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number, and get some bounds for the vertex (edge) independence

number, vertex (edge) cover number of a graph in terms of the least

eigenvalue of the graph.
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1. Introduction

Let G = (V, E) be a simple graph of order n with vertex set V = V(G) = {v1, v2, . . . , vn} and edge

set E = E(G). The adjacencymatrix of G is defined to be a (0, 1)-matrix A(G) = [aij], where aij = 1 if vi
is adjacent to vj and aij = 0 otherwise. The eigenvalues of the graph G are referred to the eigenvalues of

A(G), which are arranged as λ1(G) � λ2(G) � · · · � λn(G). One can find that λn(G), denoted by ρ(G), is
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exactly the spectral radius of A(G), which has a corresponding nonnegative eigenvector. If in addition

G is connected, then A(G) is irreducible; by Perron–Frobenius Theorem, the eigenvalue ρ(G) is simple,

and there exists a unique (up to multiples) positive eigenvector corresponding to this eigenvalue,

usually referred to the Perron vector of A(G). There are many results in literatures about the spectral

radius of the adjacency matrix of a graph; see e.g. [8,9] for basis results.

The least eigenvalue λ1(G) is now denoted by λmin(G), and the corresponding eigenvectors are

called the least vectors of G. Relative to spectral radius, the least eigenvalue is received less attention. In

the past themainwork on the least eigenvalue of a graph is about its bounds; see e.g. [10,16]. Recently,

the work on minimizing the least eigenvalues of graphs subject to one or more given parameters is

received more and more attention [1,2,11,17,18,20,21,24].

In this paper we concern the relation between the least eigenvalue of a graph and its vertex (edge)

independence number, vertex (edge) cover number. We recall some notions as follows; or see [3].

• A vertex (edge) independent set of a graph G is a set of vertices (edges) such that any two vertices

(edges) of the set are not adjacent (incident). The vertex (edge) independence numberofG, denoted

by α(G) (α′(G)), is the maximum of the cardinalities of all vertex (edge) independent sets.

• A vertex (edge) cover of a graph G is a set of vertices (edges) such that each edge (vertex) of G is

incident with at least one vertex (edge) of the set. The vertex (edge) cover number of G, denoted

by β(G) (β ′(G)), is the minimum of the cardinalities of all vertex (edge) covers.

An edge independent set (edge independence number) is usually called amatching (matching number).

When we consider an edge cover of a graph, we always assume that the graph contains no isolated

vertices. It is known that for a graph G of order n, α(G) + β(G) = n; and if in addition G has no

isolated vertices, then α′(G) + β ′(G) = n. For a bipartite graph, α′(G) = β(G), and if in addition G

has no isolated vertices then α(G) = β ′(G).
Many results concern the relation between eigenvalues and vertex independence number or edge

independence number (matching number) of a graph. A lower bound of the vertex independence

number of a regular graph, in terms of the least eigenvalue and the corresponding eigenvectors, is given

by Wilf [22]. An upper bound of the vertex independence number of a regular graph, due to Delsarte

and Hoffman, in terms of the least eigenvalue, is extended to a general graph by Haemers [14], Godsil

and Newman [13]. The minimum spectral radius of graphs with given vertex independence number

is discussed by Xu et al. [23]. Brouwer and Haemers [4] give a sufficient condition of a regular graph

having perfect matchings in terms of the third largest eigenvalue. The result has been generalized

in [5,6] to a general graph. In addition, some bounds of the larger eigenvalues in terms of matching

number are discussed inmany papers; see, e.g. [12,15,19]. However, less results can been found on the

vertex (edge) cover number in terms of eigenvalues.

A graph G is called minimizing (respectively, maximizing) in a certain class of graphs if the least

eigenvalue (respectively, spectral radius) of G attains the minimum (respectively, maximum) among

all graphs in the class. In this paper we determine the uniqueminimizing graph among all graphswith

fixed vertex (edge) independence number or vertex (edge) cover number. Consequently we obtain

some bounds for these parameters in terms of the least eigenvalue.

2. Results

We introduce some preliminary knowledge and notations. A vector x = (x1, x2, . . . , xn)
T ∈ Rn can

be considered as a function defined on the vertices of a graph G on vertices v1, v2, . . . , vn, which are

given by x(vi) = xi for each i = 1, 2, . . . , n. Thus the quadratic form xTA(G)x can be written as

xTA(G)x = 2
∑

uv∈E(G)

x(u)x(v). (2.1)

The eigenvector equation A(G)x = λx can be interpreted as

λx(v) = ∑

u∈NG(v)

x(u), for each v ∈ V(G), (2.2)
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which is called an (λ, x)-eigenequation of the graph G, where NG(v) denotes the neighborhood of v in

G. In addition, for an arbitrary unit vector x ∈ Rn,

λmin(G) � xTA(G)x, (2.3)

with equality if and only if x is a least vector of G.

We first discuss the minimizing graph(s) subject to fixed matching number. To characterize such

graph, it is necessary for us to discuss the maximizing bipartite graph(s) subject to fixed matching

number. By the relations between the vertex (edge) independence number and the vertex (edge)

cover number, we then characterize the the minimizing graphs subject to fixed vertex independence

number or vertex (edge) cover number.

Denote by Kp,q a complete bipartite graph of which the bipartition of the vertex set consists of a

subset of p vertices and a subset of q vertices. For a graph G of order n, its matching number holds

that 0� α′(G) ��n/2�. By [7] or [24], the graph K�n/2�,�n/2� is the unique minimizing graph among all

graphs of order n. The result also tells us that K�n/2�,�n/2� is the unique minimizing graph of all graphs

of order nwithmatching number �n/2�. Ifα′(G) = 0, then G is an empty graph (containing no edges).

In this paper we do not consider the empty graph G, for which α′(G) = 0, α(G) = n, β(G) = 0.

Theorem 2.1. The graph Kα′ ,n−α′ is the unique maximizing graph among all bipartite graphs of order n

with matching number α′.

Proof. Suppose that G is a maximizing graph among all bipartite graphs of order n with matching

number α′. Let (A, B) be a bipartition of the vertex set of G such that |A| � |B| � α′, and let M be a

maximummatching of G of size α′. If |B| = α′, then surely G = Kα′ ,n−α′ since the spectral radius of a

graph is increasing when adding edges.

Nowassume that |B| > α′.Wewill get a contradiction to show this case cannot occur. Let AM, BM be

the sets of vertices of A, Bwhich are incident to the edges ofM, respectively. Note that |AM| = |BM| =
α′, and G contains no edges between A − AM and B − BM . Let x be a unit nonnegative eigenvector of

A(G)corresponding to thespectral radius.Without lossofgenerality, assume
∑

v∈AM
x(v) �

∑
v∈BM

x(v).
Removing all edges (if they exist) between A − AM and BM , and adding all possible edges between

A − AM and AM , we get a bipartite graph G′ with the bipartition (AM, B ∪ (A − AM)). In the graph G′,
adding all possible edges between AM and B ∪ (A − AM), we obtain a complete bipartite graph G′′,
namely Kα′ ,n−α′ . By (2.1) we get

ρ(G) = xTA(G)x � xTA(G′)x � xTA(G′′)x � ρ(G′′).
As G is maximizing, ρ(G) = ρ(G′′) =: ρ , and above all inequalities hold as equalities. So x is also a

Perron vector of A(G′′). As G′′ is connected, x has all entries being positive. Considering the (ρ , x)-
eigenequations (2.2) of the graphs G and G′′ on one (arbitrarily chosen) vertex of AM respectively, we

get a contradiction. The result follows. �

Corollary 2.2. The graph Kγ ,n−γ is the unique maximizing graph among all bipartite graphs of order n

with vertex cover number, or vertex independence number, or edge cover number, being γ.

Proof. Noting that for a bipartite graph G, β(G) = α′(G), α(G) = n − β(G), and β ′(G) = α(G) (as-

suming G contains no isolated vertices), the result follows by Theorem 2.1. �

Theorem 2.3. ThegraphKα′ ,n−α′ is theuniqueminimizinggraphamongall graphsof ordernwithmatching

number α′.

Proof. Let G be a minimizing graph among all graphs of order n with matching number α′. Let x be

a unit least vector of A(G). Denote V+ = {v : x(v) � 0}, V− = {v : x(v) < 0}, both being nonempty.

Deleting all edges within V+ and within V−, we get a bipartite graph G0 with α′(G0) =: α′
0 � α′. Then

by (2.1) and (2.3)
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λmin(Kα′ ,n−α′) � λmin(G) = xTA(G)x � xTA(G0)x � λmin(G0) � λmin(Kα′
0 ,n−α′

0
),

where the first inequality holds as G is a minimizing graph with matching number α′, and the last

inequality holds by Theorem2.1 asG0 is bipartite andλmin(G0) = −ρ(G0). However, asα′
0 � α′ � n/2,

−
√

α′(n − α′) = λmin(Kα′ ,n−α′) � λmin(Kα′
0 ,n−α′

0
) = −

√
α′
0(n − α′

0).

So, all inequalities above hold as equalities, α′ = α′
0, and x is also a least vector of Kα′

0 ,n−α′
0
, which

implies x contains no zero entries and hence V+ contains no vertices with zero values given by x. By

Theorem 2.1, we also get G0 = Kα′
0 ,n−α′

0
= Kα′ ,n−α′ . By (2.1) and the equality xTA(G)x = xTA(G0)x, we

get G = G0 = Kα′ ,n−α′ . The result follows. �

Corollary 2.4. The graph Kβ ′ ,n−β ′ is the unique minimizing graph among all graphs of order n with edge

cover number β ′.

Proof. The result follows by Theorem 2.3 as β ′(G) = n − α′(G). �

Corollary 2.5. The graph Kβ ,n−β is the unique minimizing graph among all graphs of order n with vertex

cover number β � n/2.

Proof. Let G be a minimizing graph among all graphs of order n with vertex cover number β � n/2.
Let x be a least vector of A(G). Define V+ and V− as those in Theorem 2.3. Deleting all edges within V+
and within V−, we get a bipartite graph G0 with β(G0) =: β0 � β � n/2. Then by Corollary 2.2,

λmin(Kβ ,n−β) � λmin(G) = xTA(G)x � xTA(G0)x � λmin(G0) � λmin(Kβ ′
0 ,n−β ′

0
).

By a similar discussion as in the proof of Theorem 2.3, we get G = Kβ ,n−β . �

Corollary 2.6. The graph Kα,n−α is the unique minimizing graph among all graphs of order n with vertex

independence number α � n/2.

Proof. The result follows by Corollary 2.5 as α(G) = n − β(G) for a graph G of order n. �

ByTheorem2.3 andCorollaries 2.4–2.6,weget relations between the least eigenvalue of a graph and

the matching number (edge independence number), or edge cover number, or vertex cover number,

or vertex independence number.

Theorem 2.7. LetG beagraphof ordernwithα′(G), orβ ′(G), orα(G), orβ(G), beingγ ,whereα(G) � n/2
and β(G) � n/2. Then

λmin(G) � −
√

γ (n − γ ),

with equality if and only if G = Kγ ,n−γ .

Theorem 2.8. Let G be a graph of order n. Then

α′(G) �
n −

√
n2 − 4λmin(G)2

2
, β ′(G) �

n +
√
n2 − 4λmin(G)2

2
,

α(G) �
n +

√
n2 − 4λmin(G)2

2
, β(G) �

n −
√
n2 − 4λmin(G)2

2
,

all with equalities if and only if G = Kγ ,n−γ , where γ equals α′(G),β ′(G),α(G),β(G), respectively.
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Proof. The bounds for α′(G),β ′(G) are obtained from Theorem 2.7. In the case of α(G) � n/2, we get

the bound as listed. However, the bound surely holds ifα(G) < n/2. So we need no limitation of α(G).
The bound for β(G) is obtained by a similar discussion. �

Some Remarks:

(1) For a bipartite graph, its least eigenvalue is the minus of its spectral radius. So the graphs in

Theorem 2.1 and Corollary 2.2 are respectively the unique minimizing graphs among all bi-

partite graphs of order n with corresponding matching number, vertex cover number, vertex

independence number, and edge cover number.

(2) ByTheorem2.1 andCorollary2.2,weget relationsbetween the spectral radius of a bipartite graph

and the matching number, edge cover number, vertex cover number, and vertex independence

number, which is similar to Theorem 2.7 and Theorem 2.8 by a little modification. Theorem 2.7

is modified as ρ(G) �
√

γ (n − γ ), and Theorem 2.8 is modified only by replacing λmin(G) by

ρ(G).
(3) Corollary 2.5 does not hold for β > n/2. For example, if a graph G of order n� 3 holds β(G) =

n − 1, then G is necessarily a complete graph. Similarly, Corollary 2.6 does not hold for α < n/2.
(4) Finally we compare the bounds of vertex dependence number in Theorem 2.8 with some known

bounds. The Delsarte–Hoffman bound of vertex dependence number of a regular graph of order

nwith degree k is given as (see [13])

α(G) � n
−λmin(G)

k − λmin(G)
. (2.4)

The bound is extended to a general graph G of order nwith minimum degree δ by Haemous [14] as

α(G) � n
−ρ(G)λmin(G)

δ2 − ρ(G)λmin(G)
. (2.5)

Godsil and Newman [13] get another generalization listed below.

Theorem 2.9 ([13]). Let G be a graph of order n. Then for any independent set S of size s,

s� n
−λmin(G)

kS − λmin(G)
, (2.6)

where kS = 2d̄S − 1
n

∑
v∈V(G) dv, d̄S = 1

s

∑
v∈S dv, dv denotes the degree of the vertex v.

As our bound is obtained from a minimizing graph which is a complete bipartite graph, it will

behave well for bipartite graphs. For example, consider the complete bipartite graphs Ka,b with a� b.

Clearly α(Ka,b) = b and our bound for α(Ka,b) is exact by Theorem 2.8. If using Haemous’s result, the

bound (2.5) for the graph is also exact, while using Godsil-Newman’s bound (2.6) we get

α(Ka,b) �
(a + b)2

√
ab

(a + b)
√

ab + 2a2
= b + a

√
ab(a + b − 2

√
ab)

(a + b)
√

ab + 2a2
,

with equality if and only if a = b.

Next we give a comparison of the bounds (2.5) and (2.6) and ours for a non-bipartite graph. Let G

be a graph of order n� 4 obtained from a triangle by appending (n − 3) pendant edge at some vertex.

Fig. 2.1. A numerical comparison between the bounds (2.5) and (2.6) and our bound.
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We get the numerical values with approximation in Fig. 2.1, fromwhichwe find our boundwill behave

better when n increases or the vertex independence number get larger relative to the order of the

graph. In addition, Haemous’s bound is always better in above examples. The reason may be that his

bound is involved with another eigenvalue, namely the spectral radius.

However, our bound is always greater than or equal to n/2, it will be useless for a graph with small

vertex independence number. For example, the bounds (2.5) and (2.6) are exact for a complete graph

Kn (n� 3). But our bound is
(
n + √

n2 − 4
)
/2 > 1 = α(Kn).
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