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ABSTRACT

We give restrictions on the existence of families ofcurves on smooth projective surfaces S ofnonnegative

Kodaira dimension all having constant geometric genus Pg ~ 2 and hyperelliptic normalizations. In

particular, we prove a Reider-like result that relies on deformation theory and bending-and-breaking of

rational curves in Sym2(S). We also give examples of families of such curves.

1. INTRODUCTION

The object of study of this paper is families of irreducible curves with hyperelliptic
normalizations (of genus? 2) on a smooth surface S. Such families give rise to,
because of the unique gi's on their normalizations, families of the same dimensions
of irreducible rational curves in the Hilbert scheme Hilb2(S). Because of the
importance of rational curves and the subvarieties they cover due to Mori theory, it
is natural to try to check the existence of, or bound the dimensions of, families of
such curves, or alternatively, their counterparts on S.

Let S be a smooth surface and V C Hilb S be a reduced and irreducible scheme

parametrizing a flat family of curves on S all having constant geometric genus

Pg ? 2 and hyperelliptic normalizations.
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It is easy to see (cf. Lemma 2.1) that if IKs I is birational, then dim V = 0. This
shows that the problem of bounding the dimension of a family of curves with
hyperelliptic normalizations is solved for a large class of surfaces. At the same
time, it is relatively easy to find obvious examples of surfaces with large families
of curves with hyperelliptic normalizations: In fact, if S is any smooth surface
admitting a rational 2 : 1 map f: S ~ R onto a rational surface, then we can just
pull back families of rational curves on R. There are several examples of such
double covers, even for Pg(S) > 0, see for instance the works of Horikawa [19-22]
for surfaces of general type, Saint-Donat [35] for K3 surfaces, and [6,37,38] for
surfaces with smooth hyperelliptic hyperplane sections.

We note that smooth hyperelliptic curves on surfaces have been extensively
studied by means of adjunction theory (see [6,37,38] to mention a few). Of course
Reider's famous result [34] can be used to prove that if C c S is a smooth

hyperelliptic curve and C2 ~ 9, then there is a pencil lEI such that either E2 =°
and E.C = 2, or E2 = 1, C == 3E and lEI has one base point x lying on C (making
the obvious modifications in the proof of [34, Corollary 2]). Unfortunately no such
results seem to be available, at least as far as we know, in the case ofsingular curves.

In this paper we prove some results bounding dimensions of families of irre
ducible curves with hyperelliptic normalizations on smooth surfaces S in Section 2.
In particular, we show that the dimension is bounded by one if S is fibered
over a smooth nonhyperelliptic curve of genus ~ 3 (Lemma 2.3) and by two
if S has maximal albanese dimension (Proposition 2.5). We also give several
examples of families of irreducible curves with hyperelliptic normalizations. Then,
in Section 3, we prove a Reider-like result, cf. Theorem 3.3, stating that any family
of dimension ~ 3 (resp. ~ 5) of curves with hyperelliptic normalizations on a
smooth surface S with Pg(S) > 0 (resp. kod(S) ~ 0 and Pg(S) = 0) forces the
existence of some special divisors enjoying some particular intersection properties.
Moreover, these divisors "cut out" the gi's on the normalizations of the curves in
the family.

We hope the results will find more applications and also hope that the reader
will find the method of proof of interest: in fact, unlike the results on smooth
curves, which use adjunction theory and/or vector bundle methods, our method uses
deformations of curves and bending and breaking of rational curves in Sym2(S),

a method we also used in [15]. Thus, the special divisor occurring in Theorem 3.3
is obtained as a component of a degenerated member at the border of the family. In
this sense our method is perhaps more geometric and intuitive than Reider's method.

In Section 2 we state the general setting, show that the dimension of families of
curves with hyperelliptic normalizations can be bounded in various cases and give
some examples of such families.

Then, in Section 3 we prove the Reider-like result, Theorem 3.3, passing by
Proposition 3.1 and Lemma 3.2. Finally, we make some remarks in Section 4,
including writing out the results in the case of smooth curves in Section 4.1
recovering Reider's result, and in the case of only one singular point ofmultiplicity
one in Section 4.2.
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2. DIMENSION BOUNDS AND EXAMPLES

Consider the following assumptions:

S is a smoothprojective surface with kod(S) ) 0 and V C HilbS

a reduced and irreducible schemeparametrizing a flat family of

(1) irreducible curves on S of constant arithmeticand geometricgenera

Pa and Pg ) 2, respectively, and hyperelliptic normalizations.

Wedenote by C the algebraicequivalence class of the curves.

Note that V as in (1) is, by default, nonempty.
Wehave the following elementaryresult, already mentionedin the introduction:

Lemma2.1. Under the assumptions (1), iflKsl is birational, then dimV = o.

Proof. Wemay assumethat dimV = 1. Then after compactifying and resolvingthe
singularities of the universal family over V, we obtain a smooth surface T, fibered
overa smoothcurve,with generalfiber F a smoothhyperelliptic curveof genus) 2,
and a surjective morphism f :T --+ S. By adjunction IK T I is not birational on the
general fiber F. Since KT = f* Ks + R, where R is the (effective) ramification
divisor of f , and f is generically 1 : 1 on the fibers, we see that IKs I cannot be
birational. D

Note that, as mentioned in the Introduction, any irreducible curve C on a
surface S with hyperelliptic normalization (of geometric genus ) 2) gives rise to
a unique irreducible rational curve Rc C Hilb2(S). Precisely, this can be seen in
the following way: Let v: C--+ C be the normalization. Then the unique gi on C
inducesa map lP'I --+ Sym2 (C) and this lP'1 is mappedto an irreduciblerationalcurve
rein Sym2(S) by the natural composedmorphism

2 - ii(2) 2 2Sym (C) --+ Sym (C) <:....+ Sym (S).

The irreducible rational curve Rc C Hilb2(S) is the strict transformby the Hilbert
Chow morphism It : Hilb2(S) --+ Sym2(S) of this curve. Note that the Hilbert
Chow morphism resolves Sing(Sym2(S)) ::: S and gives an obvious one-to-one
correspondence between irreducible curves 'in Hilb2(S) not contained in the ex
ceptionallocus (which is a lP'I-bundle over S) and irreducible curves in Sym2(S)

not contained in Sing(Sym2(S)).

The correspondence in the opposite direction, that is, from irreducible rational
curves in Hilb2(S) to curves in S is more delicate and we refer to [15, Section2] for
details. Suffice it to say that irreduciblerational curves in Hilb2(S) not containedin
the exceptional locus give rise to curves on S with rational, elliptic or hyperelliptic
normalizations, by taking the (one-dimensional component of the) union of the
supportsof the points of the curve in Hilb2 (S) whenweconsiderthese as length-two
schemes on S.
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To extend the correspondence into families, we proceed as follows (cf. also [15]).

Given (1), let cp: C -f V be the universal family. Normalizing C we obtain,

possibly restricting to an open dense subscheme of V, a flat family (jJ: C-f V of

smooth hyperelliptic curves of genus Pg) 2, cf. [40, Theorem 1.3.2]. Let we/v be

the relative dualizing sheaf. The morphism y :C-f W((jJ* (we/v)) over V is finite
and of relative degree two onto its image (cf. also [29, Theorem 5.5(iv)]), which
we denote by Pv . We now have a universal family 1/1 :Pv -f V of rational curves
and since the points in these curves correspond to couples of points of S, possibly

coinciding, we have a natural morphism <l>v :Pv -f Sym2(S). We define

(2) Rv := im <I> v (the Zariski closure).

We have

- "I <Pv 2
C~Pv ~Rv C Sym (8)

(3) ;/ ~ l~
8 V,

where TC is the natural morphism. Note that <l>v maps no curve in the family to
Sing(Sym2(S)) ~ S by construction. Also note that dimRv :::::; 3, as Sym2(S) is not

uniruled, since kod(S) ) °(see e.g. [18, Proposition 2.1]).
Given V as in (1), we will call 11;1Rv C Hilb2(S), the strict transform of Rv by

the Hilbert-Chow morphism, the locus covered by the associated rational curves in
Hilb2(S).

We will make use of the following consequence of Mumford's well-known

theorem on O-cycles on surfaces [32, Corollary, p. 203], as generalized in [15,
Corollary 3.2]:

Proposition 2.2. Assume that S is a smooth surface with Pg(S) > °and R C
Syrrr' (S) is a subvariety that is covered by a family ofrational curves ofdimension
)3.

Then R is a surface with rational desingularization.

Proof. This is [15, Proposition 3.6]. D

We will now give some results bounding the dimension of V as in (l) in various

situations.

Lemma 2.3. Assume (1) and that f :S -4 B is a fibration over a nonhyperelliptic
smooth curve B ofgenus) 3.

Then dim V :::::; 1 with equality holding if and only if the general fiber of f is a
(smooth) hyperelliptic curve and V parametrizes a subset ofthe fibers.

Proof. Let {CV}VEV be the family on S given by V and {I', = rCv}VEV be the
associated family of rational curves in Sym2(S), given by 1/1 and <l>v as in (3).
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Consider f(2) : Syrrr'(S) ---+ Sym2(B). Since B is neither elliptic nor hyperelliptic,
Sym2(B) does not contain rational curves. Therefore, f(2) must contract every I';

to a point, say b., + b~ E Sym2(B), with b.; b~ E B. Letting Fv := t J bv and F~ :=

i' h~ denote the two fibers of [ , we get that I'v is contained in the surface F; +
F~ C Sym2(S). Hence Supp(Cj) = F; U F~ C S. Since each Cv is irreducible, the
result follows. 0

The following example shows that the condition that B is neither elliptic nor
hyperelliptic is in fact necessary:

Example 2.4. Start with a Hirzebruch surface JFe , with e ~ 0, with PicF, ::::::
Z[1:] EB Z[F], where 1:2 = -e, F 2 =°and 1:.F = 1. Choose integers a and 13
such that

(4) a~2 and f3~{2,ae+l}

and take a general pencil in la1: + f3FI. Note that the conditions (4) guarantee that
the general element in the general such pencil is in fact irreducible. Now take the
blow up tt : JFe ---+ JFe along the (a1: + 13 F)2 = a (213 - ea) base points of the pencil
and denote the exceptional curves by E;. Then

KiF
e
~ -2rr*1: - (e + 2)rr* F + 1:E;.

Set

5:= rr*(a1: + f3F) - 1:E;.

Then 52 =°and 151 is a pencil defining a fibration g : JFe ---+ lP'1. For any integer
1~ 2, choose a general flz E IOrl (21)1 consisting of distinct points and let Ri E

12/51 be the corresponding (smooth) divisor. Then flz and Ri define two double
covers v and u; respectively, that are compatible, in the sense that we have a
commutative diagram:

where T is a smooth surface, B is a smooth curve and f is induced by g in the
natural way.

By Riemann-Hurwitz, the genus of B is g(B) = 1 - 1~ 1 and B is either elliptic
or hyperelliptic. As

K T ~ fL*(KiFe +15) = fL*((I - 1)5 + rr*((a - 2)1: + (13 - e - 2)F) ,

the conditions (4) imply kod(S) ~ 0, in fact even Pg(S) > O.
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The surface We, being rational, contains families of irreducible (smooth) rational

curves of arbitrarily high dimensions. Pulling them back on T yields families of

(smooth) hyperelliptic curves of arbitrarily high dimensions. D

Note that the surfaces T in the example have irregularity q (T) = hi (Or) =

g(B) = I - I ~ 1. Thus the surfaces have arbitrarily high irregularity. Nevertheless,

using the albanese map (cf. e.g. [3, pp. 80-88]), we can prove the following bounds.

Proposition 2.5. Assume (I) with q (S) := hi (0s) ~ 2 and let a : S --+ Alb S be the

albanese map.

If im a is a curve B, then dim V ~ I unless B is hyperelliptic.

Ifima is a surface (i.e., Sis ofmaximal albanese dimension), then dim V ~ 2.

Proof. If im« is a curve B, then B is necessarily smooth of genus q(S) ~ 2 (cf.

e.g. [3, Proposition VIS]). Then we apply Lemma 2.3.
If imo is a surface T, we must have Pg(S) > 0 by [3, Lemme VI8]. Assume

now, to get a contradiction, that dim V ~ 3. Then Rv , defined in (2), is a surface

with rational desingularization, by Proposition 2.2.

As above, let {CvlvEV be the family on S given by V and {I', = fcvlvEV be the
associated family of rational curves in Sym2(S), given by 1/1 and <l>v as in (3).

Consider a(2): Sym2(S) --+ Sym2(T) C Syrrr'{Alb S). As a does not contract Cv ,

for general v E V, the surface Rv is mapped by a(2) to a surface R~ C Sym2(T). Let

'E: Sym2(Alb S) --+ Alb S be the summation morphism. As Alb S, being abelian,

cannot contain rational curves, cf. e.g. [7, Proposition 4.9.5], each rational curve

r c R~ C Sym2(T) must be contracted to a point by bIR~' say b (I") = pr E Alb S.

Now all fibers 1;-1 P, for p E Alb S, are isomorphic to the Kummer variety ofAlb S,
cf. e.g. [7, Section 4.8] for the definition. As rational curves on Kummer varieties
cannot move, by [33, Theorem I], we must have that any family of rational curves

on R~ has dimension ~ dim 1; (R~) ~ 2. But this contradicts the fact that Rv has
rational desingularization.

Therefore dim V ~ 2, as desired. D

The following result shows that equality dim V = 2 is in fact attained on abelian

surfaces, which have maximal albanese dimension.

Lemma-Example 2.6. Assume (I) with S abelian and that V is not contained in

a scheme oflarger dimension satisfying (I).
Then dim V = 2 and the locus covered by the associated rational curves in

Hilb 2(S) is a threefold birational to a Wi-bundle over S.

Furthermore, such families exist ifand only if S is simple (i.e., not the product of

two elliptic curves).

In particular, a bielliptic surface does not contain families as in (I).
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Proof. Assume that S is abelian. Consider the natural composed morphism

where J1, is the Hilbert-Chow morphism and }: is the summation morphism. As

above, let [I'v = I'c, }VEV be the associated family of rational curves in Sym2(S)

given by V. As S cannot contain rational curves (see e.g. [7, Proposition 4.9.5]),
}: must contract each I'v to a point p.; Therefore, the strict transform R; = Rcv :=
J1,;1(I'v) C Hilb 2(S) is contained in the surface a-I (Pv) C Hilb 2(S). Now all such

fibers of a over points in S are isomorphic to the (desingularized) Kummer surface

of S (cf. [5, Section 7], [4] or [24, 2.3] and e.g. [7, Section 10.2] and [2, V16] for

the definition). Since a Kummer surface is K3, rational curves do not move inside

it (this also follows from Lemma 4.4). Therefore, the family is given by {Rv}PEs,
proving the first assertion.

If S is simple, then it contains irreducible curves of geometric genus two, see e.g.
[28, Corollary 2.2].

Assume that S = EI X E2, with each E, a smooth elliptic curve. Then each
Sym2(Ed is an elliptic ruled surface. Any rational curve in Sym2(S) not lying in
Sing(Sym2(S)) is mapped by the projections Sym2(S) ~ Sym2(Ei), i = 1,2, to

a rational curve in either Sym2(E I ) or Sym2(E2), which has to be a fiber of the
ruling. Therefore, the rational curve in Sym2(S) corresponds to a gi on one of the

elliptic fibers of S, proving that there is no irreducible curve on S with hyperelliptic

normalization of geometric genus ~ 2.

If S is bielliptic, there is a finite morphism f: T ~ S where T is a product of

two elliptic curves, cf. e.g. [3, Definition VI.19] or [2, p. 199], whence T is abelian.
Clearly, f is unramified, as Kr ~ Or, whence so is f(2): Sym2(T) ~ Sym2(S).

Therefore, the family of rational curves 1/J: Pv ~ V as in (3) is pulled back,
via f(2), to two copies of the family in Sym2(T). By what we proved above, the

corresponding families of curves on T consist of elliptic curves, whence the same
holds on S. D

We conclude this section by giving some examples of families as in (l) of high
dimensions.

Example 2.7. Let Wen) c 10lP'z (n)1 denote the Severi variety of nodal, irreducible
rational curves in 10lP'z(n)l. Then Wen) is irreducible of dimension 3n - 1, by a
well-known result of Severi and Harris, cf. [11, Theorem 1.1] and [17]. For any

integer b ~ 3, take a general smooth B E 10lP'z(2b)l, so that, for any n, the general
curve in W (n) intersects B transversally.

Let f: S~ ]P'2 be the double cover defined by B, so that S is a smooth surface

and f is branched along B. Setting H := j*0lP'z(l), we have Ks ~ (b - 3)H. Let
yen) c InH[ be the subscheme parametrizing the inverse images of the curves in

Wen) that intersect B transversally and let Pa(n) = Pa(nH) and pg(n) denote the
arithmetic and geometric genera of the curves in V (n). Then V (n) satisfies the
conditions in (l) and
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dim Yen) = 3n - 1,

Pa(n)=n(n+b-3)+1 and pg(n)=bn-l,

the second equality by adjunction and the third by Riemann-Hurwitz. Note that the
elements of Yen) have 8(n) := Pa(n) - pg(n) = n(n - 3) + 2 nodes (two over each
of the nodes of the corresponding curves in Wen)).

Also note that curves in Wen) that are tangent to B yield families in InHI with
lower geometric genera and lower dimensions.

Of course Hilb2(S) contains a copy of the 1P'2, which is precisely the locus in
Hilb2(S) covered by the rational curves associated to the curves in Yen).

Example 2.8. Let S be an Enriques surface. Then S contains several elliptic
pencils and we can always pick (at least) two such, 12EII and 12E21, with E I.E2 = 1,
cf. [12, Theorems 3 and 3.2]. (By adjunction E? = Ei = 0 and it is well known that
2Ei and 2E;, where E; denotes the unique element of lEi +Ksl, are the two multiple
fibers of the elliptic pencils.) Consider H := 3EI + E2; then H2 = 6 and the base
scheme of IH I consists of two distinct points x and y, where

x = E I n E~ and y = Ei n E2

(see [13, Proposition 3.1.6 and Theorem 4.4.1]). Let f: S~ S be the blow up along
x and y and Ex and E; the two exceptional divisors. Set L := f* H - Ex - Ey. Then
L 2 = 4 and ILl is base point free and, by [13, Theorem 4.5.2], defines a morphism
of degree two CPL :S~ Q onto a smooth quadric Q C 1P'3, which can be seen as the
embedding ofJFo ~ IP'I x IP'I by the complete linear system 1£1 +£21,where £1 and £2
are the two rulings. In particular, by construction, L rv cpi (0Q(l)) rv cpi (£I + £2)'
Furthermore, by [13, Remark 4.5.1 and Theorem 4.5.2] the pencil 11*(2£1)1 on
S is mapped by CPL to 1£11, so that cpi £1 rv f*(2Ed. We therefore have cpi£2 rv

L - cpi£1 rv f*(EI + E2) - Ex - Ey.
It follows that, for any n ;?: 1, the general smooth rational curve in 1£1 + n£21 ~

1P'2n+1 yields by pullback by CPL a smooth hyperelliptic curve in If*((n + 2)EI +
nE2) - n(Ex + Ey)1 on Sof genus 3n + 1 by adjunction (or by Riemann-Hurwitz
and the description of the ramification in [13, Theorem 4.5.2]).

Pushing down to S we thus obtain subschemes, for each n EN,

Yen) C I(n + 2)EI + nE21, such that dim Yen) =2n + 1,

parametrizing irreducible curves with hyperelliptic normalizations of geometric
genera pg(n) and arithmetic genera Pa(n), where

pg(n) = 3n + 1 and

1 2
Pa(n) = 2((n + 2)EI + nE2) + 1 =n(n + 2) + 1.

Note that for each n ;?: 2 all the curves in the family have precisely two singular
points, located at x and y, both of multiplicity n.
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Of course Hilb2(S) contains a rational surface birational to JlDl x JlDl, which is

precisely the locus in Hilb2(S) covered by the rational curves associated to the
curves in V(n).

One can repeat the construction with E I and E2 interchanged, or with other
elliptic pencils on the surface. Moreover, choosing smooth rational curves that are
tangent to the branch divisor of f{JL, we can obtain families with lower geometric
genera, that is, with more singularities.

Moreover, one can also repeat the process for H := 2EI + E2, which defines a
rational 2 : 1 map onto JlD2, following the lines of the previous example. Note that the

smooth curves in 12E1+ E21 form a two-dimensional family ofsmooth hyperelliptic
curves on S, by [13, Corollary 4.5.1].

Example 2.9. Let S be a K3 surface. Then Hilb2(S) is a hyperkdhlerfourfold,
also called an irreducible symplectic fourfold, and rational curves and uniruled
subvarieties are central in the study of the (birational) geometry of Hilb2 (S).

For example, a result of Huybrechts and Boucksom [8,25] implies that, if the
Mori cone of Hilb2(S) is closed, then the boundaries are generated by classes of
rational curves. Precise numerical and geometric properties of the rational curves
that are extremal in the Mori cone have been conjectured by Hassett and Tschinkel
[18].

Uniruled subvarieties of Hilb2(S) are important in several aspects: The presence
of a JlD2 C Hilb2(S) gives rise to a birational map (the so-called Mukai flop, cf.
[31]) to another hyperkahler fourfold and all birational maps between hyperkahler
fourfolds factor through a sequence of Mukai flops (see [9,23,41,42]). Moreover,
uniruled threefolds in Hilb2(S) are central in the study of the birational Kahler
cone ofHilb2(S) [25].

In the particular case of K3 surfaces, the study of families of irreducible curves
with hyperelliptic normalizations and the loci the corresponding rational curves
cover in Hilb2(S) is therefore of particular importance. In [15] we study such
families.

Let now H be a globally generated line bundle on S and denote by IH Ihyper the
subscheme of IH I parametrizing curves with hyperelliptic normalizations. Then,
any component of IHlhyper has dimension? 2 with equality holding if H has no
decompositions into moving classes, e.g. ifPicS ~ Z[H), by [15, Lemma 5.1].

As for concrete examples of such families on a general (in the moduli space)
primitively polarized K3 surface (S, H), here are the ones that are known to us:

(i) IHI contains a two-dimensional family of irreducible curves of geometric
genus Ps = 2, whose general element is nodal, by the nonemptiness of Severi
varieties on K3 surfaces as a direct consequence of Mumford's theorem on the
existence of nodal rational curves on K3 surfaces (cf. [30, pp. 351-352] or [2,
pp. 365-367]) and standard results on Severi varieties (cf. [39, Lemma 2.4 and
Theorem 2.6]; see also e.g. [11,14]). In the particular case Pa(H) = 3, i.e. when S
is a smooth quartic in JlD3, the locus in Hilb2(S) covered by the associated rational
curves is a JlDI-bundle over S, by [15, Example 7.6].
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(ii) IH Icontains a two-dimensional family of irreducible nodal curves ofgeomet
ric genus Pg = 3 with hyperelliptic normalizations, by [15, Theorem 5.2]. The locus
in Hilb 2(S) covered by the associated rational curves is birational to a pi-bundle,

by [IS, Corollary 5.3 and Proposition 3.6(ii)].

(iii) [15, Proposition 7.7] If H 2 = 2(d2 - 1) for some integer d :;:: I, then Hilb 2(S)
contains a uniruled 3-fold that is birational to a pi-bundle. The fibers give rise

to a two-dimensional family of curves in IH I with hyperelliptic normalizations of

arithmetic genus Pa = Pa(H) =d 2 and geometric genus Pg = 2d - I.
(iv) [IS, Proposition 7.2] If H 2 = 2(m 2 - 9m + 19) for some integer m :;:: 6, then

Hilb 2(S) contains a p2 and the Severi varieties ofrational curves in I01P'2 (n) I,for any

n :;:: 1, give rise to (3n - I)-dimensional subschemes V(n) c InHI parametrizing
irreducible curves with hyperelliptic normalizations of arithmetic genus Pa(n) =

Pa(nH) = n2(m2 - 9m + 19) and geometric genus pg(n) = 2n - 9.

We have now seen several examples of families as in (I) of dimension 2 on

surfaces with Pg(S) > °(in Examples 2.7 and 2.9(iv) with n = 1, Examples
2.9(i)--{iii) and the abelian surfaces in Lemma-Example 2.6) and on Enriques

surfaces (the case mentioned in the last lines of Example 2.8).

At the same time we have seen infinite series of examples of families as in

(1) of arbitrarily high dimensions > 3 (Examples 2.7 and 2.9(iv) with n :;:: 2, and

Examples 2.4 and 2.8).
In the next section we will see the difference between those "small" and "big"

families.

3. A REIDER-LIKE RESULT

Consider the additional assumptions

(6) d· V>- {3, if Pg(S) > °or S is Enriques,
im Y herwi5, ot erwise.

The following result is an improvement of [15, Proposition 4.2]. In fact, the idea of
the proof is essentially the same.

Proposition 3.1. Assume (1) and (6). Then there is a decomposition into two
effective, algebraically moving classes

[CJ = [DiJ + [D2J

such that, for general t, TJ E Rv (cf (2», each with support at two distinct points

ofS, there are effective divisors Di "<alg DI and D; "'alg D2 such that ~ c Di and
TJ C D; and [Di + D;J E V, where V is the closure of V in the component of the
Hilbert scheme ofS containing V.

Proof. We must have dimRy = 2 or 3 by (6). If Pg(S) > 0, then dim V:;:: 3 by
(6), whence Rv is a surface by Proposition 2.2. If S is Enriques, then there is an
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unramified double cover j: T ~ S such that T is a smooth K3 surface, cf. e.g. [2,
VIII, Lemma 15.I(ii)]. Therefore, also j(2): Sym2(T) ~ Sym2(S) is unramified.
Hence, the family of rational curves in Sym2(S) given by <l>v and ljf as in (3) is
pulled back to two copies in Sym2(T) . Since dim V ) 3 by (6), we conclude by
Proposition 2.2 that these families only cover a surface in Sym2 (T) . Hence Rv C

Sym2(S) is a surface as well.
Therefore, in any case, the assumptions (6) guarantee that, for general s, 1] E Ro ,

the locus of points in V parametrizing curves in P» passing through /; and 1] in Rv

is at least one-dimensional. For general s, 1] E Rv , let B = B~.1j C V be a smooth
curve (not necessarily complete) parametrizing such curves and

(7)

- "IB <PB 2
CB --- PB --- Rv c Sym (8)

;/ ~l~B
8 B

the corresponding restriction of (3) over B. Let B be any smooth compactification
of B. By Mori's bend-and-break technique, as in [27, Lemma 1.9] or [26, Corollary
11.5.5] (see also [15, Lemma 2.10] for the precise statement we need), there is an
extension of the right hand part of (7)

B

such that, for some bo E B \ B we have (CD B )*(lfrj/ bo) :;2 r~ + r., where r~ and
r 1] are irreducible rational curves on Rv (possibly coinciding) such that /; E r~ and
1] E r 1]. Let now

I := {(x, /;) E S x Rv Ix E Supp(/;)} C S x Rv

be the incidence variety with projection morphisms p: I ~ Sand q : I ~ R» . Then
dim I = dim R» = 2 or 3 and q is finite of degree two. Consider the commutative
diagram

(8)

B,
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where the square is Cartesian. Define ifB := P 0 <P~. Note that for b E B we have

ifB«:», 1b) = JrB (ipsIb). In particular, ifB is dominant and generically one-to
one on the fibers over B. Therefore p must also be dominant.

We have

Denoting by b E B a general point and recalling that ifB is generically one-to-one
on the fibers over B, we have

where D~ := p(q-l r~) and DI) := ptq :' r I))' Now the curves contracted by pare

precisely the curves of type {x, x + D}, for a point XES and a curve DeS. Since
S is not covered by rational curves, and ~ and TJ are general, their support on S
does not intersect any of the finitely many rational curves yon S with y.C ~ CZ• If
«:' r~ contained a component of the form {x, x + D}, then, by definition of q, we
would have

a union of two irreducible rational curves, each being mapped isomorphically
by p to r~. Then p({y, x + y}yED) = DeS would be an irreducible rational
curve intersecting Supp ~, a contradiction. The same argument works for q -I r I)'

Therefore, none of the components of q -I r ~ nor q -I r I) are contracted by p. We
therefore have D~ ~ ~ and DI) ~ TJ, viewing ~ and TJ as length-two subschemes of
S. (Note that D~ and DI) are not necessarily distinct.) Moreover,

with E~,I) ? 0, and by construction, D~ + DI) + E~,I) lies in the border of the family
qJ:C -+ V of curves on S, and as such, [D~ + DI) + E~,I)] E V, where V is the
closure of V in the component of the Hilbert scheme of S containing V. Moreover,
as the number of such effective decompositions of [C] is finite (as S is projective),

we can find one decomposition [C] = [Dd + [Dz] holding for general ~, TJ E Rv .

Since this construction can be repeated for general ~, TJ E Rv and the set {x E S Ix E

Supp(s) for some ~ E Rv} is dense in S, as the curves parametrized by V cover the
whole surface S, the obtained classes D, and Dz must move in an algebraic system

of dimension at least one. D

We now prove an additional, more precise result:

Lemma 3.2. Assume (1) and (6). Then we can find a decomposition as in
Proposition 3.1 satisfying the additional properties
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(a) D1.D2 ~ P« - Pg + 2; and

(b) there is a reduced and irreducible component of D; (resp. D~ containing ~

(resp. 'I).

Proof. Let ~ and 'I E Rv be general and [D; + D;J E V such that ~ c D; and
'I C D; as in Proposition 3.1. Let D~ S; D;, Dry S; D;, r~ c Rv and r n c Rv be as
in the proof of Proposition 3.1, that is, D~ := p(q-I r~) and Dry := p(q-I r ry).

If q -I r ~ were reducible, it would consist of two rational components, each being
mapped isomorphically to r ~ by q. Therefore, ~, viewed as a length-two scheme
on S, would intersect a rational curve yeS satisfying y. C ~ C2. As in the proof
of Proposition 3.1, for ~ general this cannot happen. Hence q -I r ~ is reduced and
irreducible and so is D~ = p (q -I r ~) as well. Of course the same reasoning also
works to show that Dry = p(q -I r ry) is irreducible. This proves (b).

Set D := D; + D;. We now want to show that there is an effective decomposition

D = DI + D2 with D~ S; DI, Dry S; D2 and DI.D2 ~ Pa - Pg + 2.
We know that a partial desingularization of D, say 15, which can be obtained

by a succession of blowups f :S-+ S, is a limit of smooth hyperelliptic curves, as
[DJE Vby Proposition 3.1. Let 15; and Dry denote the strict transforms of D; and
Dry, respectively. We now claim that there is an effective decomposition

To show (9), we first write 15 = D~ + 15'. We have a short exact sequence

Since HI(wi5~):::::: HI (wi5) by Serre duality, the map HO(wi5) -+ HO(Wi5,(D;)) is

surjective, whence IWi5I(D;)1 is not birational on Dry, since IWi51 is 2: 1 on every
nonrational component, as 15 is a limit of hyperelliptic curves.

Let now DI £ D be maximal with respect to the properties that D~ £ DI' D2 :=

15 - 151 2 Dry and IWi52 (15])1 is not birational on Dry.

If D2 = Dry, then 151.152 ~ 2 by [10, Proposition 2.3], and (9) is proved.
Now assume that D2 ~ Dry.
If there is a reduced and irreducible component 1522 S; D2 - Dry such that

1522.151 > 0, set D21 := 152 - D22 2 Dry. Then from

0-+ Wi522(D]) -+ wi52(DI) -+ Wi521(DI + D22) -+ °
and the fact that hi (wi522(D])) =0, we see, as above, that Iwi52 (DI + 1522)1is not

~ ~ I

birational on Dry, contradicting the maximality of DI.

Therefore DI.D2 = DI.Dry and since IWi52(D]) I is not birational on Dry, and

HO(wi5ry(D])) ~ HO(wi52(DI)), then IWi5ry(D])1 is not birational on Dry either. It
follows, using [l0, Proposition 2.3] again, that

"....."..... ,.....,,,.....

DI.D2 = DI.Dry ~ 2,
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and (9) is proved.

Now let E j , •• 0 , En be the (total transforms of the) exceptional divisors of

f:S ---+ 5, so that Ks= 1* Ks + LEi, Dj = 1* D, - Lel;Ei and Dz = 1*Dz 
L!3; e., for eli,!3i ? 0, where Dj ;2 ~ and o, ;2 11. We compute

2pg - 2 = (D] + Dz).(D] + Dz + Ks)
= (D] + Dz).(Dj + Dz + Ks)

-2Leli.!3i + L(el;Cl-eli)+!3i(1-!3i»)

::::; D.(D + Ks) - 2 Leli.!3i = 2pa - 2 - 2 Leli.!3i,

whence L eli ·!3i ::::; Pa - Pg· Inserting this into

and using (9), we obtain the desired result Dj.Dz ::::; Pa - Ps + 2. D

A consequence is the following Reider-like result. Note that when Pa = Ps» that
is, the family consists of smooth hyperelliptic curves, we retrieve the results of
Reider [34].

We make the following notation: if C c 5 an irreducible curve with hyperelliptic
normalization and f: S ---+ 5 a birational morphism inducing the normalization
v :C---+ C, then we define

Theorem 3.3. Assume (1) and (6). Then there is an effective divisor D on 5 such
that hOeD) ? 2, hO(C - D) ? 2, DZ <(C - D)z and

(10)
z (i) Z (ii)

0::::; 2D ::::; DoC::::; D + Pa - Pg+ 2 ::::; 2(Pa - Pg + 2),

with equalities in (i) or (ii) ifand only ifC == 2Do
Furthermore there is a fiat family parametrized by a reduced and irreducible

complete subscheme VD of the component of the Hilbert scheme of 5 containing
[D] with the following property: for general [C] E V there is a complete rational
curve VD(C) ~ VD such thatfor general ~ E W[Zj(C), there is a [D~] E VD(C) such
that ~ c Di,

Proof. We have, by Proposition 3.1 and Lemma 3.2, a decomposition into alge

braically moving classes C "'"alg D, + Dz with Dj.Dz ::::; Pa - Pg + 2. Without loss
of generality we can assume that D? ::::; D~, or equivalently Dj.C ::::; Dz.C. We first
show that we can assume that D? ? O.

Indeed, if D? < 0, then the algebraic system in which Di moves must have a base
component r > O. We can write D] "'"alg Do+ r, where Do moves in an algebraic
system of dimension at least one, without base components. Inparticular 0 ::::; D5 =
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Dr - 2Dj.r + r 2 < r 2 - 2D].r, so that r 2 > 2D]T. Moreover, we have r.D2 ~

-r.Dl as C is nef. Hence

2Do.(D2 + I') = D].D2 - r.D2 + r.D] - r

:,;; Dj.D2 + 2r.D] - r 2 < D].D2,

and we can substitute D] with Do ~ D], as clearly Supp(~) n r = 0 for general
~ E R», Therefore, we can assume Df ~ 0.

Combining with the Hodge index theorem, we get (2D].C) . Df :,;; C2 . Df :,;;
(Dj .C)2, so that 2Df :,;; Dj.C, with equality if and only if C = 2D j. Moreover,

Df:,;; ~Dj.C = ~(Df + Dj.D2):';; ~(Dr + Pa - Pg +2) yields Dr:,;; Pa - Pg +2,
again with equality if and only if C = 2D].

Finally, from Proposition 3.1 and the fact that we have at most removed base
components of the obtained family, it is clear that there is a reduced and irreducible
complete scheme VDj parametrizing curves algebraically equivalent to D] with the
property that for general [C] E V and general ~ E W[2j(C), there is a [D;-] E VDI

such that ~ c D;-. For fixed C this yields a complete curve VDI (C) ~ VDI such
that all [D;] E VDI (C) for general ~ E W[2j(C). This gives a natural rational map
C- ---+ VDI (C) inducing a morphism between the normalizations C---+ VDI (C) that
is composed with the hyperelliptic double cover C---+ lP'j. Hence VDI (C) admits a
surjective map from lP'j and is therefore rational.

If hO(D]) = 1, then the variety parametrizing curves algebraically equivalent to
D, is abelian and therefore cannot contain rational curves, cf. e.g. [7, Proposition
4.9.5]. Hence hO(D]) ~ 2.

Substituting D] with D2 we also obtain hO(D2) ~ 2, thus finishing the proof. 0

In particular, we have a slight improvement of [15, Corollary 4.7]:

Corollary 3.4. Assume (1) and in addition that there is no decomposition C rvalg
C, +C2 such that hO(Os(C;)) ~ 2for i = 1,2.

Then dim V:,;; 2 ifPg(S) > °and dim V:,;; 4 otherwise.

The conditions in Corollary 3.4 are for instance satisfied if NS(S) ~ Z[C].
Theorem 3.3 gives additional restrictions on the existence of such a family as in
(1) and (6). In particular it shows that when the difference 8 := Pa - Pg is "small",
then such a family cannot exist unless there are some quite special divisors on
the surface (cf. also [16, Theorem 1], where we in fact show the nonexistence of
curves with hyperelliptic normalizations in the primitive linear system IH I with
8 :,;; Pa2-

3 on a general primitively polarized K3 surface (S, H)). Unlike the results

of Reider, Theorem 3.3 cannot be used to say that if [C] = mL for some m »0,
then families as in (6) do not occur, as Pa grows quadratically with m, but it shows
that the difference 8 := Pa - Ps must get bigger as m grows. This was already seen
in Examples 2.7 and 2.9(iv) above.

Note that the families in Examples 2.7 and 2.9(iv) for n ~ 2 and in Example 2.8
satisfy the conditions (I) and (6) and that the conditions in Theorem 3.3 are satisfied
for D = H in Examples 2.7 and 2.9(iv) and for D = 2EI in Example 2.8.
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Also note that there is no divisor (in general) satisfying the conditions in
Theorem 3.3 in the two-dimensional families given in Examples 2.7-2.9 and
Lemma-Example 2.6. We therefore see that the conditions (6) cannot, in general,
be weakened.

4. FURTHER REMARKS

We make the following observation.

Lemma4.1. The divisor class D in Theorem 3.3 can be chosen in such a way that
if D2 = °(resp. D2 = 1 and D.C is odd), then the general curve parametrized by

VD is reduced and irreducible and VD is a base point free, complete linear pencil
with D.C even (resp. VD is a complete linear pencil with one base point x that is a

point ofevery [C] E V).

Proof. Assume that either D2= °or that D2 = 1 and D.C is odd. Also assume that
the general [D] E VD is of the form D = D' + D" with ~ cD'. Since the number
ofeffective decompositions of [D] in NS(S) is finite, we can in fact assume that all
such D' and D" are algebraically equivalent. For the same reason we can, possibly
after moving base components from D' to D", assume that D' is nef, in particular
that D,2 ? 0. Since D,2 = D2 - 2D.D" + D,,2, we then get D,,2 ? 2D.D" - D2.

Moreover, we have D".(C - D) ? -D".D as C is nef. Hence

D'.(C - D + D") = D.(C - D) - D".(C - D) + D".D - D,,2

(; D.(C - D) + 2D".D - D,,2 (; D.(C - D) + D2,

so that D'.(C - D + D") :::; D.(C - D) unless when D2 = 1, D,,2 = 2D.D" - 1
and D".(C - D) = -D".D (whence D".C = 0). It follows that D,2 = 0, so that
D'.(C - D'):::; 8 + 2, unless D2= 1 and D.C = 8 + 3, in which case D'.C = 8 + 3.

This proves that the general curve parametrized by VD can be taken to be reduced
and irreducible, possibly upon changing D, when D 2 = 0. By Theorem 3.3, IDI is
a pencil, and as D2 = 0, we must have that IDI is the whole component of the
Hilbert scheme of S containing [D]. Therefore VD = IDI ~ jp'1. Moreover, D.C is
the degree of the morphism C--+ VD ~ jp'1, which is composed with a gi, so it must
be even.

We now treat the case D2 = 1.
We have seen that if the general curve parametrized by VD is not reduced and

irreducible, then D,2 =°and D'.C = D.C = 8 +3, which is odd by assumption. But
then, arguing as in the case D2= 0, we get that D'.C must be even, a contradiction.
Finally, as the degree of C--+ VD(C) (where, as above, VD(C) is the normalization
of VD (C» must be even, the family parametrized by VD must have base points lying
on every curve C parametrized by V. Of course there can only be one base point,
as D2 = 1, and the result follows by blowing up S at this base point and using the
result for D2 =0. D
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An additional application of the Hodge index theorem yields the following,
which says that in fact when 8 := Pa - PI? is "small" the only cases of families
of irreducible curves with hyperelliptic normalizations of large dimensions arise

in fact from 2 : I rational maps as explained in the introduction and seen in
Example 2.7, or from elliptic fibrations on the surface (whence kod(S) ~ 1).

Corollary 4.2. Assume (1) and (6), set 8 := Pa - Pg and assume furthermore

that C2 > (8 + 3)2 or that C2 = (8 + 3)2 and C ¢ (8 + 3)Co for any divisor Co

(resp. the intersection form on S is even, and either C2 > (8-+;4)2 or C2 = (8-+;4)2 and

C ¢ 8!4 Cofor any divisor Co).
Then there is a linear pencil iln, whose general member is a smooth, irreducible

elliptic or hyperelliptic curve such that D2 = 0, D.C is even and D.C ~ 8+ 2.
Furthermore, in the case when the general member of ID I is hyperelliptic (which

is the case ifkod(S) = 2), there is a 2: 1 rational map S --+ R to a smooth rational

surface and the family parametrized by V is the pullback ofa family ofirreducible,

rational curves on R.

Proof. Let D be as in Theorem 3.3 and Lemma 4.1. If D2 > 0, then the Hodge
index theorem yields

with equality implying C == (8 + 3)D, contradicting our hypotheses. The same
reasoning works if the intersection form on S is even, so that D2 ) 2.

If D2 = 0, then by Lemma 4.1 IDI is a base point free complete pencil, and
for general [C} E V and general ~ E W[2J(C), there is a D1; E IDI such that
~ C D1;. Therefore, the induced morphism C--+ IDI ~ pi, where C denotes the
normalization of C, ofdegree D.C, is composed with the hyperelliptic double cover
C--+pl. In particular, D.C is even.

By construction, the general element of ID I has a partial desingu1arization that
admits a 2 : 1 map or 1 : 1 map onto a pI, as it is a component of a limit of
smooth rational curves. Since kod(S) ) 0, it cannot be rational, so it is a smooth,
irreducible elliptic or hyperelliptic curve, as ID I is base point free. In the latter case
S --+ 1P'(7t*(WS/IDI» is the desired 2: 1 rational map, since it maps all members of V

generically 2 : 1 onto irreducible, rational curves. D

Example 4.3. Assume (1) and (6) with NS(S) ~ Z[H} such that C == mH with

m ) 2. We must have (m - 1)H2 ~ Pa - Ps +2 by Theorem 3.3, whence

C2 = mZHZ ~ mZ(Pa - Pg + 2)
m -1

Note that if one can bound CZ and the difference 8 = Pa - Pg is given, one can
obtain dimension bounds on V. This follows from the following general result,
which is "folklore". We include the proof, pointed out to us by C. Ciliberto, for
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lack of a suitable reference. The bounds on dim V obtained by combining the next
lemma and Corollary 4.2 are however probably far from being sharp.

Lemma 4.4. Let V C Hilb S be a reduced and irreducible scheme with dim V > °
parametrizing a flat family of curves on a smooth projective surface S with
kod(S) ~ °of constant arithmetic and geometric genera Pa and Ps ~ 2, respec
tively, and algebraic equivalence class C. Then

In particular, if dim V = Pg, then either kod(S) ::;; 1 and dim V = 1, or
kod(S) =0.

Proof. Note that the equality in (11) follows from the adjunction formula.
Denote by C a general curve in the family, Cits normalization and f :C-+ S the

natural morphism. Then we have a short exact sequence

defining the normal sheaf Nt to f. Let r c u, be the torsion subsheaf and
Nt :=Nt/T, which is locally free on C. The sections HO(T) c HO(Nt) vanish
at the generic point of C, cf. [1, Section 6], whence the tangent space at [C]

of the equigeneric family in which C moves, which corresponds to infinitesimal
deformations of f that do not vanish at the generic point of C, maps injectively to
HO(Nt), cf. also [36, Section 3.4.3]. It follows that dim V::;; hO(flt).

From (12) we have degNt = degNt -lengthT = -Ks.C +2pg - 2 -lengthT.
If now hI (N!) = 0, then by Riemann and Roch

(13)

0- -
h (Nt) =degNt + 1- Pg = -Ks.C + Pg -1-lengthT

::;; -Ks.C + Pg - 1.

If h 1(Nt) > 0, then by Clifford's theorem we have

(14)

°- 1 - 1h (Nt)::;; - degNt + 1 = - (- Ks-C + 2Pg - 2 - length T) + 1
2 2

1
::;; -"2 Ks .C + pg.

Let ip : S -+ So denote the morphism to the minimal model of S.
If Ks.C < 0, then C must be an exceptional curve of q;, so that Ks.C = C2 =-1

and C is a smooth rational curve and dim V = 0, a contradiction.
If Ks.C ~ 0, then (11) follows from (13) and (14). Furthermore, if dim V = Pg,

then Ks.C = 0, so that by adjunction we have 2pg - 2::;; 2pa - 2 = C2. Moreover,

we must have C =q;*Co for an irreducible curve Co C So and Kso'Co =0.
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Since dim V > °by assumption, we must have C5 ? °and the Hodge index
theorem implies K~o = 0, whence kod(S) ~ 1. Furthermore, if dim V ? 2, then

C5 ? 2, so that Kso == 0, whence kod(S) = 0. 0

We conclude the paper by writing out the results in the two simplest cases 8 =

Pa - pg =°and 1.

4.1. The case 8 = Pa - Pg = °
Assume (1) and (6) with Pa = Pg. This means that V parametrizes a flat family of
smooth irreducible curves. We get an effective divisor D as in Theorem 3.3 and
Lemma 4.1 and we now consider the various possibilities occurring.

We first show that the case D2 = I and C == 2D cannot happen.

Indeed, in this case we would have dim V = 3 by Lemma 4.4, and by

(15) 0---+ Os(D - C) ---+ Os(D) ---+ OcCD) ---+ 0,

and the fact that D - C == -D and D is big and nef, as C is nef, we get hOeD) =
hO(OcCD)) = hO(gi) = 2, so that VD = IDI is a pencil. It has to have one base
point, say x. But then IDI cuts out a gI on any curve numerically equivalent to C
passing through x. But, as curves algebraically equivalent to C form a family of
dimension at least dim V = 3, the family of such curves through x has dimension at
least 2, and the surface is uniruled, a contradiction as kod(S) ? 0.

Here is a list of the other possibilities.

Case D2 = °and D.C = 2
Then IDI is a linear pencil cutting out a gi on every smooth curve numerically
equivalent to C. As in Corollary 4.2, either this is an elliptic pencil (whence
kod(S) ~ 1), or there is a 2 : 1 rational map S ---+ R to a smooth rational surface
and the family parametrized by V is the pullback ofa family of irreducible, rational
curves on R.

Case D2 = 1 and D.C = 3
By Lemma 4.1, IDI is a pencil with one base point x lying on every curve
parametrized by V, and thus cuts out the gi on every member of V, and in fact
on any smooth curve numerically equivalent to C passing through x.

As (C - D)2 ? D2 by Theorem 3.3, we can only have

C2 = 7,8 or 9, with C == 3D if C2 = 9,

the latter by the Hodge index theorem.
By Lemma 4.4 we have dim V ~ 4 if C2 = 7 and dim V ~ 5 if C2 = 8 or 9.
Blowing up at x, we reduce to the case above. As Ks.D ? 0, since kod(S) ? °

and D moves, we must have Pa(D) ? 2, so that we can conclude that there is a 2: 1
rational map S ---+ R to a smooth rational surface and the family parametrized by V

is the pullback of a family of irreducible, rational curves on R.

235



Case D2 = 2 and C == 2D
By Lemma 4.4 we have dim V ~ 5. Moreover, by (15) we have hO(Os(D)) =

hO(OcCD)) = hO(OC'(D» for any [C] E V and any C' == C.
Let IMI be the moving part of IDI. Note that either M.C = 4 or M.C = 2, and

the latter implies M2 = 0 by the Hodge index theorem, so that we can reduce to the
case treated above. We can and will therefore assume that M.C = 4. By the same
reasoning, we can assume that IMI is not composed with a pencil. By the Hodge
index theorem, M2 ~ 2 with equality implying M ~ D.

If haeM) = 2, then, by Theorem 3.3, IMI is a pencil with two base points x and

y (possibly infinitely near) lying on every curve parametrized by V, and thus cuts

out the g~ on every member of V, and in fact on any smooth curve numerically
equivalent to C passing through x and y. It follows that M 2 ? 2, whence M ~ D.

Blowing up at x and y, we find as above that there is a 2 : 1 rational map S ---+ R

to a smooth rational surface and the family parametrized by V is the pullback of a
family of irreducible, rational curves on R.

If haeM) ? 3, then we must in fact have haeM) =3 and M2 =2 by Lemma 4.4,
whence again M ~ D. We have hO(Oc,(D» = 3 for any C' E ICI. Therefore

IOe(D)1 is a g1, so that in fact every smooth curve in ICI is hyperelliptic. It follows
from Lemma 4.4 that IDI is base point free, so that it defines a 2: 1 morphism
S ---+ p2, such that V is the pullback of a subfamily of the 5-dimensional family of

conics in p2, as C == 2D.
Of course, this is just Reider's result [34] (under stronger hypotheses) if C2 ? 9.

For C2 < 9 the results seem to be new with respect to the existing results in [6,37,
38] in the sense that these papers always assume ampleness or very ampleness of
Os (C). (But of course, we have the additional hypotheses on the dimension of the
family and on kod(S).)

We hope in any case that the reader may find this treatment of interest because
of the completely different approach than the other papers. In particular, we have
obtained a "vector bundle-free" Reider-like result.

4.2. The case 8 = 1

Assume (1) with Pg = Pa - 1.
We first note that an immediate consequence of Corollary 4.2 is that if C2 > 16

or C2 = 16 and C is not 4-divisible in NS(S), and there is no pencil lD] such that
D.C = 2 (in which case all curves numerically equivalent to C, smooth or not,
would carry a g~, meaning a 2: 1 finite map onto pi), then dim V ~ 2 if Pg(S) > 0
or S is Enriques and dim V ~ 4 otherwise.

Under the assumptions (6) we get an effective divisor D as in Theorem 3.3 and
Lemma 4.1. We now consider the various possibilities occurring.

As above, the case D2 = 1 and C == 2D cannot happen. Moreover, the case D2 =
oand D.C = 3 does not happen by Lemma 4.1.

The cases (D2 , D.C) = (0,2) and (1,3) can be reduced to the case 8 =0, in the

sense that the curves parametrized by V already have g~ s.
The new cases are:
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Case D2 = 2 and C == 2D
If hO(OcCD)) = 3, then we can also reduce to the case 8 =O. By Lemma 4.4 we
have dim V ( 4.

Case D2 = 2 and D.C = 5
By the Hodge index theorem, we have C2 ( 12 and by Lemma 4.4 we have
dim V (6.

Case D2 = 3 and C == 2D
By Lemma 4.4 we have dim V (6.
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