4)€ —. We call proof in the
system 9, relative to the set of hypotheses # C </, any subset P C o7 fulfilling:

VpeP, (3QCP,QF— p)or(pe )
We call P a proof iff
VpeP, (30CP,OF— p)

(i.e. iff P is a proof relative to ().
Let us define the total map y:.«/ — {0,1} and the partial map 7 :.oZ — {0,1} by

1) =1if H(4) = o00,y(4) =0 if H(4) < oo,
%2(A)=1if H(A) = oo,y is undefined if H(4) < oc.
(z 1s the “truth-value function”, ¥ is the “l-value function”.)

Lemma 45. Let P be a proof relative to # C H~'(c0) and A€ P. Then y(A)=1.

In other words, if an assertion is provable from true hypotheses, then it is true.
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Proof. Let P be a proof. We prove by induction on » that
Pn):VpeP,H(p)=n.

It is clear that, Vp € P,H(p)=0. Suppose that Z(n) is true. Let pe P — # :3Q CP,
QO }— p. By induction hypothesis, Vg€ Q,H(q)>n and by (Al), H(p)=n+ 1. 1t
follows that: Vp e P — #,H(p)=oc0. But by hypothesis, Vp € #,H(p)=o00. [

A formal system & will be said complete iff, conversely, V4 € o7, y(A) =1 = there
exists some finite proof P such that 4 € P. (In other words, & is complete iff every
true assertion is “finitely” provable.)

Lemma 46. If & is a complete deduction system, 7 is a recursive partial map.

Proof. Let i — P be some recursive function whose domain is N and whose image
is Ps(). Let h: (Pp(4) x o xN) — {0,1} be a total recursive function such that

PH—Aiff 3neN, hPAn) =1

(such an / exists, because the r.e. sets are the projections of the recursive sets, see [58]).
The following (informal) semi-algorithm computes ¥ on the assertion A:
1) i =0,n:=0;s:=i+n

(3) b:= min,cp{maxgcp{h(Q, p,n)}};
(4) ¢:=(4€P),

(5) if (bAc¢) then (y(4)=1; stop);

(6) if i=0 then (i:=s+1; n:=0; s:=i+n)
else (i:=i—1;n:=n+ 1),

(7) goto 2; [

In words, the property “H(A4)= 00" is semi-decidable just because the property “there
exists a finite P such that P is a Z-proof and 4 € P” is semi-decidable too.

In order to define deduction relations from more elementary ones, we set the fol-
lowing definitions.

Let |— C2/(</)x /. For every P,Q € P;(o/) we set

[0]
P F Qiff PDQ,

P|— QlﬂVqEQHRCPRF—q,
PF—QlffPF 0

()
PlF-Qiff vgeQ,(3RCP,R}-—¢q) or (g€P),

(n+1) (1) (n)

P F— Q iff 3Re Z¢(#),P |-— R and R |-— Q (for every n>0),
(*) (n)

l__ = UnZO l__
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Given |— |, F—, C24(A) x Pr(A), for every P,Q € Ps(/) we set
P(F— o F—,)Q iff IRC ., (P— R)A(RF—,0).
The particular deduction systems &; = (.«Z;, H;, |-— ) (i €[0,5]), that we shall intro-

duce in Sections 4.3 and 10, will always be defined fré)m simpler binary relations |— j
by means of the above constructions.

The key statement of this work is that a particular deduction system, &, (defined
in Section 4.3), is complete (Theorem 86). We prove this completeness result by
exhibiting a “strategy” . which, for every true assertion constructs a finite &-proof
of this assertion. Notice that, by Lemma 46 we do not need to prove that & is

computable in any sense to establish that % is partial-recursive.

4.2. Strategies

Let 2 =(«/,H, — ) be a deduction system. We call a strategy for & any partial
map & : .o/t — .o/* such that
(S1) if S(A14s---Ay) =By B, then 30 C {4;|1<i<n — 1} such that

{Bj|1<j<m}UQ |~ 4,,
(S2) if S(A14>---A,) =By ---B,, then

min{H(4;)|1<i<n} = 0o = min{H(B;) |1 <j<m} = o0.

Remark 47. Axiom (Al) on systems is similar to the “monotonicity” condition of [34]
or axiom (2.4.2") of [14].

Axiom (S2) on strategies is similar to the “validity” condition of [34] or property
(2.4.1") of [14]. Notice that (S2) is imposed on the strategy % only, but not on the
inverse of the deduction relation ( — )~!. The trick is that ( — )~! is not valid in
general (see the rules R2, R”6 of %, Section 4.3) but is computable while & is
valid but is not required to be computable in general. In the case of %, the strategy
Sypc defined below (Section 7) turns out to be computable but we shall not be in
position to show this computability property before knowing that & is complete (i.c.
Theorem 86).

Given a strategy %, we define 7 (%, 4), the proof-tree associated to the strategy &
and the assertion 4 as the unique tree ¢ such that

¢ € dom(¢), t(e) = 4,

and, for every path xxy,...,x,—1 in ¢, with labels #(x;) =A4;4; (for 0<i<n—1) if x,_;
has m sons x,_1-1,...,x,—1 -m € dom(¢) with labels #(x,—-j)=B; (for 1 <j<m) then

(Vi € [Ln— 11, 4; # 4, and F(A; - A,) =By - By)
or

(Ji € [1,n— 1],4; = A, and m = 0)
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or
(4)---4, ¢ dom(¥) and m = 0). (54)
Notice that x,_; is a leaf (i.e. m=0) iff:
(L(Ay---Ap)=¢)or (Fie[l,n—1),4; =A4,) or (41---4, ¢ dom(F)). (55)

Let us say that .& terminates iff, YA€ y~'(1),7 (¥, A) is finite; & is said closed ifT,
VI e (N (1))*r, W €dom(¥) (i.e. & is defined on every non-empty sequence of true
assertions). For every tree ¢ let us define

ZL(t) = {t(x)|Vy € dom(¢),x < Y = x = y},
J(t) = {t(x)| Iy € dom(¢),x < y}.

(Here # stands for “leaves” and .# stands for “internal labels”.)

Lemma 48. If & is a strategy for the deduction-system % then, for every true

assertion A

(1) the set of labels of T (¥,A) is a D-proof, relative to the set L (T (¥,A)) —
I(T(S,A)).

(2) every label of a leaf is true.

Proof. Let us suppose that H(4)=oc. Let t=7(,4), P=1im(¢) (the set of labels
of t), #=L(T(S,A4))— I(T(¥,A)).

Using (S2), one can prove by induction on the depth of x € dom(¢) that, H(#(x)) = cc.
Point (2) is then proved. Let x be an internal node of ¢, with sons x-1,x-2,...,x-m
(m=0), and with ancestors yi, ¥2,..., Vu—1, ¥n =X (n=>1), such that

(1) t(yn) =Ar---Ap, 1(x- Di(x-2)---t(x-m) =By -By---By.
By definition of 7 (%, 4),

S(Ay---Ay) =By - By,
and by condition (S1):

3O C{4;|1<i<n—1}, such that {B;|1<j<m}UQ |-—A4,.
It follows that for every p ¢ #,3R C P,R — p, hence

VpeP, (ARCP,R— p)or pc H.

Point (1) is proved. [J

Lemma 49. If ¥ is a closed strategy for 9, then, for every true assertion A, the set
of labels of T (¥,A) is a Z-proof.
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Proof. Let us suppose that H(4)=o00. Let t=7(¥,A4) and let P, # be defined as
above. By Lemma 48, P is a Z-proof relative to . By Lemma 48 point (2) and
Lemma 45, every label of a node of ¢ is true. By the definition of a closed strategy,
if p€# and x is a leaf of ¢ such that p=1#(x) then, the only possible true assertion
in clause (55) is “%(4; - --A4,)=¢”, which implies that

30CP, QF— i(x).

Lemma 48 point (1) and this fact show that P is a proof. [
Lemma 50. If 9 admits some terminating, closed strateqy then & is complete.
Proof. Clear from Lemma 49. [J

Remark 51. By the same arguments, if & admits some closed (but not necessarily
terminating) strategy then & is oo-complete in the sense that every true assertion has a
Z-proof. This might be helpful only in cases where the proof-trees and the associated
proofs are regular in a reasonable sense. This point of view will not be developed
here. The comparison algorithms based on Valiant’s methods of alternate-staking or
parallel-stacking, might be seen in this way (this idea is due to B. Courcelle, thanks
to him and to M. Oyamaguchi for discussions on this subject).

4.3. System 9

Let us define here a particular deduction system %, “Taylored for the equivalence
problem for dpda’s”.

Given a fixed dpda .# over the terminal alphabet X, we consider the variable
alphabet V' associated to .# (see Section 3.1) and the set DRB((V)) (the set
of Deterministic Rational Boolean series over V'*). The set of assertions is defined
by

«/ = N x DRB((F')) x DRB((V'))

i.e. an assertion is here a weighted equation over DRB((V)).
The “cost-function” H :.&/ — N U {oo} is defined by

H(n,S,S") = n+2-Div(S,S").
We recall Div(S,S"), the divergence between S and §’, is defined by
Div(S.5") = inf{Ju] |1 € p(S) A p(S")}

(See Definition 27).
Let us notice that here

7(n,8,8)=1S5=5.
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We define a binary relation |-— C 2(/) x o/, the elementary deduction relation,

as the set of all the pairs having one of the following forms:
(RO)

{(p’S:T)} ”__ (p + 1>SaT)

for peN,S, T € DRB(V)),
(RT)

{(p’S’T)} ”77 (p7 T’S)

for peN,S, T €DRB(V)),
(R2)

{(p’SaS/)’(pasl’SN)} ”__ (paSasll)

for peN, §,5,5" € DRB(V)),
(R3)

0 |- (0,8,5)

for S € DRB({(V)),
(R3)

0 |- (0,S,7)

for SEDRB{V)), T {0, ¢}, S=T,
(R4)

{{p+1,S0x,TOx)|xeX} | (p,S,T)

for peN,S, T €DRB{V)), (SEeAT #¢),
(R5)

{(p.S.SH}F—(p+2,S0x8 Ox)

for peN,S, T € DRB(V)), x € X,
(R6)

{(p.S-T"+ 8.1} |-— (p,S™- 8, T")

for peN,(S,8")€DRB;,{(V),T" € DRB{V)), S #¢,
(R7)

{(p,S,S/),(p, Ta T/)} H__ (p,S + T’S/ + TI)

for peN,(S,T),(S',T")€DRBy, (V),
(R8)

{(p.8.SO} = (p.S-T.5"- T)
for peN,S, S, T € DRB(V)),
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(R9)

{(p’T’T/)} ”77 (p7S TS - T/)

for peN,S,7T,T' € DRB(V)),
(R10)

0 |F-=(0.8,p:(8))

for S € DRB({V)),
(R11)

0 = (0.5, p(5))

for S € DRB({(V)).

Remark 52. (1) We do not claim that this system is minimal. This system is de-
vised so as to simplify (as much as we can) the proof of completeness. Successive
simplifications of the system itself will be achieved later on, in Section 10.

(2) One can check that, by the results of Section 3, the above rules really belong
to Pr(A)x oA.

Lemma 53. Let P€ Pp(/), A€ o/ such that P|——A. Then min{H(p)|p€eP}<
H(A).

Proof. Let us check this property for every type of rule.

RO. p+2-Div(S, T)<p+1+2-Div(S,T).

R1. p+2-Div(S,T)= p+2-Div(T,S).

R2. as the weight p is the same in all the considered equations, we are reduced to
prove that

vneN, S=,8AS =,8"=5=,5" (obvious)

R3, R’3. co=Div(5,5).

R4. Let S,T€DRB(V)),S#¢eT#¢. If Div(S,T)=o0 the required inequality
is true. If Div(S,7)=n€eN, let us consider some u€ @(S)A@(T),|u|=n.
We can suppose, for example, that SO u=¢ T Qu#e As SFe Ivg €X, v X,
u=xg-v. Hence (SOx0)Ov=2¢(T ®Ox9) ®v+#eDiv(S Oxp, T ®x9)<]|v|]. Hence
we have

min{H(p+ 1,S0x,TOx)|x€X)} <H(p+1,S©x, T ®xp)
<(p+1)+2Jy
<(p+1)+2-Div(S,T) 2

< H(p,S,T).
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R5. Let us suppose H(p + 2,50x,8 Ox)#o00. Let Div(SOx, S8 Ox)=n,ve
(p(S OX)Ap(S’ Ox)). As xv € p(S)A@(S"), Div(S,S")<n + 1. Hence,

H(p,S,S)Y<p+2n+1)=(p+2)+2-Div(S ©x,5 ©x)
=H(p+2,SoxS Ox).
R7. §=,8,T=,T"=S+T=,S + T (obvious).
R8. §=,8=S-T=,S5 T (clear because, every prefix of a word of length <n has
length <n).
RO. T=,T"=S-T=,S T (analogous to R3).

R6. We are reduced to prove that, for every n > 0,(S,S’)€ DRB,, (V),T' € DRB
(V).s#e,

ST +8=,T=58-§=,T. (56)

Let us suppose that §- 7' + 8§’ =, T’. By definition of the star operation:

sl s+ sk =58 (57)
k=0

And by the properties established in the treatment of (R7), (R9):

n
ST Y SE s =, T (58)
k=0

Let uc X<" u#e. As S#eVu' <u, p,(S"H ©u')#e. By Lemma 22, for every
U eB(V),

") ou=E"ou) U#e

Using now Egs. (57), (58) we obtain that

S*-S’@u:£<:>ZSk-S’®u:s(:>T'@uzs.
k=0

As well
k=0

n
p(S*-8) =¢ & p, (ZS" -S’) =e& p(T)=c¢.

At last,

{ue Xs"|p(S*-S"ou)y=¢} ={uc X" pT' © u) = ¢},
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which, by property (38), shows that S*-S’ =, T’. This ends the proof of implication
(56).
R10. By Lemma 15, point (2), Div(S, p.(S)) = cc.
R11. By Lemma 23, Div(S, p.(S))=o00. [
Let us define |— by for every P € Py(</), A€ o,

(*) [ (%)
Ph-deP =0 |~ ol {4}
03.4,10,11
where |— 0.3.4.10,11 18 the relation defined by RO, R3, R’3, R4,R10, R11 only. We

let

Do = (oA, H, ).
Lemma 54. 2 is a deduction system.

Proof. It should be clear, from the well-known decidability properties of finite au-
tomata, that |— is recursively enumerable. Using Lemma 53, one can show by
induction on n that

(m)
Pll— Q0=VqeQ, min{H(4)A€ P}<H(q).
The proof of Lemma 53 also reveals that
P = (034101139 = (min{H(p)| p € P}
< H(q)) or H(q) = oo.

It follows that, for every m,n = 0,

= (min{H(p)| p € P} < H(q)) or H(q) = .
Both axioms (Al), (A2) are fulfilled. [J

Let us remark the following algebraic corollaries of Lemma 53.

Corollary 55. (C1) ¥(S,S") € DRB 2 (V)), T € DRB{(V')), S #¢,
S T'+8=7"=5"-8=T
(C2) VS,S' €DRB((V')), T € DRB((V')),
S - T=S Tand TZ0]=85=5
Proof. Statement (C1) is a direct corollary of the fact that the value of H at the

left-hand side of rule (R6) is smaller or equal to the value of H at the right-hand
side of rule (R6). Let us prove (C2): let us consider S,S’ € DRB{(V)),T € DRB(V)),
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such that
S-T=S8-T and S#S. (59)
Let
u=min{v € X* | (p(S ©v) = &) & (pu(S' ® ) # &)}
From the hypothesis that §-7=S"-T, we get that, for every ve X*,
S THeov=l"T)ov
and by the choice of u we obtain that
T="ou)-T or (SOu)-T=T,
which, by (C1), implies
T=E"ou -0 or SOwW -0=T,
ie.
T=0. (60)
We have proved that (59) implies (60), hence (C2). [J

4.4. Congruence closure: definition

Let us consider the subset & of the rules of %, consisting of all the instances of
the metarules RO—R3, R’3, R6—R11. We also denote by |— ¢ C Zr()x o/ the
set of all instances of these meta-rules. This subset will be used in Section 7. The
non-obvious properties of this sytem will be needed in Section 10 only. Therefore the
study of & postponed to Section 10.1.

5. Triangulations

Let S1,5,,...,8; be a family of deterministic rational boolean series over the struc-
tured alphabet V' (i.e. S; € DRB{(V'))). We recall V' is the alphabet associated with some
dpda .# as defined in Section 2.2.

Let us consider a sequence . of n “weighted” linear equations

d d
(6 i Y S Y BisS) (61)
j=1 j=1

where p; € N — {0}, and 4=(a;;), B=(p;;) are deterministic rational matrices of
dimension (n,d), with indices m<i<m+n— 1, 1<j<d.

For any weighted equation, & =(p,S,S’), we recall the “cost” of this equation is
H(&)= p+2 Div(S,S").
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We associate to every system (61) another system of weighted equations, INV (&),
which “translates the equations of . into equations over the coefficients (o ;, f; ;)
only”.!' The general idea of the construction of INV consists in iterating the trans-
formation used in the proof of (1)=-(2)=-(3) in Lemma 30, i.e. the classical idea of
triangulating a system of linear equations. Of course we must deal with the weights
and relate the construction with the deduction system Z.

5.1. Restricted systems

We assume here that
viell,d, S;#0 (62)
and
Vi€ [mm+n—1],Vje[l,d], o B are e-free. (63)

A system % fulfilling both hypotheses (62), (63) will be called a restricted system
of weighted linear equations.

Let us define INV(%), W(¥)eNU{L},D(¥)€ N, by induction on n. W(&¥) is
the weight of . D(¥) is the weak codimension of & .

Case 1: 0y = P

INV(S) = (W(S), o js B, j )1 <j<as W) = pm — 1,D(S) = 0.
Case 2: oy Z P22, Pt — Pm =2 Div(ays, fms) + 1. Let us consider
u=min{v € X*[3j € [1,d], oy ©v=26) & (Pus Ov #&)}. (64)

(Lemma 25 and the e-freeness assumption (63) ensure the existence of such a word
u.) Let jo € [1,n] such that (o, « @uzaﬁ)) < (B« @u#sﬁ)).
Subcase 1: oy, j, O©u=¢,Bn j, ©ue. Let us consider the equation

d
(&) Pn+2-[ul.Sjy Y (Bujo © )" (Bnj © WS,

J=1
J#jo

and define a new system of weighted equations %' = (&/ ) i1<i<min—1 DY
(ED: i Y[y + iy By © W) (B @ 1)] - S,
J#jo

> 1Bis + Biis(Bujy © 1) (B @ w)] - S

J#jo

1l This function INV is an “elaborated version” of the inverse systems defined in [47, Eq. (2.8), p. 586,
English version] or [48, Eq. (2.8), p. 677, English version] in the case of a single equation.
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(The above equation is seen as an equation between two linear combinations of the
S;’s, 1<i<d, where the joth coeflicient is ) on both sides.) We then define
INV(Z) = INV(¥)W(S) = W(¥)D(F) =D(S") + 1.

Subcase 2: oy j, ©OuF ¢, Pn j, ©u = ¢ (analogous to subcase 1).
Case 3: oy, « Z Pm,«,n = 1. We then define

INV(#)=1, W(¥)=L1, D¥)=0,

where 1 is a special symbol which can be understood as meaning “undefined”.
Case 4: oy o Z P 22, pmr1 — Pm <2 - Div(otns, P+ ). We then define

INV(Z) =1, W(¥)=L1, D)=0.

Lemma 56. Let & be a restricted system of weighted linear equations with deter-
ministic rational coefficients. If INV(S)# L then, INV(Y) is a system of weighted
linear equations with deterministic rational coefficients.

Proof. Follows from Lemmas 28, 29 and the formula defining &’ from &. [

From now on, and up to the end of this section, we simply write “linear equation”
to mean weighted linear equation with deterministic rational coefficients.

Lemma 57. Let & be a system of linear equations. If INV(S)# L then INV(Y)=
(E)1<j<a fulfills

() {&1<j<d}u{&lm<i<m+D(F) = 1} b= Enin),

(2) min{H(&;)|m<i<m+D(¥)} =00 = min{H(&;)|1<,j<d} =00

In what follows, we sometimes write INV(%) to mean the set {&; | | <j<d} (i.e. we
do not distinguish between the family of equations INV(%#’) and the corresponding set
of equations). We also denote by H(INV(.%)) the element min{H (&)1 <j<d} € NU oc.

Proof. See in Fig. 2 the “graph of the deductions” we use for proving point (1). Let
us prove by induction on D(%) the following strengthened version of point (1):

(*)
INV(A)YU{E; | m<i<m+D(SL) — 1} |F— 121(Enrnie))s (65)

where for every integer k€ Z, v :{(p,S,S’")€ | p= —k} — o/ is the translation
map on the weights: 74(p,S,S")=(p+£k,S,8"). if D(¥)=0: as INV(¥)# 1, must
fulfill the hypothesis of case 1:

d d
En = DPm> E OCm,ija E ﬁm,ij = ’gm+D(3’)
=1 =1

INV(S) = ((Pm — 1, 0, P )1 < <d-
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Fig. 2. Proof of Lemma 5.2.

Using rules (R7), (R8) we obtain

() d d
INV() = | 2n = 1Y o iSi D BusSi | = t-1(6m)-

j=1 j=1

if D(¥)=n+1,n>0: & must fulfill case 2.

Suppose case 2, subcase 1 occurs.
Using |u| times (RS5) and then (R6) (this is possible because f,, ;, Ou # ¢), we

obtain a deduction

(2-Jul+1)
Em = & (66)

Using (R7)—(R9) we get that, for every i € [m + 1,m + D(¥)],

()
{616} = | max{pi, pm + 2|ul}, Z(“i,f + i jo(Binjo © )" (Bmj © w)) - S,
J#jo

> By + Bijo(Bujy © W) (Buj © 1)) - S,

J#jo
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The hypothesis of case 2 implies that max{ py+1, pm + 2|4|} = pm+1 and the fact that

INV(") is defined implies that Vi€ [m + 1,m + D(¥)), pi = pm+1, hence, max{ p;,
Pm + 2|u|} = p; and the right-hand side of the above deduction is exactly &/. Hence,

(*)
Vie[m+ 1Lm+ DN AELE W} | & (67)

Using deductions (66) and (67), we obtain that

(*)
{6 m<i<m+D(F)~1} | {&"|m<i<m+D() - 1}. (68)

By induction hypothesis

(*)
INV(S)UL{& [m+1<i<m+1+D(") ~ 1} | 1-1(&msrinn)

which is equivalent to

(=)
INV(P)U{E" [ m+ 1<i<m+D(F) — 1} = 1_1(Eminis))- (69)

AS py+2-|u| < pmt1 — 1 < pmipe) — 1, we have also the following inverse deduction
(which is similar to deduction (67)):

(%)
{& 1= 1(E min)} IF— 121(Emsne))- (70)

Combining together deductions (68)—(70), we have proved (65). Using rule (RO), this
last deduction leads to point (1) of the lemma.

Suppose that case 2, subcase 2 occurs: This case can be treated in the same way as
subcase 1 just by exchanging the roles of &, /_f

Let us prove statement (2) of the lemma.

We prove by induction on D(.%) the statement:

min{H(&;) |m<i<m + D(¥)} = o0 = H(INV(Y)) = . (71)

if D(¥)=0: As INV(¥)# L, case 1 must occur. d, . = i, implies that H(INV
(&) =00, hence the statement is true.

if D(¥)=p+1,p=0: As D(¥)>=1 and INV(¥)# L, case 2 must occur. Using
deductions (66) and (67) established above we obtain that

()
{6ilm<i<m+D()} |- {8} m+1<i<m+1+D(I")},
which proves that

min{H (&) |m<i<m+D(L)}<min{H(&)) | m+1<i<m+ 1 +D(S")}.
(72)
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As D(¥")=D(¥) — 1, we can use the induction hypothesis
min{H(&) |m+1<i<m+1+D(¥")} =00 = HAINV(S")) = oc. (73)
As INV(Z)=INV(Y"), (72) and (73) imply statement (71). [J

Lemma 58. Let & be a restricted system of linear equations satisfying the hypothesis
of case 2. Then, Vi€ [m+1,m+n—1], [lo . || < lletioel| 4[| Bme |+ Koluel, [| B || < [1 B |+
([ Bl + Kolul.

Proof. The formula defining .’ from .% show that
0‘,/‘,* = ai,*Djo(D;Oﬁm,*); ﬁ,/,* = ,Bi,*Djo(D;,ﬁm,* ).
From these equalities and Lemmas 28, 29, 32, the inequalities on the norm follow. [J

Let us consider the function F' defined by
F(d,n) = max{Div(4,B)|4,B € DRB, 4(V)), ||4]| <n, ||B|| <n,A # B}. (74)

For every integer parameters Ko, K1,K>,K3,Ks € N — {0}, we define integer sequences
(95,21, Liy$iy Siy Zi)m<i<man—1 by

5’1’!:07 /m:O’ Lm:K27 Sm:K3'K2+K49 szoa Zm:O’ (75)

0iv1 =2 -F(d,s; +2i)+ 1,

liy1 =261 +3,

Lyt =K - (Li +7ip1) + Ko,

Siv1 = K3 - Liy1 + Ky,

Siv1 =si + 2i + KoF(d,si + 21),

Zip1 = 2+ Siq (76)

for m<i<m+n—2.

These sequences are intended to have the following meanings when Ky, K;, K;, K3,
K4 are chosen to be the constants defined in Section 6 and equations (&) are labelling
nodes of a N-stacking sequence (see Section 8.3):

0;+1 < increase of weight between &;, &i11,

/iy1 = increase of depth between &;, &y,

1,1 > increase of depth between &, &1 1,

si+1= size of the coefficients of &1,

Sit13> size of the coefficients of &5 "

in the proof of Lemma 59),

Y.;11 > increase of the coefficients between @@Igi_m), @@lgiﬂ_m) (for k=i+1).

(these systems are introduced below



56 G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166

En = &30 Q)
5m+1 = 57(33-1 81(73-1
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Emracr = €0, EWhin i £o),

Fig. 3. Proof of Lemma 5.4.

For every linear equation & = (p, Z;l:l ;S; Z;’Zl B;S;), we define
€] = max{[[(o1,..., ) [(Brs- - Ba)II}-

Lemma 59. Let & = (6i)m<i<mia—1 be a restricted system of d linear equations
such that H(&;) = oo ( for every i) and
(1) Vi€ mm+d— 11,6 <s;,
(2) Vi€ [mm+d—2],W(&i1) — W(Ei) =041
Then INV(#)# L, D(L)<d — 1,8 € INV(I), |6l  Zm+D() + Sm+D()-

Proof. (Fig. 3 might help the reader to follow the definitions below). Let us define
a sequence of systems .U~ = ((gﬁg_m))mgigkgm+d_1, where i € [m,m + D(¥)], by
induction

° @@20) =& for m<k<m+d —1,

e if case 1 or case 3 or case 4 is realized, D(%) = 0, hence .¥"~™ is well-defined
for m<i<m+ D(¥)

e if case 2 is realized then we set : Vi>m+1,(§,(c’;m) = (&)Y, for m+-1<k<m+
d—1.
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Let us prove by induction on i € [m,m + D(%)] that, Vk € [i,m+d — 1]:

e | <se+ 2. (77)
i = m: In this case

161 = 116xlll <si = si + Zn.
i+ 1<m+ D(&): In this case, by Lemma 58,

< e+ 161 + Kol
where

w; = min{v € X*|3j € [Ld], (¢, ov=e)) & (B @ v#ed)} (78)
By definition of F' and the induction hypothesis

jul SF(. |67 1D <F(dusi+ %),
Hence,

ST S sk + 20 + (51 + Z0) + KoF (d, i + £i) = (s + Z0) + St

=5k + 2ig1.

Let us notice that D(%) is always an integer and that this proof is valid for m <i<m+
D(¥), i<k<m+d —1.

Let us prove now that INV(¥)# L. Let us consider the system
(gffD('(f)))m+D(,¢)<k<m+d,1. If D(¥)=d — 1, as the system (ﬁg%))) consists of a
single equation, it must fulfill either case 1 or case 3 of the definition of INV.

Using the successive deductions (66) and (67) established in the proof of Lemma 57,
we get

. e
{€ilm<i<m+d -1} | {¢ e

m-+d—
Using now the hypothesis that H(&;) =00 (for m<i<m +d — 1), we obtain
H(ED ) = oo (79)

For any system of equations %, let us define the column-support of the system as

m+n—1
csupp(S) = {j € [1,d]| Z o+ Bij # @}.

i=m
Let us consider ¢ = Card(csupp(.#“~1)). One can prove by induction on i that
Card(csupp(L~™)<d — i+ m,
hence
6 = Card(csupp(LY“~"Y<d —(d — 1) = 1.
o If 5=1,csupp(L 1) ={jy}, for some jy € [1,d].
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By Corollary 55, point (C2), and hypothesis (62), the implication

(d=1) — pld=1) (d—1) — pld=1)
[O(m+d—l,j0Sj0 = ﬁn7+d—l,ngj0] = OCm+al—],jo = ﬁm-&-d—l,jo
holds. Hence, by (79), o, = fiur”, .. ie. £~V fulfills case 1, so that

INV(S) = INV(LUDY £

o If =0, csupp(¥)=0.

Then o)), =pY=" =0 Here also ¢~ fulfills case 1.

If D(¥)<d — 1, by hypothesis
W(Enin)+1) — W(Enin(7)) = Omin(o)+1 = 2F(d, Smip(7) + Zminoy) + 1.

If a,ﬁ(j))(,,),* = ﬁzg))(,/),*, then ﬁfﬂgg;) fulfills case 1 of the definition of INV, hence

INV(¥) £L.
Otherwise, let us consider

. P D D
u=min{v € X*|3j € [l,d],(ociniD({;,),* Ouv= a;i) & (BSH(D()})’* Ov#£ aj-’)}. (80)

By definition of F' and inequality (77),
7
lul SF(d, ] [1652500 1D S F(dSmino) + Zmines))-

Hence puip(s)+1 — Pminry =2 u| + 1, i.e. the hypothesis of case 2 is realized. This
proves that D(.%(P“)) > 1 while in fact, D(.#(P(“))) = 0. This contradiction shows that
this last case (D(¥)<d — 1 and 5,5111(];/(2) not fulfilling case 1 of definition of INV) is
impossible. We have proved point (2) of the lemma. [J

5.2. General systems

We consider now the general case where assumptions (62) and (63) are removed.
Let us suppose that

3d, € [1,d], S #Z0. (81)

Up to some permutation of the column indices (such a permutation leaves function H
invariant), we can suppose that there exists d € [1,d] such that

Vie[l,dl, S;#£0, Vjel[d+1,d] S =0. (82)
We then associate to the original system . a new system & of n linear equations:

d d
(&) iy P ) Si > pelBiy)- S

j=1 j=1

where m<i<m-+n— 1.
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We then define
INV(¥) = INV(¥), W(¥)=W(&), D&)=D).
Let us show that Lemmas 56, 57 and 59 remain true in the general case.

Lemma 60 (Preliminary lemma). For every i € [m,m+n — 1]
L ()
(1) & | ¢,
),
(2) & | é

Proof. By (R11), Vie[m,m+n— 1] Vje[l,d],

(%)
0 |F— (0,04, pe(ei ),

whose combination with (R7), (R8) gives, Vie[m,m+n — 1]:
(%) d d
@ H** O, ZO{,"j‘Sj, Zp(;((x,-,j)'Sj . (83)
=1 =1

Using rule (R3) (for all the triples (0, S;,S5;), j € [l,cf]) and rule (R’3) (for all the triples
(0,8,0),j €[d + 1,d]), combined with rules (R7), (R8) we get, Vi€ [m,m+n— 1],

() d d
O = (0. > pelei)- S5 > peles) - S; |- (84)
j=1 j=1

Using then rules (R1), (R2), deductions (83), (84) and their analogues for the right-
hand sides, we obtain points (1) and (2) of the lemma. [

Lemma 61. Let & be a system of linear equations. If INV(Y)# L then, V& €
INV(Z),& is a linear equation.

Proof. As % is a restricted system, this follows from Lemma 56. L[]
Lemma 62. Let & be a system of linear equations. If INV(¥)# L then
(D) INV(Z)U{& |m<i<m +D(S) — 1} b= Enino),

(2) min{H(&) | m<i<m+D(¥)} = co = H(INV(F)) = .

Proof. Point (1) follows from Lemma 57 point (1) and from Lemma 60. Point (2)
follows from Lemma 57 point (2) and from Lemma 60, point (2). [
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Lemma 63. Let & =(6)m<i<mrd—1 be a system of d linear equations such that
H(&)=o0 (for every i) and

(0) 3j€[1,d], S # 0,
(D) Vie[mm+d — 1L &l <si
(2) Vie[mm+d — 2], W(&iy1) — W(6) =041

Then INV(#)# L,D(¥)<d — 1,6 e INV(ZL), ||| €||| <Em+p() + SmiD()-
Proof. By hypothesis (0), . is defined and is a restricted system of linear equations.
Moreover, using Lemma 15 for every i € [m,m+d —11,||&]|| <|||&]||. Hence & fulfills

the hypothesis of Lemma 59 and the conclusion of this previous lemma applied on the
system & gives

INV(¥) #£L, D(¥)<d — 1, V6 €INV(S), |[|6]]| S Zminz) + Sy L

6. Constants

Let us fix a normalized dpda .# and an initial equation 4o = (Ilo,S; ,Sar )eN x
DRB{(V)) xDRB{(V)) in the corresponding set of assertions. This short section is devoted
to the definition of some integer constants: these integers are constant in the sense that
they are depending only on this dpda .# and initial equation Ay. The motivation of each
of these definitions will appear later on, in different places for the different constants.
The equations below provide merely an overview of the dependencies between these
constants and allow to check that the definitions are sound (i.e. there is no hidden loop
in the dependencies).

Definition 64. For every series S € DRB((V)), we define the valuation of S, v(S) by
v(S)=inf{|u| |lueX*,S Qu=c¢}:
ko = max{v([ pzq]) | p,q € 0.z € Z,[pzq] # 0}, ki =max{2k + 1.3},  (85)
Di=4-k+3, k=(Di+5 k+k+]1. (86)

ki is used in the definition of strategy Tz (Section 7), Dy appears as an upper bound
on the left-defect of series in Lemma 72 and k; is used in the definition of a “security
band” before Lemma 78.

Ko= 10| +1 (87)
This constant appeared in Lemma 32.

K=k -Ko+1, K,=6-D;-ki Ko (88)
These constants K, K, appear in Lemma 81.

Ky = 2koK3, Ky = ks +ky +3)- K + (ki +2) - Ko + 2. (89)
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These constants K3, K4 appear in Lemma 82.
do=2-10| - (Card(X <h1) +1). (90)

d appears as an upper bound on the dimension of the d-space V7 defined by Eq. (127)
and used in Lemma 81. We consider now the integer sequences (0;,4,L;,s;,
Si, X)) m<i<min—1 defined by relations (76) of Section 5 where the parameters Ky, ..., Ky
are chosen to be the above constants and m=1,n=d =d,. Equivalently, they are
defined by

01=0,41=0,L1 =Ky, s1=K3- Kb +Ky, $;=0, 2, =0, 91)

Oip1 =2 F(do,si + 2i) + 1,

liy1 =2-0ip1 + 3,

Liyy =Ky - (Li+Zi1) + K,

Siv1 = K3 - Liy1 + Ky,

Siv1 =i + i + Ko - F(do,si + 21),

Zip1 =2+ 8in (92)
for 1<i<dy— 1.

Dy = max {Zg, + say | S [l> 1 S 11} » (93)

24,+54, appears in the conclusion of Lemma 63 when we take d =d| in the hypothesis
and suppose that D(%’) has its maximal possible value, i.e. D(¥)=dy — 1. It is used
as an upper bound on the right-defect in the definition of the trees 7t analyzed in
Section 8 (inequation (107)).

No =1+ (ky + 2)Ko + D>. (94)

Ny appears as a lower bound for the norm in the definition of a N-stacking sequence
(Section 8.3, condition (113)).

C, = Card{U € DRB(V')), |U|| <D,}, (95)
Ko = 6-[(Cy- |0]|z|FP3)91 . 10|1Z|P1?, Ks = (K + 1) - ko - Ko. (96)

Ks, K¢ appear in Lemma 84 and C; is used in the proof of Lemma 84.

7. Strategies for 9,

Let us define strategies for the particular system &,. We define first auxiliary strate-
gies Teu, T, Te, T4, Tp, Te and then derive some closed strategies from them. Let us fix
here some total ordering on X: x; <x; < --- <x, and also some total ordering < of
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type @ on .o/ (inherited from the usual well-ordering of N by the fixed encoding).
From these orderings one can construct in the usual way an ordering of type @ on the
sets X*,.o/* and N* x (DRB{(V)))*:

Tewt: Tew(Ay---Ay)=B1-- By iff Jie[l,n—1],35,7T,

Ai:(phS)T)) An:(pn,SaT), Pi < DPn and m=0

Ty: Tp(4142---A4,)=B1--- B, iff 3S,T,4, = (p,S,T), p=0, S=T=0 and m =
0

T, T.(A,---A4,)=B,---By iff 4,=(p,S5,T), p=0, S=T=¢ and m=0

TAI TA(A|~'~A,1):Bl'~'Bm iff

A, = (p,S,T), m=|X|,
By = (p+ l,S@xl,TG)xl),...,Bm :(p+ 1,SOxp, T ®xp),

where S #e¢, T #¢
Ty T (A~ A,)=By-- By, ifft n>ki + 1, 4,4, =(n,U,U’), (where U is un-
marked)

U = qug [pzq]l -V, (for some p e O,z € Z,V, € DRB(V))

Ai=(n + ki+i — n,U,U}) for n — ki<i<n, (U;)y—i,<i<n 1s a derivation,
(U)u—k <i<n 1s a “stacking derivation” (see definitions in Section 3.4),

U, = Z[prq] -V, for some p€Q, t€Z",
qcQ

m=1, Biy=(n+ki—1LV,V'),V=U, V'= qug/[PW] . [qeq]~((_/®uq), where
0'={q€0|[pzq] # 0},Yq € O',uy =min(o([ pzq])).
Ty : Ty is defined in the same way as 7" by exchanging the left series (S™) and
right series (S1) in every assertion (p,S~,S5™).
Tc: Tc(Ay---Ay)=By - By, iff there exists d €[1,dy],D €[0,d — 1],81,5,,...,84
€DRB{(V),1<Kk; <Ky < -+ <kpy; =n, such that,
(C1) Every equation &; =A,, = (px,, Sy, ,S,}), for 1 <i<D+1, is a weighted equation
over S1,82,...,84.
(C2) S =(&E)1<i<p+1 is such that, INV(S)# L,D(¥)=D and ||L]|| <s4,»
(C3) (K1,K2, .-y KD41551, .-+, 84) € N* X (DRB((V)))* is the minimal vector satisfying
conditions (C1) and (C2) for the given sequence (A4 ---A4,).
(C4) By -+ By =p(INV(¥)) (where p, is the obvious extension of p, to pairs of
series and then to sequences of weighted equations; in other words, the result of T¢ is
INV(%) where the marks have been removed).

Lemma 65. Ty, Ty, T,, T4 are ZDy-strategies.

Proof. T,y: (S1) is true by rule (RO). (S2) is trivially true.
Ty: (S1) is true by rule (R’3). (S2) is trivially true.
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T.: (S1) is true by rule (R’3). (S2) is trivially true.

T4: by rule (R4), {B;|1<j<m} |l— , 4,, which proves (S1). Suppose H(4,)= oo,
ie. § = T. Then, Vje[l,m], SOx; = T Ox}, so that min{H(B;)|1<j<m} =o0.
(S2) is proved. [

Lemma 66. T ,T, are Yy-strategies.

Prooof. Let us show that 7},* is a 9-strategy. Let us use the notation of the definition
of T,". Let # ={(n,U,U"),(n+ ki — 1,V,V")}. Let us show that
() ,
H|— %(n + ki — 1,0, Uy). 97)

Using rule (R5) we obtain Vg € O,

_ _ () _
(0,0 =L w0 5] 1) § e g2 g, 0 © gy U @)
reQ

(*) -
= go(m+2 ko, U ©ug, U' ©ui))

=(n+2 ko, U OugV,). (98)
By rule (R’3), for every ¢ such that [ pzq] = 0),
0 = (0,[p=q],0). (99)

Let us show that, for every ¢ such that [ pzq] = 0,

(%)
0 |- (0, [ prql, 0). (100)

From the equations [pzq] = () and [pzq] ©u=[prq] (for some uc X*) we get that
[ptq] = 0. Hence, by rule (R’3), (100) is true. From this deduction, we obtain

() /
0=y | m+2k. Uy > [pra)-Vy |- (101)
[Pzq]Z0

Using rule (R’3), for every g € Q,
0 |- r3(0.[geq]. ). (102)

Using (102), (98)and (R7)—(R9) we obtain

_ (*) _
{(m,0,UN} =4 | n+2k, > [p7a]- Ve > [prallgeq] - (U O uy)
[pAq]1Z0 [pAq1ZD
(103)
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By (101), (103) and (RO), (R2) we get

_ ()
{(r,U, U} | (m+ 2ko, U, V). (104)

Let us recall that U, = V. Hence, by (R1), (R2)

(%)
{(n+ki = LV, V'), (n+ 2k, Uy, V)} = (n+k — 1, Uy, Uy). (105)
By (104), (105) and (97) is proved. Using now (97) and rule (RO), we obtain

(%)
H = (n+ ki = 1,Un, Uy) = po(n+ k1, Uy, Uy) (106)

ie. T,  fulfills (S1).
Let us suppose now that Vi € [n — ki, n], U;=U/. Then, by (104), U, = V'’ and by
hypothesis ¥ =U, = U,. Hence V = V’. This shows that 7, fulfills (S2).
An analogous proof can obviously be written for 7, . [

Lemma 67. Let (p,S,S’) be a weighted equation, i.e. p€N,S,S' € DRB{(V)). Then
(%) ()

{(2.8.5)} = «{(p.pe(S). pe(S" N} and {(p, pe(S). pe(S'N} |H— «{(p.S. S}

Proof. Follows easily from rules (R1), (R2), (R11). O

Lemma 68. T¢ is a 9y-strategy.

Proof. By Lemma 62, point (1), combined with Lemma 67, (S1) is proved. By
Lemma 62, point (2), combined with Lemma 67, (S2) is proved. [

Let us define the strategy g by: for every W =44, --- A4,

(0) it e dom(Tcut)a then 5€4B(W) = Tcut(W)a
(1) elsif W € dom(Tp), then Fp(W )= To(W),
(2) elsif W € dom(Ty), then (W) =T,(W),
(4)elsif W € dom(T;"), then Sp(W)=T;"(W),
(5)elsif W € dom(T; ), then Sip(W)=T, (W),
(6) elsif W € dom(Ty), then Fg(W)=T4(W),
(7)else Fp(W) is undefined.

The strategy ;pc is obtained by inserting “(3) elsif W € dom(7¢), then Sgc (W)
=Tc(W)” in the above list of cases.

Lemma 69. %pc, %p are closed.
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Proof. Given any true assertion 4, =(n,S,7T) and any word W =4, - - - 4,, at least one
of T,, T4 is defined on W. [

8. Tree analysis

This section is devoted to the analysis of the proof-trees t produced by the strategy
%5 defined in Section 7. The main results are Lemmas 83 and 84 whose combination
asserts that if some path (from a node x to a node y) of 7 is such that its origin
has “small defect and large norm” and its length is “large”, then there exists some
ancestor of y at which T¢ has a non-empty value. This key technical result will ensure
termination of the strategy %jpc (see Section 9).

8.1. Depth and weight

In this section we show that the weight and the depth of a given node are closely
related. Let us say that the strategy 7 “occurs at” node x iff

T((x[0]) - T(x[1]) - - - 7(x[|x[ — 11)) = 7(x),

i.e. the image of the path from ¢ (included) to x (excluded) by the strategy 7, is equal
to the label of x.
For short, we say that T occurs at x iff 7;" or 7, occurs at x.

Lemma 70. Let o € {—,+},41,...,4y € o such that T§(A, ---Ay) is defined. Then,
Vie [}’l - kl + lan]s va, € {+9 7}’ Ai 7é TB“,(AI o ‘Ai—l)'

In other words: if T3 occurs at node x of 7, it cannot occur at any of its k; above
immediate ancestors.

Proof. Suppose that Ji€ [n—k+1,n], o’ € {+,—-}, 4; = 7]9“/(141 -+-A;_1). Hence m; =
mi—1 —1 < m,_j, +i, contradicting one of the hypothesis under which T3(4; - - - 4,) is
defined. O

Lemma 70 ensures that, in every branch (x;);<; and for every interval [n + 1,n + 4]
C 1, at most one integer j is such that 73 occurs at ;.

Lemma 71. Let t be a proof-tree associated to the strategy Yyp. Let x,x’ € dom(zt),
x=<x'. Then |W(X') — W) <|x| — x| <2- (W) — W(x))+ 3.

(We recall the depth of a node x is just its length |x|.) We denote by W (x) the weight
of x which we define as the first component of 7(x), i.e. the weight of the equation
labelling x.)
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Proof. Let x,x" be such that |x'| = |x| + 1. Then W(x") — W(x) € {—1,+1} hence the
inequality |W(x") — W (x)| <|x’| — |x| is fulfilled such nodes. The general case follows
by induction on (|x’| — |x|).

Let us prove now the other inequality. We distinguish two cases.

Case 1: |x'| — |x|<3. Then |x'| — |x|<2 - (W(x') — W(x)) + 3 (because there is at
most one T step in a sequence of length < 3).

Case 2: |x'| — |x|>4. Let x=x¢,x1,...,X4,x" be the sequence of nodes such that
|X'| = |x|=4-q+r, 0<r<4 and Vi€ [0,q — 1], |xi11] — x| =4

By Lemma 70, in every set {y € dom(t)|x; < y<x;+1} at most one node z is such
that 73 occurs at z. Hence W (x;i 1) — W(x;)=2.

It follows that

qg—1
W] = el =D | = bl + ) = x|
i=0
qfl
2W (xi1) = W) + x| = g
i=0

S2(W(xg) — W(x))+2(W(x") — W(x,))+3 (by the first case)
<2W (') — W(x)) +3. O

We recall that (IYO,SO+ .Sy, ) is an initial assertion which has been fixed in
Section 6. We recall the definitions of some constants (defined in Section 6):

ko = max{v([ pzq])| p.q € O,z € Z,[ pAq] # 0}, Kk = max{2ko + 1,3},
Dy =4ko+3, kh=D1+4) ki +k+1,

dy=2-|0|- (Card(X<¥) + 1), Dy = max{Zy, + sa,- 1S5 |1, IS5 1|}
No =1+ (kr +2)Ky + D;.

We fix throughout the remaining of this section a tree 1= (s, (70, U, , UO+ )) (i.e.
7 is the proof tree associated to the assertion (7, U, UO+ ) by the strategy %5). We
suppose that

rd(Uy )<D,, 1d(Uy )<D,, Uy ,U, are both unmarked, (107)
Uy = Ug. (108)

We recall that, formally, 7 is a map dom(t) — N x DRB((V)) x DRB({(V')) such that
dom(z) C{1,...,|X|}* is closed under prefix and under “left-brother” (i.e. w - (i+1)
edom(t)=w - i€dom(r)). We denote by pros:N xDRB{V)) x DRB{V)) —
DRB{(V)) x DRB{(V')) the projection (7,U,U’)— (U,U"). By 1, we denote the tree
obtained from t by forgetting the weights: 7, =10 pry ;.
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8.2. Linearity

Lemma 72. For every label (r,U~,U") of 1,
(1) Yae{—,+}, U* is (D1,D;)-linear,

(2) if U* is unmarked, then U is (0,D,)-linear,
(3) Joe{—,+}, U* is unmarked.

Proof. Let x € dom(7),t(x)= (%, U~,U"). We denote by x(i) the prefix of length i of
the node x. For every 0<i<|x| we note 7(x(i)) = (m;, U;, U;") = 4;. (Hence (4;)o<i<|x|
is the sequence of labels on the path from ¢ to x.) We prove points (1)—(3) by induction
on |x| (the depth of node x).

|x] =0: By hypothesis (107) points (1)—(3) are true.

|x|=n+1:

Case 1: (n,U~,U") is the result of the application of 7 on (;, U, U™"),(m,, U,
U) where i=n — k.

Then U~ is unmarked (by definition of Tj') and (0,D;)-linear (by induction
hypothesis). It follows that U* is (2ko + 2, D, )-linear. Moreover, by definition of %z,
U?*# (), hence U* is marked. On the other hand, there exists some w & X% such that
U~*=U""©Ow. By induction hypothesis rd(U~*)<D, and by Lemma 32 point (1),
rd(U %)< D,. Moreover, as no letter [geq] can be introduced by the action ® (see
hypothesis (12) in Section 2.2), U~* is unmarked.

Case 2: (r, U, U")=(n,+1,U; ©x,U; ©x) for some x € X. If for every 1 <i<n,
(m, U™, Uﬁ) is not the result of an application of 7, then U, |, U;H are both (0,D;)-

U,i ) is the result

linear. Otherwise, there is a maximal integer, mo, such that (7, U, ,
of an application of Tz. Let o € {—,+} such that 7} occurs at my. We have

U,,” is unmarked and (0, D )-linear, (109)
Un? = [pogllgeq]T, (110)
q€Q

for some weZt, 1<|w|<2k + 2, (T;);c0€DRBg, (V)), where every T, is
unmarked and (0, D, )-linear. As U™* = U, *©w for some w € X ntl=mo property (109)
implies that U~* is unmarked and (0, D;)-linear.

If there exists some i € [mg,n+ 1] such that U** = p,(T,) then, by hypothesis U;** is
unmarked and (0, D, )-linear. It follows that in this case U** is unmarked and (0, D,)-
linear.

If there exists no i € [mg,n + 1] such that U"* = p,(T,) then

Vi€ [mon+ 1] 3p€ 0 o €27, U =3 [piogllgeq)Ty.
q€Q
Let mo<ip<n+1 such that |w;,| is minimal. If |w,41| — |w;,| >2ko + 1, then T3 (4o ...
A;) would be non-empty for some iy <i<n + 1, contradicting the maximality of m.
Hence |04 1]|—|w;,| <2ko+ 1, and since |w;,| < |wpm,| <2ko+2 we have |, 1| <4ko+3.
Hence U'* is (D, D,)-linear. [



68 G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166

8.3. N-stacking sequences

We show here that the tree t is somewhat “smooth” in the sense that its labels
cannot be varying in a too chaotic way along a given branch. We shall establish
that every “sufficiently long” branch must contain a “reasonably short factor” (a “N-
stacking sequence”) where at least d labels (U, U’) are belonging to the same d-space
V of dimension <d, with coordinates not greater than s,, (over some fixed generating
family of cardinality <dj). Let us define now this notion of stacking sequence which
is, roughly speaking, an extension to sequences of pairs (U;, U’) appearing in 1y, of
the notion of stacking derivation (see Section 3.4.2).

For every U,U’ € DRB{(V)) we set

I|U|l| = max{||U||, U € Q(U) and U is unmarked},
11U, UNII| = max{[||UII], [[1U"]]1}-

Let x € dom(t). We define now a kind of norm on nodes which in some sense “erases”
the short-term variations of |||(x,*)]||:

N(x) = max{|[|ts(x())I]./ € N, x| =k <j <|x]}.
Let us say that a function f:N — N is k-up Lipschitz iff

Vi,j € dom(f), i<j= f()— f)<kG D). (111)
Lemma 73. Let (x;)ic; (where I is a beginning section of N) be some branch of .
(1) The function N:I — N is (ko - Ko)-up-Lipschitz.
(2) The restriction N:J —N to any interval J C1 such that neither T; , nor Ty

occur in J, is Ky-up-Lipschitz.

(In the above lemma and in the proof below we use the simplified notation N(i) for
the integer N(x;).)

Proof. Let us prove that for every i such that i+ 1€/,
N + 1) <N(@@) + koKp. (112)

Let a € {—,+}. Let us consider four cases.
Case 1: U = U* ©x (for some x € X, J* unmarked). Then, by Lemma 32, ||U? ||

<[| U 4 Ko <N(i) + Ko.
Case 2: U, is obtained by Ty transformation

A= [piogllgeq) (U, © uy),
qeQ’
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where Q' C O,1<|uy|<ko. Then, by Lemma 32 we have
U = max (U5, © ]} < 107 1+ ok
< N(@) + koKo.

Case 3: Uf ;= U*©x (for some x € X, % U}, | are marked).

1

U = [piogllgeqlV,
q9€0

where the V; are unmarked

Ul = Z ([piwiq] © x)[geq]Vy,
q€0
hence, [[|U7%[[] = maxgeq {171} = [I1U7[[| <NG).
Case 4: U =U” ©x (for some x € X, U* marked, U7, unmarked).

1

U =" [pioqllgeq)V,,
q9€0

where the V; are unmarked and e-free U7, =V, for some go € O, hence

=175 = 1V, | < max{[[Vl[} = IUZI <N

As in every case, ||U? ||| <N(7) + koKo, inequality (112) and point (1) of the lemma
are proved.

The discussion above also shows that, if 73 does not occur in J, then for every
J such that jeJ,j+ 1€J, N(j + 1)<N(J) + Ky, which proves point (2) of the
lemma.

O

Let 0 =(x;)ic; be a path in 7, where 7/ C N is a non-empty interval and iy = min(/).
We call ¢ a N-stacking sequence iff:

Viel, N(x)=N(x;,) and N(x;)=>No. (113)
From now on and until Lemma 84, we fix a N-stacking sequence g = (x;);c;. We call
Card(/)-1 the length of o (denoted |g|). Let us use the simplified notation N(7) for
N(x;) and let us note t,(x;)= (U, U™").

Lemma 74. Vi€ N, if i + ki €1, then 3j € [i,i + k1, ||(U~, U =N(p).
Proof. This follows from the fact that N(i + &) >=N(ip). O

Lemma 75. Let i €N, such that i + ki + 1 €1. If Tz occurs at node x;y| then
(U1, U DI =N(io) — ki Ko.
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Proof. Suppose that |[|(U7,, Ut )|[|<N(ip) — k1Ko — 1. Then, Tz cannot occur in-
side [ + 1,i + 1 + k] (see Lemma 70). Hence, by Lemma 73 Vje[i + 1,i + 1 +
ki, (G, U )| <N(ip) — 1. Finally, N(i + 14 k1) <N(ip) — 1, contradicting the fact
that ¢ is N-stacking. [

Lemma 76. Suppose that Tg occurs at node xiy\ where i +ky +1¢cl. Then U}, =

> g c o [Pitiqllgeql(Ur @ uy), for some p; € Q,0" C O, 1 € (Z—{e})", 1< [, [ug] <

ko, ||UZ 1 || =N(io) — 2k Ko.

Proof. We distinguish two cases.

Case 1: [|U2, ||| = max{|[[ U, 1T [} By lemma 75, [[U7[[| >N(io) — ki Ko.
So, 3g € 0", | U7, © ugl| >N(io) — k1Ko, hence [|UZ, | >N(io) — (ki + ko)Ko >N(io) -
2k K.

Case 2: [||UZ ]| =max{[[| U7, [l [T, ][I} Hence U IZIULGIl — kiKo=
UL — k1Ko =N(ip) — 2k1Ko. As Uf,, = U} , the lemma is proved. [

1

We define an integer i; by
iy = min{i € [io — k1, i]NN, [[I(U;, U)I|=NGo) — (k2 — ko)Ko}, (114)
if Tz does not occur in [ig — kq,ip];
i1 is the unique element of [iy — ky,ip] NN where Tz occurs, (115)
if T3 occurs in [ig — ky,io].
Let us notice that, by Lemma 74, i; is always defined (i.e. the set used in the r.h.s.
of definition (114) cannot be empty).
For every o€ {—,+}, we define a Q-series [ p*w*] and a Q-form @* as follows.
Case 1: U} is unmarked and ||U}|| =N(ip) — (k2 — ko)Ko. As rd(U)< D, U has
a minimal decomposition
U = [pf]* & with | 07]|<Ds.
Using the inequality
|U|| =N(io) — (k2 + 1)Ko =D,
we conclude that w} admits a decomposition w} = w*®j such that
U = [P’ 8%, & = [wf] & (116)
with

N(io)—(kz+1)Ko<‘|q§1|‘ < N(ip) — k2 Ko, ||(151H>D2 + Ko, ‘(pa|>1. (117)
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Case 2: U} is marked and |||U/||| =N(io) — (k2 — ko)Ko. Hence, U} can be written
as

Ur =Y [piKiqllgeq (U7 © uy)
q€0’

for some pieQ, Q' CO1<|uf| <Dy, |ug| <ko, Ur= U_“, J<ii.

i

Let g € Q" such that [|[UZ||| = ||U* © uy||. We have
U1 = U7 © ug|| — |ug|Ko =N(io) — (k2 — ko)Ko — koKo = N(ip) — k2Ko.
From this inequality we conclude, as in case 1, that Uifl‘ has a decomposition
U“—[pw] * @* (118)
with
N(io) — (k2 + DKo <[[®*|| < N(ip) — k2Ko, [|®”||=D2 + Ko, [®*|=1. (119)
Case 3: ||UZ[|| <N(ip) — (k2 — ko)Ko. In this case, [ p*®*], ®* are both undefined.
Remark 77. If definition (114) applies then, the inequality |||(U; ", U;")|[|=N(ip) —

(ky — ko)Ky implies that there exists at least one o€ {—,+} such that [ p*w*], ®* are
both defined. If definition (115) applies then, Lemma 75 implies the same result.

Let us define now the following families of series and d-spaces:

Gy ={®;0ulq e QueXMU{p(d])|q € 0}, (120)

W =V((P)ge0)s V" =V(%5) (121)
for every o € {—,+};

W=w-uw", V=yV-urt, v=v-+rt (122)
where, for every d-spaces Vi, V> CDRB((V)), Vi + V, denotes the smallest d-space
containing V; U V,. We illustrate in Fig. 4 the above definitions. The band {U € DRB
(V)HINGo) = 2k Ko <|||U||I} is a full security band in the sense that every U in this
band belongs to V (Lemma 79). The band {U € DRB({(V")) | N(ip)— (k2 —ko)Ko <|||U|||
<N(ip)} is a security band in the sense that if [U is in this band, j<i, U* belongs

to the full security band, and U”* — U?], then U* belongs to V (property 2(a,i,j)
established in the proof of Lemma 79).

Lemma 78. Let ac{—,+}, i€l, jeN, iy <j<i such that ||U||| =N(ip) —2- k1 - Ko
and Ty does not occur in [j+ 1,i]. Then [||U?[|| =NC(io) — (ka — ko)Ko.

Proof. Let us suppose o, i,/ fulfill the hypothesis of the lemma and let us suppose that
the following inequality is realized:

U < N(io) — (k2 — ko)Ko. (123)
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N(ig)

Full security band

N(z0) — 2k1 Ko

& Security band

N(io) — (k2 — ko) Ko

N(io) - k2Ko ig — k1 i 1o

Unsafe area

Ha

Fig. 4. The generating family.

As |||U*]]| =N(ip) — 2k1 Ky, the following integers are well defined:
ih=-1 —|—min{j' €j+k,i] |N(i0) - 4k1K()<|||Ujo$||| < N(ip) — (4ky — 1)K()},

As for every j' € [j,ia—hki], ||| US| <N(ig) — 4k Ko, by Lemma 76, T, * does not occur
in [j+k + 1,02+ 1]. But [[|UZ[|| = [|U||| = (k2 — ko — 4k — 1)Ko = (D1 + 1) - ki - Ko,
hence i, — j=(D; + 1) -k so that the interval [ + k;,i;] has a length greater or equal
to D - ki. Applying Lemma 44 we conclude that U;* is unmarked. (Let us notice
that U} is unmarked too, just because [[|UZ][|>[||[U?||| while U =U*©®w for some
weX2T)

As || U = | U + k1 - Ko + 1, by Lemma 43 the derivation U7 — U7 must contain
a stacking subderivation

Uioz(+k T (“)Ug+k+k1

for some u € X*'. As Ui;“ is unmarked, there exists some j' € [ip +k; + 1,43 + 1] such
that either 73 occurs at ;/, which contradicts the hypothesis of the lemma, or 7;*
occurs at j/ which contradicts Lemma 76. (We illustrate our argument in Fig. 5.) [
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N(io)

Pull security band

N(i0) — 2Ko

N(ip) — 4Ko

N(ip) — (kz — ko) Ko

N(ip) — k2 Ko

io —ka i1 ip 7 iz i3 i

oo o Le

Fig. 5. Uj“ out of security band is impossible.

Lemma 79. Let i>i), i+k €I, o€ {—,+} such that ||U"||| =N(o) — 2k1Ko. Then
U*ev.

Proof. Let us consider the following property 2(a,i,j):
{/<i and |||U?||| 2N(ip) — 2k1 Ko and no Tg occurs in [j + 1,i]} (124)

= {(if U} is unmarked then U} € W) and (if U} is marked then, there
exists some o’ € {—,+} such that, every linear component of

o s s o - D) Lko
U? is in (W* NDRBIin® (1)) © X (M40}, (125)

(Here we denote by X (™) the set {ueX*,m<|u|<m'}.)
We prove by lexicographic induction on the pair (i, ;) that

Vizi,Vizi, [Vae {— +}, 20, /)] (126)

Let us consider a pair (i,j) € N x N, i>ij, j>i; and some o€ {—,+}, fulfilling the
left-hand side of the implication #(a,i,j) (i.e. fulfilling condition (124)).

Case 1: j=i;. If U” is unmarked, by Lemma 78 [[|U[|| =>N(io) — (k2 — ko)Ko.
Hence U” € W* (by case 1 of the definition of @*).

If U” is marked, then, by case 2 of the definition of ®*, every linear component of
U? is in (W* N DRBIin® (1)) ® X (ko)
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Case 2: j>i, and T3 occurs at j:

Ul = [pjwqllgeq)(U} © uy)
qeQ’

for some O’ CQ, w;€(Z —{e})*, p;€Q, |uy| <k, and U* = Ui
By Lemma 76

U7l =N(io) — 2 - k1 - Ko.

It follows that j —k; —1>i; (by minimality of i; in the case where T does not occur
in [iyp — k1,ip] NN and because two successive occurrences of 7z must be at distance
>k; + 1 in the case where Ty occurs at i1). As (j —k; — 1,j — ki — 1)<(i,j), by
induction hypothesis, #(a,j — k; — 1,j — k; — 1) is true: Uj:zlfl is unmarked (by
definition of 73) and |[|[U;Z; || >N(io) — 2 - k1 - Ko, hence U~} | € w* (for some
o). Tt follows that

U} is marked and for every ¢ € O, W@ u, € (W* NDRBIin?2 (V) & X (ho)

Case 3: j>i; and Ty does not occur at j.
Subcase 1: U ,U* are both marked. U%, ©x=U" for some x€X. By
Lemma 72,

Uy = [pj-10-191lqeq1T,
q€Q’

for some w;_; € (Z—{e})",1<|w;_1|<D1,(Ty)4ec 0 € DRBg, {(V)), where every T, is
unmarked and (0, D;)-linear. It follows that

Ul = Z ([pj—10j-19] © x)[geq]Ty.
qe0’

By the induction hypothesis 2(a,i,j — 1) we get there exists o’ € {—,+} such that
Vg€ Q',T,c (W NDRBIin® (V) ® X (k). Hence (125) is true for (a,i, ).

Subcase 2: UZ,U? are both unmarked. By induction hypothesis U”, € W, i.e.
UL, € V({(I)Z/ |g € Q}) for some o € {—,+}. By definition of ®* we have

(1) 9| >Ds + Ko, 97| >1,

(2) (U ) <Ds.
Hence, by Lemma 38, Jw;_1 €Z*, Ip;—1 €0, U, = [pj_le_l]*di“/. As HUfi1|| >
||@*||, we must have |w;_;|>1. Let us apply Lemma 37 on U = Ur, o= " H = U,
u=x,k=1. One can check that, by Lemma 78 the hypothesis

[H[|=1+k-[O] +[|@]

is fulfilled. Hence U”=([pj—1w;—1] ©x) * @*, which proves that U € w.
Subcase 3: U, is marked while U” is unmarked.
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By Lemma 72

UL, = Z [pj—10j-19]lqeq]T,

q€Q

for some w;_ € (Z — {e})",1<|w;—1|<D1,(T;)se 0 € DRBg,, where every T, is un-
marked and (0, D,)-linear. It follows that

Ujl'x = pli(qu)

for some g9 € Q. By induction-hypothesis there exists o’ € {—,+} such that T, €
(W* NDRBIIN? (V) ® X {Hk0) e, there exist T,, € W* NDRBIin?(V),u,, € X (1-F0)
such that

Ty = T% © Ugy-

(Let us notice that this equality implies that T, = p.(T,,).)
Ty, €V((PY )ge o). and by definition of &* we have

(3) [[9" | =D; + Ko, [9" |21,

(4) 1d(Ty,)<D».

Applymg Lemma 38, we obtain that

Jwo € 2*, Ipy € O, Ty, = [ powo] * D*.

Using the inequality given by Lemma 78 (for U”) and inequality (117) or (119) we
obtain that

|U7[|ZN(io) — (k2 — ko)Ko = [N(io) — (k2 — ko)Ko — 1 — koKo] + 1 + ko - Ko
> 07|+ 1+ k- O],
which is equivalent to
1 Tg © ugo [ Z 197 | + 1 + ko[ Q.

Hence the hypothesis of Lemma 37 are met by U = TqO,H Ty» P=Po, h=ay,
b= CP“/, u=1ug, k=ky. Lemma 37 then concludes that

Ty = ([Po0] @ ug,) + 8" where [ powo] © ug, = [¢'e)],
for some ¢’ € Q,|w'| =ko.
As U”"=T,, this establishes that U” € W*, hence that P(o,i,j) is true. Let us ob-

serve ﬁnally that 2(a,i,i) shows that if U* is unmarked then U*€ WCV else
Ure y* C V. Hence the lemma is proved. [

Lemma 80. Suppose i=i, i + ki €1, ||U*||=N(@y) — 2k1Ko, U* unmarked. Then
o' e{—,+},peQ,weZ* U,«“:[pw]*(P‘“/ with 1 <|o| <2ko(i —ip) +2(ky + ki1ko +2).
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Proof. By property 2(o,i,i) established in the proof of Lemma 79, Jo’' € {—,+},
pPEQ,WEZL,

U =[pw] * &*.
By Lemma 34 point (2), as |&*|>1,
U7 =1+ (jo| = DIQ] + |||
If i>=iy, by Lemma 73
IUF|| <SN@) < (i — io)koKo + N(ig) < (i + k1 — io)koKo + N(ip).
If i € [i1,io],
IU#|| <N(o) < (i + ki — io)koKo + N(ip).
By inequality (117) or (119),
|19 [|>N(io) — (k2 + DKo,
Hence, we get
(lo] = DIOI<1 + (Joo| = DI[Q|
=17 =l |
< (i + ki — io)koKo + N(ip) — (N(ip) — (k2 + 1)Ko)
= (i + ky — ip)koKo + (k2 + 1)K,.

Hence || < (i —io)ko - Ko/|Q| + (ky + kiko +2) - Ko/|Q| < (i — o) - 2ko + (2kz + 2ky ko +4)
(because Ky <2|0]). O

Let us define some additional spaces of series

G ={D7 0 u|l q € Qu e XN }U{p(P])| q € 0},
VE=V(EY), V=V +V (127)

We recall that

Ky =kKy+1, K, =6D kK.

Lemma 81. Let L>=0 such that (ip + Ky - L + Ky) + ki € 1. Then, there exists i €
lio + L,io + K, - L + Ky] such that, U~ € V1, € V.

Proof. Let us establish that
Ji € [ig + L,ip + Ky - L+ K;],Jo € {—,+}, T3 occurs at i. (128)

If 3we{—,+},T§ occurs in [ig + L,ip + L + D1k;] then (128) is true.
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Otherwise, by Lemmas 72 and 44, both Ulz \LiD, ok AT unmarked. If some o-stacking
sequence of length & occurs in the interval /(iy,L)=[ip + L+ D1k, ip + KL+ K, — 1],
then some 7]3“, occurs at some i € [ig + L + Dik; + 1,ip + K;L + K] and (128) is true.

Let us suppose now that, Vo € {—,+}, no a-stacking sequence of length >k; occurs
in the interval 7(iy,L).

By Lemma 73 we must then have
|||(Ui0_+L+D1k1 > (]i:+L+D1kl )| H <N(iO) + (L + D1k )KO'

For each a € {—,+} we distinguish two cases.
Case 1: Ji € [ip+ L+ Diky,ig+Ki L+ Ky — k], HUI%H <N(ip) — k»Ky. By Lemma 43,
as there is no w«-stacking sequence of length & in 1(iy,L):

Ui+ k14— | <N(io) — kaKo + k1Ko <N(io) — 2k1 Ko. (129)

Case 2: Vi€ [ig+ L+ Dk, ig+ K L+ Ky — k], H(]I“H >N(ip) — k»Ky. By Lemma 72,
for every i € [ip + L + Diki,ip + KiL + K3], Uf is (0,D;)-linear.

Using Lemma 40 it follows that all these U/ are loop-free.

By Lemma 42, for every £ <(L+ Dk + 3k )Ky, there exists some k* <(L+Dik)+
(L + Dyky + 3k1)Kok, such that

|Us i | <N U1 p | = £
Taking [ = (L + D1k, + 3k1)Ky we obtain an integer

k* <(L+ Dk )+ (L + D1k + 3k )Kok] <KL + K, — k; such that

< || iZ+L+D,k1 H —7
< N(ip) + (L + D1k))Ky —
= N(ip) — 3k K.

Ui+

By Lemma 43, it follows that

| Us+ky 14—k | S(NGio) — 3k1Ko) + k1Ko = N(ip) — 2k1 Ko. (130)
Inequalities (129) and (130) show that

U ikirskrns Unkiioko—i [l SNGo) — 2k1Ko
and, finally,

N(ip + K1 L + K3) <N(ip) — k1 Kop.

As this inequality would contradict the hypothesis that ¢ is N-stacking, assertion (128)
is proved.

Let us consider an integer i satisfying (128). Suppose that 7 occurs at i. By Lemma
76, ||U?|| =N(ip) — 2k1|Q|. One can check that, by the same argument as in the proof
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of Lemma 79, case 2, necessarily i — k; — 1=i;. By the property 2(a,i’, ;') (where
we choose i = j' =i —k — 1), established in the proof of Lemma 79, U} € 7. Hence
UreVCV,and U V. [

Let us give now a stronger version of Lemma 81 where we analyze the size of the
coefficients of the linear combinations whose existence is proved in Lemma 81. We
recall that

Ky = 2ko|0), Ky = 2k +ky +3)-Kg + (ky +2) - Ko + 2.
Let us fix a total ordering on 4 =%, U%,":

4, ={01,0,,...,04}, where d = Card(%).
Let us remark that d <2 - |Q| - (Card(X <F1) + 1) =d,.

Lemma 82. Let L>=0 such that (io + KiL + K3) + ky €1. There exists i €[iy + L,
iv+ Ky - L+ K] and, for every o€ {—,+}, there exists a deterministic rational family
(B <j<a fulfilling

(1) U= S5 By 0

(2) 1B I <Ks - (i —io) + K.

Proof. We have already established property (128), i.e. Ji € [ip + L,ip + K - L + K>],
Joe{—,+}, T occurs at i. Then
U *=UG®u, forsome u e xh,

Ut = Z[phq][qeq](U ®u,), for some Q' CQ, he z"Uh) y, e x k),
qe0’

U= Ui = [ro]« ", for some r €0, w € Z*, o € {—,+}
and by Lemmas 76 and 80

|w‘<2k0(i—l'0—k1 — 1)+ 2(ky + k1 ko + 2). (131)
Coefficients of U, *. Let us analyze the coeflicients of U~* expressed as a linear

combination of the {@¥ ©w|0< |w|<ki}U{p(*)|q€ O}.
Either U* = ([r®w] © u) * &* and then

[lr] © ul| <|[|[ro]]| + Kolu| < 1+ (lo] = DIQ] + [u|Ko
< 1+ [2k(i —ip — k1 — 1)
+2(ky + kiko + 1) + k1] - Ko
< 2koKo(i — i) + (2ky + Ky + 3)Ko,
or U™ :pg(@]‘l ©u'") for some g€ Q, u” suffix of u and then

||(®,...,@,8,®,...,®)H = 2<koKo(i —ip) + (2ky + k1 + 3)Ko.
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Coefficients of U;"*. Replacing u by u, in the above analysis, we obtain
d
Vge Q. Uou =Y 74,05
j=1

where ||7g.«|| <2koKo(i — i) + (2k2 + ki + 3)Ko. We can then decompose

where 7 is the deterministic row-vector ([ phqi1[qieqi],-..,[phg.llgneq:]), 7 is a de-
terministic matrix of dimension (|Q’|,d), 0 is a row-vector of dimension (d, 1) whose
components are the elements of %;.

Let us choose f7, =1 7.

We obtain the upper bound
[l + [I1
[(Lphq1],....[phaalll + (I DI| + (17l
(where D is the diagonal matrix with diagonal coefficients [g;eq;])
< pAll + 121+ Iyl
< (kO] + 1)+ 2[O + 1) + 2koKo|O|(i — do) + (2k2 + k1 + 3)Ko[O
<Ks(i—ig)+ Ky O

1B <
<

Lemma 83. Let us suppose that || =Ly+k. Then, there exists ig <k <Kky< -+ <Ky
and deterministic rational vectors (B} )1<j<a (for every i €[1,d]) such that

0) W(k1)=1,

(1) Vi, Yo, UZ=Y"0 | p1,0,€71,

(2) Vi, Vo, [|B]I<si,

(3) Vi, W(kit1) — W(Ki)=0i41,

where the sequences (9;,¢;,L;,s;,Si,0;) are those defined by relations (91) and (92) in
Section 6.

Proof. Let us consider the additional property
4) x; — iy <L;.

We prove by induction on i the conjunction (1) A (2)A(3)A(4).

i=1: By Lemma (82), there exists x; € [ig,ip + K] such that Vo€ {—,+},3 a de-
terministic vector (S ;)1<;<a, such that

d
UL => B0
j=1

and in addition ||B}, || <K3Ky + Ky =s1.
i—1i 4+ 1: Suppose that x| <k, < --- <k; are fulfilling (1)AQR)A(3)A(4). By
Lemma 82, there exists ;1 €[ig + Li + £iv1,00 + Ki(Li + £i11) + K] such that
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Vo€ {—,4},3 a deterministic vector (B%1, /) h1<j<a, such that

d
UL, = Bl 0 (132)
j=1

and, in addition,

1B 1| SK(Ki(Li + £ig1) + Ka) + Ka = K3Li1 + Ky
. (133)

By Lemma 71

2(W(Kkiz1) — W(Kki)) +32K41 — K=l = 2041 + 3,

hence,

W(Kit1) — W(Ki) =01 (134)
At last

Kip1 —lo<Ki(Li + li1) + Kp = Lij. (135)

The above properties (132)—(135) prove the required conjunction. It remains to prove
point (0): the integer x; introduced by Lemma 82 is such that 73 occurs at x;, hence

W(Kl): W(K1 —kl —1)+k1 -1
>W(K1—k1—1)+2>1. J

We recall that
C, = Card{U € DRB{ V), |U||<D.},
Ko =5-[(Cy[Q]|Z[** 7)€ Ql|ZIP P, Ks = (Kg+1) ko - Ko.
Lemma 84. Let (x;);c; be a path in t (we suppose I CN is a non-empty interval).

Let L>0. One of the following cases is true:

(0) N(ig) =Ny, where iy =min([/),
(2) (x;)ic; contains a N-stacking sequence of length >=L.

Proof. Suppose that neither (0) nor (2) is realized. The set {t,(x;)|i €} can contain
at most [(Cy-|Q||Z|2+P2+3)I€1.Q||Z|P1? pairs (U, U™") such that [[|(U~, U™)[[| <Ny
(because, by Lemma 72, they are (D, D;)-linear). But no pair can appear more than 6
times on a given path, due to the inequality of Lemma 71 and to the rule 7¢,. Hence,

Card{i S [|N(l) < N()} < K.
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Let us consider now an interval J =[i,i + /] CI which is a maximal sub-interval of /
on which N takes values in [Ny, +0o[. As N is koKy-up-Lipschitz, and either i =i, or
N(@ — 1)<Ny we have

N(@) < Ny + koK.
As J does not contain any N-stacking sequence of length L,
(<L -ky Ky—1.

Finally, / contains at most (K + 1) maximal sub-intervals J on which N takes values
in [Ny, +oo[. It follows that

| <Card(/)<K¢+ (Ks+1)-L ko - Ko = Ks - L + K,

i.e. property (1) is realized. [J

9. Completeness of %,

We show that, up to some slight details, Spc is terminating.

Lemma 85. Let Ay be some true assertion which is supposed unmarked. Then the
tree I (Sypc,Ao) is finite.

Proof. Suppose Ao =(I1y,S, ,S; ) is true, unmarked and =7 (¥pc,4o) is infinite.

By Koenig’s lemma, ¢ contains an infinite branch whose (infinite) labelling word is
ApAy---A,--- . Lemma 63 applied to m=1 and d <d, and combined with Lemma
23 shows that the equations B; = (n;, 7;, U;) produced by 7¢ have size max{||7;||, U]/}
< D», hence that the number of possible results of 7¢ is finite. Hence T occurs only a
finite number of times on this branch (otherwise 7., would occur on this branch, which
is impossible on an infinite branch). Let ny be the last point where 7¢- occurs or 17y =0
if T does not occur on this branch. (Au,+:)i>o is a branch of the tree ¢ = 7 (S, An, )-
As every result of 7¢ is a weighted linear equation which has size bounded by D, (by
the above arguments) and which is unmarked (by point (C4) in the definition of 7¢),
if ng # 0 then ¢ fulfills hypothesis (107) assumed in Section 8.3.

As Ay is true and the strategies Ty, 75, Tc preserve truth, 4, is also true. Hence ¢’
fulfills hypothesis (108) assumed in Section 8.3.

If ng=0, by definition of D, (see Section 6) rd(Sy; )<D,, rd(S;)<D, and by
hypothesis S;",S; are unmarked. Hence, in this case too, ¢ fulfills hypothesis (107)
assumed in Section 8.3. As Ay is true, hypothesis (107) is fulfilled. Let us now apply
the results of Section 8.3.

By Lemma 84, the branch (4,,+:)i>0 must contain an N-stacking sequence ¢ with
length |o| =Ly, + ki. Let us remark that, as 7y does not occur (otherwise the branch
would be finite) every equation (7, U~,U") labelling this branch is such that
U~ £, Ut#0. By Lemma 83 such an N-stacking sequence contains a subsequence
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Ay, Asys - Ay - - -, Ax, ) With d <d, fulfilling hypotheses (1), (2) of Lemma 63, and
by the above remark it fulfills hypothesis (81) of Section 5 too. Hence some finite
prefix of (A,,+i)i=0 belongs to dom(7¢). The priority ordering given in the definition
of Ypc then implies that either T¢y, Ty, . or To occurs at some ng + i + 1. But the
three first cases cannot occur on an infinite branch and the fourth one contradicts the
maximality of ny. [

Theorem 86. The system 2, is complete.

Proof. By Lemma 65 ¢ is a strategy for %y, by Lemma 69 %3¢ is closed and by
Lemma 85 ¥pc is terminating on every unmarked true assertion. By a slight variant
of Lemma 50, every unmarked true assertion has a Zy-proof. But for every A€.o/,
there exists a finite Zy-proof of (0,4, p.(4)). It follows that every true assertion 4 has
a Yy-proof. [J

Theorem 87. The equivalence problem for deterministic pushdown automata is decid-
able.

Proof. Let .# be some dpda. The equivalence relation = on DRB((V)) (where V
is the structured alphabet associated to the given .#) has a recursively enumerable
complement (this is well known). By Theorem 86 and Lemma 46 = is recursively
enumerable too. Hence = is recursive. In addition, the system &, associated with .#
is computable from .#, hence the theorem follows. [

10. Elimination

The aim of this section is to simplify, as much as we can, the deduction system
2. We introduce some technical tools (in Sections 10.1, 10.4) and perform successive
simplifications (in Sections 10.2, 10.3, 10.5-10.7).

10.1. Congruence closure: properties

Let us study the subset € of the rules of %2, defined in Section 4.4. We recall it
consists of all the instances of the meta-rules RO—R3, R’3, R6-R11. We also denote
by |F— 4 C % () x o the set of all instances of these meta-rules. We use here (and
later on, in Section 10.2.2) the following notation: for every p,n € N, S, S’ € DRB{(V)),

[p.S.8 ,nl={(p+|u,SOuS Ou)|uc X"} (136)

Next lemma expresses the fact that the “congruence closure”operation commutes with
the right-action ©.
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Lemma 88. (1) Symmetry: For every p,n € N, S,5" € DRB({(V)),

()
[p,S,S/,I’l] H__ (g[p,S/,S,I/l].
(2) Composition: For every p,n € N,S,T € DRB{V')),

(*)
[p.S.8".,n]U[p,S",S".n] |- ,[p.S.S",n).

(6) Star: For every p,n € N,(S,S8") € DRB2(V),T" € DRB({V)),S # ¢,

()
(p.S-T +S8.,T"n] |F—,[p.S*- ST n]

(7) Sum: For every p,n € N,(S,T),(S’,T") € DRB ,{(V)),

(%)
(2.8, 8"l U[p, .T",n] | [p.S + T.8" + T',n].

(8) Right-product: For every p,n € N,S,S’, T € DRB{VY), if S =, S’ then

()
[p,S,S",n] |F— ([p,S - T,S" - T,n].

(9) Left-product: For every p,n € N,S,T,T' € DRB{(V')),

()
[p.T.T',n] | ,[p.S - T.S - T',n].

(10) e-Reduction: For every p,n € N,S,€ DRB{(V)),

(*)
0 |F= 4P, S, pe(S), n].

(11) e-Reduction: For every p,n € N, S, € DRB(V)),

(*)
@ H__ (g[p’ Sa pe(S)a I’l]

Sketch of proof. Points (1),(2),(7),(9),(10) can be checked easily.
(8) Right-product: Let u € X*,|u|<n. Let us use Lemma 22.
Case 1: Yu' <u, p,(S©®u') # e. Then
[P, m 2(p + [u,S O u,S" @ u) | (p+ lul. (SO u) - T(S ©u) - T)
= (p+ (S TOu(S  T)ou),

Case 2: Ju',u" such that u=u' - u",p(S©u)=c. As [u|<[u[<n and S=,
Sla P:;(S/QMI):S too. Then

(%)
0 [F— 4 (p+ [ul, po(T ©u"), pT © "))
= (p+u,(S-T)Ou (S T)Ou).
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(6) Star: Let u € X*, |u|<n. We use the same type of arguments as in the proof of
Lemma 53, point (R6). We remark first that

[p,S-T'+8,T nD <p+|u|, <S"+1-T'+ZSk~S’> @u,T’@u)

k=0

n
= <p+ ul,(S" ' ©u)- T' + (ZS" -S’) OuT’ @u) :
k=0
(137)
Using at first (R6) and afterwards (R9), (R7) and (R0), we have

(*)
(p.S-T'+8.T") = ((p,S - S".T")

(*) n
=y | P+ (8" Quy-57- 8"+ (D S8 | ou (" ou)- T’
k=0

+ (Zsk -S’) ®u>
k=0
= <p+ jul. (8" - Y ©u (S ©u) T+ (ZS"-S’) G)u). (138)
k=0

Composing (138) and (137) by (R2), we obtain

()
(p,S- T +8,T"n] b= ,(p+u,(SS)OuT ®u).
(11) e-Reduction: Let u € X*, |u|<n. Let us use Lemma 19.
Case 1: SOu € {0,¢}. By Lemma 23 S = p.(S) and by Lemma 1 (SOu) =
(pe(S)®u) . Hence, by rules, (R’3), (RO)
()
0 |F=o(p+[ul.S ©u pS) O u).

Case 2: SOu=([gz]©u") * ®, where u',u” € X*, p,q,r € Q, weZ*, neZ*, zeZ,
® O—form such that

S=[pol*®, u=u"-u", p([po] ©u')=[gz]* P and p,([gz] ©u") = [rn].
Using the technical hypothesis (12) we obtain

SOu=1[m]*® while p.(S)®u=[ryg] * p.(P).
Hence, using (R11) and (R7), (R9),

() ()
0 I {(0, @5, pe(@)) 5 € O} |== (0 [rn] * P, [rn] * pe(@))

()
= (0.SOu,pe(S)Ou) = o(p+ u.SOupS) ©u). O
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Given a subset P € Z(.«/), we call congruence closure of P, denoted by Cong(P),
the set

(*)
Cong(P) = {d € o/ | P ||— , {4}}. (139)

As well, for every integer ¢ >0 we define
(2)
Cong,(P)={d € o | P |- « {d}}. (140)

10.2. System 9,

We prove here that the new formal system &, obtained by elimination of meta-rule
(R5) in 9 is recursively enumerable and complete.

10.2.1. Rules

Let 9, =(o/,Hy, F— fm> where .o/ = .o/, Hy = H, are the same as in %, but the
elementary deduction relation ||— 4, is the relation generated by the subset of meta-
rules RO—R3, R’3, R4-R11, i.e. all the meta-rules of %, except R5. The deduction
relation |—— , is now defined by

(*) (1] (*)
- 70 - a, © - RO,R3,R’3,R4,R10,R11 © I 7

Lemma 89. 2, is a deduction system.

Proof. As — g, C |— g,, 2, must fulfill axiom (Al). As every meta-rule of 9 is
recursively enumerable, this is also true for &, hence &, fulfills axiom (A2). [J

10.2.2. Completeness
Definition 90. Let P be a subset of 7. P is said consistent iff, Vn € N,Vz € N, VS, S’
€DRB{(V)),

(1,S,5") € Cong(P) = [r,S,S’,n] C Cong(P).

Lemma 91. Let Ay € o/ be some true assertion. Let us consider the tree t =7 (Y4pc,
Ag). Then, im(t) is consistent.

Proof. Let us note P =im(¢) and let us consider the following property 2(m,n, p):
vS,S" € DRB{(V)), (n,S,8") € Cong,(P) = [,S,S’,n] C Cong(P). (141)

We prove by lexicographic induction over (m+n,n, p) that, for every triple of integers
(m,n, p), 2(m,n, p) is true. Let (7,n, p) € N3. Let us suppose that

V(' p)ye N3, (2 +n',n',p') < (n4+nn, p)= 27,0, p). (142)
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Case 1: p>1. There exists a subset O C Z (<), such that

(p=1) 2
Pl=¢Q and Q| {(n55"}.

As every rule of ¥ does not decrease the weight, every assertion of Q has a weight
<. Hence, by induction hypothesis

Y(«',T,T"Y € O, [#',T,T',n]C Cong(P). (143)

(1)
Let us consider the type of rule used in the last step, O |F— ¢{(n,S,5")}, of the above
deduction.
RO. (1 —1,5,5") € O.

(1)
By (143), [x — 1,5, S, 2,] C Cong(P). As [1 — 1,S5,5"n] |l «[r,S,5",nl,
[r,S,S’,n] C Cong(P).

R1. (n,8',8) € O.
(analogous to the above case)

R2. (,S,T),(n,T,S") € Q.
By (143), [=, S, T,n] C Cong(P) and [x, T,S’,n] C Cong(P). Using then Lemma 88, we
get that

[TE, S, Slan] g COng(P)
R3, R’3.

In this case,

[7,S,8’,n] C Cong() C Cong(P).

R6. (n,8,-8"+T,8)e€ Q,S=S;-T.
By (143), [x,S; - 8" + T, S’,n] C Cong(P). Using then Lemma 88 we get

[n,S,8',n] = [=, S} - T,8',n] C Cong [n,S; -8 + T,5,n]
C Cong (P).

R7. (1,8,81)€Q,(n, T,T") e Q, S=8,+T, §'=8] + T’ where (5,T),(S],T") €
DRBy (V).
By (143),

[,S),81,n)U[r,T,T',n] C Cong(P). (144)
Combining Lemma 88 with (144) we get

[n,S,8",n] = [r,8 + T,S;| + T',n] C Cong([=, S, S),n] U [r,T,T',n])
C Cong(P).
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RS. (n,5,8))€0, S=8-T, §'=5/-T.

By (143), [#,S1,S{,n] C Cong(P). Using then Lemma 88 we get
[n,8,8',n] = [=,S; - T,S] - T,n] C Cong([x,S1,S],n])
C Cong(P).

RY. (n,T,TYe€Q, S=8-T, '=8,-T".
By (143), [x, T,T’,n] C Cong(P). Using Lemma 88, we get

7,88 n] = [n,S - T,S; - T',n] C Cong([r, T, T',n])
C Cong(P).

R10. 8" = p,(S). .

By Lemma 88 (e-reduction), O |F—¢[7, S, p.(S),n], hence
[,8,8", 1] = [1,S, p(S),n] C Cong()) C Cong(P).

R11. 8" = p(S). .

By Lemma 88 (e-reduction), () |F—¢[7,S, pe(S), n], hence
[7,8,5", 1] = [1,S, p(S),n] C Cong(P) C Cong(P).

In all cases 2(m,n, p) has been established.
Case 2: n=0, p=0. In this case, for every n, property 2(m,n, p) is trivially true.
Case 3: n=1, p=0. Given a node x € dom(¢), let us define the sequence of asser-
tions W, by

Wy = 1(x(0)) - 1(x(1)) - - - 1(x(x]))-

(Here x(k) denotes the prefix of length & of the word x, equivalently, it is the ancestor
of x which has depth k.) Let us say that the strategy 7 “applies on” node x iff,
W, € dom(T), x has exactly u sons (with u=>0) x-1,x-2,...,x - u and

TWy) =t(x-1)-2(x-2)---t(x - ),

i.e. the strategy 7 maps the path W, on the word consisting of the labels of the sons
of x.

In the sequel, we consider a node x € dom(¢) such that ¢#(x)=(n,S,S’) and which is
minimal among the set of nodes having the same label:

x = min<{y € dom(¢) | t(y) = t(x)}. (145)

As x is minimal by (145) and the strategy %pc is closed, Ypc must apply on x.
Subcase 1: Tey applies on x. There exists x' € dom(¢), 3n’ € N, such that

t(x)=(7,S,8") and 7’ < m.
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As (7' +1,1,0)<(m + 1, 1,0), by induction hypothesis we have
[7',S,S’, 1] C Cong(im(?))

and by means of rule RO:
[r,S,8’,1] C Cong([#,S,S’, 1]).

Hence, the right-hand side of implication (141) is true.
Subcase 2: Ty to T, applies on x. By rules R1-R’3,

[%,S,S5",1] C Cong(()) C Cong(im(?)).
Subcase 3: T, applies on x. Then
[7,S,S’,1] Cim(¢) C Cong(im(?)).

Subcase 4: T applies on x (for some «€{—,+}). Let us suppose o=+. Let
x" =x(|x| — k1) (the prefix of x having length |x| — k), t(x")= (', U,U’). Then

p=1 and t(x-1)=TF(W,).

Let us look at the proof of Lemma 66. As, for every ¢, n’ + |u,| — 1 <’ + ky<n’' +
2 - kg <7, deduction (98) can be replaced by a pure %-deduction:

(=) i
im(1) [F— (2 + 2 ko, U @ ug, V).

As deduction (98) was the only one (in the proof of Lemma 66) using rules in %y —%
we conclude that deduction (97) can be replaced by

(*)
(1), t(x - DY UIm(1) ¢ 71 (1(0)). (146)

(We recall t_; consists in replacing the weight of a given weighted equation by its
predecessor.) Deduction (146) implies that

p eN, (z-1,88") € Cong, (im(t)). (147)
As (7, 1, p')<(m + 1,1,0), we know from the induction hypothesis that
[ —1,8,5’,1] € Cong(im(?)),
hence, using (RO),
[r,S,S’,1] € Cong(im(?)).
Subcase 5: T¢ applies on x. Then

tx-Dt(x-2)---t(x-p) = Te(Wy).
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Let Wo=Ay -+ A+ Apgyr, K1 <+ <k <Kiy1 < - Kkpy1 = x|+ 1, & =(E<i<pis
where, for every 1<i<D + 1,

d d
& =A, = | m, E fxi,j,SjE Bi.;S;
Jj=1 J=1

and
Te(W,) = p.(INV(£)),W(¥) # L,D(¥)=D<d — 1.

Let us look at the proof of Lemma 57: the only place where a rule in %y — % is used,
is in deduction (66), when case 2, subcase 1 of the recursive definition of INV (%)
occurs. Let us recall that the word u used in the definition of &7 is

u = min( (o1« )AP(P1.5)).

Let us notice that 7 + |u| — 1 <7} +2- |u| <1, <W(F)+ 1 = n. By induction hypothesis
d d
T +|u\, Zoci,ij ©u, Zﬁj’ij Qu
j=1 j=1

d d
€ |m, Z %, jSjs Z Bi.jSj» lul | € Cong(im(?)).
=1

j=1
Hence deduction (66) can be replaced by
&'y € Cong(im(?)). (148)

Similarly, for every i €[2,D], as m; + 2 - Div(el, "B ) <mip SW(S) + 1 =7, and
&1 e Cong(im(1)),

(6"VY € Cong(im(1)). (149)
It follows that deduction (65) can be replaced by
) (*)
INV(Z)Uim(t) |F— , 7—1(¢(x)). (150)

()
Using the fact that p.(INV()) |F—« INV(¥) we may conclude that

(*)
{t(x-1),....t(x -} UIM(?) |F— 4, 121(t(x)) = (n — 1S, S"). (151)
From (151) and the induction hypothesis, we can conclude, as in subcase 4, that

[r,S,8’,1] € Cong(im(?)).
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Case 4: n=2, p=0. Let us suppose that (,S,S’) €im(z). Let us consider the de-
composition

[r,S,8",n] = {(n,S,S")} U < U[n+ LSox,S ©x,n— 1]) . (152)
xex
As m+ 1 <m + n, by induction hypothesis,
Vx € X,(n+ 1,5 ©x,8" ®x) € Cong(im(t)).
Hence there exists p’ € N such that

J{(z+ 1.5 ©x.8" @x)} C Cong,, (im(1)).

xex

As (mt + n,n— 1, p')<(n + n,n,0), the above inclusion together with the induction
hypothesis lead to

Uln+ 1.5 ©x,8" ©x,n — 1] C Cong(im(1)). (153)
xeX

At last, using (152) and (153) we obtain
[r,S,S’,n] C Cong(im(?)).
(End of the induction.) [

Definition 92. Let P C .o7;. P is said self-generating iff, for every (=, S,S’) € P,
(1) S=e) & (5 =e),
2) [,S,5",1]C Cong(P).

Remark 93. This notion of “self-generating set (of weighted equations)” is a natural
adaptation to our d-space of series of the notion of “self-proving set of pairs” defined
in [15, p. 162] for the magma M(F U ®, V).

Lemma 94. Every self-generating subset P is a 9,-proof.
Proof. It suffices to notice that for every (=, S,S") € o7,

o if S=8' =¢ then 0 }— 4,(xn,S,S").

o if S£¢ S8 e, then [n,S,5,1] F— ,(n,S,8"). O

Lemma 95. Let n€N,S,S" € DRB(V)). Then, H,(n,S,S") = o0 iff there exists a finite
self-generating set P such that (n,S,S’) € P.

Proof. Let us consider some true assertion 4; = (m1,S51,S]) € o. Let us define

Ao = (71, pe(81), pe(S])), t = T (S upc,Ao), P = {4} Uim().
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By Lemma 85, im(¢) is finite, by Lemma 91 im(#) is consistent and by the hypothesis
that A, is true, every assertion of P is true. It follows that every (=, S,S’) € im(¢) ful-
fills both conditions of Definition 92. Moreover, owing to meta-rule (R11), 4; € Cong
(im(#)). As im(#) is consistent, it follows that [n,S),S], 1] C Cong(im(¢)). Hence 4,
fulfills also both conditions of Definition 92. Hence P is a finite self-generating set
containing 4;. [J

Theorem 96. &, is a complete deduction system.
Proof. Follows from Lemmas 95 and 94. [

10.3. System &,

We exhibit here a deduction system &, which is simpler than &; and is still
complete.

10.3.1. Rules

Let us eliminate the weights in the rules of 2;: we define a new set of assertions,
JZ/z by

/5 = DRB(V'}) x DRB((/)).

We define a binary relation |— C % (24) x /5, the elementary deduction relation,

as the set of all the pairs having one of the following forms:
(R21)

for S,T € DRBy ;{(V)),
(R22)

{(S:S/)’ (S/’S”)} ”__ (SyS”)

for S,8',5" € DRB((V'),
(R23)

for S € DRB({V)),
(R'23)

for SEDRB{V), T €{0,e},S =T,
(R24)

{Sox,Tox)|xeX} |- (ST)
for S,T€DRB(V)),(SZecNT #¢),
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(R25)
{(S T/ +SI,T/)} H__ (S* 'SlsT/)

for (S,5”) €DRBy,(V)), T’ € DRB((V')),S # ¢,
(R26)

{S, ST TH} S+ TS+ T)

for (S,T),(S’,T") €DRB; L, {(V)),
(R27)

{88} = (S-1.8"-T)

for S,S',T € DRB((V')),
(R28)

{(T.TH} |F= (S T.§ - T")

for S,7,T" € DRB((V)),
(R29)

{(S.po(S)}

for S € DRB{V)),
(R210)

{(S, pe($))}

for S € DRB((V)).
We define |-—,, by : for every P € Zy(sh),A € <,

(*) [1] (%)
Pr=A4=P | o | 232429210 © {4},

where |}— 23,24.20,210 is the relation defined by R23, R’23, R24, R29, R210 only. We
define a simpler cost function H, : .o/, — N U{oo} by

Y(S,S") € o2, Ha(S,S") = Div(S,S").
We let
Dy = (A2, Hy, = 4,)-

Lemma 97. 2, is a deduction system.

10.3.2. Completeness
Theorem 98. &, is a complete deduction system.

Proof. Let us consider the map pr; 3 : o/ — o/, which erases the weights

vr e N,S, S € DRB{(V), prs(n,S,S")=(SS").
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One can check that pr; 3 maps any rule of &; on an elementary deduction of %,: if
(P,A4) is a rule of &, then

()
pras(P) [F— 4, praz(4).

Moreover, pr; 3 maps the instances of rules (R3), (R’3), (R4) on instances of (R23),
(R’23), (R24). Hence, if P is a finite self-generating set, then pry3(P) is a finite
9,-proof. As every true assertion in ./; belongs to some finite self-generating set,
every true assertion in .27, belongs to some finite &,-proof. [

10.4. Deterministic substitutions

Let %, be the formal system consisting of all the instances of the meta-rules R21,
R22, R23, R25, R26, R27, R28, R29. One can notice that this system is independant
of the automaton .#. For every 6, N — {0}, 5,5’ € DRB;_;{(V')), we shall use the
abbreviation

[S,8'T={(S;,,S]

I<i<01< <A}

Lemma 99. Let 1,4, 23N — {O}, S, 8" € DRB;, ;, <<V>>,T, T' e DRB,, , <<V>> Then

()
[,STUILT'] |, [S- T.8' - T']

Proof. It suffices to use meta-rules (R26)—(R28) and the basic meta-rules (R21),
(R22). O

From now on, we shall use the deduction of the previous lemma as a derived meta-
rule, that will be named “matrix product” (MP).

Lemma 100. Let 6,A€N — {0},S € DRB;s s{(V)), T €DRB; ,{(V), such that (S,T)
S DRB5’5+;,<<V>>. Then S*-T e DRB@JN«V».

Let us recall the well-known formula expressing the entries of S* as rational
expressions in the entries of S. For every S € B, (V)

o ( (St + 81285, - 821)" (S11+ 81285, - 821)" - S12 'Szz>
(S22 + So1 STy - S12)" - 8o - ST (S22 + o1 - STy - S12)” ’

(154)

(See [43, Theorem 2.5, p. 618].)
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Proof. Let us prove Lemma 100 by induction on 9.

Case 1: 6=1. By Lemma 29, (§,S*-T)= [} (S,T) € DRBy 11, {(V)). It follows that
S*. T €DRBy (V).

Case 2: 0=2. By case 1, as (822,52,1,0,72,1) €DRBy 3. (V)), (S35 - $2.1,0,55, -
T5,1) €DRBy 2 (V). It follows that the matrix

I (M @f
M= |85-S 0 S5, -To. |,
0 L 0
is deterministic. By Lemma 13, it follows that the row-vector
(S11+ 812855 - 82,1, T1.5, 812 - S35 - Tow) = (811,812, T10 ) - M (155)
is deterministic. By case 1, the determinism of vector (155) implies that
((S11+ 812855 821) - Tiws (S11+ 812855 821) - S12-83, - Tas)  (156)
belongs to DRB; ., (V). It follows that
(S11+ 812855 - 821)" - T + (St + 812855 - 821)" - S12 -85, - Tox (157)

which, by formula (154) is the first row of S* - T, belongs to DRB;_; (V). By similar
arguments one can show that the second row of S* - T is rational deterministic too,
and finally: S* - T € DRB, (V).

Case 3: 0>2. Let us suppose that the lemma is true for every (d’,4’) such that
0’ <. Let us consider block decompositions

S =(Sijijeqay T =(Ti)icq2ys
ke[l,4]
where 61,02 €[1,0 — 11,61 + 02 =0, Vi,j € {1,2},Vk €[1,4],S;; €DRB;s_5,(V)), Tin €
DRBs,, (V). Let us consider the same formulas as above and let us replace every
invocation of case 1 by an invocation of the induction hypothesis. We then have
proved that S* - T € DRB, ;(V')). U

Definition 101. We call a deterministic rational substitution B{(V')) — B{(V)) any sub-
stitution t whose componentwise extension as a map By (V) —Bio{(V)
fulfills

Vg € O, Vz € Z, 1([gz]) € DRB o (V).

Lemma 102. Let 1€ N—{0}, S€DRBy ;{(V)). Let ©:B{V)) — B{V)) be a determin-
istic rational substitution. Then ©(S) € DRBy (V).

Let us recall that finite automata can be equivalently seen as matrices (see [1,43]; this
way of treating automata goes back to [11]). In the context of deterministic rational
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vectors it can be seen that S € DRB; (V) iff there exist matrices 4 € DRB; s{(V')),
B €DRB; ;((V)),C €DRB; (V) such that

A=¢, (i, j) € [1,0] x [1,d], Bi; €V, V(jk)e[1,0] x[1,4], C;; € {0,¢}
and

S=4-B*-C. (158)
Proof of Lemma 102. As 7 is a substitution, formula (158) implies

(S) = t(4) - t(B)* - ©(C). (159)

As 1 is deterministic, every row-vector of (t(B),7(C)) is deterministic, with finite
entries. Hence, by Lemma 100, t(B)* - 7(C) is rational deterministic too. Moreover
7(A) =4 is rational deterministic. By Lemma 13 ©(4) - ©(B)* - ©(C) € DRBy ,{(V')), and
by formula (159), 7(S)€DRB, (V). O

Lemma 103. Let 6, N — {0}, S,S"€DRB;s{(V)), T,T'€DRBs ;(V)), such that
(S, 7),(S", T e DRBg;’(Hi«V». Then

()
[S,STU[T, T'] | AN T,8™ - T'].

Proof. We prove that the lemma is true for 6 € N — {0}, 1= 1 by induction on 5. We
generalize then to arbitrary /.

Basis: 6=7=1.

Subcase 1: S =8’ = ¢. Let us first show that under this hypothesis:

pe(S) = p(S") =¢ (160)

and

plI(S* ' T) = P::(T)a Pz:(S/* ! T/) = PL(T/) (161)

By Lemma 15, p,(S)=¢ too. Let us consider the type of the series S| = p,(S). S =0 is
impossible (because (J£¢). Suppose S;=[pz]*® where pzc€(QZ is an e-free
mode. Either Vg€ O,[p,z,q] - ®,=0, and then S, =0, which is impossible, or
Jge 0, uecX",([p.z,q] - P;) ©u=¢, and then S| #¢ which is impossible too. The
only remaining possibility is that S; =¢. Hence (160) is established. Let us use now
some formulas established in the proof of Lemma 15:

S=v-pS)+ Y w-(Sew), (162)
weD(v)
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where p.(v) =¢ and, for every w € D(v), p.(w)=0. We then have

*

pS* - Ty=p; | |v+ D w(Sew)| T
weD(v)

=p (v T+ D w-(Sew)| -8 T
weD(v)

=p(v" Ty 4pe [vr- [ D w-(Sew) | -5°-T
weD(v)

But p,(v* - T)=pu(T) and p.(v* - (3 cpeyw (Sew))-8*-T)= 3" p,, 0 p((Se
w)-S* - T)=(. Hence

P;:(S* : T) = P;;(T),

i.e. (161) is established.
Using (R29), formula (161) and (R29) (with the basic rules (R21) and (R22)) we
obtain

()
[S,STUILT'12{(T. T} | 4, (0(T), po(T"))
= (p(S*-T),pe(S™ - T"))
()
=, (S* - T8 - T").

Subcase 2: S # ¢, §'#e¢. Let us notice that S' - (S - T') + T'=8"* - T'. Hence,
using (R26) and (R27):

()
[SSTUILT'] =, (S - (8™ - T)) + .S - (8" - T') + T")
=S (S* T+ T8 T). (163)

Using then (R25) we have

(=)
(S-(S" - T')V+ 1.8 - T') | ¢ (S* - T.S™ - T"). (164)

Combining together (163) and (164) we have

()
[S,STU[LT'] |-— ¢, (8" - T,S"™ - T").

First induction step: 6=2,A=1. By the basis case we know that

(%)
{(522,855), (521,85 1)} =4, (S32 - S21,855 - S5p)- (165)



G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166 97
Using rule (MP):
[S1 S U A{(S55 - $2.1,855 - $3,)}

()
= ¢, (St1 + 812 S35 - Sa1.87 1 + Si5 - 855 - 85,). (166)

By the basis case we know that

()
{(S2,2>S£,2)7(T2,17TZ/,I)} |F* fg‘(,(Sz*,z ! T2,13S£k2 ! Tzl,l)- (167)

Using rule (MP) we get

(%)
{(812,812):(832 - 121,855 - Th )} =, (S12-S5p - Ta1, 815 - 835 - Tnp). - (168)
The vector
(S11+ 812855 - 821,812 -85, - Tar)

is a projection of the deterministic vector given in (155), hence is deterministic too.
As well, the vector

! ! 1% !/ !/ 1% !
(S1y+ 8128851812825 - Tyy)
is deterministic. Using the basis case we have

[(S11+ 81283, - S21,812 - S3a - To), (Sf,1 + Si,z Sﬁ*z 'Sﬁ,lsSf,z 'sz : Tzl,1 )]

()
”__ (go(Sl,l +S1,2 SZZ . Sz’l)* . S|ﬂ2 . Szz . Tg’],

(Sii+ 812855 851)" - Sia 855 Tay) (169)
As well
[(Si1+ 81285 - 8o, 1), (S1y 4 S1 - 825 - 851, T )]
||<—*>— 6o ((S11 4812855 -8$21)" - T, (S1y + 81285585 - T 1)
(170)
The vector
(U, Uz) = ((S1,1 + 812 - 855 - 821)" - T1,1,(S11 + 812855 - S2.1)" - S12- 835 - Tar)

has been shown deterministic in (156). As well the vector (Uj,U;) obtained by ex-
changing (S,7) with (S/,7’) in the definition of (Uj,U,) is deterministic. By rule
(R26) we have

()
[U1, UTU[Uz, U3] = 4, (Ui 4+ Up, Ul + Uz) = ((S* - THr1, (8™ - Tip). (171)
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Combining together deductions (165)—(171) we have shown that

[S.8TUIT.T'] H<—>— 5 (8™ - T, (8™ - Ty).
Exchanging the S-indices in the previous arguments leads to
[S,STUIT,T'] H<—*>— ¢ (8" - )1, (8™ - T').
Hence,

()
[S.STUTT] | 4 [S* - TS - T'].

General induction step: =2,/ = 1. Let us suppose that the lemma is true for every
(0',A") such that ¢’ <9,A’ =1. Let us consider block decompositions

S=(Si)ijeqizy, T =T)ier12ys

where 01,03 € [1,5 — 1],51 + 03 =29, Vi,j € {1,2},5,-,/‘ € DRB(517(5/.<<V>>, T,‘,l S DRB()‘,.J
(V). Let us consider the same formulas as above and let us replace every invo-
cation of the “basis case” by an invocation of the “induction hypothesis”. We then
have proved that

()

[S,STU[LT'] |F— o [S* - T,S™ - T'].

Arbitrary integers: (6,A) €N — {0} x N — {0}. By the above case: Vk € {1,1},
! !/ <*> * 1% !
[S,S ] U [T*,k’ T*,k] “__ %’0((‘9 : T)*,ka(S -T )*,k)’
hence

()

[S,S'TUITT] = o [S*- T, - T'). O

Lemma 104. Let A€ N — {0},S €DRB, (V) and let ©:B({V)) —B{V)) be a deter-
ministic rational substitution and let 7€ N. Then

(%)
{(lgzr]. w(lgzrD) | q.r € Q.2 € Z} = ¢, (S, T(S)).

Proof. Let us use the same notation as in the proof of Lemma 102. By Lemma 103,

(%)
[B,2(B)] U [C, o(O)] = ¢, (B - C,2(B)" - «(C)).

As A=1(4) , the above deduction combined with (MP) gives

()
[B.7(B)] U [C.o(O)] [F-— ¢, (4 - B* - C,1(4) - ©(B)" - «(C)). (172)
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But the special form of matrices B, C is such that

[B,7(B)] U [C,«(O)] S{(lgzr]. w([gzr])) | . r € O, z € Z},

and the result of deduction (172) is just (S, 7(S)). Hence the conclusion of the lemma
is true. [

10.5. System 93

We prove here that the formal system 23 obtained by elimination of meta-rule
(R210) in 2, is still complete.
Let 95 =(</5,H3, F— 93> where /3 =.o/,,H3;=H, and |— , is defined below.

10.5.1. Rules

We define the elementary deduction relation [}— g, as the set of all the instances of
the the meta-rules (R21)—(R23), (R'23), (R24)—(R29) (i.e. all the meta-rules of 2,
except R210). The deduction relation |—g, is now defined by

(*) (1] (*)
- 7y = - 2 © I (R23),(R’23),(R24),(R29)° - D

Let us notice that every rule of % is a rule of Z;.

Lemma 105. 2 is a deduction system.

10.5.2. Completeness
Theorem 106. &5 is a complete deduction system.

Proof. It suffices to prove that every instance of R210 is provable in &5. Let S € DRB
(V). As p, is a deterministic substitution, by Lemma 104,

(*)
{(gzr). pelgzr]) | q.r € O, 2 € Z} = ¢, (S, pe(S)).

Every pair ([¢qzr], p.([gzr]) is the right-hand side of an instance of (R’23). Hence,

()
0 I~ 4, (S, pe(S)).

() ()
As |F—¢, C |F—g,, the theorem is proved. [J

10.6. System 2,4

We exhibit here a deduction system %, which is simpler than &3 and is still
complete.
Let us consider

Dy = (A1, Hay = 5,),
where .o/ = oA, Hy = Hy and }— 4, is defined below.
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10.6.1. Rules
We define the elementary deduction relation [—,, as the set of all the instances
of meta-rules (R21)—(R29) of &3 union all the instances of new meta-rule

(R"23) 0 = = ([gzr).e)

for q,r€Q, z€Z, [qzr] = e.

In other words, %, is obtained from %5 by replacing meta-rule (R’23) by the weaker
meta-rule (R"23).

We then define |—, by: for every P € % (o), A€ A,

(*) [1] (*)
P} 9,4 P - 2, © - (R23),(R’23),(R24),(R29) © I-— D {4}
Let us notice that every rule of % is a rule of Z4. As {——% - I——%, H, = H; and the
new rule (R”23) is recursively enumerable, it is clear that &, is a deduction system.

10.6.2. Strategies

Let us define strategies for the system Z,;. We shall define new auxiliary strategies
T, g, T,p and then derive some “compound” strategies from them.

Let us denote by .o the set: o4y =DRB((V)) x {0}.

Ty

Tg(A1Ay - Ay) =By - - By iff

A, =(0,0) and m=0.

TA’@:

Tyg(Ay---4,) =By B, iff

(el) 4,=([pzql,0) for some p,qeQ,z€Z and (By,B,,...,B,) is the smallest
element of ./ fulfilling conditions (e2 A e3) below:

(e2) Vj € [Lm). B =([p2.q;).0). Hi(B;) =00 and

(e3) Vx € X, for every word w € supp([ pzq] © x),3j € [1,m],[ pjz;q,] is a factor of w.

Lemma 107. 7)), T, are D4-strategies.

Proof. T : § |- (0,0) which proves (S1) and min{Hy(B;) | 1 <j<m} =min{Hy(0,0)}
=00, which proves (S2).
T41p: By (e3), using (R26)—(R28), Vx € X,
. ()
{Bj,1<j<m} |— 4, ([pzq] © x,0).
Using (R24) we obtain that
{Bj,1<j<m} b, ([pzq],0),

hence (S1) is fulfilled.
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By (e2),
min{H(B;)|1<j<m} = oo,
which establishes (S2). [

Let us consider the following strategy j: for every W € <",
(1) if Wedom(Té)) then, Sy(W)= TQ?(W),
(2) elsif W €dom(Tp) then, S(W) =T, o(W),
(3) else (W) is undefined.

10.6.3. Completeness
In order to show the completeness of system %, it remains to show that every rule
in (R’23) is provable in Z,.

Lemma 108. Let p,q€Q,z€Z. [pzql=0 iff there exists a finite Dy-proof of
(Lpzq], D).

Proof. Let us suppose [pzq] = 0. Let A= ([ pzq),D) and t =T (S, A). The definitions
of T, Q?,T 19 show that the labels of 7 belong to the finite set ¥ x {#}. Hence every
branch of ¢ has a length <Card(V x {0}), showing that ¢ is a finite tree.

Let us consider the label of a leaf x of #: t(x)=([p'z'q'],0). Let W, =A14,--- A,
be the word labelling the branch ending at x. Suppose that Hy(A4)=oc. Then, by
Lemma 48, H4(A,)=oc. It follows that

xeX, [pZd1ox#e,
hence, Vx € X, Vw esupp([p'z'q']1©x), Ip”,q" € Q, Iz"" € Z such that
(p'z"¢"1=0 and weV*-[p'Z"q"] - V*. (173)

By (173) there exists some By, Bs,...,B, fulfilling conditions (e2),(e3). Hence W; €
dom(7, ). This proves that, every leaf x of ¢ is such that ¥, € dom(.%}). By Lemma 48,
P is a finite Z4-proof, containing 4. [

Lemma 109. Let S € DRB((V)),
(1) S =0 if and only if there exists some Z4-proof of (S,0).
(2) S = ¢ if and only if there exists some Z4-proof of (S,¢).

Proof. (1) Let us consider the unique substitution pg: DRB{(V)) — DRB{(})) such that:
for every p,q€Q, z€Z,

po([pzq]) = 0 (if [pzql = 0);  po([pzq]) = [pzq] Gf [pzq] # ).

One can easily check that py is a deterministic substitution and that, for every S € DRB

v
S=0< py(s)=0. (174)
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Let us prove point (1) of the lemma. Let S € DRB{(V)) such that S = (). By (174)
po(S)=10. By Lemma 104

(*)
{(Lpzq), po([pzq]) | P,q € Q.2 € Z} = (S, D).

By Lemma 108, for every p,q€Q, z€Z, there exists a finite Z4-proof, Py, of

([pzq], po([pzq])). Tt follows that (U, , c o c z Plp=a1) U{(S,0)} is a finite Z4-proof of
(S,0).

(2) Let us prove point (2) of the lemma. Let S €DRB({/)) such that S=¢. We
have shown (in the proof of Lemma 103, equation (160)) that, under this hypothesis,
p:(S)=c¢. Using rule (R29), we have: 0 F— 4,(S, p:(S))=(S,¢). O

Theorem 110. &, is a complete deduction system.

Proof. Follows from Theorem 106 and Lemma 109. [

10.7. System s

We prove here that the formal system &5 obtained by elimination of meta-rule (R29)
in 9, is still complete.
Let 95 = (<s,Hs, F— ¢,) where ofs =.o/4,Hs =Hy and |}—g,, is defined below.

10.7.1. Rules

The rules of &5 are exactly the rules of 24, except (R29). Let us recall this set of
rules.
(R51)

for S, T € DRB((I")),
(R52)

{(S?S/)9 (S/aS”)} H__ (S:SN)

for S, T € DRB((V)),
(R53)

@ ”77 (S,S)

for S € DRB({V)),
(R"'53)

01— (Igzrl.e)

for q,r€Q, z€Z, [qzr] = ¢,
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(R54)
{Sox,Tox)|xeX} |- (ST)

for S,T€DRB({V)), (SEZecAT #¢),
(R55)

{S-T'+S,TH} = (S*-5, T

for (S,5”) €DRB,,(V')), T' €DRB(VY), S # ¢,
(R56)

{58 (T, TH} = (S+ T.8"+ T")

for (S,7),(S’,T") €DRB; L, {(V)),
(R57)

{8} = (S-T1.8"-T)

for S,S’,T € DRB({(V)),
(R58)

{(TTO} = (S-T.5-T")

for S, T, T’ € DRB({(V).
We define |—,_ by for every P € % (%), A€ o/s,

(%) (1 (%)
Pt—g A4 Pl g 0 =550 |- 5, {4}
where |F—s354 is the relation defined by (R53),(R"”53),(R54) only.

10.7.2. Completeness
(%)
Lemma 111. Let S€DRB{V)). Then O |F—4,(S, p:(S)).

Proof. Let us use the notation of the proof of Lemma 15. Let S € DRB({(V)).
Case 1: p,(S)=1. The definitions of p,, ® and ® (see Section 2.3.5) are such that

VxeX, SOx=pp(S)®x)=p:(0)=0.
Hence, for every x € X,
(S Ox,p8) ®x)=(0,0).
Using rules (R53) and then (R54) we have
D 5 {(S ©x.pu8) ©2) | x € X} b 4, {(S.pu(S)}.
Case 2: p,(S) # 0. By Egs. (26), (25), we know that

S=v-pS)+ > w-(Sew). (175)
weD(v)
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The form of v shows that, using rules (R”53), (R57), (R58):

(%)
0= 5, (v,e) (176)

Similarly, the form of the elements of D(v) shows that
VW € D(U)D {([pj+lazj+19q;'+l]’ 0) | Ogjgn - la q;+1 S Qa q;+l ?é q_j+1}

()
| gs(w,@). (177)
Let {wi,...,w,} be a bijective enumeration of the elements of D(v). The row-vector
(v,wi,...,w,) is deterministic. By (175) and (MP) we get
(*)
{(Ua 8)7 (Wl > ®)7 LXK} (Wp9 @)} ”__ %JO(S, pP(S))
Using (176), (177) and the above deduction we obtain

()
{1,201, 411D 0<j<n — 1,4}y € 0. )41 # g1} = 5,(S, pe(S)).
(178)

By Lemma 108 there exists a finite Z4-proof Py, such that
Po 2{([pj+152741: 451 LD 0<j<n — 1, qjy € O, ¢y # gj1 )

Moreover, the proof of Lemma 107 does not use rule (R29). Hence Py can be chosen
so as to be a Zs-proof. By (178), Py U{(S, p.(S))} is a Ds-proof. [

Theorem 112. 95 is a complete deduction system.

Proof. Follows from Theorem 110 and Lemma 111. O

11. Coefficients in a group H

We extend here the completeness results to H-pushdown automata, where H is any
abelian group.

11.1. Definitions and basic properties

11.1.1. Finite H-automata
Let (H,-) be some group. We call a finite H-automaton over the alphabet W any
S-tuple

M= (W,0,6,ho,q0,0")

such that Q is the finite set of states, 0 CQ x H X W x Q is the finite set of transitions,
ho € H is the initial output, go € Q is the initial state and Q' C Q is the set of final
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states. As H is embedded in the semi-ring K =B((H)) such an automaton can be seen
as a finite automaton with multiplicities in K and the series recognized by .#, S(.#),
is defined as usual. It can be defined, for example, as

S(M)y=ho-A-B*-C

where 4 € Ky o(W)),B€Kp o(W)), and C €Kp,{(W)) are given by

(%, Bq,q/ = Z h -0,

(g:h,0,q") €0
Ca=0(f g¢0), Cui=c¢(if gcO).

M is said W-deterministic iff,

A=z¢

Vg€ Q, Yoe W, Cad({(h,r) € H x O|(g,h,v,r) € SH<1. (179)

11.1.2. Finite m-H-automata

Let m,ne N — {0} be positive integers. By B{(H),.»{(W)) we denote the set of
matrices of dimension (n,m) with entries in the semi-ring B{(H ) {(W)). We call a finite
m-H -automaton over the alphabet ' any 5-tuple

M = (W, 0,3,h0,q0,(OQ )1 <j<m)>

such that (W, 0,6, ho,qo0, Q) is a finite H-automaton and for every j € [1,m], O/ C Q.
For every j€[1,m] we denote by .#; the finite /-automaton

%j = <VV5Q557h09q0a Qj/>
The vector recognized by .#, S(.#), is defined by
S(tl) = (S(AML),....S(My),....S(Mp)).

M is said W-deterministic iff it fulfills the above condition (179).

11.1.3. Pushdown H-automata
We call a pushdown H-automaton on the alphabet X any 6-tuple

M= (X,Z,0,6,90,20),

where Z is the finite stack-alphabet, Q is the finite set of states, go € Q is the ini-
tial state, zo is the initial stack-symbol and J:0Z x (X U{e}) — Z(H x QZ*), is the
transition mapping. Let ¢,¢' € Q,w,0’ € Z*,z€Z, he H, f€X* and a€ X U{e}; we
note (qzw,h,af) — .4 (g’ w,h- 1, f)if (K,qd®")€d(qgz,a). —. M is the reflexive
and transitive closure of — 4. For every qw,q'w’ € QZ* and he H, f €X*, we note

qa)(h’—f)%q’co’ iff

(90, L, 5 u(q & by e).
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A is said deterministic iff it fulfills conditions (5) and (6) of Section 2.1. A H-dpda
A is said normalized iff, for every gz € QZ, x€ X:

g o’ € d(gz,x)=|0'|<2, and ¢ € dx(qz,e)= || =0, (180)

where 6, :0Z x (X U{e})— Z(QZ*), is the second component of the map J. Given
some finite set F C QZ* of configurations, the series recognized by 4 with final
configurations F is defined by

S(M.F)Y=Y" > h-w.

ceF hw
qozo—.uc

Intuitively, one can see the coefficient S,, € K((X)) of a word w in the series S(./#,F)
either as the “multiplicity” with which the word w is recognized, or as the “output”
of the automaton .# on the “input” w. Notice that, from this last point of view, when
A is deterministic and (H,-)=(Z,+), # can be named a deterministic pushdown
transducer from words to integers.

For the same technical reasons as in the boolean case, we suppose that Z contains
a special symbol e subject to the property:

Vg€ Q. d(ge.e) ={(ln.q)} and im(03) S Z(Q(Z — {e})"). (181)

11.1.4. Right-actions
Similarly as in Section 2.3 we fix some H-dpda .# and consider the structured
alphabet (V,—) associated with ./Z.

11.1.4.1. Action e. A o-right-action of the monoid H x W* over B{H ) (W) is defined
by VS eB(H) (W), Yhe H, Ywe W*, T =S e(h,w) is the series:

Yoe W*, T,=h'S,.,.

In words, S e (h,w) is the left-quotient of S by the monomial % - w. (From now on, we
identify the pair (h,w) € H x W* with the monomial % - w € B{(H){(W)).)

11.1.4.2. Action ®. Let us consider the set P, of all the pairs of one of the following
forms:

(lp.zq)h-x [P 21, P11 P 22, q)), (182)
where p,q, p’, p”" €0, x€X, (h, p'z1z2) € 6( pz,x)

(lp.z.q).h-x-[P'.2.q)), (183)
where p,q,p' €0, xeX, (h, p'z") € d(pz,x)

([p’zrq]’h'a)s (184)
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where p,q, €0, acXU{e}, (h,q)€d(pz,a). We define a o-right-action ® of the
monoid H x (X U{e})* over the semi-ring (B{(H))){(V)) by for every p,q€Q, z€Z,
x€X, heH, keB{(H)),

[prgd@x= Y me(lyx) (185)
([p,z.ql.m)EP .«

[p.z.ql®e=h iff ([p.z,q].h) € Py, (186)

[p.zql®@e=0 iff {[pzgl} xH -V)NP, =0, (187)

kx=0, te=0. (188)

The action is extended to all monomials by for every k € B{H)), feV*, yeXU{e},
(k-[pzql- Py =k-([p.z.q] ® y)- B (189)
and for every S€B{(H)(V)), he€H,
S@h=h"".8. (190)

11.1.4.3. Action ®. We define a map p.:B{H) (V) — B{H){(V)) as the unique o-
additive map such that

pe(0) =0, p(e)=¢e
and for every p€Q, z€Z, g€ Q, peV*, keB(H), SeB(H){(V),
pul[p.2.q] - B) = p(([p,z.q] @ €) - B) if pz is e-bound
(the notion of &-bound mode is defined here as in Section 2.2),
pe([p.2,q]- B) = [p.2.q] - B if pz is e-free
and
pulk-S) = k- p,(S).
The right-action ® of the monoid H x X* over the semi-ring B{H)){(V)) is then the
unique monoid-action fulfilling: for every S€B{(H)(V)), h€ H, x€X,
S © hx = p.(p:(S) ® hx).

11.1.4.4. Case where H is abelian. Let us consider the case where H is abelian. Let
@ :B(H) UV —B{H) (X)) defined by

Vk €B(H), p(k)=ki YweV, p()= >  h-u
vO(h-u)=¢

As H is supposed abelian, @(B{(H))) is included in the center of B{{H))) and by
property (15) there exists a unique g-additive semi-ring homomorphism ¢ :B{(H))
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(V) —B{H){(X) which extends ¢. Let us denote by the same letter the original
¢ and its extension ¢.

Lemma 113. For every SEB{HN)(V)), h€e H, uc X*,

(1) @(S)=p(p(S))s
2) o(S © (hu))=@(S)e(hu) (ie. @ is a morphism of right-actions).

11.2. Deterministic rational series

11.2.0.5. W-determinism. Let H be a group, let W be an alphabet. Let S € B{(H))
{(W). We define an equivalence relation ~ over B{H){(W)) by: for every S,T €

BUH) (W),
S~Te3heH S=h-T.

This equivalence is compatible with left-product by elements of H and with right-action
o: if S~ T then, for every he H, uec W*

h-S~h-T and Se(hu)~Te(hu). (191)

Therefore, the left-product by elements of H (resp. the right-action of H x W*) over
B({(H ) (W) induce a left-product by elements of H (resp. a right-action of H x W*)
over B{(H)){(W))/~. For every S € B{H)){(W)), by Q(S) we denote the set of residuals
of S:

Q(S)) = {Se(hu)|heH, ue W}

Let us denote by (H°, -, 1) the submonoid of (B((H)),, 1y) consisting of the empty
series and all the singletons {h} for 7€ H. H® can be seen as the monoid obtained by
“adjoining a zero” to the group H. We sometimes use the symbol 0 for the element
(€ H° and we identify every h € H with the corresponding {h} € H®. By H*(W)) we
denote the subset of series in B((H ))(W)) whose coefficients are all in H°.

Proposition 114. Let S € B{H){(W)). The following properties are equivalent:
(1) S is recognized by some W-deterministic finite H-automaton
(2) Yue w*, (S,€H®) and Q(S)/~ is finite.

This proposition is established in [74, Proposition 4, p. 93]. Though this author
assumed H is a free group, his proof remains valid for any group H. For sake of
completeness we restate his arguments.

Proof. (1)=(2): Let us suppose that .#=(W,Q,0d,ho,qo, Q') is a deterministic
finite H-automaton such that S =S(.#). One can check that the W-determinism of
the automaton implies that every coefficient S, belongs to H°. Let us set

VgeQ, S;=¢2-B"-C
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(where B,C are the matrices considered in Section 11.1.1). It should be clear that,
Vhe Houe W*, either Se(h,u)=0 or 3g€ Q,S o (h,u)~S,. Hence
Card(Q(S)/ ~)<Card(Q) + 1.

(2)=(1): Let us suppose that Card(Q(S)/~)=n<oo. Let us denote by 0,0’ the
sets

O={[Seul. |3 € W", S #0},
Q' = {[Seul.|S,#0}.

We choose a total ordering over W and consider its short-lex extension to W*. For
every ¢ € Q we define

s(cy=min{u € W*,ceuec Q'}

(the letter s stands for “suffix”). One can notice that Ve € Q(S)/~, |s(¢)|<n—1 and
that, if ¢ € Q' then s(¢)=z¢.
We define

co = [Sel~,
ho = Ssco) (if co € Q);  ho =1y (if ¢o & Q).

We let  be the set of all the 4-tuples (c,h,v,c’)€Q x H x W x Q such that
c=[Seul., =[Souvle, h=(Suse)" Suste)

for some ue W*, ve w.
Let us remark that, if Seu=g-(Seu') (for some u,u’ € W*, g€ H), then, by (191),

= [Sw.v]~s Su~s(c) =4g- Su/‘s(c)a Suv‘s(c’) =9g- Su’v‘s(c/),
so that
h= (Su s(c)) ub s(¢’) = (Su’ s(c)) (Su/v-s(c’))~

Hence condition (179) is fulfilled by 6. Let us consider the deterministic finite H-
automaton .# = (W, Q,d,ho,qo,Q’) associated with the above values of W,Q,9,hy,
qo,Q'. We prove by induction on the integer p that for every path

co, (h1,v1),¢15. .., (hiyvi),¢iy ... (Bp,Up),Cp (192)
in the automaton .#, the “labels” of the path

h=hy-hi---hi---h,ecH, u=vy---v;---v,€W"
fulfill the relation

h = Susc,)- (193)

If p=0: h=hy, u=e. As (192) is a path in .#, ¢, is assumed to belong to O, hence,
by definition of hgy, ko= SS(CO) = Se~s(co)~
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If p=m+1: h=h"-h,,u=u"-v,, where, by induction hypothesis,
B = Su s(e)- (194)
By the definition of o,

(Su/ S(Ccm )) u s(ep). ( 195)

Multiplying relations (194), (195), we obtain, as required:

h=hhp=Susen)  Susien)” * Susie,) = Susiey):

Applying invariant (193) to the case where ¢, € Q" we have: if (4,u) labels any path in
A, ending in a state ¢ € Q', then h=S,. Moreover, one can check that the projection
of .4 on W* (i.e. the boolean automaton obtained by sending every coefficient in H
to the boolean constant 1) recognizes exactly supp(S). It follows that

S=S#). O

Definition 115. Let S € B{H)){(W)). S is said W-deterministic rational iff it fulfills one
of points (1), (2) of Proposition 114.

11.2.0.6. Length and norm. Let us suppose now that H admits a presentation over a
finite alphabet Y: @y : Y* — H is a surjective monoid-homomorphism. We suppose the
presentation ¢y is “symmetric” in the following sense:
e Y=YUY; YNY =0,
e amap y+— 7, from ¥ to ¥ is given; this map is an involution (i.e. = y) , which
fixes no letter of ¥, and which sends Y on Y (hence ¥ on Y),
o VyeY,ou(y-y)=lu.
For every h € H, the length of h, relative to the presentation ¢y, is defined by
/(h) = min{|u||u € Y*, pu(u) = h}.

One can notice that the map (h,4') — /(h~' - k') is a distance over H. Let us denote
by F(W) the free- -group over the alphabet W. It has a standard presentation over the
symetric alphabet W =W U W:

FOV) ~ W'/ &,
where T is the set of relations
T={w-w,e)lweWrU{(w- -w,e)|we W}

(The notion of length over F(W) relative to this standard presentation is defined as
above for H, py.)

Let us notice that the distance (u,v) — Z(u~' - v)=d(u,v) restricted to W* CF(W)
can be equivalently defined by

d(u,v) = |u‘ + |U| -2 |ng(u,U)‘,



G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166 111
where gep(u,v) is the greatest common prefix of u, v. Let us consider a W -deterministic,
finite, H-automaton .# = (W, Q,d,ho,q0,Q’). We define the length of .#, k(.4), the
initial length of .#, ko(.#) and the norm of ., ||.#| as

k() =sup{/(h)|3g € Q, veEW, reQ, (q.hv,r)€d}; ko(M) = ((ho),
[[.#|| = Card(Q).

(The sup is taken in NU{co}. Notice that, when d=10), k(.#)=0.) Similarly, we
define the length of a pushdown H-automaton .# = (X,Z,Q,J,q¢,z0), by

k()= sup{/(h)|3q € O,z € Zoac X U{e},r € Q,w € Z*,(h,ro) € d(qz,a)}.

Let us consider now a series S € H* (/). We define the length of S, 7(S), the initial
length of S, 4(S), and the norm of S, ||S|| by

/(S)=inf{u € R, |Vu,v € W*,S, #0=£((S)"" - S,))<u-L(u'-v)},
Zo(S) = 4(Sy, ), where uy is the minimum word of supp(S),
|S]| = Card(Q(S)/ ~).

(One can check that /() =0 and we define 4(0)=0.) In general /(S), ||S|| belong
to NU {co} and 4(S) belongs to N.

Lemma 116. Let S, T c H(W)). If S~T then /(S)={/(T) and ||S|| = ||T|.

Lemma 117. Let .4 be some W-dfa and let S(M)=S cH(W). Then /(S)<
k(A ), 0(S) <ko( M) + k(A ) - |||, S| <[4 + 1.

Lemma 118. For every W-deterministic rational series S € B{H))(W)), there exists
some W-dfa M such that S(M)=S and: k(M)<L2 - ((S) - ||S|l, ko(4)<L(S),
IFAIN MR

Proof. Let us consider the W-dfa .# constructed in the proof of Lemma 114 and let
(¢, h,v,¢") € 6. By definition

h = (Su-s(c))_1 . Suv-s(c’)p

where ue€ W*,ve W. Hence,

2(S)(Is(e)] + o] + [s(HD<AS)IS] = 1+ 1+ [IS]| = 1)
2-/8)-|IS|l. O

/(h)

<
<
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11.2.0.7. —-Determinism. We use here the relation ~ defined at the beginning of
Section 11.2. Let us notice that ~ induces an equivalence relation ~ on H® with
only two classes H and {0}.

Definition 119. Let S € B{H))(W)). S is said left-—-deterministic iff either
(1) S~0 or

(2) S~¢or

(3) Iwpew*, S, # 0 and Yw,w' € W*,

Sw ~ Sw’ ~ 1}'-I
= [34,4" e W,wi,w) e W' A— A ,w=A4-w; and w = 4" w]].

A left-—-deterministic series S is said to have the type 0 (resp. ¢, [4]_) if case (1)
(resp. (2), (3)) occurs.

Definition 120. Let S€B{(H)(W)). S is said —-deterministic iff, for every uec W*,
S eu is left-~—-deterministic.

Let us notice that, if S is —-deterministic, then every coefficient S, belongs to H 0
and supp(S) is deterministic in the sense of Definition 2. We denote by DH®(()) the
set of —-deterministic series in B{(H )){(W)).

A finite H-automaton .# = (W, Q,d,ho,q0, Q") will be said —-deterministic if and
only if, for every g€ Q, A,A' € W, h,h' €H, r,i' € O:

(g hA,r)ed and (gl A r)ed)=A—A4. (196)

11.2.0.8. Full determinism.

Proposition 121. Let S € B{H){(W)). The following properties are equivalent:

(1) S is both W-deterministic rational and —-deterministic.

(2) Q(S)/ ~ is finite and S is —-deterministic.

(3) S is W-deterministic rational and supp(S) is deterministic.

(4) S is recognized by some finite H-automaton which is both W-deterministic and
—-deterministic.

Definition 122. Let S € B{H)){(W)). S is said fully deterministic rational (deterministic
rational, for short) iff it fulfills one of points (1)—(4) of Proposition 121.

As point (2) of Proposition 121 is very close to the definition used in the boolean
case (Definition 2), we shall mostly use point (2) as the main definition of deterministic
rational series in the sequel. We denote by DRH? (/) the set of Deterministic Rational
series with coefficients in H° and undeterminates in 7.
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11.3. Vectors, matrices

We recall that, for every n,meN — {0}, B{H )W) denotes the set of matri-
ces of dimension (n,m) with entries in B({(H)){(W)). The external product k € B{H)),
SEB(HYum{(WY) — k- S EB{H)m{(W) is defined, as usual by

Vie[ln], Vje[l,m], (k-S8),;=k-S;.
11.3.0.9. W-deterministic rational matrices. The equivalence relation ~ is adapted to
B{H ) 1.m (W) by

S~T<3dheH S=h-T.
It is then extended to B{(H ), (W) by

S~TeVie[l,n], Six~ T

The right-action e is extended compentwise to B{(H)), (W) by for every Se€
B{H) (W), he H, uc w*,

(Seo(hu));==S5;e(hu).

For every S € B{(H)),. (W) we define the set of residuals of S, Q(S) and the set of
row-residuals of S, Q,(S), by

Q) ={Se(hu)|hc Huec W}, Q)= |J Qi

1<i<n

Proposition 123. Let m=1, S € B{H)1.,{(W)). The following properties are equivalent:
(1) S is recognized by some W-deterministic finite m-H-automaton
(2) Vje[l,m], Yue W* ((S;). € H®) and Q(S)/~ is finite

Definition 124. Let S € B{(H ) (W )). S is said W-deterministic rational iff it fulfills
one of points (1) and (2) of Proposition 123.

11.3.0.10. Length and norm. Let us consider a W-deterministic, finite,
m-H -automaton .# = (W, Q, 5,ho,qo,(Qj’-)1<j<m). We define the length of .#, k(.4),
the initial length of .#, ko(.#) and the norm of ./, ||.4| as

k() =max{/(h)|3g € Q, vE W, r € Q, (q.h,v,r) € 8}, ko(M) = {(ho),
|2 = Card(Q).

Let us consider now a vector S € H) , (). We define the length of S, /(S), the initial
length of S, 4(S), and the norm of S, ||S|| by

/(S)=inf{u € Ry |Vi,j € [1,m], Yu,v € W*, S;,, #0
= ((Su) S <p- L)),
20(8) = £(Su),
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where S, denotes the coefficient of S; on the word u and ug is the minimum word of
UL, supp(S;). We define /(¢")=0 and

[IS|I = Card(Q(S)/ ~).
The three following lemmas can be proved in a similar way as Lemmas 116—118.
Lemma 125. Let S,T €H} , (W). If S~T then £(S)=/(T) and ||S|=|T]|.
Lemma 126. Let ./ be some m-W-dfa and let S(.#)=S €HY , (W)). Then

US) k(M) Lo(S)<ko( M) + k() - ||, (IS < l-2]] + 1.
Lemma 127. For every W-deterministic rational vector S € B{H))1,m(W)), there ex-
ists some m-W-dfa M such that S(M)=S and: k(M)<2-L(S)-||S||, ko(M)<LH(S),

2| <IS]-

Let us consider now a matrix S € HY,(W)). We define the length of S, /(S), the
initial length of S, #4(S), and the norm of S, ||S| by

/(S) = max{/(S;.), 1<i<n}, /o(S)=max{/o(S;.),1<i<n}
and

S]] = Card(Q,(S)/ ~).
In general, /(S), ||S| belong to NU{co} and 4(S) belongs to N.
11.3.0.11. —-deterministic matrices.

Definition 128. Let m>1, S€B{H)1.,(W)). S is said left-—-deterministic iff either

(1) Vje[l,m], S;~0 or

(2) Jjoell,m], Sj,~¢ and Vj # jo,S;~0 or

(3) Joelliml, S;A0 and Yww € W*, Vije[lml, (S~ (S ~1y=
(34,4 e W, wi,wieV*, A—A4", w=4-w; and W' =4"-w{].

A left-~—-deterministic series S is said to have the type 0 (resp. ¢, [4]_) if case (1)
(resp. (2), (3)) occurs.

Definition 129. Let m>1,S € B, (H){(W)). S is said —-deterministic iff, for every
ucw*, Seu is left~—-deterministic.

Let us notice that, if S is —-deterministic, then every coefficient S;, belongs to H°
and supp(S) is deterministic in the sense of Definition 5. We denote by DHY , ()
the set of —-deterministic vectors in B{(H )1 ,{(W)).
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A finite m-H-automaton .# = (W, Q, 6, ho, 90, (Q})1<j<m) Will be said —-deterministic
if and only if it fulfills condition (196).

11.3.0.12. Deterministic rational matrices.

Proposition 130. Let m>1, S € B{H)1,,(W)). The following properties are equivalent:

(1) S is both W-deterministic rational and —-deterministic.

(2) Q(S)/~ is finite and S is —-deterministic.

(3) S is W-deterministic rational and supp(S) is deterministic.

(4) S is recognized by some finite m-H-automaton which is both W-deterministic
and —-deterministic.

Definition 131. Let m>1, S€B{H ) ,{(W)). The vector S is said fully determinis-
tic rational (deterministic rational, for short) iff it fulfills one of points (1)—(4) of
Proposition 130.

Definition 132. Let n,m>1, S €B{(H ), »{(W)). The matrix S is said fully determin-
istic rational (deterministic rational, for short) iff every row-vector S; ., for 1<i<n,
is fully deterministic rational.

We denote by DRH2’m<<W>> the set of Deterministic Rational matrices of dimension
(n,m), with coefficients in B{H)){(W)).

11.3.1. Ordering
We define a partial ordering on B{(H)){(W)) by: for every S,T € B{H){(W)),

SCT & (Yue WS, =0or S, =T,).
Given S,T € B{H ) {(W)) such that SC T we define T — S € B{H){(W)) by
Yue W, (T —S), =T, (if S, =0); (T —S), =0 (f Sy =T,).

One can easily check the following

Fact 133. Let S,T € B{(H){(W)) such that STT.
(1) If T is —-deterministic, then S is —-deterministic.
(2) If T is —-deterministic, then (S,T — S) is a —-deterministic vector.

11.4. Algebraic properties

Let us fix now some abelian group (H,-). We adapt here the main results concerning
B, (/7)) obtained in Section 3 to the matrices in H , (/)). Most of the proofs are so
close to the proofs given in Section 3 that we just mention the corresponding lemma
of Section 3 and leave to the reader the necessary adaptations. Some new statements

concerning the functions {7, ¢y are introduced.
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11.4.1. Residuals
Lemma 134. Let S€DHY (W), T €B{H ) (W), ue W* and U=S-T. Exactly
one of the following cases is true:
(1) 3j.S;eugH'
in this case Ueu=(Sou)-T.
(2) Fjo, W " u=u"-u",S;, e’ =hecH;
in this case Ueu=nh-T; . eu".
(3) Vj,Vu'<u, S;eu=10, S;eu' ¢H,
in this case Ueou=0=(Seu)-T.

(See Lemma 11.)

Lemma 135. Let S € DRHY (V) such that, for every j€[1,m], S; # 0. Let T,T' €

I,m

BUH Yy (W)). If S-T~S-T' then T ~T".

Proof. Suppose that §-7=h-S- T’ (where S,T,T’ fulfill the above hypotheses). Let
u; € supp(S;) (for every j€[1,m]). For every j€[l,m],
(S Tyeuj=(h-S-T")eu
which, by Lemma 134, case 2, can be rewritten as
hjTjw=h-h;- T},
(where S; eu; =h; € H). Multiplying by hj_l the above equality, we obtain
\V/j S [lzm]a Tj,* =h- TJ/)*,
hence T~T'. [J
Lemma 136. Let n,me N — {0}, ScHO(W), uc w*,
(1) £(Seu)</(S).

(2) (S eu)<l(S)+7(S)- (jul +2-[IS[]).
() IS eul <[IS].

Proof. Points (1) and (3) are obvious. Let us prove point (2). If Seu=10{, the
inequality is clearly true. Let us suppose now that Seu # (), min(supp(S))= u,
min(supp(S e 1)) = uj,.

(Seu)y = Suy - (Sa' ~ Suu)
and

Cug " u-uh) <) + £(uo) + £(up) <L(u)+2-||S]).
It follows that

/(S e u)y ) <Lo(S) + /(S (w) +2/IS]). O
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11.4.2. Product
Lemma 137. For every S€DH, , (W), T €DH, (W), S-T €DHj ().

(See Lemma 13.)
Lemma 138. Let S € DHS’m<(W>>, T e HSM«W)). Then ||S-T| <|ISI+ ||T]
(See Lemma 14.)

Lemma 139. Let S € DHY(W)), T € HO(W)). Then
(1) /(S - T)< max{/(S),/(T)},
(2) (S - T)<(S) + 4(T).

Proof. In order to prove the first inequality we consider 2= (S-T);.}-(S-T),., where
u,v,w e W* gep(v,w)=¢ and (S-T),., # 0,(S-T)yw # 0. As supp(S) is deterministic,
one of the following two cases must occur:
Case 1: u - vy €supp(S), u-wj;esupp(S), v=v; - vy, w=w; - w,. Using the com-
mutativity of H we have
/(h) = /((Suv] Tvz)_l : (Suwl Twz)) = /((Sl;} : Suw1 ) : (Tu;l ! Twz))
< S |vi| + [wi]) + Z(T)(|va| + [wa])
< max{/(8),7(T)} - (|o] + |w) = max {/($), A(T)} - £((uw)™" - (uw)).
Case 2: uy € supp(S),uz - vesupp(T),uz - wesupp(T),u=u; - up.
£(h) = AT - Tup) SET)(J0] + [w]) < max {£(S), /(T)} - £(uv)™" - (uw)).

This ends the proof of the first inequality. The second inequality is straightforward.
O

Lemma 140. Let n,m,s € N — {0}, S€DH) (W), T €DH;, (W). Then
(1) Z(S-TY< max{/(S),/(T)}y +2-t(T)+2-/(T)-|T|.
(2) 4(S - T)<l(S) + 4(T).

Proof. Let us prove point (1). We treat first the
Case 1: n=1,s=1. Let us consider u,v,w € W*, h€ H such that
h= (S Ty (S T

and gep(v,w)=¢, (S -T)yy#0, (S-T)yw #O0.
As supp(S) is deterministic, one of the following two cases must occur:

Subcase 1.1: i,j € [1,m], u-v €supp(S;), u-w; €supp(S;), v=0vy -0, W=w; - Ws.
Using the commutativity of H we have

£(h) = £((Sian Ti) ™"+ Spaom Te:)) = £(Siay * Sjaon)* (T = Tiows))
<SS oi] + i)+ £(Tiy) + LT (197)
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Let us consider a general series UcH'(W)) and a word w'€W*. Let uy=
1

min(supp(U)) and w' =u' - v” with |u'|=]up|. By definition of the length of a
series we then have

((Uw) < L(uo) +L(U) - L(ug ' - w)
< Lo(U) + L)W + (o)),

and, as every finite automaton recognizes at least one word of length smaller or equal
to its number of states /(ug)<||U]||, hence

(U ) LW + Lo(U) +£(U) - [|U]. (198)
Applying inequality (198) to the series T;,7; in inequality (197) we get
((h) < Z(SY([or] + pwi]) + A(T) (v2) + £o(Ti) + £(T) - | T
+A(Tp) (w2) + Lo(T) + A(Tp) - |1 T3
< max{/(8).7(T)} - (|o] + [w) +2 - £o(T) +2- A(T) - ||T].

Subcase 1.2: i € [1,m], u; € supp(S;), uy-vesupp(T;), up-wesupp(7;), u=uy - uj.
Using the commutativity of H we have

((h) = (T} - Tias) <AT)(0] + [w) < max{/(S),/(T)} - (|v] + |w]).

Let us now consider the
Case 2: n=1,s>1. For every T € DHY, (W) we define T € DH), , (W) by

Viellml, T;=> T
k=1

By the above case 1,

/(S - TY<max{/(S),/(T)} +2-to(T)+2-/(T)||T|. (199)
But one can easily check the following relations:

AS-T)=/S-T), {T)=AT), («(T)=¢o(T), |T|<|T]|
By (199) and the above relations:

£(S-T)</(S-T)<Smax{/(S),/(T)} +2-Lo(T)+2-/(T)-||T|
max{/(S),/(T)} +2-Lo(T)+2-/(T)-||T|.

NN

Case 3: n=1,s=1. For every i €[1,n], by case 2, we have
£(Siw - T)< max{/(Si.),/(T)} +2-Lo(T)+2-/(T)-||T|,
hence,

£(Siw - TY< max{/(S),/(T)} +2-£o(T)+2-/(T) - ||T|.
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It follows that, the maximum of the numbers /(S;, - T') (for 1<i<n) is smaller than
max{/(S),/(T)} +2-Lo(T)+2-4(T)-||T||. O

Let Se DH(I),m«W». S is said totally unitary iff, for every je[l,m], ue W*, (S;)u
€{0,1y}. S is said special totally unitary iff it is totally unitary and, for every
1<i<j<m, there exists ue W*, v,v' €W, S; =35 uv = lu.

Lemma 141. Let S,U € DHY (W), T €HY, (W), such that S is special totally uni-
tary and U is totally unitary. Then {(U - T)</(S-T).

Proof. Let us treat first the
Case 1: s=1. Let us consider u,v,w € W* he& H such that

h=U-T) (U-T)yy

and gep(v,w)=¢, (U -T)yy#0, (U-T),., #0.

As in the proof of Lemma 140, we consider two subcases.

Subcase 1.1: i,j€[1,m], u-v; €supp(U;), u-wy€supp(U;), v=vy - v, |v3]=1,
w=wj - wy, |wi|=1. Then, as U is totally unitary:

((h) = (Ui Tros) ™" (U Tjon)) = (T3 ) Ty

1,02

As S is special totally unitary, there exists v’ € W*, a;, o €W,

(T Tian) = (((Siwrn, i)™+ (Sjarsy Tjans))
=S T yws (S T ity )SLS - T) - (1 + [v2] + 1 + |wa))

' o vy

<AS-T) - (Jo] + |w).

Subcase 1.2: i € [1,m], uj € supp(S;), uy -v € supp(T;), up -wesupp(7;), u=uy - uy.
Then

((h) = Ty Tiaow)-

LUuxU

Let us consider some u’ € supp(S;) (such a word does exist, by definition of “totally
unitary”):

£(h) = C(SiTD e+ (SiTDuriene) SECS - TY(|o] + [w]).
In both subcases we have checked that

/(U -TY</(S-T).

Case 2: s>1. As in the proof of Lemma 140, case 2, considering 7 € DH9n,1(<W>)
we see that

AU-TY=/U -TYS/S-T)y=/S-T). [
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11.4.3. W=V

Let (W,—) be the structured alphabet (V,—) associated with a given H-dpda .#.
As the monoid (B,-,1) is embedded in (H°,-, 1y), all the particular series, vectors
and matrices ( [pawg],[pw],[w],&],...) introduced in Section 3.1.4 embed in the cor-
responding set of series, vectors, matrices with coefficients in H°. The notions of
QO-form, Q-A-form, Q-product are defined analogously.

Lemma 142. Ler €N — {0}, SeDH{ (V).
(1) there exists ve V* such that p,(S)~Sev, p(S)=S®@el"l and |v]<||S| — 1.

(2) p(S)=S.
(See Lemma 15.)

Corollary 143. (1) VA€ N — {0},¥S € DH , (V). | p(S)]| < IS
(2) VA€ N — {0}, ¥SeDH] ,(V)), p.(S)€DH} (V).
(3) VA€ N — {0}, VS €DRH} ,{(V)), p(S)€DRH] (V).

Lemma 144. Let 1€ N—{0}, S€DH{ ,(V),uc X*. One of the three following cases
must occur:

(1) SOu~M,

(2) SQu~e}l for some je[l,4],

3) Ju,u, €X*, v EV*, q€Q, zE€Z, hy € H,® Q-A-form such that

u=uy-uy p(S)Ou=Se(h,v)=[gz]*P and SOu=([gz] ©up)*P.
(See Lemma 19.)

Corollary 145. (1) VS €DHY ,(V'), ue X*, S®ueDH} (V).
(2) VS €DRH{ ,(V), ueX*, S®uecDRH] (V).

Lemma 146. Let S €DH) ,(V), ueX™.
(1) /(SOu)</(S).
(2) if S is e-free then
Lo(SOu)<Lo(S) + ||S|| - k(M) - u| + Ko - k(A ) - ul>.
B) [ISoull<|IS] + Ko - [ul.

Proof. Let us prove point (1). We consider the 3 cases distinguished in Lemma 144.
If case 1 or 2 occurs, then clearly /(S ®u)=0</(S).

Let us suppose that case 3 occurs. One can notice that [gz],[gz] ®u, are special
totally unitary vectors. By Lemma 141, we have

/(S ©u) =/(([gz] © ) * @) </([gz] * D),
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and by Lemma 136, point (1):
/([gz] * @) = /(S e v) </(S).

The two above inequalities prove point (1) of the lemma.
Let us prove point (2). Suppose that S is e-free and |u| =1, i.e. u=x € X. Then

Lo(S @x)<Lo(S) + k(A);  ||S @ x| <||S]| + Ko. (200)
By Lemma 142, there exists v € V*, |v|<||S®x| — | such that

P(S@x) = (S @x)® el
Hence,

Lo(pa(S @ x)) = £o(S @ xel’)
< Lo(S) + |xell| - k()
< Lo(S) + IS @ x| - k()
< 20(S) + (S| + Ko) - k(A4). (201)

Suppose now that |u|>1. Applying |u| times inequality (201), we get

[
£o(S ©u) < Lo(S)+ Y (IS +i - Ko) - k(A
i=1
= (o(S) + ||SVk(4) - |u| + Kok () - |u|(ju] + 1)/2
< Lo(S) + ||S||k(A) - [u| + Kok (A) - |u)?.

This proves point (2) of the lemma.
Let us prove point (3). Applying Corollary 143 point (1) and |u| times the second
inequality of (200), we obtain point (3). [

Remark 147. In fact, inequality (2) can be strengthened into the following:
£0(S © )< o(S) + (ISI| + Ko - Jul + [u]) - k(40).
But the proof would be more delicate while the result is not needed for our purposes.

Lemma 148. Let S€DH] (W), T € st

of the following cases is true:

() SOug{0"yuih el |he H,1<j<m}
in this case U Qu=(Sou)-T.

(2) Fjo, ", u=u'"-u", heH, p(SOU)=h-e}};
in this case U Qu="h- p(Tj,«Ou").

(W), ueXt and U=S -T. Exactly one
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(3) Vi Yu' <u, SOu=0" and p.(S©u") 2}
in this case UQu=0*=(Sou)-T.

(See Lemma 22.)

Lemma 149. For every S € DH{ ,(V)),
(1) pe(S)€DHY (V)

(2) 2(pe(8$))Z£(S).

3) llpSII<ISI],

(4) S=pe(S).

Proof. Points (1),(3),(4) can be proved as in Lemma 23. Let us prove point (2). Let
u,veV*, §,#0. Let us note T = p.(S),

(87180 = (T o) <AT) - £(pe)™" - pel®)
SAT)- L™ - 0) = HpS)) - L(u™" - v)

(we use the fact that w — p.(w) is contracting). [J

11.4.4. Equivalence on row-vectors

Lemma 150. Let 1N — {0}, S, S"€ DBy, (V). Then S=S§’ if and only if, Vh € H,
Ve X*, Vi €1, 2], pu(S © (hyu)) = &} < pu(S' © (hyu)) = &/-

(See Corollary 26.)

Definition 151. For every AN — {0}, S, S’€B; (V) we define Div(S,S5")=
inf{|ul,ue X*,3j€[1,A],FheH (pg(SG)(h,u))zsf')@(ps(S’@(h,u));ésj-;')}.

(See the alternative definition (38) in the boolean case.)

11.5. Operations on row-vectors

Given 4,B€H! (W) and 1<jo<m we define the vector C =4 [J;, B as follows:
if A=(ay,...,aq;,...,am), B=(b1,...,bj,...,b,) then C=(ci,...,cj,...,cpn), where

cj=a;+aj b if j#jo, ¢;=0if j=jo.
Let us notice that 4 (1, B € B{(H))1,,,((/)) but need not belong to H{ (W) in general.

Lemma 152. Let A, BEH) (W) and 1<jo<m:

(1) if A,B are left-deterministic, then A[1;, B is left-deterministic.
(2) if A,B are deterministic, then A, B is deterministic.

(3) if A,B are deterministic, then ||AJ;, B||<||4]|| + ||B]|.

(See Lemma 28.)
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Lemma 153. Ler A€DHY , (W) and 1< jo<m. Then [J}(4) € DH} , (W) and |,
@I <4\

(See Lemma 29.)

11.6. Deterministic spaces

The notions of d-space, linear combination, generating set are defined as in Sec-
tion 3.2 but where B is replaced by H° everywhere.

Lemma 154. Let S,...,S),...,Sn € DRH0<<V>). The following are equivalent:

(1) 35"»/?6 DRH?,m<<V>>, E= Ba such that Zlg_/gm %S = Zlgjsm B - S

(2) Fjo€[1,m),37€DRH] , (V),Vh € H,7#h - &, such that Sj,= Y2, ;<7 - Sj»
(3) Fjo€[1,m], 37" €DRH] , (V'), 7}, =0, such that S;, =3, .7} Sp»

(4) Fjo €[1,m], such that V((Sj)1<j<m) =V(S)i<j<m,jzio)-

(See Lemma 30.)

11.7. Height, defect and linearity

Here also, the definitions of height and defect of a deterministic rational series
(or O-series) are those of Section 3.3 where B is replaced by H°.

Lemma 155. Let S€DRHY(V)), x€X, d,d’ €N.
(1) rd(S ©®x)<rd(S)
(2) S is (d,d")-linear = S ©x is (d + 1,d")-linear

(See Lemma 32.)

Lemma 156. Let B,A€Z, ®¢ DHgJ((V)). If ||[4] = @|| > ||®|| then, Vq € Q,[[gBA] *
D] € Qx([4] * )/~

The proof is analogous to the proof of Lemma 33. We use Lemma 135 to conclude
in case 1 that [A] *x & ~ .

Lemma 157. Let weZ", A"\ AcZ, peQ, ®cDH) (V). If [|[[4] * @||> ||, then
(1) lwA] = || =10 - || + [4] * @||
(2) llpA'wA] = @[ =1+ [O] - ] + [[[4] * @].

(See Lemma 34.)
Lemma 158. Let U=[pw] * ®,U'=U Gu where peQ, weZ*, |o|=1,® is a

O- form, |®|=1, ueX*, |u|<k. Let us suppose that ||U'||=1+ k|Q| + ||®||. Then
U =(pw] ®u) * & where [ pw] ©u=[qu'] for some g€ Q, |o'|=k.
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(See Lemma 37.)

Lemma 159. Let D=0. Let ®=(P,),co be a O-form and let S eV(Py)4eco) such
that

(1) 1o =D+ 0}, |o]>2,

(2) rd(S)<D.

Then, 3w eZ*,dpeQ, S=[pw]* .

The proof of Lemma 38 can be adapted in the following way. One proves first that
dg € O, Juesupp(oy), ', u" € V*, u=u'"-u" and Seu' ~V,. (202)

is impossible. Eq. (48) is then established in the same way. All the remaining of the
proof is still valid (provided “u € a,” is replaced by “u € supp(o,)”, everywhere).

11.7.1. Derivations

The notions of derivations and sub-derivations are adapted in a straightforward way
to the case of series in DRH®((J)).

For every u€X* we define the binary relation 1 (u) over DH((V")) by for every
S,8"€DHY(V)), ST (w)S'=3z€Z, weZ", pgqeQ, he H, ¥ eDHp, (V) such that

S=[pz]*¥, [pz]Ou="h-[gw]), S =h-[qgo]*"P.

A derivation Sy, Si,...,S, is said to be stacking iff it is the derivation associated to a
pair (S,u) such that S=Sy and Sy T (u)S,.

Definition 160. A vector SEDRH?, (7)) is said loop-free if and only if for every
veVT, SeviSs.

Lemma 161. Let SGDRH?J«V)), ueX*, such that ||S©u||>||S||. Then SOu is
loop-free.

(See Lemma 41.)
Lemma 162. Let S € DRHY(V')), we X*, such that
(1) S is e-free and loop-free,
(2) Yo<w,||S®v||=||S|. Then the derivation S-S ®w is stacking.
(See Lemma 42.)
Lemma 163. Let S,S’ € DRH(V), we X*, k€N, such that S©w=S" and ||S’|| >
|S|| + & - Ko+ 1. Then the derivation S S’ contains some stacking sub-derivation of

length k.

(See Lemma 43.)
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Lemma 164. Let S,S' € DRHY(V)), we X*, k,d,d’ €N, such that S is e-free, (d,d")-
linear and

(1) the derivation S-S’ contains no stacking sub-derivation of length k.

(2) |w|=d -k

Then S’ is (0,d’)-linear.

(See Lemma 44.)

11.8. Formal system

We define here a particular deduction system # “Taylored for the equivalence
problem for H-dpda’s”.

Given a fixed H-dpda .# over the terminal alphabet X, we consider the variable
alphabet 7 associated to .# (see Section 11.1.4) and the set DRH((/")) (the set of
Deterministic Rational series over V'*, with coefficients in H°). The set of assertions
is defined by

o =N x DRH* (1)) x DRH’(1")),

i.e. an assertion is here a weighted equation over DRH®((V)).
The “cost-function” J : o/ — N U {co} is defined by

J(1n,8,8") =n+2-Div(S,S").
(We recall Div(S,S’) is introduced in Definition 151.) Here also
(1,88 =1=S=¢5".

We define a binary relation |F— C (/) x o/, the elementary deduction relation, as
the set of all the pairs having one of the following forms:
(HO)

{(paSn T)} “__ (p + 1’Sr T)

for peN, S, T € DRH((V'),
(H1)

{(p,S,T)} ”__ (pa TaS)

for peN, S, 7 € DRHO (1)),
(H2)

{(pasasl)’(pasl’sﬂ)} ”__ (pa’S’S”)

for peN, §,8',8"” € DRH (1)),
(H3)

0 |- (0,S,S)
for S € DRHO((V),
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(H'3)
0 |- (0,8,7)

for S€DRH (1), T€{0,e}, S=T,
(H4)

{(p+1,SOx,TOx)|xeX} | (p,S,T)

for peN, S, TEDRHY(VY)), (VA€ H, S#h, AT #h),
(H5)

{(p,S,SH} = (p+2,SOxS ©Ox)

for peN, S, T € DRH(V)),x€X,
(H6)

{(p’S T/ +S/’T/)} Hff (p,S* 'S/,T/)

for peN, (5,8")€DRH) ,(V'), T €DRH(V)), (Vhe H, S#h),
(H7)

{(p’S>S/)’(p> Tv T/)} Hff (p,S + TaS, + T,)
for peN, (S,T),(S",T") € DRH) , (V).
(HB)
{(p’SsS/)} ”__ (p,S : Tasl : T)
for peN, 8,8, T € DRH (1)),
(H9)
{(paTzT/)} ”__ (p’S : T7S : T/)

for peN, S, 7,7 € DRH*(V),
(H10)

0 IF=(0.5.p:(8))

for S € DRH((V),
(H11)

0 [ (0,8, pe(S))
for S € DRH ().

Though we did not prove this result formally, it should be clear that the operations
+,- and [} over DRHY (V) correspond to some computable functions on determin-
istic finite m-H-automata and that the equality in DRHC (V) corresponds to some
computable predicate on pairs of deterministic finite m-H-automata (i.e. the equiva-
lence problem for deterministic finite m-H-automata is decidable). Hence, modulo an
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encoding of U,,~DRHY (V")) into integers, based on deterministic finite m-H-automata,
the above set of rules is recursively enumerable. Let us define — by: for every
PeZ(A), Ac o,

(*) (*)
1
Pl—4 &P = ol—"11, 100 IF— {4}.

where |F— 3 410,41 1S the relation defined by (HO),(H3), (H'3),(H4),(H10),(H11)
only. We let

Ho= (ot J, ).

Lemma 165. 5% is a deduction system.

11.9. Triangulations

Let §1,5,,...,S8; be a family of deterministic rational series over the structured al-
phabet ¥, with coefficients in H® (i.e. S; € DRH’((V))). We recall V' is the alphabet
associated with some dpda .# as defined in Section 11.1.4. Let us consider a sequence
& of n “weighted” linear equations:

d d
((f)@,‘): p[,ZOC[’ij, Zﬂ[’ij, (203)
j=1 j=1

where p; € N — {0}, and A=(o;;), B=(p;;) are deterministic rational matrices of
dimension (n,d), with indices m<i<m+n—1,1<j<d.

For any weighted equation, & =(p,S,S’), we recall the “cost” of this equation is
J(&)= p + 2Div(S,S").

Let us adapt the construction of the system INV(Y) to the case of series with
coefficients in H°. We assume a total ordering <, is given on X and we denote also
by < its short-lex extension to X*. We denote by <y some well-ordering on H.

11.9.1. Restricted systems
We assume here that

Vje[ld], S;#0, (204)

Vie[mm+n—1], Vje[l,d], o p;; are e-free (205)
and

Vi€ [m,m+n—1], o, is unitary. (206)

(We recall it means that /(o .)=0.) A system & fulfilling the three hypotheses
(204)—(206) will be called a restricted system of weighted linear equations.
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Let us define INV(¥), W(¥)eNU{L},D(¥)eN, by induction on n. W(&) is
the weight of . D(¥) is the weak codimension of & .
Case 1: oy, « = P

INV(S) = (W(S) 0m,js B )1 <j<as - W(SL) = pm— 1, D(&)=0.
Case 2: 0y« Z Pim,xr 122, Pust — Pm=2 - Div(0, 4, P+ ) + 1. Let us consider
(h,u) = min{(k,v) € H x X* | 3j € [1,d], (0 © (k,v) = &)
& (B © (k0) # &) (207)

(Lemma 150 and the e-freeness assumption (205) ensure the existence of such a pair
(h,u)). Let jo € [1,n] such that (o, ©u==}) (B« Ou#el.
Subcase 1: o, j, © (hyu)=¢, Puj, © (h,u)#e. Let us consider the equation

d
() P+ 2 US> (Bujy © () (Bu; © (h,u))S;
T
and define a new system of weighted equations %’ = (& )ym+1<i<min—1 DY
D piny 1oy + 2By © () By © ()] - S5
J#jo
Z (Bij + Bijo(Pm.jo © (hyu))* (Bm.j © (h,u))] - .
J#jo
(The above equation is seen as an equation between two linear combinations of the
S;’s, 1<i<d, where the joth coefficient is () on both sides.) We then define

INV(S) = INV(¥'), W(F) = W), D(&)=D")+ 1.

Subcase 2: oy, j, © (h,u) # ¢, P, jo © (h,u) =e. (analogous to subcase 1).
Case 3: oy, % P+, n=1. We then define

INV(#) =1, W(¥)=L1, D¥)=0,

where L is a special symbol which can be understood as meaning “undefined”.
Case 4: 0y« Z P vs 122, Pl — P <2 - Div(y, «, fm.+). We then define

INV(#)=1, W(&)=1, D¥)=0.
Let us consider the function F defined by
F(d,n) = max{Div(4,B)|4,B € DRB, 4(V)), ||4|| <n, ||B|| <n,A # B}.

For every integer parameters Ko, K1, K>, K3, K4,KY,KJ, K3, Ky € N — {0}, we define in-
teger sequences (3;, 4, Li,5i,50, 86, Si, Zi)m<i<min—1 DY

5m =0, /,=0, L,=K, (208)
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Sm=K3 Ky + Ky, s°=K) K, +K), (209)
sp=K3 Ky +Ky4, S,=0, 2,=0, (210)

St =2 F(d,s + 5) + 1,

Ziy1 =2 6i11+3,

Liyi =Ky - (Li +Ziv1) + K,

Siv1 = K3 Lip1 + Ky,

st =K§ Ly +KJ,

Siv1 = K3 - Liy1 + Ky,

Sit1 =8+ 2+ KoF(d,s; + 2;),

21 =2+ Sin1 (211)

for m<i<m+n—2.

These sequences are intended to have the following meanings when K, K .K2, K3, K4,
Kg, Kff,Kg,K4 are chosen to be the constants defined in Section 11.10 and Egs. (&;)
are labelling nodes of a N-stacking sequence (see Section 11.12.1):

0,11 <increase of weight between &, &1,

/iy =increase of depth between &, &1 1,

L;.| >increase of depth between &, & 11,

S;+1=length of the coefficients of &1,

s? | >initial length of the coefficients of &1,

s;+1 =norm of the coefficients of &,

S;11 =norm of the coefficients of o«@iﬁl*m) (these systems were introduced in the

proof of Lemma 59),

X 1>increase of the norm of the coefficients between é",ﬁi_m),ﬁ,iiﬂ_m)(for

k>

i+1).

For every linear equation & = (p, Zj:1 S}, Z;l:] B;S;), we define

d d
p(&)= | phg" > 0Sihg > BS |
j=1 j=1
where A is the coefficient of the smallest word uy of U;’:lsupp(ocj)
(&) = max{/(o,...,04),L(P1,.... Ba)},
2°8) = Lohy " - (Brs-- s Ba)),

|||§)|H = maX{H(“l»“"ad)”’ H(ﬁlvsﬁd)”}
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(Notice that p(&) is left-unitary and that for every system ., INV(Y)=INV
(p1(¥)).) We define the constant
K> :max{/_(pe(INV(y))) | & system of dy equations such that, {_(5”)<§d0,
1S )<sq0: 1911 <500 - (212)
Let us check that the integer K is well defined.
For given integers M°, M, M, the set
{S € DRHY (V) | £o(S) <M, /(S)<M,||S| <M}
is finite (by Lemma 127). It follows that the set of pairs

{(o, B) € DRHY (7)) | Zo(a) = 0,40(B) <M,
o) <M, L(BYSM, ||| <M, ||| <M}

is finite. Hence, the set of left-unitary equations & = (p, Zj:1 oc_,-S,-,Zj;l B;S;) such
that

E<M®, HE)<M, ||8]|<M

is finite. But INV(%) =INV(p,(%)) and the map & — p;(&) preserves the three maps
/% 7,||| *|||.-We can conclude that the set in the right-hand side of (212) is finite. This
shows that K, is a well-defined integer.

Lemma 166. Let & = (&) m<i<mia—1 be a restricted system of d linear equations
such that J(&;)= oo (for every i) and
(1) Vie[mm+d—11, /(&)<5;,
Q) Vie[mm+d—1], /°6)<s?,
(3) Viemm+d—1, [|&]]<s
(4) Vie[mm+d — 2], W(&11) — W(6:) =041
Then INV(&) #L,D(¥)<d — 1, and for every & € INV(Y),
(5) 2(E)</(p(6))<Ka,
(6) |[|€]]| <Zmipo) + Smip(9)-

Sketch of proof. The proof of Lemma 59 can be adapted in the following way. The
word u; introduced in (78) must be now defined by

(hiyu;) = min{(k,v) € H x X" |3j € [1,d],(o¢§f;m) ® (hv) = 8_7)
& (B 0 (o) # )} (213)
It follows that, for example
o @ (hiyuy) = & (214)
while

B O (hiyup) # €. (215)

Wk
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But, if ﬁﬁf;’") ® (hj,u;)=h - 8?, for some h € H, then S;=#-S; which, by hypothesis
(204), implies that 7= 1. Hence, hypotheses (214) and (215) imply that

supp(el. ™) O u; = ¢! and  supp(B. ") @ u; # &
and finally
|| <F(d. |||supp (6N <F(d, |6V I) < F(d,s; + ).

(the case where o, are exchanged in (214), (215) leads to the same upper-bound
on |u).
As well, the word u introduced in (80) is now defined by

(hu) = min{(k,v) € H x X* | 3] € [1,d], (ot p(ry. © (hv) = &)
& (B D © (o) # &)} (216)
and by the same trick as above about the supports we obtain

lu| <F(d,

D(&
Ero o IDSF(d.smin) + Zmen)).

The remaining of the proof is unchanged. [J

11.9.2. General systems
We consider now the general case where assumptions (204)—(206) are removed.
We only suppose that

3, €[1,d], Si #0. (217)

Under the same assumption (82) we construct similarly a system S of n linear equa-
tions:

d d
((;@[): P1 | Pis Z pé:((xi,j) -Sj, Z pz;(.Bi,j) . Sj
J=1 Jj=1

where m<i<m-+n— 1.
We then define

INV(¥) = INV(F), W(¥)=W(F), D&)=D).

Lemma 167. Let & =(&)m<i<mid—1 be a system of d linear equations such that
J(&;)=o00 (for every i) and

0) Fe1,d], 520,

(1) Vie[mm+d—11, /(&)<5,

() Vie[mm+d—1], /°(&)<s,

(3) Viemm+d — 11, || &l <s.

4) Vie[mm+d —2], W(&i11) — W(&) =041
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Then INV(&) L, D(¥)<d — 1, and for every & € INV(¥),
(5) /(&)<Ks,
©) 161l < Zmip(s) + Smip(2)-

Sketch of proof. Applying Lemma 166 on the restricted system & we obtain
Lemma 167. [J

11.10. New constants

Let us fix a normalized H-dpda .# and an initial equation
Ao = (15,87, S5) € N x DRH () x DRH’ (V).

The constants ko, k1, D1, k2, Ko, K1, K>, K3, K4, dg are still defined by the formulas (85)—
(89) of Section 6. In addition we introduce

Ky=4-Ko-ko-ki-k(#), Ki=(4-Ko-ki-ky+4-Ko-ki+6-ko)-k(M).
(218)

K)=Ks, K)=(4-Ko-ki-ky+Ko-k}+4-Ko-k3+3 -k +6-ko) k(M).
(219)

We still consider the same function F' as in Section 6 (see the trick in the proof of
Lemma 166). We recall it is defined by

F(d,n)=max{Div(4,B)|4,B € DRBy 4{(V), ||| <n, ||B||<n,A#B}. We consider
now the integer sequences (;, i, Li, 5i,5Y, 51,8, X )m<i<min—1 defined by relations (211)
of Section 11.9 where the parameters Kj,...,K, are chosen to be the above constants
and m=1, n=d =d,. Equivalently, they are defined by

01=0,7,=0, L) =K, (220)
§i=Ks Ko+ Ky, s)=KJ Kr+Kj, (221)
51 =Ky Ko+ Ky S =0, 5 =0. (222)

0it1 =2 F(do,si + 2i) + 1,

Liy1 =261 +3,

Liyi =Ky - (Li +Ziv1) + K,

Sit1 = K3 - Lipy + Ka,

sty = KY - Lip1 + K3,

Siy1 = K3 - Liy1 + Ky,

Siv1 = si + Zi + KoF (do,si + 2;),

21 =2+ Sin1 (223)



G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166 133

for 1<i<dy — 1. The constants D,, N, are still defined by formulas (93), (94) of
Section 6. We recall the two following constants introduced in Section 11.9:
K> =max{/(p.(INV(¥)))| & system of dy equations such that
NS <540, (L) <5005 11 50 (224)
Ly = max{/(S; ),/(Sg ), K2} (225)

Let ¥:DRH((V)) — DRHV))/~ be the canonical projection. For every integers
D,N,L €N, we consider the set

C(D,N,L) = ¥{S € DRH*(V)) | /(S)<L,||S| <N}
U(Q x Z<P) x W{S € DRHY,, (V) | /(S)<L,||S||<N}. (226)
We introduce the new constants:

Ky =5 - (Card(C(D1,No,12)))*; K7 = (Ks+1)-ko - Ko. (227)

11.11. Strategies for #

By some slight adaptations of the strategies devised for the system %, (see
Section 7), we obtain strategies for the particular system .
Tew: Teur(A1---A,)=B1---B, iff Jic[l,n—1],3S,S5/,S,,S, € DRH (V) h € H

Oi E Sis Ol/ E Sl/s On E S}’H O;l E S,;a
0,=0,=0,=0,=0,
Ai:(pl"SiaSi/)a An:(pmSnaSy/,)a Pi < Pn
Si=0i=h-(S;—0y), S —0;=h-(S,—0,), and m=0
Ty: Tg(A1As---A,)=By-- B, iff 3S,T, 4,=(p,S,T), p=0,S=T=( and m=0
Tu: Tu(Ai---Ay) =By - By iff 4,=(p,S,T), p=0,3h€ H,S=T=h and m=0
TAI TA(Al-“A,,):Bl"-Bm iff
An:(pssyT)s m:|X|7 B]:(p+1,SQXI,T®x1),...,
an:(P+1»S@xnz,T®xm),
where Vhe H, SZh, T#h

Tg: Ty (Ay---A,)=Bi---By iff n=k; + 1, 4,4, =(n,U,U’"), (where U is un-
marked)
U'=> [pzq]-Vy (for some p € Q, z €2 V, € BH(V)),
q€0
Ai=(n+k+i—n,U, Ul) for n—ky <i<n, (U)n—k <i<n is a derivation, (U )y—k, <i<n

is a “stacking derivation” (see definitions in Section 3.4),

U,;:Zh-[prq]-Vq, for some he H, pe Q, t€Z",
qcQ
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m=1B=(n+k —LV,V), V=U, V'=3 o h-[ptq]-lgeq]- (U © (hg,uy)),
where 0’ = {q € 0| [ pzq] £ 0}, Vg € 0', (hyuy) = min(o([ pzq])).
Ty : Ty is defined in the same way as 7; by exchanging the left series (S~) and
right series (S1) in every assertion (p,S~,S™).
Te: Te(Ay---A,)=B;--- By, iff there exists d €[1,dy], D€[0,d — 1], §1,55,...,
Sq € DRH0<<V>>, 1<Kk <Ky< --+ <Kpyi =n, such that,
(C1) every equation (&;) = (px,-,S,,; ,S;l_ ), for 1 <i<D+1, is a weighted equation over
S1,82, -+, 84,
(C2) & =(&)1<i<p1 is such that, INV(#) # L, D(¥)=D and /() <54,, /°(L)<
S 111 <sar
(C3) (K1,K2,.--,KD11,51,...,84) € N* x (DRH0<<V)>)* is the minimal vector satisfying
conditions (C1,C2) for the given sequence (4 ---4,) and
(C4) By -+ By =p(INV(¥)).
The strategies 4, 4pc are then defined from the above elementary strategies as in

Section 7.

Lemma 168. ]}ut,Y&),TH,D,Y}f,Y};,TC are Hp-strategies. Moreover, g, Sipc are
closed #y-strategies.

(See all the lemmas of Section 7.)

11.12. Tree analysis

We adapt here the statements of Section 8. We fix throughout the remaining of this
subsection a tree

T =T (L ups (70, Uy, Uy"))

(i.e. 7 is the proof tree associated to the assertion (7, U, , U,") by the strategy Fz).
We suppose that, for every a € {—,+}

HU<Ly, rd(U§)<D, (228)
and

Uy, Uy are both unmarked. (229)

Lemma 169. For every label (m,U~,U") of t,

(1) Jae{—,+},U" is unmarked.

(2) If U* is unmarked, then {/(U*)<L, and rd(U*)<D,.

(3) If U* is marked, then U*= qug [pwqllgeqlV, for some peQ, weZ™,
v,
€ DRH(V)), with || <Dy, £(V;)<Ly, 1d(V;)<D:.

Sketch of proof. Analogous to Lemma 72. We use the fact that, for every S € DRH®
V), uex* /(Sou)</(S). O
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11.12.1. N-stacking sequences

The maps U — [||U]||, x — N(x) are defined as in Section 8.3. Let o = (x;);e; be
a path in 7, where / C N is a non-empty interval and i) =min(/). As in Section 8.3,
o is called an N-stacking sequence iff

Viel N(x;)=N(x,) and N(x,)=No. (230)

From now on and until Lemma 174, we fix an N-stacking sequence g = (x;);c;. We call
Card(/)—1 the length of o (denoted |o|). We use the simplified notation N(i) for N(x;)
and we note t,(x;)= (U, U"). All the definitions and properties (114)—(122), all the
Lemmas 73-81 and definition (127) remain unchanged. Let us fix a total ordering
on %:

gl = {019925'“,051}7 where d = Card(%).
Let us remark that d <2 - |Q| - (Card(X k1) 4+ 1) =d,.

Lemma 170. Let L>0 such that (ic+ KL+ Ky)+ky € 1. There exists i € [ip+ L, io +
Ky - L+ K;] and, for every o€ {—,+}, there exists a deterministic rational family
(B <j<a fulfilling

(1) U*= Zj:l Fi-0; (for every o€ {—,+}),

(2) Z(Br)<Ks-(i—io) + Ky (for every a€{—,+}),

(3) (B BLSKS - (i —io) + KT,

4) [|B7 || <Kz - (i —io) + Ky (for every o€ {—,+}).

Proof. We follow the lines of the proof of Lemma 82 but the new upper bounds
(2), (3) require new arguments. We know that there exists i € [ip + L,ip + K| - L +
K>],00€ {—,+}, such that T} occurs at i. Up to a left-translation of both sides by hy !
(where hg is the coefficient of min(supp(U?*, _;)) in U_} _|), we can suppose that
UZy _, is unitary. Hence,

U=UZ%_, =[ro]*®" forsomercQ, weZ", o c{—+} (231)

Ul.to}q_I:Z[ﬁzq]'Vq for some pe€Q,z€Z,o € {—,+},V, € DRH’(V)),

q€0
(232)
U *=U®u for some u e xh, (233)
U =" hi [prqllgeq)(U © (hg.uy))
qeQ’
for some Q' CQ, h € H, 1€ Z*, hy € H, u, € X", (234)

where

hi-[prql = [pzq] ©u and  (hg,ug) = min{e([ pzq])}.
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Let us analyze the coefficients of U~ U** expressed as a linear combination of the
set {02 ©w|0<|w| <k} U{p(®¥)|q€ 0}
(C1) Coefficients of U.™*
1.1. Suppose that U~* = ([ro] ©u) * &*, with r€ O, we Z*.
Using Lemma 146, point (1) we obtain

[([ro] © u)</([ro]) = 0
and by Lemma 146, point (2) we have
£o([ro] © u) <| Q| [k Yy + Kok (A ).

1.2. Suppose that U~ *=h - pg(qﬁq“/ ou'")y with ge Q, u=u'-u", v, v’ € X*. We then
have

[@,....h,....0)=0,
and by Lemma 146 point (2)
Lo(0,... k.., 0) = £(h) = Lo([ro] © u') < |O||w|k( M Yiey + Kok( M )i}
In any case, we have proved that
(B =0, (235)
Lo(Bi) < Kokth( M) + Kok k(M ) - ). (236)

(C2) Coefficients of U
In order to deal with matrices we fix some total orderings of the sets O and gf/:

0 =1{91,92,---,9x}, where n = Card(Q),
G ={&,E,...,En),  where m = Card(%%).

Let us consider the following matrices 4 € DRH{ ,(V')), B € DRH), (V")) where

ai,j = hi - [prq;] - [g;eq;]

bi = [rogy] © (hqj,uq/.), if ¢, € O, [ro] ® ug, ¢ {0}
UA - g |1 € H, 1<K <n}, & = &7, /

biy=h if q; € O uy =uj-u},[rw] © (hy,u;) =h-& and & = p(P] Ou

by =0 if (j,I) does not fulfill any of the two above conditions.

1
i)

Then
U *=A4-B- é
where &€ DRHY, | (7)) is the column-vector defined by

E,n=¢ (for 1</<m).
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2.1. Upper-bounds for A
As A ~ 27:1 [ ptq;1lg;eq;], which is unitary,

/(4)=0. (237)
Using Lemma 146 point (2) we obtain

Lo(A) = Lo([ pz] @ u) <O + 3k (M ey + Kok(M Vi = (Ko - ki + 3ky) - k().
(238)

2.2. Upper-bounds for B
We analyze B row by row. We distinguish three types of rows B ..
2.2.1. [ro] © (hy,, ug;) = h; - [so] for some hj € H, s€Q, o} €Z*. In this case

(o([ro] © (hy,utg))) < £(hg,) + Lo([ro] © ug)
= (o([p2q/] © ug)) + Lo([re] © ug))
< (Ko - kg + 3ko) - k(M) + Kokok( M) - || + Kok (.40 )i
< (2Kq - k§ + 3ko) - k(M) + (Koki k(M) - ||

Hence, for every row-index j fulfilling case 2.2.1, we have
[(Bjw) =05 (o(Bj.)<(2Ko - kg + 3ko) - k(M) + (Kokik(A)) - |o)]. (239)

222 [ro]® (hqj,u}) = h-¢} for some ui<u,,,h € H,k €[1,n]. By the same calculations
as in the above subcase:

A(Bio) =0y £o(Byu) < (Ko -k + 3ko) - k(M) + (Ko k(M) - |oo].

223.B; . ="
In this last case, we clearly have

/_((B/,*) =0 ZO(Bj,*) =0.

(C3) Upper-bounds for (8, ;)
Using the definition of ( if*"‘ ), Lemma 140 and the fact that /(4) = /(B) =0, we obtain:

((BiY) = {(A4-B) <max{/(4),/(B)} +2-l(B)+2-/(B)-|B|
=2-/o(B).

By Lemmas 76 and 80

|w‘<2k()(l —ig—k; — 1)+ 2(ky + k1ko + 2). (240)



138 G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166

Combining the upper bounds (239) and (240) we get

A(Bi2) < (4Ko - kG + 6ko) - k(M) + 2Koki k(M) - |o)|
< [(4Ko - kg + 6ko) - k(M) + (AKoki k(1)) - k2]
+(4Kokoki k() - (i — io)

:[Z3(i—i0)+[€4. (241)
Let us give now an upper bound for /0(/3; ). By Lemma 140
< lo(A) + £o(B)
< (Ko - ki + 3ky) - k(M) + (2Ko - kg + 3ko) - k(M) + (Koki k(M) - ||
< K3(i —ig) + K4 + (Ko -k + 3ky) - k(M)
= K9(i —io) + K. (242)

/O(ﬁz—*a

Inequations (235) and (241) establish point (2) of the lemma.

As the right-hand side of (236) is smaller than the second line of (242), (242) is
sufficient to establish point (3) of the lemma.

Point (4) can be established as in Lemma 82. [

Lemma 171. Let us suppose that |6|=L; + ki. Then, there exists ig<K;<i;<
-+ <Kq and deterministic rational vectors (B} ;)i1<j<a (for every i €[1,d]) such that
0) W(ki)=1,

(1) ViV, Uz = 330, B0, €70,

(2) Vi,Yo,/(f7.) <5,

(3) Vi, /(Bi B <5,

(4) Vi,Vo || B2, || <si,

(5) Vi, W(kiv1) — W (ki) = 0iv1.

Sketch of proof. Points (0),(1),(4),(5) can be proved as for Lemma 83. Points
(2),(3) are obtained by replacing every invocation of Lemma 82 by an invocation of
Lemma 170. [J

The adaptation of Lemma 84 turns out to be more technical. Let us prove two

auxiliary lemmas.

Lemma 172. Let m>1,S € DRH’((V')),a € DRH{ ,,(V)), T. T’ € DRHY, | (V') such that
S=30 0T, S= 30 05 T) and Vi€ [1,m], Ti~T/, a;#0, T/ #0. Then, T=T".

Proof. Suppose that

S=Y 0T, Ti=h-T/ (Vi€[lm]).
i=1
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As o; # (), there exists u; € X* such that o; ©u; € H. For every i € [1, m]:
S@MiE(OC,‘QMi)'TiE(OCjGUj)'T[I-

Hence T, =T/ ie. h;- T/ =T/. As T # 0, this implies #; =1y, hence T=T". [J

1

Let us consider the map
T : DRH()) — DRH"(())/ ~ U(Q x Z* x DRHY, (V' ))/ ~,
defined by

Y(S)=(p,o,[P].), if S is marked and S =[pwe] * @ where @ is unmarked,
T (S) = [S]~, otherwise.

(Notice that, in particular, when S is unmarked, 1°(S)=[S]~.)

Lemma 173. Let (x;);c; be a path in t (we suppose I CN is a non-empty interval).
Suppose that i,j €1, i<j<max(l) and T(U~)=T(U"), Y(G")= T(U"). Then,

JheH, O C U (forall o€ {—,+}ke{ij})
such that

[0k

Of=0 and U!—-0Of=h-(U!—07) (forall a€{—,+}).

Proof. Case 1: U~,U7,U",U" are unmarked. As T(U*)= T(U), for all ac
{—,+}, there exists h",h~ € H such that

U~ =h"-U, Uﬁzh*-Uj*.
As U7 =U;" we have h~ - U =h" - U;". Hence

(k)" h U =Uf (243)
As j< max(/), we know that

UT#£0, UF#£0 (244)

otherwise Ty would apply on x; and x; would be a leaf of 7, contradicting the hypothesis
“j < max(/)”. Assertions (243), (244) imply that (h*)~'-h~ = 1. Taking h=h" =h~
and O} =0 (for all a,k), the required property is true.

Case 2: U, U~ are unmarked while U™, Uj+ are marked. Owing to Lemma 169
and to the definition of 7, this means that
U =h - U; (245)

1

and

U’ =[pol*®, U'=[po]+d, &~
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for some peQ, weZ*, &,P' ¢ DRH%J«V». Let us define the subsets of states

O ={qcQ|lpwgl #0 and &, # 0}, Q0" =0-0
and the series

O =07 =0, 0f = [pwgld, Of = [pwqld,.

Let us notice that, by (245),

U =) [poqld, and U7 =3 [poglti™ - )

qe0’ qe0’

where, for every g€ 0,

[pog) 0, @, #0, O #0, Dy ~h" - B
By Lemma 172 we get

VgeQ, ®&,=h"- <I>;. (246)
By (245) (resp. (246)) we have

Um =07 =™ (U7 =0)) (resp.U;" = O] = h™ - (U] = 0)).
Taking h=h—, the required property is true.

Case 3: U7,U~ are marked while Uﬁ,Uj+ are unmarked. Same proof as for

case 2. [

Lemma 174. Let (x;)ic; be a path in t (we suppose I CN is a non-empty interval).
Let L>0. One of the following cases is true:

(0) N(ig) =Ny, where ip =min(/),

(D) |[I|<K7-L+Ks,

(2) (xi)iesr contains a N-stacking sequence of length >=L.

Proof. Suppose that neither (0) nor (2) is realized. By Lemma 169, the set { 7'(t5(x;))|
i€l} is included in the set C(Dy,No, L) (the sets C(D,N,L) were defined in
Section 11.10 by Eq. (226)). Hence,

Card{(T(U; ), T(U))|iel, N(i) < No} <Kg/5. (247)

By Lemma 71, if ip <i<j< max(/) and j —i>4, then n; — m; > 1. It follows that, if
igy<i<j<max(l), j—i=4and T(U/)=T(U}) (for o€ {—,+}), by Lemma 173,

t(xo)t(x1) - - - 7(xi) - - - 7(x;) € dom(Teur),

which is impossible because x; is not a leaf (this is implied by “j < max(/)”). Hence,
for every i €1,

Card{j € I|j=i, T(U7) = T(U;), T(U") = T(U; )} <5. (248)
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Upper bounds (247) and (248) together show that
Card{i € I|N(i) < N(ip)} <5 - Kg/5 = Ks.

As in the proof of Lemma 84, we conclude that
[7|<Card(I)<Kg+(Ks+1)-L-ko-Ko=K;-L+Kg

i.e. property (1) is realized. [J

11.13. Completeness of

By the same arguments (mutatis mutandis) as in Section 9, one can prove succes-
sively the three next statements.

Lemma 175. Let Ay be some true assertion which is supposed unmarked. Then the
tree I (Sypc,Ay) is finite.

Theorem 176. The system #y is complete.

Theorem 177. The equivalence problem for deterministic pushdown H-automata is
decidable.

12. Examples

In order to make pratically feasible the computation of proofs (in %, and, after
erasure of the weights, in &5), we introduce some variants of the strategies defined in
Section 7 and used for the completeness proof:

e We apply Teye on 4, = (p;, S, T), Ay = (pn, S, T'), with p; < p,, provided that p.(S)=

Pe(S"), pe(T) = pe(T").

e We introduce a new strategy 7., defined by

Tey(A142 - An)=B1-- By it IS, T, 4, =(p,S,T), p=0, p.(S)=p.(T) and m=0.
o We allow Zz;r, applied on 4;---4,, to give the result described in Section 7 but

where the fixed integer k; is replaced by any integer k| provided that

(2142 max{lu,l.q € 0').

(Hence Ty, for € {—,+}, become now binary relations, which need not be func-
tional in general.)

e We remove the minimality condition in point (C3) of the definition of 7¢. (Hence
Tt becomes a binary relation too.)

e In case 1 of the definition of INV, we do not require any more that o . = S
Hence INV, W, D are also binary relations. The drawback of this modification is that
point (2) of Lemma 57 is not valid any more but point (1) remains valid since
our proof of point (1) does not use the hypothesis that, in case 1, o, . must be
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equivalent to f3,,.. It follows that, when one uses such a modified T, if the result
obtained is a finite closed tree t, i.e. a tree where every leaf x is such that the word
W labelling its branch has an image ¢ by Tc, U Ty U T, U T, then the set of labels
of ¢ is a proof. 12

e We define a generalized version of T¢, that we name T where, in case 2 of the
definition of INV, one can choose two (or more) words u,u’ such that

3j€[Ld], (omsOu==)E (Bus Qu#e),

such that u (resp. u’) correspond to different values jo (resp. jj) of the index j. One
can then consider the two equations

d
(&) P+ 2 [l Sj0s > Bujo © u)* (B © w)S;
j=1
J#Jjo

d
G+ 21018 D (Bujy O ) (B © u)S;
j=1
J#jo
and then eliminate both series Sj,,S;; in the other equations.

We also allow to stop the development of a branch at a node x, with label (p,S,T)
when there exists another node y in the tree with label (p/,S,T) where p’ < p. (As y
needs not be an ancestor of x, ¢ needs not belong to 7., (/,) in general.)

12.1. Example 1

12.1.1. The automaton
Let %: <)(729Q959q099> Wlth X: {x:asbyc:tyf}s Z: {QaAaByDy T}s Q: {QOsQI,
q2,G} and 9§ consists of the transitions:

G0Q > qoAQ, oA 5 q1,  qod = qa; . a
12 = q1AQ, 1A — q1B, LIIBgQI;

b c d
782 —=q:1Q, Q—qD, qD—g; ¢ B j
d - ‘ ;o qA—q, B> qd, 1B qy;
422 —q, qoA — qoTA, qoT — qo;

0T % qoTT. qASqTd, iT5q, T 5qTT.
12.1.2. The equivalence proof

A finite proof of the assertion [goRg] = [¢:12g] is exhibited in Figs. 6-8. It can
be considered as a proof in the deduction system &, where the weight of the root-
assertion is 0 and all the other weights can be deduced (just add 1 at each 7;-node,
substract 1 at each 73 or T node). By the results of Section 10, as it is represented,

12 We chosed to treat with full rigor only the simpler functional strategies used in our completeness proof.
The adaptations made here are done just for the practical purpose of giving examples, which was not the
main goal of this work. Any real implementation of our proof-system should include such non-functional
strategies and will require the corresponding rigorous proofs.
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(204Q7] = [a1AQq] (1)
i.e.,up to some series equivalent to 0

[20401][0:197] + [904¢2][02Q0] = (01 Aq1][0124] + [914¢2][9297]

/

¢
|«
(0T AQq] = [0 TAQq] [0:99] = [0 BQ4g]

c N

b
[0Q7) = q1Qq [D'J] (2:99] [:1497] = [ 4Qq]
o

quTAQq] [ TTAQq] [quQq] qlAQq] c=e

cut (T‘e )

q0T3AQq] = q1T3AQq]

up to some series equivalent to 0
[20T?Aqu][@194] + [00T3 Aga][2:07] = [ T* Aqr)[01 Q7] + [1 T Age][¢2924]
| @)

(20T%Ag1][g1 Ba1]* (g1 Bge] + (00T Age] = (1 T3 Aqu][q1 B (@1 Bge] + [ T? Age] (2)

K \
Left-Down part ; CJ|
(figure 7) /
(Tcut) O

a
(th)Right—Down part
(figure 8)

3

3

Fig. 6. Proof of Example 1: the top part.

it is a Zs-proof. The boldface numbers are just labels used for distinguishing some
important nodes (they are not part of the proof in the technical sense of Section 4.3
or Section 10.7). Let us compute explicitly the steps 7c(1) and 7, (2) appearing in
Fig. 6.

Computation of 7-(1). Let us stick to the notation of Sections 7 and 5 (concerning the
computation of INV). Here n=35,d=|0|=4,51 =[q124],5 =[¢2241, 55 = [9027 ],
S4=[qQq], D=1, 1x1=2, kK, =5=n, and

&1 =(1,[90424q],[q:494]),
&2 = (4,[90T°4Qq). [¢: T°424)).



G. Sénizergues| Theoretical Computer Science 251 (2001) 1-166
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[00T*Aq][1 Bai]*[01Bae] + [00T*Ago] = [ T* Aqi][g1 Bas]*[q1 Bge] + (1 T* Agy]
[ t \
Tcut)

RN

(90T°Aq1][q1 B1]* (01 Ba] + (90T Ago] = [ T8 Aqu] [ Bar]* [ Bae] +
T§(2)

[lhTsA(h]

l0T®Aqi][q1 Bq1]* (01 Bga] + [q0T® Ago) =
(0T aillgea]([90T?Agi][gr Bar]* (g1 Baa] + (00T qu]) (3)

] zo(s

[0T*q) = [‘11T4¢I1]

/\

[QOT7QO] = [Q1T7¢h]
|z
(Tuut)

[QOT7‘10] = [QIT4111][Q16111][¢10T3110] (5)

(R

[0T*q] = [nT*q1]

Teut(4)
Fig. 7. Proof of Example 1: the left-down part

[90Aq][a1 Ba1)* (@1 Be] + [900A¢] = [a1Aq][q1 Ba)*[¢1 Be] + [q1Ag]

[ Bq:)*[¢1Bge) = [ Bai][n Ba1]*[q1Bga] + [¢1Bgo)

(Teq )
Fig. 8. Proof of Example 1: the right-down part.
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which can be rewritten as

=1 lq0dq] - [q24), D [914q] - [924q] |,

qe0 q€Q

&= |4 D [q0T°4q] - [994), D [9:17°4q] - [¢24]
q€Q q€Q

One can check that, for g€ O—{q1,q2}, [¢Q23] = 0. Hence the new system .# (defined
in Section 5.2) consists of the equations:

&1 =(1,[904q11 - S1 + [q04q2] - So, [q1Aq1] - i + [q14q2] - S2),
ér=4,[qT*Aq1]1- S + [qoT*Aq2] - So, [qi T* Aqi 1+ Si + [q1 T Aga] - S»).

Let u=a. The right-action of @ on equation &, gives the equation
(3,81,[q1Bq1] - S1 + [q1Bg2] - S2),
which, as [q1Bq,] # &, leads to

(5%/1 = (3,51,[q1Bq11"[q1Bq2] - ).

“Plugging” &/ into & we obtain:

&y = (4,(1q0T° g1 1191 B9 1" [91B42] + [90T*Ag2]) - Sa,
(g1 T Aq11[q1Bq1 1 [q1Bq2] + [q1 T Agqa]) - Sh).

Let us choose case 1 of the definition of INV (see the adaptation defined above;
intuitively, this means that we guess that the coefficients on both sides of &) are
equivalent). Hence,

INV(S) = (3,[90T°4911[91Bq11*[q1Bq2] + [q0 T Aq2],

[¢1T°Aq11[q1Bq11*[1Bq2] + [¢1 T Ag2]),
W(S) =3, D(&) = 1.

Computation of 7, (2). Let us stick to the notation of Section 7. Here n=8, k| =3,

U = (90T’ Aq:1191Bq:11*[91B42] + [q0T> 4],
U' = [1T°4q11[91Bq:11*[¢1Bg2] + [q1 T> 4]
= [a17q] - ([gT*Aq:1[q1Bq11*[91Bg2] + [qTAgn)).

q€Q
Us = [90T°4q:11[q1Bq11*[1Bq2] + [90T®4qx],

Us =Y [a1T*q) - ([gT*Aq1)lq1Bq1 )" [q1Bga] + [T*Aga)).
q€0
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The assertions A4s,A4g, A7, As consist of the four equations:

[90T'Aq:\1[q1Bq11"[91B42] + [q0T' Aq>]
= [q1T"4q11[q1Bq11"[q1Bq2] + [q1 T'Aq>] for i € [3,6].

One can check that (UL, U, Us, Uy) is a stacking derivation. We also have:
Ql = {QI}, Ug = .
U ©ug, = [q0T*4q:11[91B91]*[91B¢2] + [q0T*Aq2],

hence, the result of 7;" is

V = [q0T°4q11(91Bq11"[91Bg2] + [q0T°Aq),
V' =1 T q1llqieq1] - ([90T*Aq11[q1Bq11*[q1Bq2] + [0 T*Ag2]).

12.2. Example 2

This example is more advanced in the sense that the automaton considered here is
not real time any more and there is an occurrence of application of 7i: which transforms
a system of two equations over four non-null series into two new equations.

12.2.1. The automaton
Let # =(X,Z,0,0,q1,4) with X ={x,a,b}, Z={Q,4,B}, O={91,92,93, 95,3394
¢s.q} and O consists of the transitions:

@145 g3, 611141%15, @14 = q1A4; g4 qaAA, 61214367, GgA -5 q;
BAS g, sASqs, ¢sQ5q3y G5 q, @A @AA, qud S qs;
BR5 G, Q53,2 ;25 g5, QS s

12.2.2. The equivalence proof
A finite proof of the assertion [q4Q.] = [¢2AQ.] is exhibited in Figs. 9 and 10. The

expression [gw.] (for every g € O, w € Z*), denotes the polynomial 7€0 [qwg']. Let
us compute explicitly the steps T.(1), 7o(3) appearing in Fig. 9 and 7¢(2) appearing
in Fig. 10.
Computation of 7/(1). Here

n=4, d=|0/=8, k=1, ky=4=n, D=1,

S1=1[g32], S =1[gsQ2], S3=1[qa], Ss=1[q€],

Ss=[q1R], Se=1[g22], S7=1[¢5Q], Ss=1[q;2]
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[0 AQ] = [24Q] (1)

i e N

¢ [1AAQ.] = [g2AAQ)

(540 = [, AAAQ]  e=e [ A% = [ APQ]

Qa

(23] = [gsAAQ ]

a3 a b z

=€

Te

—~a --=-

~

I [q1A4Q] = [QQA4Q]

@ |

]

Bottom-part [nA%gs] = [224%7] (3)

(fgure 10 I 7o)

[:14g5] = [02A7]

(To) €e=e (To)
Fig. 9. Proof of Example 2: the top part.

and the system of equations ¥ consists of the two equations:
&1 = (0,[q142.],[q242.]),

&2 = (3,142, [q24*Q1]).

147
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[014%¢3][9sA%q] = (2 A%qu] (2)
—

[13A%qs][0eA%q4] = (@A) (1)

/
/

€=e (To) (To)
(T

~—

[014%¢5][qa A%q4] = [q245q4]

_— 7
(To)

analogous x

(114°%3][04A%qu] = [g24%qd]
4

(To)
analogous x

(0147g3][04A%] = [02A7q4)

‘ ( Tc(2)
[‘11A4¢13] = [Q2A2(14]

(73 A%q3] = [qaA3q4] (73 A%q3] = [qaA3qd]
N N
(Te) (To) (To) (To) (To) (o)

Fig. 10. Proof of Example 2: the bottom part.
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Owing to the equivalences:

Ss=[Q21=0, Ss=[0Q =0 and [gog] =0,

[qog;] = 0 (for every g € O, w € A™)
one can simplify 1> the equations é\,&, into

&1 = (0,[14g3] - [g32] + [q14g5] - [35Q.], (924441 - [q42] + [q244] - [GQ.]),

ér =GB nA's)  [g32] + [q14%qs] - [q5Q.), [q247qa] - [94Q] + [q24°G] - [§2.).
Let u = a, u’' = b. The right-action of u (resp. ') on equation é gives the equations:

81 = (2.[932).[9444q4) - [q4 Q1))

7 = (2,[g5Q.1.[32]).
“Plugging” &/, &/ into & we obtain

&y = (3, ([14*¢31[9444g4)) - [9aQ] + [14°q5] - [§2], [924%qa] - [94Q]

+[g24%q] - [2)-

Let us choose case 1 of the definition of INV:
INV(S) = {(2.[q14*¢3][944444], [24° q4]). (2. [914°¢5). [924° 7))}

Computation of 7-(3). Here
n=5 d=16, D=0, kK =5=n,

in principle there are 16 series S,...,S¢ corresponding to the set {[qA3q5],q6Q}
U{lg4’ql.q € O} Let

Si = [gsAqs), Sy = [g4’q).

The system of equations % consists of one equation:
&1 = (2.[q14°¢5),[924°)).

After simplification we obtain
&1 = (2.[q14q5] - [g54°5). [9247) - [GAq)).

But one can easily check that: p.(S;)=p,(S2)=¢. The following equation is then
provable from () within the system Z:

&y = (0,51,5,).

13 Here again, we use a small simplification-trick which does not fully correspond to the simplification
explained in Section 5.2. We claim that, owing to rule (R’3), Lemma 60 remains valid with this slightly
more powerful simplification.
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“Plugging” & into &, we obtain
&1 = (2,[q1495) - $1.[9247) - S1).
Chosing case 1 of the definition of INV:
INV(#) = (1,[91445], [9244]).
Computation of 7-(2). Here
n=8, d=16, D=1, Kk =5 1w, =8=n,
the system of equations .%° consists of two equations:
&1 = (2,[q:14%¢31[944444), [q24qa]),
&1 = (5,[9147 31[944444), [q247 4a]).
After simplification we obtain
&1 = (21914931 - ([434° 43119444441 + [914g5] - ([954° 4319444441, [924 41),

&y = (5, [14% 3] - ([q34° 431[q444qa]) + [14%g5] - ([g54° g31[q4AAqa]),
[924%q4] - [qaA>qa] + [024%F] - [§A°qa)).

Let us note

S = (34 ¢31qadAqs),  S> = [qsA>q31[qadAqs], S5 = [quA’qal,
Sy = [GAqa].

With these notations,
6= S A'gs] - St + (@A gs)- S2. [924°s] - S5 + [q247G) - Sa).
As S, =8, =0, & can be simplified as
(5.[q:14%q3] - S1,[g24°qa] - S3). (249)
Let u = a. The right-action of u on equation & gives
& = (4,51,53).
“Plugging” @51' into Eq. (49) we obtain

&y = (5,[q1d*q3] - S5, [q24%qa] - S3).
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Let us choose case 1 of the definition of INV:

INV(S) = {4, [14%¢3), [924%qs])}-

12.3. Example 3
Let us consider the subgroup H of (Q — {0},-) defined by
H={2"|neZ}.

(Of course, up to isomorphism, H is just the additive group of integers. We choose
this definition of H in order to use the multiplicative notation, as we did throughout
Section 11.)

12.3.1. The automaton
Let ’% = <)(’ Za Qa 57 QO> Q> Wlth X = {a’ ba C}a Z = {Q,A,B}, Q = {q07 ‘II > qaa qb7 q_Oa q_] >
G, q,+ and O consists of the transitions:

40252 - qoAQ, ¢oQ 227" - qoBQ;

90Ad 52 - oA, qod 527" qo;

GoB%2-q0,  qoB27" - quBB;

7202 5 q1, 904 = qas qoB 2 - qp;
4ed = qa, 225 q1;

@B 52 g, @R qu;

G0Q % 3,42, G, §,BQ;
— a - — b -
4oA — GoAA4, GoA— qy;
— a - — b —
90B = 4o q0B — q,BB;
125 d A2 T, GBSy
q_aAi)z'q_a’ q_aQL)q_l;
@B =Gy 324
12.3.2. The equivalence proof

A finite proof of the assertion [goQq] = [§,€24,] is exhibited in Figs. 11-13.
One can also check directly that ¢([q0€2q:]) = ¢([¢,2¢,]) =S where

S = Z luda=lule . e 4 Z u-c.

uc{ab}” uc{ab}”
Juala = [uls [ula <uls

Computation of 7; (1). Let us stick to the notation of Section 7. Here n =5, k| = 3,

U =2-[g04Qq1], U’ =1[§s424,1 = [4,4q1[924,],
q€Q

Us = 2% [qod*Qq1], Ul =[3,4*Qq,],
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[20Qa1] = (0]

TN

2 [qAQq] = [_OAQQJ (1)

b
\ - [90BQq1] = [0 BQ@] (5)
qu2K0AZQq1 qOqu] = [QO\Q}/ \
cut)

( cut cut
2. [quSQQI]b" [ A3QQ1] (Tcut 3
o \ (L) —
(Tcut) l b
# [oA'0a] = [nA'07) ™ [0B*Qq] = [{B*Qq]
| @z
2 [gA'Qq] = (70A* %) [Goedo)[90Qq1] + [G0A* 7o) [Gueda) (90201 (T£(5))
’ l ’ (Te(2)

- [0B*Qq1] = [0B*%)[qed][902a1] + [0 B %) [deds)[a:0a] (6)

U

27* - [q0B*qo] = [Go B 27% - [qB*q] = (7B %]

Left-Down part
(figure 12)

Right-Down part
(figure 13)

Fig. 11. Proof of Example 3: the top part.

0" ={4p-q,}- (hg,,ug,) = (1,b), (hg,uz) = (2,c)
U®(1,b)=2"[q049¢:1]1 ® b = [0Qq1],
U®(2,¢)=2[q042q1] ® (2,¢) = [¢.Q2q1],

hence, the result of 7, is

vV =2"[q4'Qq\), V' =1[q,4"q1[doedol[90241] + [GoA*,1(d,€q,1[q.2q1].
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2% [qoA%q] = [@0A*) (3)

T T

2% - [q0A%q

25 - [qoA%q0) = [G0A%G0)] /
/ \\b (Towt)

25 - [q0ASqo] = [q0A%G0] (Teut) 22 - [goA%qo0) = [G0A%q0]

N %} ’
(Tcut) (Tcut) O
a 4

2" [90A"qo] = [0 A" Qo)

= [GoA3q0)

i.e.
2" [goA*qo)[9043q0] = [P0 A*%0)[T0 A% o)

| @)

2* - [qoAqo] = [q0A* 0]
(Tcut(3))

Fig. 12. Proof of Example 3: the left-down part.

Computation of 7¢(2). Easy (D=0), hence left to the reader.

Computation of T¢(3). Here n=10, d =2-|0| =16, S| =[qo4’q0], S2=1[Go4%Go]>--->
D=1, k1=17, k,=10=n, and

& = (2,2% - [qo4*q0]. [3,4°4o]),
& = (5,27 - [q04" 901, [GA 3, ))-

One can check that, for g€ Q — {qo}, [g4°qo]=0 and for g€ O — {G,}, [gA’Gp]=0.
Hence the new system & (defined in Section 5.2) consists of the equations:

& = (2,2* - [q0440] - 51,[3,43,] - S)s

& = (5,27 - [q04°q0] - S1,[GoA*Go] - S2).
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2" (g0 A'q] = [ A*%] (4)

-~
-

a .- LB
7 (i A's] = oATa) O ]

Il et N
/ \ GEE(TE)
24 [goA*0] = [0 A*0] 2 laoA'a] = [a0A'al
(Stop(3)) (Teus(4))

Fig. 13. Proof of Example 3: the right-down part.

Let & =2%,u=b. The right-action of (23,5) on equation & gives the equation:
& = 4.5.27 -5,
“Plugging” &/ into & we obtain
o/ 4 4 - 4=
& =(5,2" - [q04"q0] - $2,[GpA"Go] - S2)-
Let us choose case 1 of the definition of INV. We obtain
INV(S) = (4,2% - [q04*90). [§o4*Gp))

W(S)=4, D(¥)=1.

Computation of Tc¢(4). Here n=10, d=2 - |Q|=16, S; =[q04°q.], S2 =[Gy4°q,],
S3 = [QaA3qa], S4 = [q_aASq-a]a e 7D: 17 Kl = 77 K2 = 10 :n; and

& = (2,2 - [qo4%qa), [3,A*3,]),
& = (5,27 - [q047 441, [3,47G,))-

One can check that, for ¢ € O —{q0,q.}, [g4°q.]=0 and for g € 0—{§,,q,}, [94°q,]
= (). Hence the new system .% (defined in Section 5.2) consists of the equations

& = (2,2* - [g04q0] - St + 2* - [90494] - S5, [oAdo] - S2 + [GoAG,] - Sa),
& = (5,27 - [qoA*qo] - S1 +27 - [qoA*qu] - S5, [GpA*Go] - S2 + [GoA*T,] - Sa)-

Let h=23 u=>b,h=2*% ' =c. The right-action of (23,b) on equation é?’l gives the
equation:

& = (4,5,27% - 5).
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The right-action of (2%,¢) on equation & gives the equation:
&' =(4,8,273 8.
“Plugging” &/, &' into & we obtain
by = (5.2 - [qod*q0) - 2+ 2* - [q0A* 0] - Su, 10" Gy - S2 + [G0A"3,) - S).
Let us choose case 1 of the definition of INV. We obtain
INV() = {(4,2" - [q04"q0), [904" o)), (4,2* - [904°a), [543, )}
W(&)=4, D&¥)=1.

The remaining computation of 7¢(7) is analogous with that of 7¢(2), the computation
of T;(5) is analogous with that of T, (1).

13. Applications and perspectives

We describe here some immediate applications of our main result (Theorem 87). !4

13.1. Applications

13.1.1. Formal languages: words
Corollary 178. The equivalence problem is decidable for LR-regular grammars.

This follows from Theorem 87 and the reduction given in [S1]. This result extends
Theorem 87 because the class of LR-regular languages strictly contains the class of
deterministic context-free languages. The class of LR-regular languages is in turn a
subclass of the class of non-ambiguous context-free languages; the equivalence-problem
for this last class remains open.

13.1.2. Formal languages: trees
Corollary 179. The equivalence problem is decidable for simple deterministic tree
grammars.

This follows from Theorem 87 and the reduction given in [13, Theorem 4.17].

13.1.3. Program schemes
Corollary 180. The equivalence problem for monadic recursion schemes (with inter-
preted if-then-else), is decidable.

This follows from Theorem 87 and the reduction given in [28].

14 They are immediate in the sense that they follow from reductions constructed in previous works; but of
course, most of these reductions are by no means “immediate”.
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Corollary 181. The equivalence problem for recursive polyadic program schemes
(with completely uninterpreted function symbols) is decidable.

This follows from Theorem 87 and the reduction given in [12, Theorem 3.25] or the
reduction given in [26, Corollary 4.4].

13.1.4. Equational graphs
Corollary 182. The bisimulation problem for rooted deterministic equational graphs
is decidable.

This follows from Theorem 87 and the reduction given in [6, Proposition 5.9].
This kind of reduction was initiated in [2]. The extension of Corollary 182 to rooted
equational graphs of finite out-degree (which may be non-deterministic) is established
in [68].

13.1.5. Term rewriting
Corollary 183. The bisimulation problem for prefix transition graphs of term deter-
ministic context-free grammars is decidable.

This follows from Theorem 87 and the reduction given in [6, Corollary 5.7].
Corollary 183 is interesting because the class of graphs involved is strictly more gen-
eral than the class of rooted deterministic equational graphs (the transition graphs of
term deterministic context-free grammars may have infinite tree-width, hence they need
not be equational, see [6, p. 15]), though the associated languages remain exactly the
deterministic context-free languages.

13.1.6. Thue systems

We recall a semi-Thue system over an alphabet X is a subset of X™* x X*. We
denote by % the smallest congruence of the monoid (X™,-) which contains S. For
every subset K C X*, [K] -, denotes the smallest subset of X * which is saturated by

N
" .
? and contains K:

[K]- ={uecX*, ke K,k%u}.

N
We denote by IRR(S) C X*, the set of all irreducible words (mod S).
(See [5,67].)

Corollary 184. Let X be some finite terminal alphabet. Given a dpda A over X, a
finite semi-Thue system S, which is assumed confluent and noetherian, and a rational
subset K CIRR(S), one can decide whether 1.(4)=[K] - or not.

N

This follows from Theorem 87 and the reduction given in [65, Theorem III.3].
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Corollary 185. Let X be some finite alphabet. Given a finite semi-Thue system S,
which is assumed left-basic, confluent, strictly length-reducing and a word weX*,
one can decide whether S is confluent over w.

This follows from Theorem 87 and the reduction given in [66, Theorem 5.17].
Let us notice that the same decision-problem becomes undecidable if we remove the
hypothesis “left-basic” in Corollary 185 ([53] or [66, Proposition 5.32]) and becomes
solvable in P-time if we strengthen the hypothesis “left-basic” into “basic” [73, Theorem
3.7].

13.2. Perspectives

13.2.1. Other applications
Some other applications of Theorem 87 seem plausible and interesting:

1. It is known that two graphs I', I’ are bisimilar iff they have a common quo-
tient: I'—I" «T’. In view of Corollary 182 it is natural to ask whether the
“quotient-problem” for two rooted deterministic equational graphs (i.e. I' — I"'?)
is decidable. We think it is decidable (work in preparation); the generalisation to
non-deterministic rooted equational graphs of finite out-degree is open.

2. Corollary 181 might be seen as a result over any algebraic structure, provided that
this structure is isomorphic to the magma of infinite trees (the free-interpretation
introduced in [52]). In particular, it is possible to find a nice free-interpretation
whose domain is F,[[X1,...,X,]], the ring of formal power series with » commuta-
tive undeterminates and coeflicients in the finite field £, (for a prime p), and with
polynomial operators [46].

13.2.2. Extensions
We hope to extend the main ideas of this work to other equivalence problems.

3. Let us recall that the complexity of the equivalence problem is unknown even
for the subclass of strict-real-time dpda’s (i.e. the dpda’s without e-transition and
recognizing by empty stack only). It is not known if the equivalence problem
for this subclass is primitive recursive ([54, comment p. 11] or [59, last line
of first paragraph, p. 689] or [75, conclusion]). Concerning our proof, nothing
is said about the function F(d,n) introduced in Section 5 by Eq. (74). As the
constants D;, Ny, C»,Ks, K¢ are depending on F (see Section 6), our proof just
shows decidability of the equivalence problem.

It would be interesting to explore more closely the complexity of this problem,
by experimental means (Section 12 shows the possibility of computing examples
of reasonable size) and by theoretical means too.

In contrast, let us mention that the equivalence problem for dpda’s without &-
transition and with one state only (the so-called “simple” dpda’s) has been finally
shown to be decidable in polynomial time [35] and the equivalence problem for
2-tape deterministic finite automata is also decidable in polynomial time [25].
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4. Let K be a commutative field, .# be a K-dpda (i.e. a dpda with outputs in the
multiplicative group K—{0}) and V' the associated alphabet. It seems plausible that
the equivalence between two rational series S, S’ € K{(/)) which are —-deterministic
but not necessarily V-deterministic, remains decidable. Notice that, in this case,
the supports of ¢(S), @(S’) need not be context-free languages.

5. One could investigate which groups (or even monoids) H have the property that
the equivalence problem for deterministic pushdown transducers X * — H, remains
decidable. The case where H is a free group of rank >2 is particularly interesting.
A positive result for free groups (work in preparation) will of course imply the
decidability of the equivalence problem for deterministic pushdown transducers
X* — Y*. Partial results in this last direction were proved in [20,37,77].

6. The extension of Corollary 182 to rooted equational graphs of finite out-degree is
done in [68]. The general case of rooted equational graphs (without restriction on
the out-degree) is open (this problem is raised in [6,75]).

7. One can think of generalizing our results to automata with a more general kind
of “storage type”. For example, various notions of pushdowns of pushdowns are
defined in [22,23,45,81,82]) and might be studied from this point of view.

8. One can think of generalizing our results on polyadic recursion schemes (Corol-
lary 181) to higher-level recursion-schemes (such general schemes are defined for
example in [21,27]; from this point of view, recursive schemes appear to be just
the level 1 recursion-schemes). A link with perspective 7 above can be expected
(such a link is explicitely conjectured by J. Gallier in [27, p. 773]).

9. Let us recall that the isomorphism problem for equational graphs has been solved
in [16,18] while our Corollary 181 amounts to solve the isomorphism problem for
algebraic ordered trees. It is tempting to try to unify both results into a decidability
result for algebraic graphs. This class of graphs has to be defined properly; it might
be the infinite graphs which are the values of some “infinite algebraic term” in
the magma of graphs (see [3,17] for a definition of this magma). A link with
perspectives 7 and 8 is expected too.

10. We feel that the proof of Theorem 87, its generalization to coefficients in H°
(Theorem 177) and the main result of [68] demonstrate the usefulness of the notion
of deterministic space. The author introduced this notion as a systematization of
previous ideas from [34,47,48] (the central idea of [75] is not far either).

In turn, it might be fruitful for further generalizations, to develop a systematic,
general study of deterministic spaces. The paragraph “dimension” of Section 3.3
of [68] goes this way. A comparison with the classical notion of left vector space
over a division-ring (which is central in the elegant work of [32]) would perhaps
shed new light on deterministic spaces.
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Note added in proof. Since the manuscript was submitted, some progress has been
made on the subject:

e a short exposition of the result and methods of [68] has been given in [72],

e the equivalence problem for deterministic pushdown transducers from a free monoid
into a free group has been solved positively in [74] (this is a partial solution of our
perspective 5 of Section 13.2),

e C. Stirling has found [76] some nice simplifications in the proof of Theorem 87:

o Instead of the generating set ¢, that we build in Section 8, he constructs a gen-
erating set & of the form {S§ ©® u|0<|u|<K}, for some suitable o€ {—,+},
KeN. As this definition is not “geometric” anymore (it does not use the notions
of “height” or “defect”), it is possible to make the initial deterministic grammar
proper and reduced. Consequently, all the technicalities concerning p,, in particuliar
the distinction between ® and ©, can be avoided.

o Instead of manipulating directly rational series, C. Stirling prefers to introduce an-
other alphabet of “second-level undeterminates” representing such series. In this
way, he essentially avoids the consideration of the norm of series.

Let us mention that, after minor adaptation, the improvements of [76] can be applied

to [72,74] as well.
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deterministic, 30
staking
N-... sequence, 68
Strategy
applying on
a node, 87
for 9,
T(, 142
TcutaTV)a Tz;,TA,TB, TC, 62
occurs at
node, 65
strategy (for a ded. system), 43
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SYMBOLS
[ pw]: row-vector, 19
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¢: language substitution, 13
%5: gen. family, 71
%% gen. family, 76
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