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Abstract

Let A be an abelian variety over a number field K: If P and Q are K-rational points of A

such that the order of the ðmod pÞ reduction of Q divides the order of the ðmod p) reduction of

P for almost all prime ideals p; then there exists a K-endomorphism f of A and a positive

integer k such that fðPÞ ¼ kQ:
r 2003 Elsevier Science (USA). All rights reserved.
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This note solves the support problem for abelian varieties over number fields, thus
answering a question of Corrales-Rodrigáñez and Schoof [4]. Recently, Banaszak
et al. [2] and Khare and Prasad [6] have solved the problem for certain classes of
abelian varieties for which the images of the c-adic Galois representations can be
particularly well understood. A number of other authors have also made progress
recently on closely related problems, including Kowalski [7], Wong [11], and Ailon
and Rudnick [1].

The main result is as follows:

Theorem 1. Let K be a number field, OK its ring of integers, and O the coordinate ring

of an open subscheme of Spec OK : Let A be an abelian scheme over O and P;QAAðOÞ
arbitrary sections. Suppose that for all nAZ and all prime ideals p of O; we have
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the implication

nP � 0 ðmod pÞ ) nQ � 0 ðmod pÞ: ð1Þ

Then there exist a positive integer k and an endomorphism fAEndOðAÞ such that

fðPÞ ¼ kQ: ð2Þ

Note that as A is a Néron model of its generic fiber A [3, I 1.2/8], we have that
EndO A ¼ EndK A: We employ scheme notation only to make sense of the notion of
the reduction of a point of A ðmod pÞ:

It is clear that if Q ¼ fðPÞ; the order of any reduction of Q divides that of the
corresponding reduction of P: One might ask whether the converse is true or, in
other words, whether one can strengthen (2) to ask that k ¼ 1: The following
proposition shows that in general the answer is negative:

Proposition 2. There exist O; A; P; and Q as above such that (1) holds but

QeðEndO AÞP:

Proof. Let O be a ring containing 1=2: Let E=O be an elliptic curve with EndO

E ¼ Z whose 2-torsion is all O-rational. Let T1 and T2 denote distinct 2-torsion

points of EðOÞ; and let R denote a point of infinite order in EðOÞ: Let A ¼ E2;
P ¼ ðR;R þ T1Þ; and Q ¼ ðR;R þ T2Þ: Then the reductions of R and R þ T1

cannot both have odd order (since T1 has order exactly 2 in any reduction ðmod pÞ),
so P always has even order ðmod pÞ: Thus nP � 0 ðmod pÞ implies 2 j n and
therefore

nQ ¼ ðnR; nRÞ ¼ nP � 0 ðmod pÞ:

On the other hand, EndO A ¼ M2ðZÞ; so no endomorphism of A sends P to Q: &

Let E ¼ EndO A: We begin by showing that (2) is implied by its ðmod mÞ analogue
for sufficiently large m:

Lemma 3. Given O; A; and E as above and O-points P and Q of A; either P and Q

satisfy (2) or there exists n such that for all fAE and all mXn;

fðPÞ � QemAðOÞ:

Proof. The lemma follows from the Mordell–Weil theorem and the trivial fact that
the image of Q in the finitely generated abelian group AðOÞ=EP is of finite order if it
is m-divisible for infinitely many values of m: &

Next, we prove two simple algebraic lemmas.
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Lemma 4. Let G be a group with normal subgroups G1 and G2 such that G=Gi is finite

and abelian for i ¼ 1; 2: Let a be an automorphism of G such that aðGiÞCGi for

i ¼ 1; 2: Suppose a acts trivially on G=G1 and as a scalar m on G=G2; where m � 1 is

prime to G=G2: Then every coset of G1 meets every coset of G2:

Proof. Applying Goursat’s lemma [8, I, Example] to the a-equivariant map

c : G=ðG1-G2Þ-G=G1 	 G=G2;

we find normal subgroups H1*G1 and H2*G2 of G (automatically a-stable) such
that the image of c is the pullback to G=G1 	 G=G2 of the graph of an a-equivariant
isomorphism G=H1 *-G=H2: By hypothesis, the two sides of this isomorphism must
be trivial, so c is surjective, which proves the lemma. &

Lemma 5. Let M and N be left modules of a ring R: Suppose that N is semisimple. Let

a; bAHomRðM;NÞ be such that ker aCker b: Then there exists gAEndRðNÞ such that

b ¼ g3a:

Let Ma ¼ ker a and Mb ¼ ker b; so MaCMb: Let NaDM=Ma and NbDM=Mb

denote the images of a and b: Thus, Nb is isomorphic to a quotient of Na: As N is

semisimple, there is a projection map N-Na: Composing this with the quotient map
Na-Nb and the inclusion NbCN we obtain the desired map g:

We remark that Lemma 5 holds more generally for any abelian category.
We can now prove the main theorem. Let rc : GK-GL2gðZcÞ denote the c-adic

Galois representation given by the Tate module of A; and let %rc denote its ðmod cÞ
reduction. Let Gn denote the Galois group of the field Kn of n-torsion points on A: In

particular, Gc is the image of %rc: Let Mc ¼ EndZðA½c�ð %KÞÞDM2gðFcÞ denote the

endomorphism ring of the additive group of c-torsion points of A over %K: We choose
c sufficiently large that it enjoys the following properties:

(a) The group of homotheties in rcðGKÞ is of index oc� 1 in Z�
c:

(b) The image Ec of E in Mc and the subring of Mc generated by Gc are mutual
centralizers. In particular, both are semisimple algebras.

(c) If for some fAE; one has fðPÞ � QAcAðKÞ; then P and Q satisfy (2).

Part (a) follows from a result of Serre [10, Section 2]. Part (b) is a well-known
folklore corollary of Faltings’ proof of the Tate conjecture. See [9, p. 24] for a

statement. We sketch a proof. The endomorphism ring E acts on H1
singðA;ZÞ: Let E�

be the commutant of E in EndZH1
singðA;ZÞ and E�� its double commutant. As E#Q

is semisimple, E��#Q ¼ E#Q; so E is of finite index in E��: For c sufficiently large,
therefore, Ec ¼ E��

c : The commutator map gives a homomorphism of abelian groups

M2gðZÞ-HomðE;M2gðZÞÞ with kernel E�: The sequence

0-E�-M2gðZÞ-HomðE;M2gðZÞÞ
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remain exact after tensoring with Fc for cc0: Therefore, the commutant of Ec in Mc

is E�
c for cc0; and likewise the commutant of E�

c in Mc is E��
c ¼ Ec for cc0: By the

double commutant theorem, Ec and E�
c are semisimple. Now, Deligne [5, 2.7] asserts

that for all cc0; the commutant of E#Zc in the endomorphism ring of the c-adic
Tate module TcA ¼ H1

singðA;ZÞ#Zc; is the image of Zc½GK �; or in other

words, imðZc½GK �-EndðTcAÞÞ ¼ E�#Zc; which implies (b). Part (c) follows from
Lemma 3.

The Kummer sequence for A=K gives a natural Ec-equivariant embedding

AðKÞ=cAðKÞ+H1ðGK ;A½c�ð %KÞÞ ¼ H1ðGK ;A½c�ðKcÞÞ:

By (a), the group Gc contains a non-trivial subgroup Sc which acts by scalar
multiplication on A½c�ðKcÞ: Since

A½c�ðKcÞSc ¼ H1ðSc;A½c�ðKcÞÞ ¼ 0;

the inflation-restriction sequence

0-H1ðGc=Sc;A½c�ðKcÞScÞ-H1ðGc;A½c�ðKcÞÞ-H1ðSc;A½c�ðKcÞÞGc=Sc

implies H1ðGc;A½c�ðKcÞÞ ¼ 0: The inflation-restriction sequence

0-H1ðGc;A½c�ðKcÞÞ-H1ðGK ;A½c�ðKcÞÞ-H1ðGKc ;A½c�ðKcÞÞGc

implies

AðKÞ=cAðKÞ+HomðGKc ;A½c�ðKcÞÞGc ¼ HomFc½Gc�ðGab
Kc
#Fc;A½c�ðKcÞÞ ð3Þ

is injective. For any XAAðKÞ; we write ½X � for the class of the image of X þ cAðXÞ
in the right-hand side of (3).

Let Vc ¼ Gab
Kc
#Fc: Suppose that for all sAVc; the condition ½Q�ðsÞ ¼ 0 implies

½P�ðsÞ ¼ 0: Applying Lemma 5 to the Fc½Gc�-modules M ¼ Vc and N ¼ A½c�ðKcÞ; we
obtain an Fc½Gc�-module endomorphism g of N such that g3½P� ¼ ½Q�: By (b), the
endomorphism g lies in the image of Ec; and lifting it to an endomorphism fAE; we
conclude ½fðPÞ � Q� ¼ 0: By (3), this means fðPÞ � QAcAðKÞ; and by (c), this
implies (2).

Therefore, we may assume that there exists sAVc with ½Q�ðsÞ ¼ 0 and ½P�ðsÞa0:
The pair ðP;QÞ defines a Gc-equivariant map Vc-A½c�ðKcÞ 	 A½c�ðKcÞ: The Galois

action on A½c2�ð %KÞ defines a Gc-equivariant map Vc-Mc since we have

GalðKc2=KcÞ ¼ ker ðGc2-GcÞ+
log

kerðEndðA½c2�ð %KÞÞÞ-EndðA½c�ð %KÞÞ ¼ Mc:

By (a), there exists a non-trivial homothety in Gc: It acts trivially on Mc since the
action of Gc on Mc is by conjugation, and by definition, it acts as a non-trivial scalar
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on A½c�ðKcÞ 	 A½c�ðKcÞ: By Lemma 4, the image of Vc in A½c�ðKcÞ 	 A½c�ðKcÞ 	 Mc

is the product of its images in A½c�ðKcÞ 	 A½c�ðKcÞ and in Mc: Applying (a) again,
there exists sAVc such that ½P�ðsÞa0; ½Q�ðsÞ ¼ 0; and s maps to a non-zero
homothety in Mc:

Let Kc2ðc�1P; c�1QÞ denote the extension of Kc associated to

ker Vc-A½c�ðKcÞ 	 A½c�ðKcÞ 	 Mc;

thus Kc2ðc�1P; c�1QÞ is the extension of K generated by the coordinates of all points

RAAð %KÞ such that cRAZP þ ZQ þ A½c�ðKcÞ: By Cebotarev, we can fix a prime p of

O which is unramified in Kc2ðc�1P; c�1QÞ and whose Frobenius conjugacy class in

GalðKc2ðc�1P; c�1QÞ=KÞ contains the image of s in GalðKc2ðc�1P; c�1QÞ=KcÞ:
Reducing ðmod pÞ we obtain a finite field Fp such that the c-primary part of AðFpÞ
contains ðZ=cZÞ2g (since the Frobenius at p fixes Kc) but has no element of order c2

(since the Frobenius at p acts as a non-trivial homothety on

A½c2�ðKc2ðc�1P; c�1QÞÞ ¼ A½c2�ð %KÞ). Moreover, the image of P in AðFpÞ is not

divisible by c; but the image of Q is. This means that the order of P is divisible by c
but the order of Q is prime to c; contrary to (1). &

Corollary 6. Let K be a number field, OK its ring of integers, and O the coordinate ring

of an open subscheme of Spec OK : Let A1;A2 be abelian schemes over O and

PiAAiðOÞ arbitrary sections. Suppose that for all nAZ and all prime ideals p of O; we

have the implication

nP1 � 0 ðmod pÞ ) nP2 � 0 ðmod pÞ:

Then there exist a positive integer k and an endomorphism cAHomOðA1;A2Þ such

that

cðP1Þ ¼ kP2:

Proof. Let A ¼ A1 	A2; P ¼ ðP1; 0Þ; Q ¼ ð0;P2Þ: Applying Theorem 1, we
conclude that there exist a positive integer k and an endomorphism

fAEndO A ¼ EndO A1 	 EndO A2 	HomOðA1;A2Þ 	HomOðA2;A1Þ

such that fðPÞ ¼ kQ: Letting c denote the image of f under projection to
HomOðA1;A2Þ; we obtain the corollary. &
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