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1. Throughout this paper X stands for a compact Hausdorff space and 
O(X) for its complex Banach lattice of continuous functions. 

A linear map from O(X) into itself is a Markov operator in X if it is 
non-negative and leaves the constant functions invariant. A non-negative 
operator is called irreducible ( [8], p. 269) if it possesses no non-trivial 
closed ideals in O(X). vVe shall say that a Markov operator has discrete 
spectrum if its eigenfunctions, pertaining to the unimodular eigenvalues, 
constitute a total set in O(X). 

According to a (not yet published) result of H. Lotz's, in the presence 
of an irreducible Markov operator T with discrete spectrum, X must be 
homeomorphic to a compact monothetic group, such that T is conjugate to a 
translation by a generating element. 1 ) 

This theorem bears a close resemblance to the classical VoN NEUMANN
HALMOS representation ([6], p. 48) for ergodic point transformations with 
pure point spectrum. In ergodic theory, however, the canonical representa
tion problem has been solved by ABRAMOV, [1], for the substantially 
larger class of transformations with quasi-discrete spectrum. A topological 
refinement of the ABRAMOV theory has been obtained by HAHN and 
PARRY, [4]. Accordingly, it seems natural to extend the Lotz representa
tion to irreducible Markov operators with quasi-discrete spectrum (to be 
defined in section 2). 

The Abramov-Hahn-Parry theory centers around the notion of quasi
eigenvalues for point transformations, introduced into ergodic theory by 
HALMOS and VoN NEUMANN ([5], p. 1025, [6], p. i57) and into topological 
dynamics by HAHN and PARRY [ 4]. This notion is carried over at once to 
function transformations; the (rather cumbersome) definition is found in 
section 2. A Markov operator in X will be said to have quasi-discrete 
spectrum if its quasi-eigenfunctions form a total set in O(X). 

The present paper is devoted to a proof of the following 

1) An outline of the proof has been given by Professor H. H. Schaefer (Tiibingen) 
in a Colloquium Lecture at the University of Utrecht on May 23, 1967. 
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Theorem. LetT be an irreducible Markov operator with quasi-discrete 
spectrum on the compact connected Hausdorff space X. Then X is homeo
morphic to a compact abelian group, such that T is conjugate to an affinity 
(an automorphism followed by a translation) of this group. 

A simple example on the two-dimensional torus is offered by the "skew 
product" 

[Tf] (z, u)=f(cz, zu), 

where c is a torsionfree unimodular complex number; compare [7], p. 234. 
This theorem is an immediate consequence of the uniqueness and 

existence theorems of the Abramov-Hahn-Parry theory. 
In fact, the proof boils down to showing that Tis induced by a totally 

minimal point map t in X. 
Liberal use will be made of the Schaefer spectral theory for irreducible 

Markov operators; cf. the Appendix to [8]. An excellent exposition of the 
Abramov theory is found in [7], p. 226-240. 

2. Assume T to be an irreducible Markov operator on the compact 
space X. The spectral radius ofT being unity, the Krein-Rutman eigen
value theorem ([8], p. 267, Cor. to (2.6)) applies to the effect that there 
exists a non-negative Radon measure m on X, which is invariant in 
the sense that 

moT=m 

on O(X). We take m normalized by m(e)= l, where e stands for the 
constantly-one-function. Since the closed ideal {f EO(X): m(J/1)=0} is 
invariant under the irreducible operator T, we infer that m is strictly 
positive (f>O implies m(f)>O). 

Remark I. The existence of a strictly positive measure imposes a 
heavy condition on X. Amenable n.a.s. conditions seem to be unknown. 

A unimodular eigenvalue A ofT induces a unimodular function ({);. = Ae, 
a constant map of X into the unit circle K. 

Let H1 denote the set of all functions ({);. thus obtained and G1 the 
family of the corresponding ordinary eigenfunctions. 

The elements f of G1 are taken to be normalized by 

11/Jioo = sup {Jf(x)J :X EX}= l. 
(2.1) Every f E G1 is unimodular. 

Proof. From T/=((J/, where ({J EH1, we obtain 1/I=JqJ/J=JT/J<TJ/J, 
whence TJ/1-1/J>O. But m(Tlfl-l/1)=0 and so TJfl=lfl and 1/1 is 
invariant under T. Now every ({J E H 1 is simple ([8], p. 272, (3.3)), whence 
Ill =e. 

Remark 2. In this connection the following observation seems 
appropriate. In the measure-theoretic setting an automorphism of a 
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probability space is ergodic if and only if A= I is a simple eigenvalue of 
the induced unitary operator. 

This spectral characterization is no longer valid for irreducible maps. 
For instance, the Markov operator Ton X= [O,I], induced by the homeo
morphism t: x I-+ x2 has A= I as a simple eigenvalue (since Tf= f implies 
by iteration that f(x)=f(O), O<;x<I, whence /=/(O)e), but the ideal 
{IE O(X): /(0) = 0} is invariant under T and so T is reducible. 

In fact, by the Brouwer-Tychonov fixed point theorem, irreducible 
point maps cannot live on spaces which are (homeomorphic to) convex 
subsets of locally convex spaces. 

Quasi-eigenvalues and ditto eigenfunctions are defined now consistently 
by induction. 

Suppose the sets H1 C H2 C ... C Hn and G1 C G2 C ... C Gn in O(X) 
have already been defined. Then, Gn+l will be the family of all normalized 
f E O(X) for which there exists q; E Gn, such that 

Tf=q;f. 

Furthermore, H n+l will be the set of those q; E Gn for which we can find 
f E Gn+l satisfying Tf=q;f. Finally, let 

00 00 

G = U Gn, H = U H n· 
1 1 

The members of G are called quasi-eigenfunctions and those of H quasi
eigenvalues. 

(2.2) G and H consist of unimodular functions. 

Proof. By induction, using the argument of (2.I). 
The crucial lemma now reads 

(2.3) If f E G, then T(fg) = (Tf)(Tg) for every g E O(X). 

Proof. For f E G1, the statement is implicit in the argument of [8], 
p. 273, (iii). In the general case, let Tf=q;f, where q; E H, and consider 
the operator S in O(X), defined by 

Sg=rpfT(fg), 

the bar denoting complex conjugation (or reciprocal values by (2.2)). 
We claim that S=T. 

Since 
!Sg! = lif!fT(fg)! = !T(fg)! <TIM =T!g! <llgllooe, 

for every point x in X the functional g 1--+[Sg](x) has norm unity on 
O(X). We write 

[Sg](x)=ex(g)+i Tx(g) g E O(X), 
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where (!x and Tx are real Radon measures on X. Similarly, there is a non
negative Radon measure flx such that 

[Tg ](x) = flx(g) g EO(X). 

The above inequality ISgl (x) <;,.T lgl (x) leads to 

lex(g) +i-rx(g)l <tlx(lgl) 

for all g E O(X), whence 

XEX. 

Since Se=e=Te, we have (ftx-ex)(e)=O, showing that (!x=flx, whence 
Tx=O, for every x EX. Therefore, S=T, or rpfT(fg)=Tg for all g EO(X), 
implying (2.3) by virtue of (2.2). 

On account of this multiplication property of T we obtain 

(2.4) T is induced by a continuous map t of X onto itself (i.e. we have 
Tf = f o t for all f E O(X)); for this reason, T is a lattice isomo
morphism as well as an algebra isomorphism of O(X) into itself. 

Remark 3. At this stage we are not yet able to prove that t is a 
homeomorphism of X onto X. If we knew already that T is surjective, 
this would follow at once from the Banach-Stone characterization of 
compact spaces. Consequently, we have to make a little detour. 

Proof. Fix g in O(X) arbitrarily. By continuity we obtain from (2.3) 
that T(fg)=(Tf)(Tg) holds for every f in the closed linear span of G. 
Since T has quasi-discrete spectrum, the latter equals O(X). Therefore, 
T is an algebra endomorphism of O(X). 

We assert that Tis an injection. In fact, the closed ideal Ker(T) being 
invariant under the irreducible operator T, we have Ker(T) = (0). 

The rest of the argument is more or less standard; cf. [2], IV.6.26. 
Let x be any point in X and Bx the corresponding point functional. 

Then ex o T is a non-zero complex homomorphism of O(X). As such, it is 
afforded by a unique point y EX, in the sense that ex o T = ey. 

The assignmentx1--+y yields a well-defined map t: X--+ X. Since Xl--+exoT 
is a continuous map from X into the weak dual of O(X), tis continuous 
in X. Finally, we claim that t is a surjection. If not, there would exist 
f EO(X), with 11/lloo= I, but vanishing on the compactsettX. Consequently, 
Tf=fot=O on all of X. The injectivity ofT leads to the contradiction 
/=0. 

Once in the possession of the point transformation t, the following 
proposition follows by induction along the lines set forth in [7], p. 227. 

(2.5) The sets Hn, Gn, Hand G are multiplicative groups, each possessing 
T as an automorphism. 

It follows from T(G) =G that Tis an automorphism of the closed linear 
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span of G, that is, of O(X) itself. Consequently, (2.4) can be strengthened 
now to 

(2.6) T 'is a (lattice as well as algebra) a1d011wrphism of O(X), induced 
by the homeomorphism t of X. 

Proof. It is sufficient to show that t is injective. Suppose tx = ty for 
two different points x andy in X. Then any f E O(X ), separating x andy, 
would not belong to T(O(X))=O(X). 

Remark 4. If X has an infinite number of points, the invariant 
strictly positive measure m is non-atomic. In fact, every singleton has 
m-measure zero. 

It will be convenient to call the point transformation tin (2.6) irreducible 
too. 

3. Assume that T is an irreducible Markov operator with quasi-discrete 
spectrum on the compact space X. 

(3.1) If X is connected, then all iterates Tn, n E1l, are irreducible. 

Proof. This is an immediate consequence of the representation (2.6) 
and a well-known result from topological dynamics. In fact, X being 
compact, the well-known hull-kernel correspondence sets up a Galois 
connection between the closed subsets of X and the closed ideals in O(X ). 
Moreover, a connected minimal set for t is also minimal for all powers 
tn, n Efl. This is proved (in perfect disguise) in [3], p. 16, 2.28. Finally, 
X is the only minimal set for the irreducible map t. 

Taking X to be connected, we infer that H1 is a torsionfree group; cf. [8], 
p. 272. All ingredients of the Abramov-Hahn-Parry theory lying before is, 
the above theorem follows. 

Finally, the following statement complements the Hahn-Parry theory. 

(3.2) If X is infinite, connected and metric, then GfK is an infinite 
countable set. 

Proof. Consider the Hilbert space L2(X, m) on X, associated to the 
above invariant measure m. In view of (3.1) Abramov's Theorem [1], 
§ 1, 7° (cf. [7], p. 230, Lemma 5; a completely different proof is found 
in [4], p. 313) carries over at once. That is, quasi-eigenfunctions pertaining 
to different quasi-eigenvalues are orthogonal elements of L 2(X, m). Con
sequently, any two elements f and g of G, belonging to different quasi
eigen-values, have a distance 

[[f-g[[oo> [[f-g[[2 = V2. 
The space O(X) being separable, GjK can contain at most countably 

many elements. It is still noticed that T has a Lebesgue spectrum on 
L2(X, m) e Span (G1). 
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