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Abstract

We prove that any product of quotient maps in the category of quasi-uniform spaces and quasi-uniformly continuous maps
is a quotient map. We also show that a quasi-uniformly continuous map from a product of quasi-uniform spaces into a quasi-
pseudometric T0-space depends on countably many coordinates.

Furthermore we characterize those quasi-uniformities that are unique in their quasi-proximity class and prove that this property
is preserved under arbitrary products in the category of quasi-uniform spaces.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In [8] Hušek and Rice proved that any product of quotient maps in the category of uniform spaces and uniformly
continuous maps is a quotient map. In this note we first show that the corresponding result also holds in the category
of quasi-uniform spaces and quasi-uniformly continuous maps. Generalizing another result from the symmetric to the
asymmetric setting, we then prove that each quasi-uniformly continuous map from a product of quasi-uniform spaces
into a quasi-pseudometric T0-space depends on countably many coordinates. This can be considered a variant of a
result of Vidossich [19] about uniform and metric spaces.

In the main part of the article we shall deal with quasi-uniformities that are unique in their quasi-proximity class.
We characterize this property and use the characterization to prove that the property is preserved under arbitrary
products. This result should be compared with a result due to Isbell [10] and Hušek [7] who proved that the product
of an arbitrary family of totally bounded proximally fine uniformities is (totally bounded and) proximally fine. It is
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worth mentioning that our proof seems not to generalize the known techniques from the symmetric to the asymmetric
setting. Instead we obtain the theorem from the truly asymmetric result that if for each i ∈ I the quasi-proximity class
of the totally bounded quasi-uniformity Ui contains only hereditarily precompact quasi-uniformities, then the quasi-
proximity class of the product quasi-uniformity

∏
i∈I Ui contains only hereditarily precompact quasi-uniformities.

We shall assume that the reader is familiar with the basic theory and notation from the area of quasi-uniformities
(see [4]). In particular given a quasi-uniformity U , Uω will denote the finest totally bounded quasi-uniformity coarser
than U , and U s the uniformity U ∨ U−1.

Throughout we shall use the well-known fact that (Uω)−1 = (U−1)ω [4, Corollary 1.40].
We also recall that if U and V are two quasi-uniformities on a set X, then (U ∨ V)ω = U ∨ Vω provided that U is

totally bounded (compare [4, Proposition 1.40]). Given a quasi-uniformity U on a set X, by �δU we shall denote the
strong inclusion of the quasi-proximity δU induced by the quasi-uniformity U on X. A quasi-uniform space (X,U)

is called precompact if for each entourage U ∈ U there is a finite subset F of X such that U(F) = X. It is called
hereditarily precompact if each of its subspaces is precompact. As usual, we say that a quasi-uniform space (X,U) is
totally bounded if the uniformity U s is precompact.

2. Products of quasi-uniform quotient maps

Qunif will denote the category of quasi-uniform spaces and quasi-uniformly continuous maps and we shall often
use the following convention concerning notation (besides the one used in the book of Fletcher and Lindgren [4]). For
a quasi-uniform space X the quasi-uniformity of the space X will be denoted by UX . Furthermore, for a quasi-uniform
space X, DX will denote the underlying set of X equipped with the discrete uniformity.

As usual, an onto quasi-uniformly continuous map q :X → Y between quasi-uniform spaces X and Y is called
quotient if the facts that h :Y → Z is any map into a quasi-uniform space Z and h ◦ q is quasi-uniformly continuous
imply that h is quasi-uniformly continuous.

It is known that given a quasi-uniformly continuous surjection f :X → Y between quasi-uniform spaces X and Y ,
f is quotient if and only if Y carries the finest quasi-uniformity that makes f quasi-uniformly continuous (compare
[1,5]).

In [8] Hušek and Rice generalize to infinite products the result of Isbell [9, Exercise 8, p. 53] that a finite product
of quotient mappings between uniform spaces is quotient. The proof of Theorem 2.1 below imitates the argument
developed in [8] for the category of uniform spaces and uniformly continuous maps, with the essential difference that
we have to use entourages instead of uniform coverings (compare also [6]).

Lemma 2.1. Let X and Y be two quasi-uniform spaces. Then the product quasi-uniformity UX×Y is the finest quasi-
uniformity that is coarser than both UX×DY and UDX×Y .

Proof. In the notation of lattice theory, we have to show that UDX×Y ∧ UX×DY = UX×Y . To prove the nontrivial
inclusion, let W,Z ∈ UDX×Y ∧ UX×DY be such that W 2 ⊆ Z. Then there are U ∈ UX and V ∈ UY such that U(x) ×
{y} ⊆ W(x,y) and {x} × V (y) ⊆ W(x,y) whenever x ∈ X and y ∈ Y . Fix x ∈ X and y ∈ Y . Consider any (a, b) ∈
U(x) × V (y). Then (a, b) ∈ U(x) × {b} ⊆ W(x,b) and (x, b) ∈ {x} × V (y) ⊆ W(x,y). Thus (a, b) ∈ W 2(x, y) ⊆
Z(x, y). Therefore U(x) × V (y) ⊆ Z(x, y) whenever x ∈ X and y ∈ Y , and consequently Z ∈ UX×Y . The stated
equality has been established. �
Lemma 2.2. Let f :X → Y be a quotient map between quasi-uniform spaces X and Y . Furthermore let g :D → E

be any surjection, where D and E are uniform spaces carrying the discrete uniformity. Then f × g :X ×D → Y ×E

is a quotient map between quasi-uniform spaces.

Proof. Let Z be a quasi-uniform space and let h :Y × E → Z be any map between the underlying sets of Y × E and
Z such that h ◦ (f × g) is quasi-uniformly continuous.

So let (Zn)n∈ω be a sequence of entourages belonging to UZ such that Z2
n+1 ⊆ Zn whenever n ∈ ω. For each n ∈ ω,

set Wn = (h × h)−1Zn.
Then for each n ∈ ω, Wn is reflexive and we have W 2

n+1 ⊆ Wn. Furthermore ((f × g) × (f × g))−1Wn ∈ UX×D

whenever n ∈ ω, since h ◦ (f × g) is quasi-uniformly continuous.
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For each n ∈ ω set Vn = {(y1, y2) ∈ Y × Y : ((y1, e), (y2, e)) ∈ Wn whenever e ∈ E}.
Then for each n ∈ ω, Vn is reflexive and V 2

n+1 ⊆ Vn whenever n ∈ ω: Fix n ∈ ω. Suppose that y ∈ Y . For any
e ∈ E we have ((y, e), (y, e)) ∈ Wn. So Vn is indeed reflexive. Suppose that ((y1, e), (y2, e)), ((y2, e), (y3, e)) ∈ Wn+1
whenever e ∈ E; then ((y1, e), (y3, e)) ∈ Wn whenever e ∈ E. Thus V 2

n+1 ⊆ Vn.
Observe also that if each Vn ∈ UY , then for all n ∈ ω, Wn ∈ UY×E , since by the definition of Vn, {((y1, e), (y2, e)):

(y1, y2) ∈ Vn, e ∈ E} ∈ UY×E and {((y1, e), (y2, e)): (y1, y2) ∈ Vn, e ∈ E} ⊆ Wn.
So we shall conclude that h is quasi-uniformly continuous, and thus f × g is a quotient map, if we can show that

Vn ∈ UY whenever n ∈ ω.
In order to see that each Vn belongs to UY , we only need to show that (f × f )−1(Vn) ∈ UX whenever n ∈ ω,

because f is a quotient map.
Fix n ∈ ω. Since ((f × g)× (f × g))−1Wn ∈ UX×D , there is Mn ∈ UX such that {((f (m1), g(d)), (f (m2), g(d))):

(m1,m2) ∈ Mn and d ∈ D} ⊆ Wn. Let (m1,m2) ∈ Mn. Consider any e ∈ E. Since g is surjective, there exists d ∈ D

such that g(d) = e. We deduce that (f (m1), f (m2)) ∈ Vn by definition of Vn and hence Mn ⊆ (f × f )−1Vn.
So we finally conclude that each Vn belongs to UY and hence h is quasi-uniformly continuous. �

Lemma 2.3. The product f1 ×f2 of two quotient maps f1 :X1 → Y1 and f2 :X2 → Y2 between quasi-uniform spaces
X1 and Y1, and X2 and Y2, respectively, is a quotient map.

Proof. Assume that h ◦ (f1 × f2) :X1 × X2 → Z is quasi-uniformly continuous for a map h :Y1 × Y2 → Z into an
arbitrary quasi-uniform space Z. By Lemma 2.2, f1 ×f2 :X1 ×DX2 → Y1 ×DY2 and f1 ×f2 :DX1 ×X2 → DY1 ×
Y2 are quotient maps. Therefore, considering the quasi-uniformly continuous maps h ◦ (f1 × f2) :X1 × DX2 → Z

and h ◦ (f1 × f2) :DX1 × X2 → Z, we conclude that h :Y1 × DY2 → Z and h :DY1 × Y2 → Z are quasi-uniformly
continuous. Hence by Lemma 2.1, h :Y1 × Y2 → Z is quasi-uniformly continuous. �
Theorem 2.1. The product

∏
I fi of any family (fi)i∈I of quotient maps fi :Xi → Yi in Qunif (where i ∈ I ) is a

quotient map.

Proof. From Lemma 2.3 one obtains the result for finite I by induction.
For the case of infinite I , assume that k = h ◦ (

∏
I fi) :

∏
I Xi → Z is quasi-uniformly continuous where

h :
∏

I Yi → Z is any map into a quasi-uniform space Z.
Let R ∈ UZ . Because k is quasi-uniformly continuous, there exists a finite set J ⊆ I such that if x, y ∈ ∏

I Xi

and πX
J (x) = πX

J (y), then (k(x), k(y)) ∈ R. Here πX
J :

∏
I Xi → ∏

J Xi denotes the obvious projection. Similarly we
define πY

J :
∏

I Yi → ∏
J Yi .

Suppose that a is a (fixed) point in
∏

I Xi . Let b = (
∏

I fi)(a). Define ea :
∏

J Xi → ∏
I Xi by(

ea(p)
)
i
= ai if i /∈ J,(

ea(p)
)
j

= pj if j ∈ J.

Similarly, define eb :
∏

J Yi → ∏
I Yi by(

eb(q)
)
i
= bi if i /∈ J,(

eb(q)
)
j

= qj if j ∈ J.

Note that ea and eb are quasi-uniformly continuous and that (
∏

I fi) ◦ ea = eb ◦ (
∏

J fi).
By the first observation in this proof,

∏
J fi :

∏
J Xi → ∏

J Yi is a quotient map. Since the map h ◦ (
∏

I fi) ◦ ea =
(h ◦ eb) ◦ ∏

J fi is quasi-uniformly continuous, it then follows that h ◦ eb , and hence he := h ◦ eb ◦ πY
J :

∏
I Yi → Z

are quasi-uniformly continuous.
Since he is quasi-uniformly continuous, there is V ∈ U∏

I Yi
such that (he(p),he(q)) ∈ R whenever (p, q) ∈ V .

Consider now any (p, q) ∈ V . Choose p′, q ′ ∈ ∏
I Xi such that (

∏
I fi)(p

′) = p and (
∏

I fi)(q
′) = q . We want to

show that (h(p),h(q)) ∈ R3.
First observe that (h(p),he(p)) = ((h ◦ (

∏
I fi))(p

′), (h ◦ eb ◦ πY
J )(p)) = (k(p′), (k ◦ ea ◦ ∏X

J )(p′)) ∈ R by the
continuity property of k mentioned above and since (

∏
I fi) ◦ ea ◦ πX

J = eb ◦ πY
J ◦ (

∏
I fi).

We already know that (he(p),he(q)) ∈ R.
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Finally, (he(q),h(q)) = ((h ◦ eb ◦ πY
J )(q), (h ◦ (

∏
I fi))(q

′)) = ((k ◦ ea ◦ ∏X
J )(q ′), k(q ′)) ∈ R.

Consequently, (h(p),h(q)) ∈ R3 and we conclude that h is quasi-uniformly continuous. Hence we are done. �
3. Quasi-uniformly continuous maps on quasi-uniform products

Let us recall that a (real-valued) T0-quasi-pseudometric d on a set X is a function d :X × X → [0,∞) such that
for all x, y, z ∈ X,

(1) d(x, x) = 0;
(2) d(x, z) � d(x, y) + d(y, z);
(3) d(x, y) = d(y, x) = 0 implies that x = y.

The following result and its proof should be compared with a corresponding result of Vidossich [19, Theorem]
about uniformly continuous maps from a subspace of a product of uniform spaces into a metric space.

Theorem 3.1. Let Z be any subset of the product of an arbitrary family (Xi)i∈I of quasi-uniform spaces. Then
every quasi-uniformly continuous map f :Z → (Y, d) where (Y, d) is a T0-quasi-pseudometric space has the form
g ◦ (π |Z) with π :

∏
i∈I Xi → ∏

i∈C Xi being the projection with some countable C ⊆ I , and g :π(Z) → Y being a
quasi-uniformly continuous map. (One says that f depends on the countably many coordinates in C (compare [7]).)

Proof. By quasi-uniform continuity of f , for each n ∈ ω there are a finite subset In of I and entourages Ui of UXi

where i ∈ In, such that

d
(
f (x), f (y)

)
<

1

n + 1

whenever (x, y) ∈ [⋂i∈In
(πi × πi)

−1Ui] ∩ Z. Put C = ⋃
n∈ω In and let π be the projection (xi)i∈I → (xi)i∈C .

For every x ∈ π(Z), let zx be a point of Z ∩ π−1({x}). Define the map g :π(Z) → Y by x → f (zx).
If z′, z′′ ∈ Z have the same image under π , then d(f (z′), f (z′′)) < 1

n+1 whenever n ∈ ω, since each In ⊆ C. This
implies by symmetry that d(f (z′), f (z′′)) = 0 = d(f (z′′), f (z′)), that is, f (z′) = f (z′′). Therefore g is well defined.

From the definition of g it follows that f = g ◦ (π |Z).
Let n ∈ ω. Suppose that z, z′ ∈ Z such that (π(z)i ,π(z′)i) ∈ Ui whenever i ∈ In. Then d(gπ(z), gπ(z′)) =

d(f (z), f (z′)) < 1
n+1 by assumption. Thus g is quasi-uniformly continuous. �

The following question is motivated by the result of Hušek (see [7, Proposition 1]) who proved that a proximally
continuous map f :

∏
i∈I Xi → Y from the (whole) product of a family (Xi)i∈I of uniform spaces into a metric space

Y depends on countably many coordinates.

Problem 3.1. Let f :
∏

i∈I Xi → Y be a quasi-proximally continuous map from the product of a family (Xi)i∈I of
quasi-uniform spaces into a T0- quasi-pseudometric space Y . Does f depend on countably many coordinates (compare
[7])?

4. Quasi-proximally unique quasi-uniformities

In this section we shall make use of the following terminology.

Definition 4.1. A quasi-uniformity is called quasi-proximally fine if it is the finest quasi-uniformity in its quasi-
proximity class.

A quasi-uniformity is called quasi-proximally unique if it is unique in its quasi-proximity class.
A uniformity is called proximally fine if it is the finest uniformity in its proximity class.
A uniformity is called proximally unique if it is unique in its proximity class.

Note that if a quasi-uniformity U is quasi-proximally fine, then U−1 is quasi-proximally fine, too.
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Similarly, if a quasi-uniformity U is quasi-proximally unique, then U−1 is quasi-proximally unique, too.
Observe also that each quasi-proximally unique quasi-uniformity and each proximally unique uniformity is totally

bounded.
We illustrate these concepts by some examples. The following example is well known. In fact it is based on old

results due to Efremovič [2] and Smirnov [18] about proximity spaces.

Example 4.1. Let U be a totally bounded uniformity with a countable base. Then U is proximally unique.

Proof. Recall that a uniformity having a countable base is proximally fine (see e.g. [4, Corollary 1.59]). Since U
is totally bounded, it is also the coarsest member of its uniformity class (see e.g. [4, Corollary 1.34]). Hence U is
proximally unique. �

We recall that Losonczi [15] has shown that the coarsest compatible (totally bounded) quasi-uniformity Q0 of a lo-
cally compact Hausdorff space X is quasi-proximally unique if and only if X is compact or non-Lindelöf. Furthermore
he noted that the quasi-proximity class of Q0 always has a quasi-proximally fine member.

It is well known (see [17, p. 129], or e.g. [4, Theorem 1.46]) that a locally compact Hausdorff space X also admits
a coarsest uniformity U0.

Note that U0 = (Q0)
s , since by definition Q0 ⊆ U0 and so (Q0)

s is a compatible uniformity on X. It has been
proved that U0 = Q0 if and only if X is compact (see e.g. [4, Proposition 1.47]).

Example 4.2. Consider the coarsest compatible uniformity U0 and the coarsest compatible quasi-uniformity Q0 on
the countably infinite discrete topological space with underlying set ω.

Note that Q0 is generated by the subbasic entourages[(
ω \ {n}) × ω

] ∪ [
ω × {n}]

where n ∈ ω.
Since U0 has a countable base, it is proximally unique by Example 4.1. However the quasi-uniformity generated on

ω by the subbase {�} ∪U0, where � denotes the usual order relation on ω, is strictly finer than U0, but clearly induces
the same (quasi-)proximity as U0. Hence U0 is not quasi-proximally unique.

Note that the quasi-proximity class of U0 does not contain a finest member F : Suppose otherwise. Then Fω =
U0 = (F−1)ω, since U0 is a uniformity, and therefore F = F−1, since F is quasi-proximally fine. Hence F is a
uniformity and would agree with U0, because U0 is proximally unique—a contradiction to the fact that U0 is not
quasi-proximally fine. Indeed our argument shows that the quasi-proximity class of a proximally unique uniformity
that is not quasi-proximally unique does not have a quasi-proximally fine member.

Observe however that Q0 has a finest member E in its quasi-proximity class according to Losonczi. It can be de-
scribed as the conjugate of the finest compatible quasi-uniformity of the cofinite topology on the set ω. Since the latter
topology is hereditarily compact, it admits a unique compatible totally bounded quasi-uniformity [4, Theorem 2.36],
namely (Q0)

−1, which is equal to the Pervin quasi-uniformity of the cofinite topology on ω.
For the following investigations it is also interesting to note that all quasi-uniformities in the quasi-proximity class

of (Q0)
−1 are hereditarily precompact, because their induced topologies are hereditarily compact, while E is a member

of the quasi-proximity class of Q0 that is not hereditarily precompact, since it contains the entourage �.

Proposition 4.1. Let f : (X,U) → (Y,V) be a quasi-proximally continuous surjection between quasi-uniform spaces
(X,U) and (Y,V) and suppose that U is quasi-proximally unique. Then V is quasi-proximally unique.

Proof. Let V ′ be any quasi-uniformity in the quasi-proximity class of V . Since f is quasi-proximally continuous,
there is a quasi-uniformity U ′ in the quasi-proximity class of U such that f : (X,U ′) → (Y,V ′) is quasi-uniformly
continuous (see [4, Proposition 1.55]). Then U ′ = U , since U is quasi-proximally unique, so that f : (X,U) → (Y,V ′)
is quasi-uniformly continuous. Because U is totally bounded and f quasi-uniformly continuous, we conclude that V ′
is totally bounded, too. Hence V is quasi-proximally unique. �
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Corollary 4.1. Suppose that U is a totally bounded quasi-uniformity on a set X such that U s is quasi-proximally
unique. Then U is quasi-proximally unique.

Proof. Consider the identity map i : (X,U s) → (X,U) and note that i is quasi-uniformly continuous. Apply now
Proposition 4.1. �

The converse of Corollary 4.1 does not hold, as Example 4.3 will show.

Proposition 4.2. Let U be a totally bounded quasi-uniformity on a set X such that the topology τ(U s) is pseudocom-
pact. Then U is quasi-proximally unique.

Proof. Let V be a quasi-uniformity on X such that Vω = U . Since then τ(U) = τ(V) and τ(U−1) = τ(V−1), we have
τ(U s) = τ(Vs). Because τ(U s) is pseudocompact, by [3, Problem 8.5.10] we conclude that the uniformity Vs and
therefore the quasi-uniformity V are totally bounded. Thus V = U and the quasi-uniformity U is quasi-proximally
unique. �

Next we prove a technical proposition whose proof is rather involved. The difficult part is to verify that the con-
structed quasi-uniformity V belongs to the quasi-proximity class of the given quasi-uniformity U . We should point out
that the underlying construction becomes rather straightforward in the case that the quasi-uniformity Uω is transitive
(compare Corollary 4.2 below).

Proposition 4.3. The quasi-proximity class of a quasi-uniformity U on a set X contains a quasi-uniformity V that is
not hereditarily precompact if and only if there are subsets Pn,P

′
n of X with n ∈ ω and subsets P,P ′ of X such that

(a) Pn �δU P ′
n whenever n ∈ ω,

(b) P �δU P ′,
(c) P ′ ⊆ ⋃

n∈ω Pn,
(d) for each n ∈ ω there is a point yn ∈ P ∩ Pn such that yn /∈ P ′

k whenever k ∈ ω and k < n.

Proof. Suppose that V is a quasi-uniformity which is not hereditarily precompact and belongs to the quasi-proximity
class of U . Then there are V ∈ V and a sequence (yn)n∈ω of points in X such that yn+1 /∈ V 2({y1, . . . , yn}) whenever
n ∈ ω. For each n ∈ ω we put Pn := V (yn) and P ′

n := V 2(yn). Furthermore we set P := {yn: n ∈ ω} and P ′ :=
V ({yn: n ∈ ω}). Consequently all conditions stated in the proposition are clearly satisfied for the defined sets.

For the converse, assume that for a given quasi-uniformity U on a set X there exist subsets Pn,P
′
n,P,P ′ of X and

points yn with n ∈ ω as described in the proposition.
We want to construct a quasi-uniformity V on X that is not hereditarily precompact, but belongs to the quasi-

proximity class of U .
First we define the standard T0-quasi-pseudometric m on the real unit interval [0,1] as follows: m(x,y) = x − y if

x � y and m(x,y) = 0 otherwise. By Um we shall denote the usual quasi-pseudometric quasi-uniformity induced by
m on [0,1]. Recalling the well-known separation result of Urysohn type for quasi-proximities [4, Lemma 1.57],
we see that for each n ∈ ω there exists a quasi-proximally continuous map fn : (X,U) → ([0,1],Um) such that
fn(Pn) = 1 and fn(X \ P ′

n) = 0. Similarly there is a quasi-proximally continuous map f : (X,U) → ([0,1],Um)

such that f (P ) = 1 and f (X \ P ′) = 0.
For each ε ∈ [ 1

4 , 3
4 ] and n ∈ ω, set Zn,ε = f −1

n [1 − ε,1] and Zε = f −1[1 − ε,1].
Moreover put Dn,ε = Zε ∩ ⋃

k�n Zk,ε whenever n ∈ ω and ε ∈ [ 1
4 , 3

4 ].
Note that

⋃
n∈ω Dn,ε = Zε �δU Zε′ = ⋃

n∈ω Dn,ε′ whenever ε, ε′ ∈ [ 1
4 , 3

4 ] and ε < ε′, because f is quasi-
proximally continuous and for each ε ∈ [ 1

4 , 3
4 ], Zε ⊆ P ′ ⊆ ⋃

n∈ω Pn ⊆ ⋃
n∈ω Zn,ε .

We also observe that for each n ∈ ω, yn ∈ D
n, 1

4
, because yn ∈ Pn ∩ P ⊆ Z

n, 1
4

∩ Z 1
4
, but yn+1 /∈ D

n, 3
4
, because

fk(yn+1) = 0 and thus yn+1 /∈ Z
k, 3

4
whenever k ∈ ω such that k � n.

Summarizing we remark that therefore for each n ∈ ω and ε ∈ [ 1
4 , 3

4 ] there exists a subset Dn,ε of X satisfying the
following three conditions:
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(i) Dn,ε ⊆ Dn+1,ε and Dn,ε �δU Dn,ε′ whenever n ∈ ω and ε, ε′ ∈ [ 1
4 , 3

4 ] with ε < ε′.
(ii)

⋃
n∈ω Dn,ε �δU

⋃
n∈ω Dn,ε′ whenever ε, ε′ ∈ [ 1

4 , 3
4 ] with ε < ε′.

(iii) There is a sequence (yn)n∈ω of points in X such that for each n ∈ ω, we have yn ∈ D
n, 1

4
, but yn+1 /∈ D

n, 3
4
.

For each m ∈ ω \ {0} we now set

Wm =
⋂
n∈ω

(
2m−1−1⋂

�=0

Hn,�,m

)

where

Hn,�,m = [
(X \ D

n, 1
4 +�2−m) × X

] ∪ [X × D
n, 1

4 +(�+1)2−m ].
We see that W 2

m+1 ⊆ Wm whenever m ∈ ω \ {0}: For each n ∈ ω, m ∈ ω \ {0} and � = 0, . . . ,2m−1 − 1 it follows in
the usual way that

(Hn,2�,m+1 ∩ Hn,2�+1,m+1)
2 ⊆ Hn,�,m

(compare [4, Theorem 1.33]).
Hence {Wm: m ∈ ω \ {0}} is a (decreasing) base for a quasi-uniformity W on X.
Note that W is not hereditarily precompact, because (yk, yn) /∈ W1 = ⋂

p∈ω([(X \ D
p, 1

4
) × X] ∪ [X × D

p, 3
4
])

whenever n, k ∈ ω and n > k.
We are now ready to start the proof that Wω ⊆ Uω .
Fix m ∈ ω \ {0}. For convenience, also set D

ω, 1
4 +�2−m = X whenever l = 0, . . . ,2m−1. Next we define the concept

of a type of a point x ∈ X (relative to Wm).
For each � = 0, . . . ,2m−1 − 1 let n(�, x) be the minimal n ∈ ω such that x ∈ D

n, 1
4 +�2−m ; set n(�, x) = ω if there is

no such n ∈ ω.
Let us observe that for each x ∈ X, the finite sequence (n(�, x))�=0,...,2m−1−1 is non-increasing, since Dn,ε ⊆ Dn,ε′

whenever n ∈ ω and ε, ε′ ∈ [ 1
4 , 3

4 ] such that ε < ε′.
We shall call the sequence (n(�, x))�=0,...,2m−1−1 the type t (x) of x ∈ X.
Note that

x ∈
2m−1−1⋂

�=0

D
n(�,x), 1

4 +�2−m.

In the light of condition (i) one also verifies that

Wm(x) =
2m−1−1⋂

�=0

D
n(�,x), 1

4 +(�+1)2−m.

Consider now an arbitrary C ⊆ X. We want to show that C �δU Wm(C). The idea is to write C as the union of
finitely many subsets each of which satisfies the latter condition; it then follows that C fulfils it. Those subsets are
found using the types of the points of C.

Set C2m−1 = {a ∈ C: n(�, a) = ω whenever � � 2m−1 − 1}.
For each q ∈ ω such that q � 2m−1 − 1 we set Cq = {a ∈ C: n(q, a) is the first term of t (a) distinct from ω}.

Obviously C = ⋃2m−1

q=0 Cq . Hence it will suffice to prove that Cq �δU Wm(Cq) whenever q ∈ {0, . . . ,2m−1}.
For the next part of the proof we need some additional notation.
The empty sequence is considered a finite sequence. If n ∈ ω and s = (sf , . . . , s2m−1−1) is a finite (possibly empty)

sequence with terms s� in ω + 1 having as its domain the finite interval [f,2m−1 − 1] (where f ∈ ω) of ω and where
the terms s� are listed in the order determined by increasing indices, we shall denote the sequence obtained from n

and s (in this order) with the help of concatenation by n‖s, that is, n‖s = (n, sf , . . . , s2m−1−1). (In particular s is the
empty sequence if f > 2m−1 − 1 so that the interval domain is empty.)

Fix q ∈ {0, . . . ,2m−1}. In a next step we want to write Cq as the union of finitely many subsets.
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Let M be the set of the finite non-increasing sequences s = (sf , . . . , s2m−1−1) with terms s� in ω + 1 that satisfy
simultaneously the following two conditions:

(1a) for infinitely many p ∈ ω there is some point ap ∈ Cq such that p‖s is a final segment of t (ap), or
(1b) s = t (a) for some point a ∈ Cq ; and
(2) there is no shorter (that is, the length of the interval domain is strictly smaller) final segment r of s such that for

infinitely many p ∈ ω there is some point ap ∈ Cq such that p‖r is a final segment of t (ap).

Note next that the set M is finite:
Assume the contrary. Obviously each sequence s = (sf , . . . , s2m−1−1) has at most 2m−1 terms. Thus our assumption

that M is infinite implies that there is an index � � 2m−1 −1 such that {s�: s ∈ M} is infinite. Without loss of generality
we assume that � is chosen maximal with respect to the latter property.

But then E := {(s�+1, . . . , s2m−1−1): s ∈ M} is finite. (Recall that here (s2m−1 , . . . , s2m−1−1) means the empty se-
quence.) Therefore there is (t�+1, . . . , t2m−1−1) ∈ E so that for infinitely many s� ∈ ω there is a point a(s�) ∈ Cq such
that s�‖(t�+1, . . . , t2m−1−1) is a final segment of t (a(s�)). However by condition (2) used in the definition of M , we
then see that the corresponding sequences s do not belong to M , because (t�+1, . . . , t2m−1−1) is shorter than each
such s. We have reached a contradiction and conclude that M is finite.

For each s ∈ M , set Cq,s = {a ∈ Cq : s is a final segment of t (a)}.
We claim that Cq = ⋃

s∈M Cq,s .
Indeed consider any a ∈ Cq . We distinguish two cases:
Case 1: There is a shortest (possibly empty) final segment s of t (a) such that {p ∈ ω: there is x ∈ Cq such that p‖s

is a final segment of t (x)} is infinite. Then by definition it follows that s ∈ M and a ∈ Cq,s .
Case 2: There is no such final segment, in which case t (a) ∈ M and a ∈ Cq,t (a).
Hence we have verified that claim.
It remains to check that Cq,s �δU Wm(Cq,s) whenever s ∈ M .
First let s ∈ M be such that there is a0 ∈ Cq with s = t (a0) (see condition (1b) above). We have Cq,s = {a ∈

Cq : t (a) = t (a0)}. Note that Cq,s ⊆ ⋂2m−1−1
�=0 D

n(�,a0),
1
4 +�2−m . Furthermore Wm(Cq,s) = ⋂2m−1−1

�=0 D
n(�,a0),

1
4 +(�+1)2−m .

Hence Cq,s �δU Wm(Cq,s).
Consider now any s = (sf +1, . . . , s2m−1−1) ∈ M with fewer than 2m terms (see condition (1a)). Since types are

non-increasing, by condition (1a) used in the definition of M , we see that q � f and all terms of s are distinct from ω.
Observe that for any a ∈ Cq,s and � < q , we have D

n(�,a), 1
4 +�2−m = X, because n(�, a) = ω.

Then

Cq,s ⊆
⋃

a∈Cq,s

[(
f⋂

�=q

D
n(�,a), 1

4 +�2−m

)
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +�2−m

)]

=
(

f⋂
�=q

(⋃
n∈ω

D
n, 1

4 +�2−m

))
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +�2−m

)
.

The nontrivial inclusion of the last equality, namely

(
f⋂

�=q

(⋃
n∈ω

D
n, 1

4 +�2−m

))
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +�2−m

)
⊆

⋃
a∈Cq,s

[(
f⋂

�=q

D
n(�,a), 1

4 +�2−m

)
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +�2−m

)]
,

is a consequence of the facts that by condition (1a) used in the definition of s the set {n(f, a): a ∈ Cq,s} is un-
bounded in ω, types are non-increasing and Dn,ε ⊆ Dn+1,ε whenever n ∈ ω and ε ∈ [ 1

4 , 3
4 ]: Indeed for any sequence

(nq, . . . , nf ) with terms in ω we can find a ∈ Cq,s such that max{nq, . . . , nf } � n(f, a), and thus n� � n(�, a) when-
ever � = q, . . . , f .

Furthermore analogously we get
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Wm(Cq,s) =
⋃

a∈Cq,s

[(
f⋂

�=q

D
n(�,a), 1

4 +(�+1)2−m

)
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +(�+1)2−m

)]

=
(

f⋂
�=q

(⋃
n∈ω

D
n, 1

4 +(�+1)2−m

))
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +(�+1)2−m

)
.

Observe finally that by conditions (i) and (ii) mentioned above(
f⋂

�=q

(⋃
n∈ω

D
n, 1

4 +�2−m

))
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +�2−m

)

�δU

(
f⋂

�=q

(⋃
n∈ω

D
n, 1

4 +(�+1)2−m

))
∩

(
2m−1−1⋂
�=f +1

D
s�,

1
4 +(�+1)2−m

)
.

It follows that Cq,s �δU Wm(Cq,s).
Thus altogether we deduce that C �δU Wm(C). Hence Wω ⊆ Uω.
We conclude that the quasi-uniformity V := W ∨ Uω is not hereditarily precompact, but belongs to the quasi-

proximity class of U , since (W ∨ Uω)ω = Wω ∨ Uω = Uω . �
Lemma 4.1. Let U be a quasi-uniformity on a set X. Then U is quasi-proximally unique if and only if both the
quasi-proximity classes of U and of U−1 contain only hereditarily precompact quasi-uniformities.

Proof. Note first that a quasi-uniformity is totally bounded if and only if its conjugate is totally bounded. Furthermore
if a quasi-uniformity V belongs to the quasi-proximity class of a quasi-uniformity U , then V−1 belongs to the quasi-
proximity class of U−1.

Assume now that U is quasi-proximally unique. Then each member of the quasi-proximity class of U is totally
bounded and thus hereditarily precompact. Hence also each member of the quasi-proximity class of U−1 is totally
bounded and thus hereditarily precompact.

On the other hand, suppose that U is not quasi-proximally unique. Then the quasi-proximity class of U contains a
member V that is not totally bounded. Therefore V or V−1 is not hereditarily precompact by [12, Lemma 1.1]. Hence
the quasi-proximity class of U or that of U−1 contains a member that is not hereditarily precompact. �

The preceding lemma together with Proposition 4.3 can be considered a characterization of quasi-proximally
unique quasi-uniformities. We next show that the latter proposition and the second part of its proof can be considerably
simplified if Uω is transitive.

Corollary 4.2. The quasi-proximity class of a transitive quasi-uniformity U on a set X contains a member V that is
not hereditarily precompact if and only if there is a sequence (Dn)n∈ω of subsets of X such that

(i) (Dn)n∈ω is strictly increasing,
(ii) Dn �δU Dn whenever n ∈ ω, and

(iii)
⋃

n∈ω Dn �δU
⋃

n∈ω Dn.

Proof. Let us first recall [4, Lemma 6.3] that Uω is transitive, since the quasi-uniformity U is transitive.
Suppose that the quasi-proximity class of U contains a (possibly non-transitive) quasi-uniformity V that is not

hereditarily precompact. Then using transitivity of Uω and the statement and notation of Proposition 4.3, we can find
sets Qn (n ∈ ω) and Q such that Qn �δU Qn whenever n ∈ ω and Q �δU Q, satisfying Pn ⊆ Qn ⊆ P ′

n and P ⊆
Q ⊆ P ′. Set Dn = Q ∩ ⋃

k�n Qk whenever n ∈ ω. Then Dn �δU Dn whenever n ∈ ω. Furthermore
⋃

n∈ω Dn �δU⋃
n∈ω Dn, since Q ⊆ P ′ ⊆ ⋃

n∈ω Pn ⊆ ⋃
n∈ω Qn and thus

⋃
n∈ω Dn = Q ∩ ⋃

k∈ω Qk = Q.
Finally for each n ∈ ω, yn ∈ P ∩ Pn ⊆ Q ∩ Qn ⊆ Dn and yn+1 /∈ Dn, because for each k � n, yn+1 /∈ Qk , so that

(Dn)n∈ω is strictly increasing. Therefore all conditions stated in the corollary are satisfied.
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On the other hand, the existence of a sequence of subsets of X as described in Corollary 4.2 leads to a transitive
quasi-uniformity W generated by the preorder T := ⋂

n∈ω([(X \ Dn) × X] ∪ [X × Dn]) on X. (More precisely, {T }
is a base for W .) Note that T (x) = Dn, where n ∈ ω is minimal such that x ∈ Dn, and T (x) = X if there is no
n ∈ ω such that x ∈ Dn. Considering as in the proof of Proposition 4.3 an arbitrary C ⊆ X, one shows now easily
that C �δU T (C) by distinguishing three cases: (1) C ⊆ Dn for some (minimal) n ∈ ω, which yields T (C) = Dn, (2)
C �⊆ ⋃

n∈ω Dn which yields T (C) = X, and (3) otherwise, which yields T (C) = ⋃
n∈ω Dn. Thus Wω ⊆ Uω. Because

of (Uω ∨ W)ω = Uω ∨ Wω = Uω, we conclude that the quasi-proximity class of U contains the (transitive) member
Uω ∨W . That quasi-uniformity is clearly not hereditarily precompact, since T belongs to it. �
Corollary 4.3. If the quasi-proximity class of a transitive quasi-uniformity contains a member that is not hereditarily
precompact, then it contains a transitive quasi-uniformity that is not hereditarily precompact.

Proof. The assertion is a consequence of the preceding argument. �
Given a transitive quasi-uniform space (X,U) we set BU = {G ⊆ X: G �δU G}. Note that BU−1 = {F ⊆ X: X \

F ∈ BU }.

Corollary 4.4. Let U be a transitive quasi-uniformity. Then the quasi-proximity class of U contains a unique quasi-
uniformity if and only if BU satisfies the following two conditions:

(1) BU does not contain any strictly increasing sequence (Bn)n∈ω such that
⋃

n∈ω Bn ∈ BU , and
(2) BU does not contain any strictly decreasing sequence (Bn)n∈ω such that

⋂
n∈ω Bn ∈ BU .

Proof. If BU does not satisfy condition (1) respectively condition (2), then the quasi-proximity class of U respectively
of U−1 contains a (transitive) quasi-uniformity that is not hereditarily precompact by (the proof of) Corollary 4.2.
Hence if U and thus U−1 are quasi-proximally unique, then both stated conditions are satisfied.

On the other hand, if BU fulfils both conditions, then by Corollary 4.2 any quasi-uniformity belonging to the
quasi-proximity class of U respectively of U−1 is hereditarily precompact.

We conclude by Lemma 4.1 that U is quasi-proximally unique. �
It is known that a topological space admits a unique quasi-uniformity if and only if its Pervin quasi-proximity class

contains a unique member [14]. Hence the preceding corollary generalizes the fact that a topological space X admits a
unique quasi-uniformity if and only if X does neither possess a strictly increasing sequence (Gn)n∈ω of open sets (that
is, if X is hereditarily compact), nor a strictly decreasing sequence (Hn)n∈ω of open sets with an open intersection
(compare [11]).

Example 4.3. The supremum of two quasi-proximally unique conjugate quasi-uniformities need not be quasi-
proximally unique.

Proof. Let X = ω and for each n ∈ ω set An = {2k + 1: k � n, k ∈ ω} and Bn = {2k: k � n, k ∈ ω}. Put B =
{∅,X} ∪ {An: n ∈ ω} ∪ {X \ Bn: n ∈ ω}. Note that the collection B is closed under finite intersections and finite
unions. Let U be the transitive quasi-uniformity on X generated by the subbase {[(X \G)×X] ∪ [X ×G]: G ∈ B}. It
is well known and easy to see, for instance also from Losonczi’s theory of l-bases (see e.g. [16] or [13, p. 274]), that
B = {G ⊆ X: G �δU G} = BU .

One readily checks that B does neither possess any strictly increasing sequence (Gn)n∈ω such that
⋃

n∈ω Gn ∈ B,
nor any strictly decreasing sequence (Hn)n∈ω such that

⋂
n∈ω Hn ∈ B.

By Corollary 4.4, U is quasi-proximally unique and thus U−1 is quasi-proximally unique. On the other hand, it is
straightforward to check that for each n ∈ ω the collection of sets [[0, n] × [0, n]] ∪ [(X \ [0, n]) × (X \ [0, n])] yields
a subbase for the uniformity U s . Hence U s is the coarsest uniformity U0 on ω that induces the discrete topology. As
we have observed in Example 4.2, that uniformity is not quasi-proximally unique. �
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Isbell [10] and later Hušek [7] gave different arguments to show that the product of any family of proximally
unique uniformities is proximally unique. Next we want to establish the analogue for quasi-proximally unique quasi-
uniformities using our asymmetric approach via hereditary precompactness.

Definition 4.2. A subset
∏

i∈I Ai of the product set
∏

i∈I Xi is called a box if Ai ⊆ Xi whenever i ∈ I . A box is called
a topological box if Ai = Xi for all but finitely many coordinates i ∈ I .

Note that the complement of any topological box
∏

i∈I Ai in
∏

i∈I Xi is the union of finitely many topological
boxes. Indeed it is equal to

⋃
i∈F π−1

i (Xi \ Ai) where F = {i ∈ I : Ai �= Xi} and πj :
∏

i∈I Xi → Xj (j ∈ F) is the
projection map.

It is known that the product of a finite number of topological spaces which admit a unique quasi-uniformity also
admits a unique quasi-uniformity [11]. One half of the proof of this result consists of verifying that the topological
property of hereditary compactness is preserved under finite products. While for that result the restriction to a finite
number of factor spaces is crucial, our next theorem does not need this additional condition. Let us note however that
some steps in the arguments to establish the two results are quite similar.

Theorem 4.1. Suppose that (Xi)i∈I is a nonempty family of (nonempty) totally bounded quasi-uniform spaces.
Then the quasi-proximity class of U∏

I Xi
contains only hereditarily precompact quasi-uniformities if and only if

for each i ∈ I the quasi-proximity class of UXi
contains only hereditarily precompact quasi-uniformities.

Proof. Let i0 ∈ I and suppose that V is a quasi-uniformity in the quasi-proximity class of UXi0
that is not hereditarily

precompact. Then the product quasi-uniformity
∏

i∈I HXi
with HXi0

= V , and HXj
= UXj

if j ∈ I and j �= i0, is not
hereditarily precompact, but belongs to the quasi-proximity class of U∏

I Xi
according to [4, Proposition 1.53]. Hence

we conclude that if the quasi-proximity class of U∏
I Xi

contains only hereditarily precompact quasi-uniformities, then
for each i ∈ I the quasi-proximity class of UXi

contains only hereditarily precompact quasi-uniformities.
For the converse suppose that for each i ∈ I the quasi-proximity class of UXi

contains only hereditarily precompact
quasi-uniformities.

Assume that the statement does not hold and let V be a quasi-uniformity belonging to the quasi-proximity class of
U∏

I Xi
that is not hereditarily precompact.

Then there exist a sequence (xn)n∈ω in
∏

i∈I Xi and V ∈ V such that xn+1 /∈ V 2({x1, . . . , xn}) whenever n ∈ ω.
Then thinking in terms of quasi-proximities, we see that for each n ∈ ω there is a finite set Fn such that

V (xn) ⊆
⋃

f ∈Fn

∏
i∈I

A
f
i,n ⊆

⋃
f ∈Fn

∏
i∈I

B
f
i,n ⊆ V 2(xn),

where for each n ∈ ω, i ∈ I and f ∈ Fn we have A
f
i,n �δUXi

B
f
i,n. Furthermore for each n ∈ ω and f ∈ Fn,

∏
i∈I A

f
i,n

and
∏

i∈I B
f
i,n are topological boxes.

Indeed this follows from the facts that for each U ∈ U∏
I Xi

there are a finite set H and sets Pih,Qih ⊆ Xih with
Pih �δUXih

Qih whenever h ∈ H such that

⋂
h∈H

(πih × πih)
−1([(Xih \ Pih) × Xih

] ∪ [
Xih × Qih

]) ⊆ U

and that V (xn) �δU∏
I Xi

V 2(xn) whenever n ∈ ω.

Similarly there is a finite set E such that

{xn: n ∈ ω} ⊆
⋃
e∈E

∏
i∈I

Ae
i ⊆

⋃
e∈E

∏
i∈I

Be
i ⊆ V

({xn: n ∈ ω})

where Ae
i �δUXi

Be
i whenever i ∈ I and e ∈ E, and where for each e ∈ E, Ae := ∏

i∈I Ae
i and Be := ∏

i∈I Be
i are

topological boxes.
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Consider now the cover C := {∏i∈I A
f
i,n: f ∈ Fn, n ∈ ω} of

⋃
e∈E

∏
i∈I Be

i . Furthermore consider the correspond-

ing cover C′ := {∏i∈I B
f
i,n: f ∈ Fn, n ∈ ω}. For convenience we shall enumerate the elements of C by Bn (n ∈ ω)

and denote the box corresponding to Bn in C′ by B ′
n.

Since E is finite, there is e0 ∈ E such that S := {xn: n ∈ ω} ∩ Ae0 is infinite. Note also that each box B ′
n belonging

to C′ contains only finitely many points of S by definition of the sequence (xn)n∈ω.
Next we establish the following claim:

Claim. There are i ∈ I and an infinite subset J of ω such that B
e0
i ⊆ ⋃

n∈J πiBn and no finite subcollection of
{πiB

′
n: n ∈ J } covers πi(S).

Proof. Set M0 = Be0 and S0 = S.
Inductively we define a strictly increasing sequence (kn)n∈ω in ω, a sequence (in)n∈ω in I , a decreasing sequence

(Mn)n∈ω of boxes in
∏

i∈I Xi and a decreasing sequence (Sn)n∈ω of infinite subsets of S. In particular for each n ∈ ω

the following two conditions will be satisfied:

(1) The box Mn contains the infinite set Sn.
(2) for each p � kn−1, Bp does not intersect Mn. (This condition falls away for n = 0.)

Let n ∈ ω. Suppose that kp and ip have been defined for any p < n, and assume that Mp and Sp have been
defined for any p � n, such that conditions (1) and (2) hold. Note that the induction can start, since M0 and S0 satisfy
condition (1).

Let kn be the smallest element t ∈ ω such that

Bt ∩ Mn �= ∅.

Recall that the topological box B ′
kn

contains only finitely many points of S. Since Mn satisfies condition (1), by
considering the complement of B ′

kn
in Mn, we see that there exists i ∈ I such that

Mn ∩ π−1
i

(
B

e0
i \ πi(B

′
kn

)
)

contains infinitely many points of Sn. Denote this i by in and choose the latter points of Sn to be the elements of the
set Sn+1.

In particular Mn+1 := Mn ∩ π−1
in

(B
e0
in

\ πin(Bkn)) contains Sn+1. So condition (1) is fulfilled at stage n + 1.
Note that Bkn ∩ Mn+1 = ∅. Hence condition (2) is satisfied at stage n + 1.
Furthermore the sequence (kn)n∈ω is seen to be strictly increasing by the construction of kn+1 and condition (2).

This completes the induction.
Suppose now that there is a point (xi)i∈I ∈ ⋂

n∈ω Mn. It follows that there is � ∈ ω such that (xi)i∈I ∈ B�. Then by
condition (2) B� ∩ M�+1 = ∅, since � � k� and Bp ∩ M�+1 = ∅ whenever p � k�.

We have reached a contradiction and conclude that
⋂

n∈ω Mn = ∅. Therefore there is i ∈ I such that⋂
n∈ω πi(Mn) = ∅. Set J = {kn ∈ ω: in = i}. Consequently

⋂
s∈J (B

e0
i \ πiBs) = ∅. We also note that no finite

subcollection of {πiB
′
s : s ∈ J } contains all points of πi(S), since for each n ∈ ω, πin(Sn+1) ∩ πinB

′
kn

= ∅ and the sets
of the decreasing sequence (Sn)n∈ω are nonempty at each stage n ∈ ω of the construction. This completes the proof
of the claim. �

The established claim means for the proof of Theorem 4.1 that we have πiS ⊆ A
e0
i �δUXi

B
e0
i , B

e0
i ⊆ ⋃

s∈J πiBs

and πiBs �δUXi
πiB

′
s whenever s ∈ J ; moreover πiS is not covered by finitely many members of the collection

{πiB
′
s : s ∈ J }.

We now define inductively a sequence (sn)n∈ω of points in S and a sequence (mn)n∈ω in J as follows. Set m0 equal
to the minimal element of J . Let n ∈ ω. Suppose that sk (k < n) and mk (k � n) have been chosen. Find s ∈ S such
that πi(s) /∈ ⋃

k�mn,k∈J πiB
′
k . Set sn = s. Then choose p ∈ J such that πi(sn) ∈ πiBp and let mn+1 = p. Note that

mn+1 > mn. Hence the induction can be completed.
Set Pr = ⋃{πiBk: k � mr+1, k ∈ J } and P ′

r = ⋃{πiB
′ : k � mr+1, k ∈ J } whenever r ∈ ω.
k
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Observe that the sequences (Pr)r∈ω and (P ′
r )r∈ω of subsets of Xi are increasing. Furthermore Pr �δUXi

P ′
r

whenever r ∈ ω. Finally set P := A
e0
i and P ′ := B

e0
i . Then P �δUXi

P ′ ⊆ ⋃
k∈J πiBk = ⋃

r∈ω Pr . Furthermore

set yr := πi(sr ) whenever r ∈ ω.
Then yr ∈ Pr ∩ P , but yr+1 = πi(sr+1) /∈ P ′

r whenever r ∈ ω.
Applying Proposition 4.3 to UXi

, we conclude that the quasi-proximity class of UXi
contains a quasi-uniformity

that is not hereditarily precompact—a contradiction. Hence the proof is complete. �
Corollary 4.5. Let (Xi)i∈I be a nonempty family of (nonempty) quasi-uniform spaces. Then the product quasi-
uniformity U∏

I Xi
is quasi-proximally unique if and only if for each i ∈ I , UXi

is quasi-proximally unique.

Proof. Assume first that UXi
is quasi-proximally unique whenever i ∈ I .

Note that the quasi-uniformities U∏
I Xi

and
∏

I (UXi
)−1 are conjugate. Since for each i ∈ I , by Lemma 4.1 the

quasi-proximity classes of UXi
and of (UXi

)−1 contain only hereditarily precompact quasi-uniformities, by Theo-
rem 4.1 the same holds for the quasi-proximity classes of U∏

I Xi
and of

∏
I (UXi

)−1. Hence by Lemma 4.1 we have
shown that U∏

I Xi
is quasi-proximally unique.

The converse is a consequence of Proposition 4.1 applied to the quasi-uniformly continuous projection maps of the
product under consideration. �
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