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Abstract. We investigate some numerical characteristics of Toeplitz operators
including the numerical range, maximal numerical range and maximal Berezin set.
Further, we establish an inequality for the Berezin number of an arbitrary operator
on the Hardy-Hilbert space of the unit disc.
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1. INTRODUCTION

In this article we investigate the so-called maximal numerical range in the sense of
Stampfli [14] for some Toeplitz operators. We introduce the notion of maximal Berezin
set for operators on a reproducing kernel Hilbert space (RKHS) and study some of its
properties for the Toeplitz operators on the Hardy space H*(D). In particular, we focus
on the model case of Toeplitz operators on the Hardy-Hilbert space on the unit disc.
The Berezin number of an operator is also discussed.

The Hardy space H* = H*(D) is the Hilbert space consisting of the analytic func-
tions on the unit disc D = {z € C : |z| < 1} satisfying

* Corresponding author. Tel.: +90 246 2114101; fax: +90 246 2371106.
E-mail addresses: gurdalmehmet@sdu.edu.tr (M. Giirdal), mgarayev@ksu.edu.sa (M.T. Garayev),
sunasaltan(@sdu.edu.tr (S. Saltan), ulasyamanci@sdu.edu.tr (U. Yamanci).

! This work was supported by King Saud University, Deanship of Scientific Research, College of Science
Research Center.
Peer review under responsibility of King Saud University.

ELSEVIER Production and hosting by Elsevier

1319-5166 © 2014 King Saud University. Production and hosting by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.ajmsc.2014.05.001


https://core.ac.uk/display/82174043?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
mailto:gurdalmehmet@sdu.edu.tr
mailto:mgarayev@ksu.edu.sa
mailto:sunasaltan@sdu.edu.tr
mailto:ulasyamanci@sdu.edu.tr
http://dx.doi.org/10.1016/j.ajmsc.2014.05.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ajmsc.2014.05.001&domain=pdf

Numerical characteristics of operators 119

1 2n )
I/ == sup 7/ If(re")|dt < +oo.
0<r<1 2n 0

The symbol H* = H*(D) denotes the Banach algebra of functions bounded and
analytic on the unit disc D equipped with the norm ||f]|., = sup..p|f(z)|. A function
0 € H* for which |0(¢)] = 1 almost everywhere in the unit circle T is called an inner
function. It is convenient to establish a natural embedding of the space H? in the space
L? = L*(T) by associating to each function /' € H? its radial boundary values (bf)(¢) :=
lim,_,-f(r&), which exist for m-almost all £ € T; where m is the normalized Lebesgue
measure on . Then we have

sz{fELzzf(n):Q n<0}7

where f(n) = [, &f(&)dm(¢) is the Fourier coefficient of the function f. For
peL*= L"O( ), the Toeplitz operator T, with symbol ¢ is the operator on H*
defined by 7, /= P,(¢f); here P, : L*(T) — H” is the orthogonal projection (Riesz
projector).

We shall use repeatedly the easy but useful fact that 7', k, = (p(
k; is the normalized reproducing kernel for the Hardy space H?

)l%i for ¢ € H™; here
D) (see Section 2).

2. ON THE MAXIMAL NUMERICAL RANGE AND MAXIMAL BEREZIN SET

Recall that for the operator T € B(H), (Banach algebra of all bounded linear operators
on the Hilbert space H), Stampfli [14] defined the maximal numerical range as follows:

Wo(T) :={A e C: (ITx,,x,) — 4 where | =1 and || Tx,| — || T}

xﬂ

When H is finite dimensional, it is easy to see that W, (7) corresponds to the numerical
range produced by the maximal vectors (vectors x such that ||x|| = 1 and ||Tx|| = ||T]])-
It is well known [14, Lemma 2] that the set Wy(T) is nonempty, closed, convex, and
contained in the closure of the usual numerical range

W(T) == {(Tx,x) : ||x||,; = 1}.

It is well known (see [7]) that W(A) is a convex set whose closure contains the spectrum
a(A) of A. If A is a normal operator, then the closure of W(A4) is the convex hull of
a(A). Furthermore, it is also known that each extreme point of W(A4) is an eigenvalue
of 4.

Let B be a Banach algebra with the norm ||.||;. A derivation on B is a linear map
D : B — B which satisfies

D(ab) = aD(b) + D(a)b

for all a,b € B. If for a fixed a, D, : b — ab — ba, then D, is called an inner derivation.
It is well known that every derivation on a von Neumann algebra or on a simple
C*-algebra is inner (see [8,12,13]). It is obvious that || D,| < 2||a||z. Stampfli proved
that (see [14, Theorem 4]) if Dy is a derivation on B(H), then ||Dy|| = 2dist(T, CI),
where CI denotes the set of all scalar operators A (1 € C) on H. Stampfli also proved
in terms of the maximal numerical range of T that ||Dy|| = 2||7]|| if and only if
0 € Wy(T) (see [14, Theorem 4]). When T = T,, the Toeplitz operator defined on
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H*(D), Stampfli’s assertion »|| = 0¢€ Wy(T,)” is equivalent to
“dist(¢, Feonst) = ||@|l;~ <= 0 € Wy(T,)” (because it is elementary to show that
dist(T,, CI) = dist(@, Feonst), Where Feong 18 the set of all constant functions). Thus,
the condition 0 € W,(T,,) is important in the approximation problem. So, the notion
of maximal numerical range plays a key role in distance estimates.

In this section, we investigate the structure of the maximal numerical range and
maximal Berezin set of some Toeplitz operators on the Hardy space H>.

The following result gives an example of an operator containing 0 in its maximal
numerical range.

Proposition 1. Let 0(z) = exp (£5}) be a singular inner function. Then 0 € Wo(Ty).

Proof. It is well known that (see, for example [4]) the nontangential limit at the point 1
of the function 0 is equal to zero. Therefore, there exists a sequence {4,},., C D such
that 0(4,) — 0 as 4, tends the nontangentially to 1. Let us consider the sequence

{ki,(2)} 51 :{ ~ }”> . Clearly, k; € H* for all n > 1. Let us denote k, (z) :=

l —nz

k/‘_n () (1 ‘)n‘
ki (2)

" Then, by considering that Tyk;, = 0(4,)k,,, we have

1—Jpz

11m<T9k;”,k/1n> - 11’11n<1€i"7 T;1€M> - hm<kA 00k, > = 1im0(%,) = 0

because 0(/4,) — 0 as 4, — 1 nontangentially. On the other hand, since T} is an isom-
etry, we have lim, T()/;;_” Ty||, which shows
that 0 € Wy(Ty), as desired. [

I, and hence lim,

Remark 1. In general, it is easy to see that W,(V) = W(V) for any isometry V on a

Hilbert space H. On the other hand, since (V) C W(V), we have that 0 € W, (V)
for any non-unitary isometry V.

Recall that by a Reproducing Kernel Hilbert Space (RKHS) we mean a Hilbert
space H = H(Q) of complex-valued functions on some set Q such that evaluation at
any point of Q is a continuous linear functional on H. The classical Riesz representa-
tion theorem ensures that a functional Hilbert space H has a reproducing kernel, that
is, a function ks : Q x Q — C with deﬁning property (f; ks ;) = f(4) for all f€ H and

€ Q, where ky; = ky(.,2) € H. Let kH = ” i be the normalized reproducing

kernel of H. For any bounded linear operator 4 on H, its Berezin symbol A is defined
by (see [17])

A 1= ( Ak o), € Q

1
It is well known that kH i= “1“—"“ and T = ¢ for any Toeplitz operator on the
Hardy space H?, where @ is the harmonic (Poisson) extension of ¢ into the unit disc

. The Berezm symbol of an operator provides important information about the
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operator. Namely, it is well known that on the most familiar RKHS, including the
Hardy, Bergman and Fock spaces, the Berezin symbol uniquely determines the opera-
tor (i.e., 4, (1) = 4,(2) for all 2 € Q implies 4, = A,).

The RKHS is said to be standard (see [11]) if the underlying set Q is a subset of a
topological space and the boundary 0Q is non-empty and has the property that

{IEH_,A”} converges weakly to 0 whenever {4,} is a sequence in Q that converges to a

point in 0Q.

For a compact operator K on the standard RKHS H, it is clear that
limn%cf((in) = 0 whenever {4,} converges to a point of 9Q (since compact operators
send weakly convergent sequences into strongly convergent ones). In this sense, the
Berezin symbol of a compact operator on a standard RKHS vanishes on the boundary.

For a bounded linear operator on a RKHS its Berezin set and Berezin number are
defined, respectively, as follows:

Ber(A) := Range(A) = {}I (2): )¢ Q}

ber(A) :=sup {|n| : n € Ber(A)

@

Observe that Englis showed, in his thesis, that A is a C* function.
For any operator 4 € B(H), let us define also the following set, which we call as
maximal Berezin set of A:

WO(A) = {/1 € C: 3L} CQ such that

A= lim A(An) and lim HAkH W

In— =0

~ 141}

Clearly, Wy(A4) C Wy(A). It is also obvious that W(4) = W,(4) = {4} for any scalar
operator A = Al, and WO(K) = () for every non-trivial compact operator K on the stan-
dard RKHS H. However, the situation is not much trivial for other operators and
RKHS. -

Our next result concerns the structure of the maximal Berezin set Wy (T,) for some
analytic Toeplitz operator T, on H”. Before giving it, let us introduce the following
notation:

H**:={fe H* :|f| = ||f|l. on a subset of Tof positive measure}.

In other words, for every /'€ H™ there exists a set £ C T with measE; > 0 such
that |f(&)| = |Ifll,, for all & € E;. According to the result of Fisher [3] (see also [4]),
the set H>“ is dense in H™.

Theorem 1. Let ¢ € H* be a nonconstant Sunction. Then there exists a subset E, C T
of positive measure such that {p(&) : & € E,} C Wo(T,).

Proof. Since ¢ € H™“, there exists a set E, C T such that measE, >0 and
l(&)| = |||, forall £ € E,. Let & € E, be an arbitrary fixed point. Then there exists
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a sequence {4,} C D such that lim,4,=¢ and lim;, _:¢p(4,) = ¢(¢). Then by

~ ~ 1 — —
considering that k;, := k2, = (1 — |4,[))’(1 = 7,2) "and

()l = [( Tk, )| < || o, < 170 = Nl
we have
el = le(O)] = lim|p(4,)| < lim,‘ Toks, || < ol
In—& In—E 2
Hence
lim |7, |, = lloll.
An—¢ 2

This shows that {¢(¢) : & € E,} C Wy(T,). as desired. The theorem is proved. [

As will be shown below, the notion of maximal Berezin set can be useful in the inves-
tigation of some problems for some special C*-operator algebras on the Bergman space
L2, which we will call Engli$ algebras (because, apparently, these algebras have been
introduced for the first time by Engli§ in [2]). Recall that the Bergman space
L = L}(D) is the Hilbert subspace of the Lebesgue space L*(D) consisting of analytic

functions, with induced norm |.[|;2, and that the reproducing kernel of L? reads as
K> ,(2) = ﬁ, see [17] for further details. In particular, the following Engli$ algebra
Ajp (the subscript B stands for “Bergman’’) is defined in [2] as follows:

. ’<T’5st’5w>\2 and |7k,

Ap = {Te B(L2) :|| Tk,

2
2 2
La Lu

_KWIEL&A,I%LZJ_MQ =0 radially},

where EL& , is the normalized reproducing kernel of L2.

It was shown in [2] that the same algebra in the Hardy space case contains all
the Toeplitz operators T,, ¢ € L*(T). However, the situation is not clear for the
algebra Ap, and the following question has been posed in this respect by Engli$ in
[2, Question 1].

Question 1. Is it true that Ty € Ag for all ¢ € L>(D)?
Here, we characterize in terms of maximal Berezin set and Berezin number the Eng-

li$ algebra Ap, which in particular sheds some light on the solution of Question 1.

Proposition 2. Let T € B(L2(D)) be an operator on the Bergman space L2(D) such that
ber(T) € Wo(T) N Wo(T*). Then T € A if and only if || T|| = ber(T).

Proof. Since ber(T) € W,y (T) N Wo(T), there exists a sequence {2s} and {p,} C D
tending to the boundary points ¢ and 5 € T, respectively, such that
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ber(T) = lim T(/l ) and )hmeTlgLﬁ,An

/L”HC

=7
and

ber(T*) = lim T"(,) and hmHT ki =17l

a1

If it is necessary, by choosing other points ¢ and # € T, we can assume that at least one
of the sequences {4,} and {u,} tends radially to a boundary point in T. Then, by

T(z)| = "Tv*(z) , ber(T*) = ber(T),

it follows from the latter equalities that T € A if and only if || 7]| = ber(T). This proves
the proposition. [

considering the obvious facts that ||| = ||T]|,

The following question arises: is it true that there exists a Toeplitz operator T, on
the Bergman space L.(DD) with symbol ¢ € L™(D) satisfying ber(T,) € WO(T(P) and
ber(To) < || T,|?

By using Proposition 2, it is easy to see that a positive answer to this question would
give a negative answer to the above mentioned Question 1.

3. NORMALITY AND THE NUMERICAL RANGE OF TOEPLITZ OPERATORS

Our next result is the following characterization of normal operators in terms of
Berezin symbols.

Proposition 3. Let A be a bounded operator on a RKHS H = H(Q) and let A(}) =
<Al€7.m, IQH7;(> be its Berezin symbol, where 12,1 = ”kk—HH is a normalized reproducing kernel
of H. Then A is a normal operator on 'H if and only if

J(a- e

for all . € Q.

~ *

- H (A - A(i)[) k

H H

Proof. By considering that Ak, — g(l)k} 1L Z()L)lgi, we have

~ 12 o _
for each A € Q. Since HAk)“H = <A*Aki,ki> = A"A(2) and ’
H

follows immediately from formula (1) that

i: HA/;V—2(1)/@”%‘2(1)‘2 (1)

HA/&i — Ak,

S FAU ‘A

H
and

— AL () — ‘Z ol
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Since the Berezin symbol uniquely determines the operator, it follows from the last two
formulas that 4"4 = AA" if and only if

|(a=amnk|, = |(a-dwn) k||, 2ep,

)

H

which proves the proposition, since A (AN =A4(). O

In the present, section we will give some applications of Proposition 2 in the study of
some topological properties of the numerical range of Toeplitz operators acting on the
Hardy space.

The description of the numerical range of an arbitrary Toeplitz operator on the
Hardy space H*(D) of the unit disc D was given in [10]. The Bergman space case
was considered by Thukral [15] in case of bounded harmonic symbols. More recently
Choe and Lee [1], as well as Gu [5], treat higher-dimensional Bergman space analogues.
The case of Bergman space Toeplitz operators with bounded radial symbols has been
considered very recently by Wang and Wu [16]. (For characterization of numerical
ranges of certain classes of so-called dual Toeplitz operators, see, for instance, Guediri

[6])
Theorem 2 ([10]). Let u € L>(T). If W(T,) is not open in C, then T, is normal on H>.

Corollary 1 ([10]). Let u € L>(T). If T, is not normal on H*, then W(T,) is the interior
of its closure.

It is known (see [6, Thoerem 1.4-1]) that for any bounded linear operator T on a
Hilbert space, if W(T) is a part of a line segment, then 7 must be normal. In [10],
the author considers the problem of when the converse of this fact is also true for Toep-
litz operators. Namely, he proved the following result.

Theorem 3 [10]. Let u € L>(T). Then T, is normal on H* if and only if W(T,) is an
open line segment.

The following results are immediate from Theorems 2 and 3, Corollary 1 and Prop-
osition 2.

Proposition 4. Let u € L*>(T). If there exists a 1o € D such that

H(Tu - a(/10)1)152.0

e H(T“ — (o)) ks,

then the numerical range W(T,) of T, is open in C.

Proposition 5. Let u € L>(T). Then, the numerical range W(T,) is an open line segment
if and only if H(Tu - a(z)ma”z - H(Tu —A(A))’k|| . ¥ € D.
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The same results can be similarly proved for Toeplitz operators on the analytic or

harmonic Bergman spaces of the unit disc, on Hardy and Bergman (pluriharmonic
Bergman) spaces of the unit ball or polydisc in C”.

4. AN ESTIMATE FOR ber(A)

The next result slightly improves a result in [9, Theorem 1] and gives an inequality for
the Berezin number of operators.

Theorem 4. Let ¢ € H™, ||¢|| < 1, be any function, and 0 be any nonconstant inner
Sfunction. For any operator A € B(Hz) we denote

Nopoa = T,(I— TyAT;).

For any e € (0,1), let L,y :={z € D : |0(z)| < ¢} be an ¢-level set of 0. Then

~N
H(P 004 £5(Lyp)
ber(A) = sup .

0<e<l &

Proof. Arguing in the same manner as in Theorem 1 of [9], we obtain

Nooa(2) = (Nouaks ;) = 0(2) (1= 0P A()), 7€ D
from which we obtain that
0(2) = Nooa()] = [AD) o0 < ber(a)]0()P
for all 2 € D. In particular,
0(2) = Noua(3)| < ber(4)e?
for all 4 € L,y, and hence

< bher(A)e?, 0<e<]l,
L2(Ly) )

’(P - ﬁq)ﬁ,A

which implies that

(O N([LG,A
H L%(Lyy)
sup 5

0<e<l &

< ber(A)

as desired. The proof is completed. [



126 M. Giirdal et al.

ACKNOWLEDGMENT

We would like to express our gratitude to the referee of the paper for his useful
comments and suggestions towards the quality improvement of the paper.

REFERENCES

[1] B.R. Choe, Y.J. Lee, The numerical range and normality of Toeplitz operators, Far East J. Appl. Math.
special volume (part 1) (2001) 71-80.
[2] M. Engli, Toeplitz operators and the Berezin transform on H?, Linear Algebra Appl. 223/224 (1995)
171-204.
[3] S. Fisher, Exposed points in spaces of bounded analytic functions, Duke Math. J. 36 (1969) 479-484.
[4] J.B. Garnett, Bounded Analytic Functions, Academic Press, New York, London, 1981.
[5] D.G. Gu, The numerical range of Toeplitz operator on the polydisc, Abstr. Appl. Anal. 2009 (2009)
(Article ID 757964, 8 p).
[6] H . Guediri, Quasinormality and numerical ranges of certain classes of dual Toeplitz operators, Abstr.
Appl. Anal. vol. 2010. http://dx.doi.org/10.1155/2010/426319 (Article ID 426319, 14 p).
[7] K. Gustafson, D. Rao, Numerical Range: the Field of Values of Linear Operators and Matrices,
Springer Verlag, New York, 1997.
[8] R.V. Kadison, Derivations of operator algebras, Ann. Math. 83 (1966) 280-293.
[9] M.T. Karaev, M. Giirdal, On the Berezin symbols and Toeplitz operators, Extr. Math. 25 (2010) 83-102.
[10] E.M. Klein, The numerical range of a Toeplitz operator, Proc. Am. Math. Soc. 35 (1972) 101-103.
[11] E. Nordgren, P. Rosenthal, Boundary values of Berezin symbols, Oper. Theory: Adv. Appl. 73 (1994)
362-368.

[12] S. Sakai, Derivations of W*-algebras, Ann. Math. 83 (1966) 273-279.

[13] S. Sakai, Derivations of simple C*-algebras, J. Funct. Anal. 2 (1968) 202-206.

[14] J.G. Stampfli, The norm of a derivation, Pacific J. Math. 33 (1970) 737-747.

[15] J.K. Thukral, The numerical range of a Toeplitz operator with harmonic symbol, J. Oper. Theory 34
(1995) 213-216.

[16] K.Z. Wang, P.Y. Wu, Numerical ranges of radial Toeplitz operators on Bergman space, Integral Equ.
Oper. Theory 65 (4) (2009) 581-591.

[17] K. Zhu, Operator Theory in Function Spaces, Marcel Delcker, Ins, 1990.


http://refhub.elsevier.com/S1319-5166(14)00006-1/h0010
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0010
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0015
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0015
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0015
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0020
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0025
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0025
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0030
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0030
http://dx.doi.org/10.1155/2010/426319
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0035
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0035
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0035
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0040
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0045
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0050
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0055
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0055
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0060
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0060
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0065
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0065
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0070
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0075
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0075
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0080
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0080
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0085
http://refhub.elsevier.com/S1319-5166(14)00006-1/h0085

	On some numerical characteristics of operators
	1 Introduction
	2 On the maximal numerical range and maximal Berezin set
	3 Normality and the numerical range of Toeplitz operators
	4 An estimate for ? 
	Acknowledgment
	References


