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1. Introduction and main results

In this paper, a principal shift-invariant space on the real line is a shift-invariant space V,(¢) generated by a function
¢ el?:=1%(R),

Va(g) := {Zc(k)¢(~ —k) ‘ c:=(c(k) oy €6 = zZ(Z)}, (11)
keZ
such that {¢(- — k) | k € Z} is a Riesz basis for V,(¢), i.e., there exist positive constants A and B such that
Allcllyz < Zc(k)q)(- —k) H < Blicllgz forallc:=(c(k)), ., € 2. (1.2)
keZ 2

The function ¢ is called the generator of the principal shift-invariant space V,(¢), and it is called the orthonormal generator
if {¢(- —k) | k € Z} is an orthonormal basis for V;,(¢), i.e.,, (1.2) holds for A = B = 1. Principal shift-invariant spaces have
been widely used in approximation theory, numerical analysis, sampling theory and wavelet theory (see, e.g., [2,3,8,11,18]
and the references therein).

The classical models of principal shift-invariant spaces on the real line are the Paley-Wiener space PW also known as the
space of bandlimited functions (the set of all square-integrable functions bandlimited to [—1/2,1/2]) and the spline space
52*1 (the set of all (n — 1)-differentiable square-integrable functions whose restriction on any integer interval [k, k + 1] co-
incides with a polynomial of degree at most n). More precisely, the Paley-Wiener space PW is the shift-invariant space
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generated by the sinc function sinc(x) = % i.e. PW = V;,(sinc) and the spline space 52‘1 is generated by the B-

spline g", ie. S"~1 = V,(8") where 8° is the characteristic function on [0,1) and g",n > 2, are defined iteratively by
B () = [ BNt — T)B%(T) dT.

Now we consider principal shift-invariant spaces that are invariant under additional set of translates other than Z. The
shift-invariant spaces with additional invariance have been used in the study of wavelet analysis and sampling theory [19,
10,17], and have been completely characterized in [1] for L2(R) and in [4] for LZ(R"). For a subspace V of LZ(R), let

T(V):={teR| f(-—t)belongto V forall f e V}. (1.3)

For any closed subspace V of L2, one may verify that T(V) is a closed additive subgroup of R, and hence t(V) is either {0},
or R, or «Z for some o > 0. It can be shown that [1] for a principal shift-invariant space V,(¢) on the real line

T(V2(@) =R or 7(Va(e))= %Z for somen € N. (1.4)

We say that a shift-invariant space V on the real line has additional invariance if t(V) 2 Z. It is well known that the
Paley-Wiener space PW are invariant under all translations. Thus,

T(PW) =R.

A closed subspace V of L? with 7(V) =R is usually known as a translation-invariant space. The fact that the space of
bandlimited functions PW is translation-invariant (7 (PW) = R) makes it useful for modeling signals and images. However,
it is known that any function ¢ that generates a Riesz basis for PW has slow spatial-decay in the sense that ¢ ¢ LI(R), e.g.,
sinc(x) = % This slow spatial-decay property for the generator of principal shift-invariant spaces V;(¢) that are also
translation-invariant is not unique to the space of bandlimited functions PW. In fact, in this paper, we first show that the
generator ¢ of any translation-invariant principal shift-invariant space V,(¢) on the real line is not integrable.

Theorem 1.1. Let ¢ € L% and {¢ (- — k) | k € Z} be a Riesz basis for its generating space V(¢). If V2 (¢) is translation-invariant then
¢ ¢Ll:=L1(R).

The slow spatial-decay of the generators of shift-invariant spaces that are also translation-invariant is a disadvantage for
the numerical implementation of some analysis and processing algorithms.

On the other hand, Riesz bases for the spline spaces S"~! = V,(8") can be generated by the compactly supported B-
spline functions B". This is one of the reasons that spline spaces are often used in signal and image processing algorithms
as well as in numerical analysis. Moreover, the B-spline functions g" are also well localized in frequency domain, since
B"(&) = 0(J&|™™1). However, the spaces Sh=1 — V,(B") have no invariance other than by integer shifts. In fact, it can
be shown that any principle shift-invariant space V,(¢) generated by a compactly supported function ¢ cannot have any
invariance other than by integer shifts [17,1].

One way to circumvent some of the problems is to seek principle shift-invariant spaces V3(¢) that are close to being
translation invariant, with a generator ¢ which is well localized in both space and frequency domains, i.e., ¢ and ¢3 are well
localized. Specifically, we ask whether we can find a shift-invariant space V (¢) such that V (¢) is also %Z-invariant for some

2 <neN, and such that ¢ and q3 are well localized. It turns out that it is possible to construct functions ¢ that are well
localized in time and frequency domains, that generate shift-invariant spaces V;(¢) that are also %Z—invariant. However,
there are uncertainty and Balian-Low type obstructions, as will be described below. Specifically, the classical uncertainty
principle tells us that there is a lower limit on the simultaneous time-frequency localization of functions as shown by

Theorem (Uncertainty principle). For any function f e L?(R), we have

I£113 < 4r||xf @) |, | F )], (15)
and the equality holds only if

fx) = ce=sX*

fors>0andceR.

If we impose more conditions, the time-frequency localization deteriorates even further (see, e.g., [5-7,9,13-16] and the
references therein). For example, if the Gabor system {E;;Tng}m.nez = {e2mimx g (x 4 n)}mnez of a function g is a Riesz basis
for L(R), we will have the following Balian-Low theorem:

Theorem (Balian-Low). Let g € L*(R). If {E; T,g} is a Riesz basis for L*(R), then

( / yxgoc)yzdx)( / |sg<s>\2>ds=oo.
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The Balian-Low theorem implies that if function g generates a Gabor Riesz basis, then it is not possible for the func-
tions g and g to be simultaneously well localized. In particular

lg)| < IIr HGIRS Iélf

cannot hold simultaneously with r > 3/2.
1.1. Balian-Low type results for shift-invariant spaces

For the case of a shift-invariant space V(¢) which is also %Z—invariant for some 2 <n €N, we obtain the following
surprising result:

Theorem 1.2. If ¢ € L? has the property that {¢(- — k) | k € Z} is a Riesz basis for its generating space Vo (¢), and that V3(¢) is
%Z—invariantfor somen > 2, then for any € > 0, we have

/|¢>(x)]2|x|l+6 dx = +oo. (1.6)
R

Remark 1.

(i) Theorem 1.2 is a Balian-Low type result. If we choose € =1 in (1.6) of Theorem 1.2, we get f]R |x¢ (x)|2 dx = +o00.
It should be noted that in the Balian-Low theorem f |xg(x)|?>dx can be finite, while in the case of Theorem 1.2
fR |x¢ (x)|2dx is always infinite. For the case Ap = fR | (x)|2|x|P dx, the theorem above should be comparable to the
(1, 0o0) version of the Balian-Low theorem [6,13].

(ii) If we do not require other invariances besides integer shifts, then we can find V,(¢) such that {¢(- — k): k € Z} is an
orthonormal basis for V and such that ¢ decays exponentially in both time and frequency. In particular for such a ¢ it
is obvious that (f |x|"‘|g(x)|2dx)(/_ €12 |&(8)|% dg) < 0o, where «, 8 > 0 are any positive real numbers.

There is also a decay restriction in the Fourier domain. Specifically, the Fourier transform of an integrable generator ¢
of a principal shift-invariant space which is —Z invariant for some integer n > 2 cannot decay faster than |£|~1/2=¢ for any
€>0.

Theorem 1.3. Let 2 < n € N. Let ¢ € L' N L2 have the property that {¢ (- — k) | k € Z} is a Riesz basis for its generating space V(¢),
and that V,(¢) is ;Z -invariant, then for any € > 0,

;uﬂg}é(&)ﬂsﬂ/z*f = +00. (1.7)
€

We conclude from Theorem 1.3 that there is an obstruction to pointwise frequency (non)-localization property.

Remark 2. The conclusion of Theorem 1.3 remains valid if we weaken the condition that ¢ € L' N L? to ¢ € L? and ¢A> is
continuous.

1.2. Optimality of the Balian-Low type results

Now, we show the optimality of the results of Theorems 1.2 and 1.3.

The optimality of Theorem 1.2 is obvious since the ¢ = sinc function generates a translation invariant space and
Jr1¢@)1?1x|'~€ dx < oo for any 0 <€ < 1.

The following result shows that (1.7) in Theorem 1.3 is sharp and that for any 2 < n € N there exists a generator ¢ €
L' N L2 (that depends on n) for V,(¢) such that ¢ decays like |&|~1/2. This is done by constructing time-frequency localized
generators ¢ that achieve the desired properties:

Theorem 1.4. For each integer n > 2, there exists a function ¢ € L' N L% (and hence  is continuous) which depends on n, such that
{¢ (- —k) | k € Z} is an orthonormal basis for its generating space V,(¢), V2 (¢) is %Z—invariant, and

/\«b(X)! +1x]) ™ dx < oo, (1.8)

SUP|¢(E)!|§|”2 < +00. (1.9)
EeR
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Remark 3.

(i) Note that by giving up the translation invariance and only allowing 1/n invariance as in Theorem 1.4, we are able to
have an L' generator, while this is not possible for translation invariance as shown in Theorem 1.1.
(ii) Note that Theorem 1.4 shows the optimality of both Theorems 1.2 and 1.3 simultaneously.

We turn our attention to the integral measure of time-frequency localization for generators of %Z—invariant spaces.
Unlike what was proven for the translation-invariant case in Theorem 1.1, we prove that by sacrificing a little frequency
localization, it is possible for generators of such spaces to be in L!, even when satisfying the optimality condition (1.8).

Theorem 1.5. Forany 2 <neN,e>0,7 >0,8>0,1<q < oowith14+8 —q/2 < 1/(2y), there exists ¢ € L? (that depends on
€,68,q,y,n)such that {¢ (- — k) | k € Z} is an orthonormal basis for its generating space V,(¢), V2(¢) is %Z-invariant and ¢ satisfies
the following conditions:

(1) [rle@)>(1+|x)!~€ dx < oo,
(2) [ 1911+ [x)7 dx < oo,
(3) [z 16E)9(1 + |£])° d& < oo.

Remark 4.

(i) Note that the orthonormal generator ¢ = sinc for the Paley-Wiener space PW satisfies the first and third localization
properties in Theorem 1.5. However, the sinc function does not satisfy the second time localization inequality. In fact no
function ¢ generating a shift-invariant space V,(¢) that is also translation invariant can satisfy the second inequality
of Theorem 1.5, as is shown in Theorem 1.1. Thus by relaxing translation invariance to %Z—invariance we are able to get
better time localization in the sense of the second localization inequality above. For this however, we needed to trade
off some frequency localization by allowing infinite support in frequency.

(ii) We do not know what happens for the case € =0.

(iii) Using Lemmas 2.5, 2.6 and 2.7, Theorem 1.5 can be shown to be valid for other norms and other weights.

2. Proofs
2.1. Proof of Theorem 1.1

To prove Theorem 1.1, we recall a characterization for the Riesz (orthonormal) basis property (see, e.g., [12]) and for the
translation-invariance property (see [1]).

Proposition 2.1. Let ¢ € L2. Then

(i) {¢(- — k) | k € Z} is a Riesz basis for its generating space V,(¢) if and only if

m< Z’Qg(é +k)}2 <M foralmostall& € R
keZ

where m and M are positive constants, and
(ii) {¢(- — k) | k € Z} is an orthonormal basis for its generating space V,(¢) if and only if

Z|<73(?,—‘ + k)|2 =1 foralmostall & eR.
keZ

For shift-invariant spaces that are also translation invariant, the following proposition is a special case of a general result
in [1].

Proposition 2.2. Let ¢ € L2 with the property that {¢(- — k) | k € Z} is a Riesz basis for its generating space V(¢). Then Vo (¢) is
translation-invariant if and only if for almost all £ € R,

dE)PE+k)=0 forall0+£keZ.
Now we start to prove Theorem 1.1.

Proof of Theorem 1.1. Suppose on the contrary that there exists a principal shift-invariant space V,(¢) on the real line such
that V;(¢) is translation-invariant and the generator ¢ is integrable. Let
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O:={teR| &) #0}.

Since ¢ € L! by assumption, ¢ is continuous, and hence O is an open set. From Proposition 2.2 it follows that the Lebesgue
measure of the set (O + j) N (O +k) is zero for all j # k € Z. This together with the fact that O is an open set gives that

O+ )HNO+k)y=@ forall j#£keZ. (2.1)

Recall that R is connected and that any connected set is not a union of nonempty disjoint open sets. Thus {O + k | k € Z}
is not an open covering of the real line, i.e., R\({Ucz (O + k)) # @, which in turn implies the existence of a real number
& € R with the property that

b +k) =0 forallkeZ. 2.2)

As  is uniformly continuous by the assumption that ¢ € L', for any € > 0 there exists § > 0 such that

|p(& +k) — P50 +k)| <€ forall & —&| <bandkeZ. (2.3)
By (2.1), for any & € R there exists an integer [(§) such that

Y lbE +of* = +16)[. (2.4)

keZ

Combining (2.2), (2.3) and (2.4) yields

q?)(é + k) 2 <€? whenever & — &o] <. (2.5)
> |
keZ

Since € > 0 can be chosen to be arbitrarily small, the last inequality contradicts the Riesz basis property that there exists
m > 0 such that m < ", |9(§ +k)|? for almost all € eR. O

2.2. Proof of Theorem 1.2

We need a characterization of %Z—invariance, which is a special case of a more general result in [1].

Proposition 2.3. (See [1].) Let n > 2 be an integer, and ¢ € L* with the property that {¢ (- —k) | k € Z} is a Riesz basis for its generating
space V,(¢). Then V(o) is %Z—invariant if and only if for almost all &£ € R, one and only one of the following vectors

Pn(E) = (..., +m—n), ¢ +m), dpE +m+n),...), 0<m<n—1, (2.6)

is nonzero.

Proof of Theorem 1.2. Suppose on the contrary that

/|¢(x)|2(1 +1x)) "€ dx < oo 2.7)
R

Then ¢ € L', which implies that ¢ is a uniformly continuous function. Let Op, = {§ € R | @ (€) #0}, 0<m<n—1, where
@y, is defined as in (2.6). Since

Om:U{EeR\é(E—i—m—i-kn);éO},

keZ

then O, 0 <m <n—1 are open sets, and

Om+m=0g and Op+nk=0; foral0<Km<n—1andkeZ. (2.8)

Moreover, the intersection between the sets Op, with different m have zero Lebesgue measure (hence are empty sets) by
Proposition 2.3. Therefore {O;; | 0 <m <n — 1} is not an open covering of the real line R, which implies that the existence
of a real number & € R with the property that

b +k) =0 forallkeZ. (2.9)

Let N > 1 be a sufficiently large integer, § = N~17¢/2 and h be a smooth function supported on [—2,2] and satisfy
0<h<1,and h(x) =1 when x € [—1, 1]. Define ¢n(x) =h(x/N)¢(x). Then we obtain that
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8

1 R , 1/2 1/2 1 , \'2
(2—/ > 1@ —dn)Eo+&+k)| ds) <( /|<¢ N (®)] dé) =<ﬁ[|¢(x)—¢N(X)| dx)
R

1/2
< N*€/4</]¢(x)‘2(1 + |x|)”rE dx) , (2.10)
R

and

1/2
( /Z|¢N(so+s+k> (o + )| ds)

keZ
1/2
g)

& 1/2
£ [ Lo+ +0) ds’ds)
0

£
f¢ & +& +k)dg’
0

(3 g
(&

keZ
L2 5 1/2
(5/#2 [ a6+ + k) ds’d&)
0 keZ]R
e 5 & 1/2
< <5||ﬁ'||1/s/fyh | Tloeo &+~ 1) )dndé’d$>
0 R keZ
R R N\ 172
<N’€/2||h’\|1<esssup2|¢(§—i—k)]) , (2.11)
EeR

keZ

where @y (&) = NfRﬁ(Nn)$($ — n)dn is used to obtain the second inequality, while the third inequality is obtained by
letting [A'(Nn)| = | (Nn)|V/2|R’(Nn)|/? and using Holder inequality. Also we have that

Y lono+h =" f e~ 27iG0 %G (%) (1 — h(x/N)) dx

keZ keZ R

2

1

< /(Z|¢)(X+l)||] —h((x—l—l)/N)})zdx

< j<2\¢(x+l)| 1+ |x+l|)1+€) (2(1 —h((+D/N))*(1+ |x+l|)_1_e> dx

0 leZ leZ

<2(Z|l|16) x (f\¢(x)]2(1 +1x1) '€ dx), (212)
I=N R

where the first equality follows from (2.9). Combining (2.10), (2.11) and (2.12) with Proposition 2.1 gives

12
. - 2
méegii{lf( E |+ )

keZ

172
(25 /Z BEo+&+1) ds)

keZ

172
( fz ON(Eo+& +k) — dn (o + k)| df)

keZ



A. Aldroubi et al. / Appl. Comput. Harmon. Anal. 30 (2011) 337-347 343

R 1/2 1 1) R R 1/2
+ (Z|¢N(so +k>|2) + (5/Z|<¢> — dn) (6o +s+1<>|2ds>

keZ =5 keZ
<CN €% 50 asN— oo, (2.13)

which is a contradiction. O
2.3. Proof of Theorem 1.3

Proof. Note that ¢ € L! implies that 43 is uniformly continuous. Now, suppose on the contrary that

$&)| <C(1+£])

for some positive constants C and € > 0. This together with the continuity of the function ¢ implies that Gy(§) =
Y kez |p(& +k)|? is a continuous function. Therefore there exists a positive constant m such that

—1/2e (214)

Go&)>m forallé eR (2.15)

by Proposition 2.1 and the continuity of the function G4. Using the argument in the proof of Theorem 1.2, we can find a
real number & € R such that (13(50 +k) =0 for all k € Z, which implies that G4 (&) = 0. This contradicts (2.15). O

2.4. Proof of Theorem 1.4

To prove Theorems 1.4 and 1.5, we construct a family of principal shift-invariant spaces on the real line which are %Z-
invariant for a given integer n > 2. Let g be an infinitely-differentiable function that satisfies g(x) =0 when x <0, g(x) =1
when x > 1, and (g(x))? + (g(1 — x))2 =1 when 0 < x < 1. For positive numbers «, 8 > 0 and a natural number n > 2,
define ¥ g n with the help of the Fourier transform by

oo Bj—1 oo Bj—1
Vapn@ =ho@) + > D B ?hj(E —n(yi+D) + D Y B Phi(—& —n(y;+D), (2.16)
j=1 1=0 j=11=0

where 8 = [2/F7 (the smallest integer larger than or equal to 2/#), Vi = Z{c;é B, ox) =glx+ Dg(—x+ 1), g1(x) =
gx+1)g(—2%x+ 1), and

g0(25/(1-27%) if j=0,

212028 — 142710 /2% — 1)) ifj>1. (217)

hj) = {
The functions m(é) with « =1, =2 and n=2 and h;(&), 0 <i <3, with « =1 are plotted in Fig. 1.

Lemma 2.4. For «, 8 > 0 and an integer n > 2, let Yy g be defined as in (2.16). Then vy g n is an orthonormal generator of its
generating space V(Y g,n) and the principal shift-invariant space Vo (Yo g,n) is %Z—invariant.

Proof. As each hj, for j >0, is supported in (—1/2,1/2) by construction,

oo Bj—1 oo Bj—1
V@[ = [ho@®* + 33 By~ hy(E —ni + D)7+ > 3" 8 |hi(—& —n(y; + D)%
j=1 1=0 j=1 1=0
which implies that
S Ve +0 = Jho + 0>+ > S (i + k)| + hj—£ +b)[)
keZ keZ j=1keZ
= [ho@® > + Y |hi )" + > |hi(—6)[? (218)
j=1 j=1

for any & € (—1/2,1/2). Set

HE) = |ho@®) ] + Y |h@ [ + 3 |nj =6

j=1 j=1
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Fig. 1. The functions h;, 0 < i < 3 with @ =1 on the top, and the function @—ﬂ\n with « =1, 8 =2 and n =2 on the bottom.
Then H(£) is a symmetric function supported on (—1/2,1/2) and for any & € [1 —2~1% 1 —2-U+D2)/2 with j >0,

HE) =y ©)]" + [ © [
=|g(—20tV* (2 —14277%) /(2% — 1) +1)[* + [g(2UF V¥ (26 — 1 +270FD9) /(22 — 1) +1)|?
=1 (2.19)

by the construction of the functions g and hj, j > 0. Therefore H(¢) =1 for all £ € (—1/2,1/2), which together with (2.18)
implies that

S Wapa +l =1 foralls e R\(1/2+ 7). (2.20)
keZ

Then Y g, is an orthonormal generator for its generating space V(¥ gn) by (2.20) and Proposition 2.1.
By (2.16), m is supported on (—1/2,1/2) 4+nZ. Then V(Y4 gn) is %Z—invariant by (2.20) and Proposition 2.3. O

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let vy g be as in (2.16) for «, B > 0, and set ¢ = ¥y 5. Then by Lemma 2.4 it suffices to prove (1.9)
for the function ¢ just defined. From (2.16) it follows that

|BE)|1E1'2 = | pn(E)|1E]12

<supf[ho®]le"%,  sup  B7|h;(s —n(y; +D)|IE1">,
J21.0<I<p—1

-1/2
sup B2 [hy(=& —ny; +D)]lel2).
j=1,0<I<Bj-1
Note that, from its definition, h;(é —n(y; +1)) has support in [n(y; +1),n(y; +1) + 1] and has maximal value 1. Thus the
term |hj(& —n(y; +1)||€]'/? can be bounded above by (n(y; + 1)+ 1)1/2 for all £ and 0 <!< g — 1. Thus, it follows from
the last inequality and the relation y; + 8; = ¥j41 that
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[B@&IEI"? <1+ CSgl?(ﬁj)_]/z(Vj+l)]/2 < o0, (2.21)

>

where C is a positive constant. Hence (1.9) holds. In particular, we can show that
0 < limsup| ()| 1£]"/? < o0. (2.22)
[€]—00

This proves the pointwise frequency localization of the theorem. The time localization inequality is a direct consequence of
Lemma 2.5 below. The fact that ¢ is also in L' follows from Lemma 2.6 choosing p=1, y =0. O

2.5. Proof of Theorem 1.5
Theorem 1.5 is an immediate consequence of the following three lemmas:

Lemma 2.5. Let € € (0, 1), «, B > 0, n be an integer with n > 2, and vy g n be defined as in (2.16). Then
21—
/|wa,ﬁ,n(x)| x| dx < 0. (2.23)
R
Lemma 2.6. Let y > 0, 1 < p < 2, n be an integer withn > 2, and vy g n be defined as in (2.16) for positive numbers o, g > 0 with
B(/p—1/2)+a(p—1~-1y)/p>0.Then
/\wa,ﬂ,n(x)ﬁ’(l + [x1)” dx < o0. (2.24)
R
Lemma 2.7. Let § > 0, 1 < q < oo, n be an integer withn > 2, and vy p,n be defined as in (2.16) for positive numbers o, B > 0 with
o> B(1+68—q/2). Then

/IW(&)lq(l +181)° de < oc. (2.25)
R

Proof of Lemma 2.5. Taking the inverse Fourier transform of both sides of (2.16) yields

1-27% (1270 N 29138 gy (291
_ N12g-jagv (2T 1
Yo, pn(X) = 2 &o ( 2 X) + 2 2;(/3]) 27" gy ( 2ja+1 X>
]:

B 2 _1X
Xen’ix(l—zJa)(Z eZnixn(yj+l)) + — Z(ﬂj)—l/Zz—ja

2«
=0 j=1
2% —1 o [
- —mix(1—-27J —2mixn(y;+l
x g} (— SRt X) x e )<§ e 2] >>, (226)
=0

where gy and gy are the inverse Fourier transforms of the functions go and g respectively. Since both go and g; are
compactly supported and infinitely differentiable, their inverse Fourier transforms g; and gy have polynomial decay at
infinity. In particular

gy @]+ gy <c1+1x) % xeR

for some positive constant C. Hence

2 1 172
( / Ve pn 021+ 1x1) ¢ ax)
R

() s a)”

R
2% —1 \|? sin Binmwx 2 1— 1/2
Vv J €
&1 <21""+1 X)l ( sinnmx ) (1+1x) dx)

+ (2% -1) Z(ﬁj)*l/zsz“(/
R

j=1
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00 N2 \1)2
<0y piwrararz( [ (g4 a2 (SERATXY g
= sinmTx

R

j=1
0 1/2 in 5 1/2
) . _ sin B;mx
=C+C) 27iBtatae)/2 / T+27x+1) 72 ) 2250 ) ax
+ Z Z( + X+ |) sinmx
J=‘1 7]/2 leZ
0 12 2 1/2
<CHCY 2 iBtaes) / RULILL N
; sinyx
j=1 -1/2
00 1/2 1 2\ 172
<C4CY 2 iBtae)2 / min( 8;, — ) | dx
T2 Pi 31
=1 ~1/2

o0
<C+C Zz—f"‘f/z < o0,
j=1

where C is a positive constant which could be different at different occurrences. 0O

Proof of Lemma 2.6. Similar to the argument in Lemma 2.5 we have

1/p x© i singimwx\? r
( / Iwa,ﬂ,n(x>|"(1+|x|)ydx> SCHCY 27 @Rrat=(enien f (— J ) dx
. SINTTX
R j=1 -1/2
C+CZ°° 2-JBA/p=1/2+a(p=1=-Y)/P) jf1 < p <2,
<
C+CY 32, j2ritbr2=re ifp=1
< 00,
from which the lemma follows. O
Proof of Lemma 2.7. By (2.16), we have
— 8
[1Famn @l 1+ 161) de
R
0o Bj—1
2
/|ho($)| 1ie) ds + 30 3 BV /|h & —n(y; +D)["(1+ le) de
j=1 I=0
oo Bj—1 5
#3020 87 [ Ihyl=6 =ney+ D) (1 + 1)
j=11=0 R
oo Bj—1 '
<CH+CY Y 27Plazd /\h,-(g —n(y;+D)|" de
j=1 1=0 R

Bj—1

o0
+CZ

27PIa2=9) /|h,~(—g —n(y; +D)|" de
j=1 1=0 R

<C4CY 2if0-a24 D)o _
j21

where C is a positive constant which could be different at different occurrences. Hence the lemma is established.

(2.27)

(2.28)
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