View metadata, citation and similar papers at core.ac.uk broughtto you by fCORE

provided by Elsevier - Publisher Connector

JOURNAL OF NUMBER THEORY 34, 178-188 (1990)

On an Error Term Related to the
Jordan Totient Function J,(n)

SUKUMAR DAS ADHIKARI

The Institute of Mathematical Sciences, Madras 600 113, India
AND

A. SANKARANARAYANAN

School of Mathematics, Tata Institute of Fundamental Research,
Colaba, Bombay 400 005, India

Communicated by H. Zassenhaus

Received August 8, 1988; revised December 20, 1988

We investigate the error terms

k+1

X
Ek(x)= Z Jk(n)—m for k22,
where J,(n) =n*[1,.(1 —1/p*) for k> 1. For k =2, we prove
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Also,
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where D =.7159 when k =2, .6063 when k = 3. On the other hand, even though
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E(n) >0 for integers n sufficiently large.  © 1990 Academic Press, Inc.

1. INTRODUCTION

Let
k+1

X
Ek(X)=nz<:x Jk(n)‘———(k+ Dlk+1)
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where J,(n), the Jordan totient function, is defined by

J(m)y=n*T] (1 —LA> (1.2)

pln 14

For k=1, J,(n) is the Euler’s totient function ¢(n) and the investigation
of the error term E,(x) has a long history. Sylvester conjectured in 1883
[6, 7] that E,(n) >0 for all positive integers n. The conjecture was wrong
(n=2820 is a counter example, as noted by Sarma [5]). In 1950, Erdds and
Shapiro [2] showed that E|(n) changes sign infinitely often. In fact, they
proved the stronger result E,(n) =2, (n loglog log log n).

(Before this, Pillai and Chowla [4] had proved that E,(x) = Q(x log log
log x) and

3,
Y E(n)~z—x).

n<x

For k 2 2, we prove the following theorems.

THEOREM 1. We have

\,k+l

) B~ st 1y

sy

COROLLARY 1.1. We have

. E. (n) 1
I K> )
TSP Tkt 1)

THEOREM 2. For real x,
.. L E(x) 1
lim inf % — i
T Wk +1)

As regards the sign change for the error term E,(n) at integer points, the
situation in the cases k = 2 is quite different from that of k=1, as can be
seen from

THEOREM 3.  There is n, > 0 such that E,(n) >0 for all integers n=n,.

TueorReM 4. We have

. Ek(x)< D
lim sup & SthaD

where D = 7159 when k=2, .6063 when k = 3.
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We prove Theorems 1, 2, and 3 in Section 4. Theorem 4 is proved in
Section 5. We should mention here that the technique of averaging over
arithmetic progressions, which was developed by Erdés and Shapiro [2] to
deal with the case k=1 and which was later used successfully for proving
Q-results for error terms related to different arithmetic functions by
Petermann and others (see [3] and [1]), does not seem to give the best
possible results here (see Remark 2, Section 5). In our proof of Theorem 4
we use some ad hoc arguments instead.

2. PRELIMINARIES

From Definition (1.2), it is clear that J,(n) is multiplicative and

« Ji(n) {(s—k)
—_— = 2.1
L T @1)
fore>k+1 (s=0+it)
From (2.1) it follows that
Jdn)=Y, u(d) (g) (22)
dln
and
n* = Z J(d). (2.3)
dln
Notation

Symbols x and n will represent real and integer variables, respectively,
and k will be an integer >2. [x] and {x} will respectively stand for the
integral part and the fractional part of x. For any two integers m and n,
(m, n) denotes the g.c.d. of m and n.

3

In this section, we first prove some lemmas.
LemMA 3.1. Let A1 be an integer. Then
(a) We have

Y =
nLx

X
A+1

+ (= {x})x*+0(x*"").
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(b) For integers j and d (0 < j < d), we have
A1

i X
L " Gra
n=j(d

+ O(x).

(c) For integers j, d, and A (0< j<d, A>1), we have

A+l A,d .
Doy )l

S

n<x
An= j(d)

<

otherwise.

(d) For integers j, d, A, and B (0< j<d, 0< B< A) we have

AT (A, d)

Ayl : :
i1 4 +0Ax") If (A.d)]])

Y (An—B)'=

nsx

An= j(d) 0 otherwise.

Proof. (a) and (b) are standard results. To prove (c¢), we note that
An=j (mod d) has no solution if (4, d)}j. If (4, d)| j, then An= j (mod d)
is equivalent to n = f (mod d/(A4, d)) for some f and we now apply (b). (d)
follows from (c), since

(An — B)/ = A’ln’1 + O(Ain}.—— 1 )

LemMMA 3.2. For given positive integers A and d, we have

Proof. 1t is clear that

Ai—1 1 _] 1
£ (793 (1)
If (4,d)|j and 0<j<d—1, then j looks like j=r(A4, d), where 0<r<

d/(A, d)—1.
' d—1 1 ] _d/(A,d)fl l r(A,d)
2 (‘2“‘?1>“ 2, (2‘ d >

j=0 r
(4.d)\j

(by 3.1).

1
2
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LeEMMA 3.3. Let f(d) be any multiplicative arithmetic function such that

i d
dgl%k—)<oo

Let Fy [(n)=X ., f(d){(n/d)* and

k+1 oo d
x 1Zf()

E, j(x)= > Frfn)— Jerr
-1

n<x

x~
+

Then we have

® fld
E, ,[x)= x* Z j%:w) (% - {3}) + ofx¥).

Proof. We have

Z f(dym*

md< x

Yfd ¥ m

d<x m< x/d

- 2o (e G- -

_ S (1 (x )
i £ et £ R G i) e

which proves the lemma, since

d d
$o S G S e 3
a< /x xz2dz/x

d< x

=O(x"“/2)+8x"<'.' => 1)

and ¢ >0 small.

LemMma 34. If

Hk.f(x) =

n k41

¥ Fo n) x* i f1d)

ngx

(3.2)
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then

Hy (x)=x*- ldzlf(d)<-—{i3})+o(x**').

Proof. Proof follows by a similar argument as in Lemma 3.3.

Remark. From Lemmas 3.3 and 3.4 we have
E, Ax)=xH, (x)+o(x"). (3.3)

LEMMA 3.5. For integers A and B (0< B< A) and [ as in Lemma 3.3, if
S 2 Zf(d)( _{%})(AH_B)/(—J’
n€x d=1

then we have

Aklkx d
7 Z;f+)1Ad+0( R

Proof. We have

d d—1 H
s=3TPE(59) 3w
d=1 0 2 d n<x
An = j(mod d}

B o M d—1 l ,L Ak—lxk(A’d) PR
_Z k Z (2—d>(——~—k 7 +0(A4A" 'x ))

(A.d)|j
{by Lemma 3.1(d))
Ak 1 k x f(d

2 dk+,(A d)+O0(4*'x**'y  (by Lemma 3.2).

Note. Henceforth the symbols F, ((n), E, [(x), H, (x) will be used
with the assumptions on f as in Lemma 3.3.

LeEMMA 3.6. We have

Z Hk f(n

n<x

< f(d
Z dlf +)l

+ o(x*).

»|"‘

Proof. By Lemma 3.4, we have

Tm=3 (0 2 50 (5 fif) e )
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and now the result follows by application of Lemma 3.5 with 4 =1 and
B=0.

LemMma 3.7. We have

k+1 0 f(d)
Z Ekf 2(k+1)dzldk+l

nsx

Proof. Proof follows on using Lemmas 3.3 and 3.5 with A=1 and
B=0.

LemMa 38. If Y3, f(d)/d**' >0 (respectively <0), then we have

E ,x)_1& fld) 1 & /@)
rll_’moO sup —/‘—;7(-—25121 TR (respectwely> - d"“)
and
.. B (%) 1 2 fld) . 1 & f(d)
XILH:O 1nfkak—< —5d§1 JETT (respecttvely$§d§1 d"“)'

Proof. Suppose X5, f(d)/d**'>0. Then Lemma 3.7 implies that

lim sup kf(n) 1 § f(d)

n— o0 7’! d ldk+1

It also follows from Lemma 3.7 that, for infinitely many positive integers »,
we have

+ o(n*). (3.4)

If x lies in the open interval (n, n+ 1), then from Eq. (3.2) we have

k+1 _ k+1
Jim_ (Ek,f(n+0)—Ek,f(n))=( Z f(d))(n+1) n )

dr+t k+1

T

+ o(n*).

Il

From the inequality (3.4), it follows that E, ,(n) becomes negative between
n and n+ 1. More precisely,

lim inf

X — O

k( 1 & f(d)
<-3 g

dk+1'

The case 35, f(d)/d*+' <0 can be dealt with in the same way.



ERROR TERM 185
4. PROOF OF THEOREMS 1, 2, AND 3

If we take u(d)=f(d), all the conditions for f(d) in Lemma 3.3 are
satisfied with k > 2. Also we have Fy (n)=J(n) and E; (x)= E,(x).

Now Theorems 1 and 2 follow respectively from Lemmas 3.7 and 3.8. We
have

e E 2o
E (n)=n dgl 75717 + o(n*) 4.1)
1
2 U >——1 if d>2
2
Therefore,
> S Gl e )
LG )z \m et
I W@ o
= (1= (k) > 1 =22 = 1 =550

and (4.1) implies Theorem 3.

5. PROOF OF THEOREM 4

Writing H,(x)= H, ,(x), we have from Lemma 3.4

Hy(n)=n*"" Z wd (5 {g})mnk* ) (5.1)

Also, from (3.2),

E(x) = xH(x) + o(x*) (52)
Now,
¢ (e op-l Pipops—1
DR STl — —
d=1 p<ioo PP ,,,‘,,2,,,3@00(171172173)
1 1
+ — —_—
102’( 4d>zlold2
1 1 5
<Y =- +
psloopk ngOpk+l (30)*
1

1 1
——= 53
102k_4d>101 (d~1 d> 53
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Case 1. k=2. We have

o wd) (1 (n 1 1
P (E'{ D %2 T Z P 2}7

5
ot Ol by (53)

Sx g(—)+ 2915 % {(3)

{(2)
{3)

71582
{(3)

Case 11. k= 3. Proceeding similarly,

Wyt 1o Lo LS
dzl & (“{ })szc(kﬁ D e e N A

rstoo P p
.60628
Ko/
{k+1)

(by numerical computations). (5.4)

(5.5)

Now, Theorem 4 follows from (5.1), (5.2), (54), (5.5), and the fact that
E,(x) decreases between two consecutive integers.

nl u(d)
PARFITEE

d#p
d# pLp2p3

Remarks. 1. Since

(by numerical computations), it is clear from the calculations in Case I,

that
< m) uld)
_ —_ /_2
z e

© /1 m\uld)_ 35+2x12 .59
E (-2
i\2 d)/ d £(3) £(3)
Thus, for k=2, we have

lim sup k(n)

nooo N 5(3)

and therefore

(cf. Corollary 1.1).
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With more careful calculations this can be improved slightly and the
lower bound for lim sup,, , ., E.(n)/n* can be improved for other small ks
in a similar way.

2. We give an outline of the technique of averaging over arithmetic
progressions which yields a result weaker than Theorem 4.
One proves

LEMMA *.  For integers 0< < A,

z Jk(m)zc(A)zk Z ,Lt(d)

+ 0(z5),
m<: M kA4 Ep d*
m=f(A)
where C(4)=TT,,,(1-1/p**1)>0.
Then we get

LEMMA **. For integers 0 < B< A,

A B u(d
n};ym(An—B)— ’ [C(k+1) dIZA
s 3 )
c=0 d|(A.c}

+O(A* 'Bx* ")+ o(A*  'xF).

Now, if we choose B to be a large positive integer, 4=
[1,<5pt'oe®e>3 and x = 4% for 1< C<B, (4, C)=C and hence
from Lemma **,

AR B C(A) < pld)
,,;H(A"’B)” k [C(k+1)_ 2 ,‘ZA aF
—C(A4) Z Y, d"]+0( x*)+0(A* 'x*'B)
C=1dl|c¢

which leads to

_C(A)A"’lx" 1 H(B-1) 1
E,YH(A"_B)_ k [c<k+1)"(3—1)k '+O<B"“>]

+o(A* 'x*)+ O(A*~'x* " 'B).

Since C(A4) - 1/{(k+ 1) as B— o0,

H(B-1) 1
By k1)
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and for infinitely many B’s this would imply that H(m) <0 for infinitely
many m’s, which is false, as is apparent from the proof of Theorem 3.
Hence,

H(n) 1
AT STk "

for n = n, for some n, >0, which gives

. E(x) 1
lim sup %—- < 1T
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