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Abstract

For a graph G = (V; E), a factor F of G is a subgraph of G on the same vertex set, V . A
subset S ⊆ V is a dominating set of G if every vertex v ∈ V–S is adjacent, in G, to a vertex of
S. Let F1; F2; : : : ; Fk be factors of G. A set S ⊆ V that is, simultaneously, a dominating set of
Fi for each i with 16 i 6 k is called a factor dominating set of F1; F2; : : : ; Fk . The cardinality
of a smallest such set is called the factor domination number of F1; F2; : : : ; Fk and denoted by
�(F1; F2; : : : ; Fk). In this paper, we give bounds on �(F1; F2; : : : ; Fk) in terms of the minimum
degrees of the Fi.
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1. Introduction

In this paper, we investigate a natural generalization of the domination theme,
independently introduced by Brigham and Dutton [3] and Sampathkumar [9] (who
termed it global domination). Given a collection of (not necessarily edge-disjoint)
graphs F1; F2; : : : ; Fk which are factors of a common supergraph G with vertex set V ,
<nd a set S ⊆V that is, simultaneously, a dominating set of each graph Fi. In other
words, in each Fi, each vertex v∈V that is not in S is adjacent to some vertex in S.
A set with this property is called a factor dominating set of F1; F2; : : : ; Fk . The smallest
cardinality of such a set is the factor domination number of F1; F2; : : : ; Fk , denoted by
�(F1; F2; : : : ; Fk). Factor domination extends ordinary domination in a natural way, as
for k =1 the factor domination number equals the domination number of F1, usually
denoted by �(F1).
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As an application (mentioned in [2]) of this concept consider a communication net-
work, modeled by a graph G, with k edge-disjoint subnetworks, modeled by
factors F1; F2; : : : ; Fk of G. Each subnetwork uses, for reasons of security or redun-
dancy, communication channels, modeled by the edges of the factor, that are indepen-
dent of the channels used by the other subnetworks. The number �(F1; F2; : : : ; Fk) then
represents the minimum number of ‘master’ stations required, so that a message
issued simultaneously from all masters reaches all recipients after traveling over only
one communication link, no matter which subnetworks are active.
Although there has been a steady rise in the interest in domination theory, as

demonstrated by the two books [4,5] which are entirely dedicated to domination, the
knowledge of factor domination is almost embryonical. Bounds on the ordinary domi-
nation number �(G) in terms of order and minimum degree have been studied widely.
A well-known result by Ore [7] states that �(G)6 1

2 n for each graph G of order n
and minimum degree (G) at least 1. McCuaig and Sheppard [6] showed that if G
is a connected graph with (G)¿2 then �(G)6 2

5 n, unless G is one of seven excep-
tional graphs. For connected graphs of minimum degree at least 3, Reed [8] proved
that �(G)6 3

8 n. With probabilistic methods, Alon and Spencer [1] proved the asymp-
totically sharp bound �(G)6((1 + ln())=(1 + ))n, where ln is the natural logarithm
with base e. In this paper, we give bounds on the factor domination number in terms
of the order and the minimum degrees of the factors.
Our notation is as follows. G always denotes a graph with a vertex set V =V (G)

and edge set E=E(G). A factor of G is a subgraph F of G on the same vertex set
as G. The union of two graphs G and H , denoted by G ∪H , is the graph with vertex
set V (G)∪V (H) and edge set E(G)∪E(H). If v is a vertex in G, then a G-neighbour
of v is a vertex of G which is adjacent to v in G. If the graph is clear from the
context, we will drop the argument G. The open neighbourhood of a vertex v in G,
denoted by NG(v) is the set of all G-neighbours of v. The closed neighbourhood of
v in G, denoted by NG[v], is de<ned as NG(v)∪{v}. The degree of a vertex v in
G is de<ned as degG v= |NG(v)|. We also use the notation deg(v; G). We denote the
minimum degree of a graph G by (G). If A and B are subsets of V (G), and each
vertex in B is either in A or adjacent to some vertex in A, then we say that A dominates
B in G. A dominating set of a graph G is a set A⊆V (G) that dominates V (G). For
such a set we will also say that A dominates G.

De�nition 1. Let F1; F2; : : : ; Fk be factors of the complete graph Kn. A subset S⊆V (Kn)
is a factor dominating set of F1; F2; : : : ; Fk if S is simultaneously a dominating set
of Fi for all 16i6k. The factor domination number of F1; F2; : : : ; Fk , denoted by
�(F1; F2; : : : ; Fk), is the minimum cardinality of a factor dominating set of
F1; F2; : : : ; Fk .

Several bounds on the factor domination number are given by Brigham and Dutton
[3]. Directly from the de<nition we obtain

max
16i6k

�(Fi)6�(F1; F2; : : : ; Fk)6
k∑

i=1

�(Fi): (1)
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The only bound known on the factor domination number depending on the minimum
degrees of the factors is also due to Brigham and Dutton [3],

�(F1; F2; : : : ; Fk)6n − min
16i6k

(Fi):

2. Main results

Our <rst result gives an upper bound on the factor domination number of factors
with no isolated vertex. For the proof, we need the concept of an alternating path of
two factors.

De�nition 2. Let F1 and F2 be subgraphs of a graph G. A path P= v0; v1; : : : ; vk

in G is an alternating path if its edges alternatingly belong to F1 and F2, i.e., if
v0v1; v2v3; v4v5; : : : are in F1 and v1v2; v3v4; v5v6; : : : are in F2 or vice versa.

Theorem 1. Let F1 and F2 be factors of the complete graph Kn with (Fi)¿1 for
i=1; 2. Then

�(F1; F2)6 2
3 n

and this bound is sharp.

Proof. Let G=F1 ∪F2. Since it suKces to prove the theorem for each component of
G, we can assume that G is connected.
Let A; B; C ⊆V (G) be disjoint sets with the following property:

The union of any two of A; B; C dominates the third set in F1 and in F2: (2)

First, we show that A; B; C can be chosen such that their union is nonempty. Let
P= v0; v1; : : : ; vk be a longest alternating path in G. Without loss of generality, we
can assume that v0v1 ∈E(F1). Then v0 has an F2-neighbour, which by the maximality
of P is a vertex on P, say, vr . If vk−1vk is an edge in, say, Fm, then vk has an
F3−m-neighbour, which by the maximality of P is a vertex on P, say, vs. We choose
vr to be the last F2-neighbour of v0 and vs to be the <rst F3−m-neighbour of vk on P.
We de<ne A; B, and C as follows.
Case 1: If r= k let

A= {vi | i even; i �= k}; B= {vi | i odd; i �= k}; C = {vk}:
Case 2: If r¡k and s=0 then renumbering of the vertices of P in reverse order

leads to Case 1.
Case 3: If r¡k and s¿0 let

A= {vi | i even; i �=0; k}; B= {vi | i odd; i �=0; k}; C = {v0; vk}:
It is easy to verify that in all cases A; B; C have property (2). Hence A; B; C can be
chosen such that not all of them are empty.
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Choose A; B; C such that |A∪B∪C| is maximum among all triples of sets satisfying
(2). We prove that

A∪B∪C =V (G): (3)

Suppose not. From the above, A∪B∪C is nonempty. Since G is connected, there
is an edge w0w1 with exactly one endpoint in A∪B∪C. Without loss of generality,
we can assume that w0 ∈A. Let P=w0; w1; : : : ; wk be a longest alternating path in
G − (A∪B∪C − {w0}) starting at w0. Let wk−1wk be an edge in, say, Fm. Then wk

has an F3−m-neighbour u which, by the maximality of P, is either on P or in A∪B∪C.
Without loss of generality, we can assume that u =∈C and thus u∈V (P)∪A∪B. Let

A′=A∪{wi | i even; i �= k}; B′=B∪{wi | i odd; i �= k}; C′=C ∪{wk}:
It is easy to verify that the set A′ ∪B′ ∪C′ satis<es (2), a contradiction to the maxi-
mality of |A∪B∪C|. This proves (3).
By (2) and (3), each of the sets A∪B; A∪C and B∪C is a dominating set of F1

as well as of F2. Since

|A∪B|+ |A∪C|+ |B∪C|=2n;

the smallest of these sets has cardinality at most 2
3 n, hence �(F1; F2)6 2

3 n.
The following graphs show that the bound is sharp. Let k¿0 be even and let

V = {ui; vi; wi | 16i6k}. De<ne the graphs F1 and F2 on the vertex set V by E(F1)=
{uivi; viwi | 16i6k} and E(F2)= {uiwi | 16i6k}∪ {v2i−1v2i | 16i6k=2}. It is easy to
see that a set that dominates F1 and F2 has at least 4 vertices in each of the sets
{ui; vi; wi; ui+1; vi+1; wi+1} for i odd. Hence

�(F1; F2)¿2k = 2
3 n

and the bound in Theorem 1 is sharp.

Using Theorem 1, we obtain a bound on the factor domination number of k factors,
where k¿2 is arbitrary. While we were able to establish that the bound in Theorem 1 is
sharp, we do not know whether the bound given below is best possible. It is, however,
easy to check that the bound given below is, for <xed n, increasing in k.

Theorem 2. Let F1; F2; : : : ; Fk ; k¿2, be factors of the complete graph Kn. If (Fi)¿1
for i=1; 2; : : : ; k then

�(F1; F2; : : : ; Fk)6

{
(1− 3−k=2)n if k is even;

(1− 1
23

−(k−1)=2)n if k is odd:

Proof. We <rst prove the statement for the case that k is even. The case k =2 is
Theorem 1. By the proof of Theorem 1 we have, for each r with 16r6k=2, a partition
V =Vr;1 ∪Vr;2 ∪Vr;3 such that, for each i∈{1; 2; 3},

V − Vr; i simultaneously dominates F2r−1 and F2r :



P. Dankelmann, R.C. Laskar /Discrete Mathematics 262 (2003) 113–119 117

Hence, for each sequence (i(1); i(2); : : : ; i(k=2))∈{1; 2; 3}k=2 the set

V −
k=2⋂
r=1

Vr; i(r) dominates F1; F2; : : : ; Fk :

For each vertex v∈V there is exactly one sequence (i(1); i(2); : : : ; i(k=2))∈{1; 2; 3}k=2

such that v∈ ⋂k=2
r=1 Vr; i(r). Hence

∑
(i(1); i(2);:::; i(k=2))

∣∣∣∣∣
k=2⋂
r=1

Vr; i(r)

∣∣∣∣∣ = n;

where the summation is over all sequences (i(1); i(2); : : : ; i(k=2))∈{1; 2; 3}k=2. Since
there are exactly 3k=2 such sequences, there exists at least one sequence (j(1); j(2); : : : ;
j(k=2))∈{1; 2; 3}k=2 such that S =

⋃k=2
r=1 Vr; j(r) contains at least 3−k=2n vertices. Then

V − S is a dominating set of F1; F2; : : : ; Fk , implying that

�(F1; F2; : : : ; Fk)6|V − S|6(1− 3−k=2)n;

as desired.
We now prove the statement for the case that k is odd. Let T be a minimum

factor dominating set of F1; F2; : : : ; Fk−1. By the <rst inequality of the theorem we have
|T |6(1 − 3−(k−1)=2)n. Let Ak be a minimum dominating set of Fk . Then V − Ak is
also a dominating set of Fk . Let B∈{Ak; V − Ak} be the set with the least number of
vertices in V − T . Then |(V − T )∩B|6 1

2 |V − T |. Since T ∪B is a dominating set of
F1; F2; : : : ; Fk , we have

�(F1; F2; : : : ; Fk)6 |T ∪B |6 |T |+ |(V − T )∩B|
6 |T |+ 1

2 |V − T |6 1
2 (n+ |T |)

6 1
2 (n+ (1− 3−(k−1)=2)n)= (1− 1

2 3
−(k−1)=2)n;

as desired.

We now present an upper bound on the factor domination number of k factors,
depending on the smallest minimum degree of the factors. It is remarkable that
this bound diNers very little from the bound on the ordinary domination number,
�(G)6n(ln( + 1) + 1)=( + 1) given by Alon and Spencer [1]. The proof of our
bound is a slightly extended version of Alon and Spencer’s proof.
In what follows, let e be the base of the natural logarithm.

Theorem 3. Let F1; F2; : : : ; Fk be factors of the complete graph Kn. Let = min{(Fi)
| i=1; 2; : : : ; k}. If ¿2 and k6e+1=(+ 1), then

�(F1; F2; : : : ; Fk)6
ln(+ 1) + ln(k) + 1

+ 1
n:

Proof. Let 0¡p61. Select each vertex, randomly and independently, with probabil-
ity p. Let X ⊆V (G) be the set of all vertices selected and let YX be the set of all
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vertices not dominated by X in at least on Fi, i.e.,

YX = {v∈V (G) |NFi [v]∩X = ∅ for some i}:
Then X ∪YX is a factor dominating set. To compute the expected cardinality of X ∪YX

consider the sets separately. It is clear that E(|X |)= np. Since for each vertex v,

prob(v∈YX ) = prob(NFi [v]∩X = ∅ for some i)

6
k∑

i=1

(1− p)deg(v; Fi)+1

6 k(1− p)+1;

we have E(|YX |)6kn(1− p)+1. By the linearity of expectation

E(|X ∪YX |)6np+ kn(1− p)+16n(p+ ke−p(+1)):

Choosing p=(ln( + 1) + ln(k))=( + 1), which is less or equal 1 by our condition
on k, yields

E(|X ∪YX |)6n
ln(+ 1) + ln(k) + 1

+ 1
:

Hence there exists a set X such that X ∪YX contains at most n(ln(+1)+ ln(k)+ 1)=
(+ 1) vertices, which proves the theorem.

For the special case k =2, we obtain the following lower bound on �(G; OG). This
parameter is also known as the global domination number of G.

Corollary 1. Let G be a graph of order n. If = min{(G); ( OG)}¿2, then

�(G; OG)6
ln(+ 1) + ln(2) + 1

+ 1
n:

3. Open problems

Several questions remain open. The upper bound on the factor domination number
of two graphs given in Theorem 1 is sharp, but we do not know whether the bound
in Theorem 2 can be improved.
Another open problem is the question whether Theorem 1 can be improved for

graphs of minimum degree at least 2. We conjecture that this is the case.

Conjecture 1. Let F1 and F2 be edge-disjoint factors of the complete graph Kn. If
(Fi)¿2 for i=1; 2, then

�(F1; F2)6 3
5 n:
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If this conjecture is true, then it is sharp. Equality is attained by the following
graph of order n=5r. Let G1; G2; : : : ; Gr be r vertex disjoint copies of the com-
plete graph K5. For i=1; 2; : : : ; r let F(1; i)∪F(2; i) be a factorisation of Gi into two
5-cycles. Let F1 =

⋃r
i=1 F(1; i) and F2 =

⋃r
i=1 F(2; i). Then it is easy to verify that

�(F(1; i):F(2; i))= 3, and thus �(F1; F2)= 3r= 3
5 n.
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