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Abstract

In this paper we present formulas expressing the orthogonal rational functions associated with a rational
modification of a positive bounded Borel measure on the unit circle, in terms of the orthogonal rational
functions associated with the initial measure. These orthogonal rational functions are assumed to be analytic
inside the closed unit disc, but the extension to the case of orthogonal rational functions analytic outside the
open unit disc is easily made. As an application we obtain explicit expressions for the orthogonal rational
functions associated with a rational modification of the Lebesgue measure.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Given a positive bounded Borel measure p on the unit circle, Godoy et al. [3] derived
formulas, in determinant form, expressing the orthogonal polynomials (OPs) associated with
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the polynomial modification &t of the measure p on the unit circle in terms of the OPs associated
with p. Suppose dj is given by
div = |pn@Pdu, z=¢",

where p,,(z) is a polynomial of degree m, and let ¢, (z; [t) denote the OP of degree n associated
with fi. Then these derivations are based on the fact that p,, (z)¢,(z; ft) is again a polynomial,
but now of degree m + n, so that a relation exists between ¢, (z; 1) and ¢y, (z; 1), the OP of
degree m + n associated with u.

Later on, Godoy et al. [4] derived formulas for OPs and rational modifications of a positive
bounded Borel measure on a compact set of the complex plane (including the unit circle).
Suppose now that dji is given by

du _ i

di= —o .
Gk

where p,,(z) has no zeros on the unit circle. Then clearly ¢, (z; 1)/ pm(z) is not necessarily a
polynomial of degree n — m. Hence, the derivations in [4] are different from those in [3]. Instead,
they are based on the so-called functions of the second kind.

Orthogonal rational functions (ORFs) analytic inside the closed unit disc are a generalisation
of OPs on the unit circle in such a way that the OPs return if all the poles are at infinity (see
e.g. [2, p. 1]). The aim of this paper is to generalise the results for OPs and polynomial and
rational modifications of a measure on the unit circle to the case of ORFs. The main difference
between OPs and ORFs is that for the latter, polynomial and rational modification of a measure
on the unit circle can be treated simultaneously, in a similar way as has been done in [3]. This
due to the fact that a rational function multiplied with, or divided by, a polynomial is obviously
again a rational function.

Although the ORFs are assumed to be analytic inside the closed unit disc, the results obtained
in this paper can easily be extended to the case of ORFs analytic outside the open unit disc with
the aid of [8].

The outline of this paper is as follows. After giving the necessary theoretical preliminaries in
Section 2, Section 3 contains the main result with respect to ORFs and rational modifications
of a measure on the unit circle. This result is highly elegant, mathematically, but it is hardly
useful for computational purposes. Hence, Section 4 deals with computing the monic orthogonal
rational functions (MORFs) associated with the rational modifications of a measure on the
unit circle through the MORFs associated with the initial measure. Finally, in Section 5 we
derive expressions for the ORFs and MORFs associated with the rational modification ft of the
Lebesgue measure p on the unit circle, given by

2

L
Y du(z), lyl<1and Bl <1,

d/x = -
n(z) ‘1 52

or equivalently
2 c 26—
(1 —r)* +4rsin® (54)

da(9) = -
11— ,Beie‘2

d9, rel0,1],teRand || <1,

where y = rel’ and f are parameters that can be chosen freely.
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2. Preliminaries

The field of complex numbers will be denoted by C. For the real line we use the symbol R
and for the positive real line Rt = {z € R : z > 0}. Furthermore, we will use the blackboard
N to represent the set of natural numbers. The unit circle, the open and closed unit disc will be
denoted respectively by

={zeC:|z] =1}, D={zeC:|z]<1} and O=DUT.

If a subset Y of X is omitted from the set X, this will be represented by Xy, e.g. Cr = C\ R
and Dg = D\ {0}.

Let P, denote the space of polynomials of degree less than or equal to n. Then we define the
substar conjugate and the super-c conjugate of a function p, (z) € P, respectively as

Dns(2) = pu(1/z) and P;(Z) = pu(2),
and the superstar transformation as
Pn(@) = 2" pus(2).

Note that p,.(z) = pu(z) if z € T, and that p{(z) = p(z) if z € R.
Suppose a sequence of complex numbers A = {«, az,...} C D is given and define the
Blaschke factors

(73

1 (2) = Loy (2) = Ny lz_ak ma = Vil %70 k=12 (1)
1, oy =0,
and the Blaschke products’
By(z) =1, Bi(2) = Bi—1(2)8k(2), k=1,2,...; 2)
see e.g. [2, pp. 42—43]. Then the space of rational functions with poles in {1 /e, ..., 1 /e, } is

defined as
L, = span{By(z2), ..., By (2)}.

In the special case of all o = 0, the factor in (1) becomes {x(z) = z and the products in (2)
become By (z) = z*. Define

k
m@ =1  m@=[]0-a2. k=12,

then we may write equivalently

—]_[na]eT

7T
Bi(z) = Vk—

and

Ly ={pn/7n : pn € Pu}.

I The factors and products are named after Wilhelm Blaschke, who introduced these for the first in [1].
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Further, we let £_; = {0} and Lo = C to be the trivial subspaces.

The definitions for the substar conjugate and the super-c conjugate of a function f,(z) € L,
are the same as before, for the polynomial case, but the superstar transformation is now defined
as

7 (2) = Bu(2) fux (2).

Let 1 be a positive bounded Borel measure on the unit circle. Orthonormalising the basis
{Bo(2), ..., By(z)} with respect to this measure p and inner product

(f. &) 7§ f(2)8x(2)dpu(z)

we obtain the orthonormal rational functions (ORFs) {go(z; 1), ..., ¢,(z; w)}. Explicit
expressions for the so-called Takenaka—Malmquist basis (see [5,6]), which is a basis of ORFs
on the unit circle with respect to the Lebesgue measure (du(z) = ?—;), are well known. These are
given by

zB Z
po(z; ) =1 and @u(z; p) = Uanm 1@ -
1 —a,z’

We denote the leading coefficient of ¢, (z; u), i.e. the coefficient of B, (z) in the expansion
of ¢, (z; u) with respect to the basis {By(z), ..., B,(2)}, by k, = ¢} (a,; ). In the remainder
of this paper, we will assume that «;,, € ]Rar . With this leading coefficient, we define the monic
orthogonal rational functions (MORFs) associated with the sequence A and the measure u as
On(z; 1) = Kn_1<pn (z; W), e.g. for the Lebesgue measure this gives

b0 =1 and ¢z 1) = e, (1 — ] )M, n= . 3)

— 0pZ

The reproducing kernel for £, associated with the measure p is given by

k(2 w3 1) = Y (25 Wk (ws 1), “
k=0

The following Christoffel-Darboux relation has been proved in [2, Thm. 3.1.3] for n > 1:

Gt (@ W@ (W3 1) = Gnt1 (T3 WPn1 (W5 1)
1 — nt1(2) 1 (w)

_ e 1¢,T+1 (z; Wy, (W3 1) — Gnt1 (Z5 WPn1 (w3 u) )
" L= Gt 1@ Gg 1 (w)
The earlier definitions with respect to the sequence of complex numbers .4, can be repeated
for other sequences. Suppose a sequence 5, = {B1, ..., B} C DisgivenandletC = B, UA =
{61, 62, ...} C D with

5 — Bk k<m
= Yoo, k> m.

kn(z, w; p) =

Then we denote the Blaschke factors and Blaschke products associated with the sequence
C respectively as &x(z) = ¢5,(z) and By(z). The space of rational functions with poles in
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{1/81, ..., 1/8mqn} is then defined as

Lyntn = span{Bo(2), - . ., Buin(2)}

and orthonormalising this basis with respect to @ on the unit circle, we obtain the

ORFs {$0(z; 1), - - - mtn(z; 1)} and MORFs {go(z; 1), - . ., Gmn(z: )} with r(z; ) =
K '@x(z; ) for k = 0,...,m + n. Finally, the reproducing kernel for £, associated with

the measure p will be denoted by I€m+n (z, w; ®).
3. Rational modifications of a measure on the unit circle

Let i, be a positive bounded Borel measure on the unit circle, given by
ditm = |An(@)[Pdp,  m € No, (6)
where A, (z) € L \ Lm—1. For z € T it holds that
lz—al*=|1-azl’, YaeC,

and hence, without loss of generality we can assume A, (z) has all its zeros yx, fork =1, ..., m,
in Q.

Next, let ¢,(z; wm) (respectively ¢,(z; un)) represent the ORF (respectively MORF)
associated with the sequence .4 and the measure p,, on the unit circle. Define x,, as

X0 = A; (Bm), Xn = Ay (0n), n=>1 (7N
Then it holds that

~ A (Z) ~

Gmin(z; 1) — “ On (25 m) € Em—Q—n—l- ®)

n

Let us now consider the orthogonal decomposition
~ L -1
£m+n—l = Am£n—1 @ [Am»cn—l]uern s (9)

where {kn+n—1(z, Vi3 )}, is a basis for the space [Amﬁnq]:m“_l if y; # yjfori # j (we

give a proof of this statement in the Appendix). We then have the following theorem.

Theorem 1. Let w,, be a rational modification of the positive bounded Borel measure |1 on
the unit circle, given by (6), where A, (z) € L, is a rational function with simple zeros
i, ..., vm} C Q. Let ¢, (z; ) denote the MORF associated with the sequence A =

{ar, ..., a,} C D and the measure . Similarly, let ¢~>m+n (z; 1) denote the MORF associated
with the sequence C = {B1, ..., Bm, A1, ..., &y} C D and the measure . Then it holds that
Ap(2)
= Gn(Z; m)
n
nen(@ W) k1@ V) 12 Y )
1 ¢m+n(yl; W) km+n—1()/1’ Vi; M) . km+n—1(yla Vi W)
= . ) , (10)
det K

q;m+n(ym; M) lgm—i—n—l()/ma Vis M) ... ];m+n—l()/m» Ym; L)



6 K. Deckers, A. Bultheel / Journal of Approximation Theory 157 (2009) 1-18

where x, is given by (7), l€m+n_1 (z, w; ) denotes the reproducing kernel for E,n+n_1, and the
matrix K is given by

K = lkmtn1 (i, vjs W11y (11

Proof. With the decomposition given by (9) it follows from (8) that there exists a unique

sequence of complex numbers {A;4+n—1.0, - -» Amtn—1.n=1s Amtn—1.1s -« - » Am+n—1.m} SO that
~ Ap(2)
Gnin (@5 1) — === (2; fim)
n
n—1 m .
= Antn 1 kAn @Gk @ ) + Y Amtnt. jkmin—1(z, Vji ).
k=0 i=1

Because {A;; (z)¢r (z; /Lm)}z;(l) forms an orthogonal basis for the space A, L,—1 with respect to

the measure u, it holds that A, 4,—1x =0fork =0, ..., n — 1. Furthermore, for z = y; we get
that
~ m ~
Gm+n(Vis W) = Z)Lm+n71,jkm+n7] Wisyir ), i=1,...,m,
j=1
so that
)\m—i-n—l,l (ﬁm—i-n (15 )
: =K1 :
)"m—Q—n—],m q;m—&-n (Yms )

with K given by (11). Consequently, we have that
An(2)

n

Gu (25 m)
Gimin (V13 1)
= Gm4n(Z; 1) — kmtn—1(2, Y15 W) -« - kintn—1(2, Vi H)]K_l )
$m+n Yms 1)
which can also be written in determinant form, as in (10). O

Remark 2. From the previogs theorem, together with Eq. (5), it follows that ¢, (z; u,;) can be
computed only by means of ¢, 4, (z; ).

Remark 3. If the zeros of A, (z) are not simple, i.e. if for i = 1,..., j it holds that y; has
multiplicity m; with lez | mi = m, then there exists a new basis for [Amﬁn_ 1]im+n_l given by
. mi—1 i
0" km+n—1(z, w;
m-+n l_(kZ w; () (12)
ow
W=Vi | k=0

i=1

This way, Theorem 1 can be generalised to the case of multiple zeros.
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4. Computing the MOREFs for the rational modifications

Eq. (10) is highly elegant, mathematically, but it is hardly useful for computational purposes.
Therefore, it will be more interesting to compute ¢, (z; ;) by means of computing intermediate
MORFs, using the minimum possible number of terms from the sequence (bn(z: ). As a
consequence of Theorem 1 we have the following corollary.

Corollary 4. Let the sequences of complex numbers A = {ay,...,a,} C D and C =
{B,a1,...,0,} CD be given. Suppose [i is given by
=Y 2
dio = ‘ —| du, yeQ.
1—p8z

Let ¢ (z; 1) denote the MORF associated with the sequence A and the measure 1. Similarly, let
®n+1(z2; 1) denote the MORF associated with the sequence C and the measure (. Then it holds
forn > 1 that

iy _ 1 - ¢n+l()’ W) ~
<1—ﬂ >¢n(z Q) = n,gl ﬁ— [d»m(z W) — —kn(y,y;u)k n(Z, 75 M)]

where ky(z, w; j1) denotes the reproducing kernel for the space of rational functions Ln,
associated with the measure ..

Remark 5. If n = 0, it is easily verified with the aid of (4) and Theorem 1, with m = 1, that

1—v8 ~
¢o<z;m=ﬁﬁ(l_|;’fz>( ﬁz)(asl(z w=iiw) =1

So, in remainder we will restrict ourselves to the case in which n > 1.

From Eq. (5) it follows that
1 —any _
(1 = 7kn(z. vi 1) = k2, ﬁ(l — @2)
n
x [d);kﬂ (@ WPi (Vi 1) — Gt (25 W Pur1 (v u)] .

Consequently, we have that

1—-79 — -
(yz—)(_zy)(pn(z; ) = xn(1 = V2)Pn+1(z; 1)
1 -z
 n (1= @02 [ B (@5 10601 (7 1) = B (& 0 (0] (13)
where
_n Loy o (1=a? \ fup1 (s )
=TT g, MU= (1 — Ian|2> kn (v, vi 1) 1

With this, we can prove the following theorems.
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Theorem 6. Let a sequence of complex numbers A = {ay,...,ay} C D and C =
{B, a1, ...,0,} CD be given. Suppose [i is given by

2
du, yeT.

~ =Y
du:‘ —
1—pBz

Let ¢ (z; 1) denote the MORF associated with the sequence A and the measure [i. Similarly, let
®n+1(z2; 1) denote the MORF associated with the sequence C and the measure . Then it holds
that

_ 2 ﬁ 1- ygn
z—v) C=Y) i = BT1—pa,
1 — Bz ¢n+1(y i) ¢,,+1()/ )

¢n+1()/ 73] ¢n+1()/ 73]

E=PPr1 @ W) uri@ ) Gy (@)
0 ¢n+1()" M) ¢:+1(V; M) , (15)

x 1—o,z T
(1_—> Gu1 (Vi) G (Vi) b (viw)

where ¢’ represents the derivative of ¢.

Proof. If y € T, it holds that

¢n+1()’ n) = n+1*(V)¢,,+1(J/ wn) and ¢*+1(V n) = n+1*()’)¢n+1(y w.
Hence, it follows that
_ )2 -
Co I @ ) = xne = Vi 2 10)
1-— ,BZ

Gl (@ 1) Gy (@0

- n%n 1__n Bn * * .
A F A LA

Dividing by (z — y) we get that

It PPN S
1 — Ez¢n(z, ) = Xn®nt+1(2; 1)
) Gur1 (1) — G (Vi 1) B @) — @i (v )
=¥ XnUn(1 — @n2) By 14(y) =y -y
Gnr1 (v 1) G (v )

When z tends to y, we find that

. B bur1(vi 1)
YUnBpy14(y) = = ~ s
(1 —ayy) |G 3 ) ¢~>,i+1(y; 0
Ont1(vs ) @ (v 1)
so that
(z—y)?

S0 (25 ) = (2 — V)1 (25 )
1 — ,BZ
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N Yo (1= @) bni1 (v 1) Snr1 (@) G @] (16)
(1 — @,y [P 1) G| e (i) by (vs )
i) (v )

Finally, note that (16) is equivalently with (15), which ends the proof. [

Theorem 7. Let a sequence of complex numbers A = {ay,...,ay} C D and C =
{B,ai1,...,0,} C D be given. Suppose [i is given by
2
~ =Y
do = —| du, y eD.
1 -8z

Let ¢ (z; 1) denote the MORF associated with the sequence A and the measure [i. Similarly, let
On+1(z; 1) denote the MORF associated with the sequence C and the measure p. Then it holds
that

n l_)/an

1 —72)(z — 8T8

( )/Z)(_Z V)an(z; = — B1 ,BN:
1 —pz Pur1 (Vi) Py (i)
G Vi) Gngr (V5 1)

1 =VDpr1@ ) A —@DPpr1p) (1 —02)d) (@ p)

L= lyP\. L .
——— | Iut1 (v ) Gn+1(y; 1) Gp1 (Vs 1) . (17)

1_an7/

0 br (Vi Gt (5 )

Proof. Define a,, and b, respectively as

n = Unnr1(yi ) and b, = —updt, (v: ), (18)
where v, is given by (14). Eq. (13) can then be rewritten as

(I =v2)z—v) én(z; 1)
1 —BZ Xn

= (1 =7 nt1(z5 )
+an(1 = @) Pus1(z: ) + bn (1 — @) (). (19)
For z = y € D we get that

0=~ 1yPHnt1(s 1) + an(l = @) b1 (Vs 1) + bu(1 — Ty (v ).

On the other hand, because |v,| < o0, it follows from (18) that

0=and) (vi 1) + bubns1 (v ). (20)

Consequently, it holds that

RZn ) (I = @) Pns1(z ) (1 —@n2))y (25 1)
1— ~ - -
- (%) Fort (i) B (i) Foviw =0 @
—oyy

0 br (Vi) Bt (Vi 1)
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where

foo = (L=TIE =1 4G ii)
1- 8z Xn

Finally, note that (21) is equivalent with (17), which ends the proof. [
Note that

— But1 (% ,U«) — br L (% u)
¢n+1 (y; ) = m and  ¢np1 (s ) = T(%),

(1 = V2)bnt1(z; ).

so that Eq. (20) becomes
1 . 1 ~ 1
0=——7~ |@n+ §;u + bud, 1y §;u .
Bn+1 v

Furthermore, if y & C, this is equivalent with

- 1 - 1
0= anpu+1 (5; u) +buthy (5; M) , (22)

which is the same equation we would get when evaluating Eq. (19) in z = 1/y for y ¢ C. Thus,
basically Eq. (20) means that the multiplicity of 1/y as a zero or pole of the right hand side of
(19) equals the multiplicity of 1/ as a zero or pole of the left hand side of (19). Hence, we have
proved the following corollary.

Corollary 8. Let a sequence of complex numbers A = {ay,...,0y} C D and C =
{B,ai1,...,0,} C D be given. Suppose [i is given by
7 — 2
di = —| du, y eDe¢.
1 — Bz

Let ¢ (z; 1) denote the MORF associated with the sequence A and the measure 1. Similarly, let
On+1(z; 1) denote the MORF associated with the sequence C and the measure . Then it holds
that

— — l—yo,
1— — 8 T—pg
( )/Z)(_Z )/)q)n(z; Q)= — BT ﬂ:[*
1 - Bz Gnt1(vs ) Gy (i)

(i) i (50
n+1 77/‘“ n+1 77“

1=V ) A —TD)bpri(p) (1 —Tu)d) (20

-, o - o
x ——— | Pur1 (Vs ) Gnt1(ys ) ¢n+1(yaﬂ) . (23)

ooy I |
0 Dn+1 (51 M) ¢:+1 (5» M)

Note that although Eq. (22) does not hold for y € C, Eq. (23) does in a limiting sense.
Nevertheless, it is clear that Eq. (17) is much more interesting for y € D, due to the fact that
each value in the determinants is finite at any time.

Finally, the following corollary is easily verified with the aid of Theorem 7.
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Corollary 9. Let a sequence of complex numbers A = {ay,...,ay,} C D and C =
{B, a1, ...,0,} C D be given. Suppose [i is given by
a4 2
din = ‘ —| du, yeD.
1—-pz

Let ¢ (z; 1) denote the MORF associated with the sequence A and the measure 1. Similarly, let
®n+1(z2; 1) denote the MORF associated with the sequence C and the measure L.

(@) If y is a zero of q3n+1(z; W), i.e. if qS,H_l(y; W) = 0, then it holds that

. 1—vya, I—Ez o )
$n (2 [1) =g Ba, ( =y >¢n+1(z, 1) 24)
) If y = ay, it holds that
7 A=lenl® =
~ "8 T=Ban 1 — Bz
On(z; 1) =
T st (s P <Z—an>
X [Bns1 @ 1) = B e 0B ). 25)

5. An application

If the measure p on the unit circle is absolutely continuous, then we have with z = el? that
du(z) = ' (z2)dz = w(6)dé.

Hence,

1 2
2_?€ f(@)du(z) = f f@u'(2)dz = —/ w(e)de
TJT

So, as an application, let us consider the Lebesgue measure w(f) = 1 = izu/(z) on the unit
circle and the rational modification given by

_a —r)? +4rsin? (%) _ (147 —2rcos(d —1)

w(, B, re = ——
|1—,3€19| |1 — Beit|
where r € [0, 1], € R and |8| < 1. Or equivalently,
z—=y 2 .
&z By = | (@), y=re".
1-8z

Example 10. First, let us consider the case where t = O and r = 1, i.e.

w, B) =w®,p,1) and 'z, p) =@’ (z, B, ).
Then we have that
2
—/ w(h, B)do = f

z—1

l—ﬂz

dz -1 % (z—1)?
T z(z— B)(1 — B2)

z 2m
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—_1)2 _1\2
= — I:RGS ((Z—l)_, O) =+ Res ((Z—l)_, ﬂ)i|
z(z — B)(1 — B2) z(z — B)(1 — B2)
_20-®py _ 1
1—1812 Q@i
For n > 0 it follows from (3) that

- B -
Bui1 (2 1) = N, (1 — |n|)Z (Z)Z, Ba(2) = 25(2) Bu_1 (2).

- 1 — oy |?
* . —
e 2.
. B, (1)
Gng1(L; ) = 1, (1 — |n|> Bn
an
~ 1 — oy |?
i (i) = ———,
¢n+1( %) 1—a,
- B,(1 ) @,
Gy (1 1) = 1, (1 — |n|) [in 1 - ]
—a,
(1 — |agl?)
17 =
where
B/ (D L= 18P &1 — oyl
Op=1+-"" =14 + R
" Buii(1) 11— B2 ,;u—auz 0

The last equality here follows from [7, Lem. 3.3]. So we get that

Gt (15 ) 1 1
L= (i) g (I Wl A= a0’
() ¢ 5w

and

_ . TN N
(1 —&,2) Gnt1(z; 1) ‘73n+1(Z | _ ety (1= o) [an(z) - Bn(l)] .

Gnsr (L) Gy (1) 1 —a,
Substitute this in (15) and simplify to find that

Cn <(1n(1 — ,BZ) + M)

UnZ
(z—1?

n(z; 1) = , (26)

where
(1—a,) [ On1+ 1%
n = Na, (1 — n2 — ot,, >
e = e (1= et )(1—/3an>[ 01 ]

C_a-pf
=B [ Q|
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On—1+ E’f;n .

For ¢, (z; 1), the constant ¢, in (26) has to be replaced with d,, = k¢, It holds that
1= (@n, 9n) = (knn, knBn) = 16 (n, Bu).

Furthermore, we have that

Cn B, (2) _ f (z—bn) )
n, By) = ——— » — = d o ——d
On: Bu) = =53 <“ fm(z—ﬂ) N P a1 =B

_ CnQn % B+ (2) dz — caTla Res ( (z —by) _ an)
" (z—an)(1 — B2)

27i J 12z —B)
B¢ b, —
_ _Cnaflf n(Z) dZ+Cnﬁa n _an
27i T (1 —B2) "1 — Bay
|1 —Otn|2 (1 | |2) Qn—l + lg%n + 1,10,n
D — - CY
11— Ba,|? " On—1
11— a,? 0
= —="— (= |a) -7,
11— Bay| On—1

so that

|1 = Baul 01
Kn = .
Tl | (0= lanl®) Qs

Let p, and o, be defined respectively as

(1 —@)(1 = Ban)

n = Na, — — S
P = e | (U= @) (1 = Baaw)|
and
B (1-p)>
oy = anl(l)m eT.

Then we find that the coefficients for ¢, (z; ) are given by

1 — Ja,|? @
dn_p . |:Qn—l+ - i|

- anlQn 1 —

., T2 1
a, — (of
e P anlQn l_an !
[1— |an)? 1
d,b, = _— _ .
nOn = Pn 0,10, On_1+ 1 —a,

Example 11. Next, let us consider the case where t = O and r € [0, 1), i.e.

w(®, ) =w(®,B,r) and Q'(z,B) = A'(z, B, 1).

13
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Then we have that

1 2dz 1 e=nd-ra ,

1 [ z—r
2z /0 w(®. F) i Jop|l—-Bz| =z 2w Jrzz—pB)1 - B) ‘

e (200 ) e (200 r ]
2(z—=pB) — B2) 2(z—=pB)1 — B2)

_(1+r2)—2r9“‘t{l3}: 1

B 1—1812 Q@i

For n > 0 it follows from (3) that

- 2B, (2) ~
i1 (3 10) = 1, (1=l ) 7=, Ba(2) = 232 B (2),
—a.z
- 1 — oy |
¢Z+1(Z; W) = 1_—0_;1,
n By (r) @7
~ rB,(r
i1 (5 18) = 1y, (1 = o) ==,
— aur
- 1 — Jora |
b1 (rip) = T a,r
So we get that
1= P17 1) _ e, (L= awr)rBuy(r)
T i) G| (= P = @ur)ga1 ()’
Gr (s 1) Gugr (s )
where ¢, _1(r) is given by
1=r2B.(DI*
qn-1(r) = ? € RO’
and
g |BrE0 G| 0P 2B By~ 1]
TGEL ) G () 1 — ayr '
Substituting this in (17) and simplifying, we find that
Cn <an(1 _ EZ) + Z(Z_bn)l(Z:}B)anl(Z)>
—0pZ
s ) = , 28
bn(z; 1) Epy— (28)
where
- Gn_1(r) + 22
e = My (1 = oty o | 2 |
(1 — Bay) Gn—1(r)

L_e-p [ =P
CA=B) L) + 2 |

r—aopy
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b1 2 — (1= r)gu1 ()
n = = .

Note that |l§,,(1)| =1, so that

1 —r2|B,(r)? 1[d -
i LB 1
r— 1—}’ 2 r=1

1
li _ —
rl_I)Il] qn—1(r) )

1+9‘{{B (1)B, (1)}—1+%{ EI;} = 0n-1.

Hence, for r tending to 1, the expression for the MORFs in Example 10 are recovered.
Again, for ¢,(z; i), the constant ¢, in (28) has to be replaced with d,, = «;c,. In a similar
way as in Example 10, we now find that

_ 11— Ban| n—1(r)
Kn = .
=l [ (= ) (g1 () + 25 )

Ir—on|?

So, let p, and o, be defined respectively as

(r—a,) _Ean)
"1r =) (1 — Bay)|

0, =rB,_1(r) (i) eD
1 r

Pn = Na

and

Then we find that the coefficients for ¢, (z; ) are given by

L= loal? @,
dn = pn ol gn—1(r) + ——
a1 0) (g1 () + 1220 r e
1 — Jan? 1
dnan = py - | |: —— :|011
\ 910 (@) + e ) Lr =
1 — | 1
dnby = pn 1—|an |2 rqn—-1(r) + — |-
a1 0) (g1 () + 1) o

Remark 12. The case in whichr € [0,1) and r € C U {0}, requires some extra attention. If
r=ry €{0,8,a1,...,0,_1}, it follows from (27) that ¢,4+1(r1; n) = 0. Hence, using Eq. (24)
we find that
o~ 2z—=B)By-1(2)
Z; =aqa — s
on(z; 1) n(Z—rl)(l—Oan)

where
rioy,

ay = ﬂan(l |0ln| )W.
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Note that g,—1(r1) = (1 — ,,12)—1’ so that it is not difficult to verify that

lim ¢, = ridy, lim c,a, =0, lim ¢,b, = ay,
r—r r—r r—ri
and
. |1 — Bay] 1
lim k, = .
r=r 1 —rionl /1 — |a,|?

On the other hand, if r = «,, € {0, B8, @1, ..., ay—1}, it follows from (25) that
én(1 — B2) — 2(z — B)Bu—1(2)

&n(z; 1) = by (z —ap)(opz — 1)

b

where
b — Na, (1 — ar2l)2 A (ot — B)on Bp—1(0t)
n = = and ¢, = — .
(1 = Ban)(1 — 2| By (an)|?) (1 = Bay)

2R 2
Note that g,—1(oty) = M, so that now it is not difficult either to verify that

l—«
lim ¢, = a,b,, lim cpa, = b,Cy, lim ¢,b, = b,
r—aoy r—ay r—an

and
. 11— Bay| \/ﬁ
i = gV~ et

Finally, the expression of ¢, (z; fi) for the more general case of ¥ € O can be found, using
the following theorem.

Theorem 13 (Rotated Weight Function). Let the weight function [i’ be given by
1 ir 2

Wz pore) = =
1z

Z—re

, rel0,1],

1—-8z

and denote [i'(z, B, r) by i’ (z, B). Furthermore, let ¢ A.n (2, B) represent the rational function
with poles in A = {l/ay,...,1/a,}, orthonormal on the unit circle with respect to the
weight function fi'(z, B, re\'), and let ¢B.n (U, ) represent the rational function with poles
in B = {1/By,...,1/B,), orthonormal on the unit circle with respect to the weight function
[ (u, ). Then it holds that

Gan 2. B) = dBa (u, w)
ffu=eciz, o=eBand B=e"A.
Proof. We have that

.12
. ; z—re'| dz
/‘L/(Z’ :8’ rell‘)dZ = — .
1-8z| 1z
it ir 2d ir
eu—re (e"u) it

. 1 9
ieu

1 — elfwel’y
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2

d
= = ' (u, w)du.
1u

u—r

1 —ou

Hence, it holds that ¢ , (¢, ®) is a rational function with poles u = 1/Ek, fork =1,...,n,
orthonormal on the unit circle with respect to the weight function &’'(z, 8, rel! ). Moreover, if
B = e ' 4, it follows that ¢B.n (u, ) has poles in z = 1/ay, for k = 1, ..., n. Hence, there
exists a unimodular constant y;,, so that

bAn (2, B) = VabBn (U, ).

Finally, if the leading coefficients of ¢ 4 ,, (z, B) and ¢, (4, w) are supposed to be positive real,
then it holds that y, = 1 due to the fact that {g, (1) = &g, (z) fork =1,...,n. 0O

Appendix

Theorem 14. The sequence of rational functions given by (12) forms a basis for the space

[Amﬁn_l]i'mﬂil. Let j and m; be as defined before in Remark 3. Then, the sequence

{(Kman—1(z, ¥i: WYL, (for the special case in which all the zeros are simple) is recovered by
setting j = m and m; = 1.

Proof. First, notice that for a fixed k and i we have that

* kman—1(z, w; 1) mact dk gy (w; 1)
gik(@) = ———— = Z o1(z5 1) ————
ow — dw
w=y; =0 w=y;
m+n—1 k-~ R m+n—1 -
. d*@r(w; ) - ~(k
= Z @1(z; ) <? = Z G1(z: W@ (i ),
[=0 w — 1=0
w=y;
where (Z)l(k) represents the kth derivative of ¢;. Hence, g; x(z) € [Im_H,_1 foreveryi =1,...,]

andk =0,...,m; — 1. _
Next, suppose f(z) is an arbitrary function in L, 1,—1 N A, L,—1, and of the form

m+n—1

f@= Y figizw.

=0
We then have foreveryi =1,...,jandk =0,...,m; — 1 that

m+n—1 _ m+n—1
< Yo a@we i, Y. figi u)>

(gix(2). f@)

=0 =0
m+n—lk—
= > 65 v =P =o0.
=0

Consequently, g; x(z) € [Amﬁn—l]tmﬂ_l

Finally, assume the rational functions g; x(z), withi = 1,..., jandk =0, ...,m; — 1, are
linear dependent, i.e. suppose there exist constants a; ¢, not all equal to zero, so that

foreveryi =1,...,jandk =0,...,m; — 1.

>

i=1 k=

mi—

1
a; k&ik(z) = 0.
0
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It then follows that

i om;—1 m+n—1 o
0= Z Yoai| Y @@ we (i w
i=1 k=0 1=0
m+n—1 j mi—1 AR m+n—1_
= Y a@w (> awgPoiw )= > bigiew.
=0 i=1 k=0 =0
where
j m;—1 .
=33 @ i ). (29)
i=1 k=0

Since the ORFs ¢; are linear independent, it must hold that

by =0 foreveryle{0,...,m+n—1}. (30)
Consider now the m X m square matrix
- -1 ~ ~(
Po(y1; (1) g Vow o Gy (m’ "ii )
- -1 -
. P1(y1: 1) ("” )()’l W apw o @
) : 1 e : SRR,
AR (VLN B iy ’(yl, W ) e G i)
From (29)—(30) and the fact that not every a; x equals zero, we should have that det B = 0. This
implies that there exist constants c;, not all equal to zero for/ = 0,...,m — 1, and a rational
function
m—1 B
h(2) =Y adi(z; w) € Ln,
1=0

so that h(k)(yl-) =O0foreveryi = 1,...,jand k = 0,...,m; — 1. But this can only be the
case if 2(z) = 0. Due to the fact that the ORFs ¢; are linear independent, we have that 2(z) = 0
iff ; =0for! =0,...,m — 1. Clearly, this is a contradiction, which means that the rational
functions g; 1 (z) are linear independent. [
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