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There is a debate as to what is the value of the entropy S of extremal black holes. There are approaches
that yield zero entropy S = 0, while there are others that yield the Bekenstein-Hawking entropy S =
A4 /4, in Planck units. There are still other approaches that give that S is proportional to r; or even that
S is a generic well-behaved function of ry. Here r is the black hole horizon radius and A4 = 47rr3_
is its horizon area. Using a spherically symmetric thin matter shell with extremal electric charge, we

find the entropy expression for the extremal thin shell spacetime. When the shell’s radius approaches its
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own gravitational radius, and thus turns into an extremal black hole, we encounter that the entropy is
S =S(ry), i.e., the entropy of an extremal black hole is a function of r; alone. We speculate that the
range of values for an extremal black hole is 0 < S(r;) < Ay/4.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The entropy S and thermodynamics of black holes have been
worked out first by Bekenstein [1] and Hawking and collabora-
tors [2,3]. The Bekenstein-Hawking entropy is given by S = A4 /4,
where A, = 471&, A+ and ry are the horizon area and the hori-
zon radius, respectively, and we are putting all the natural con-
stants equal to one, i.e., we use Planck units. York and collabora-
tors [4-6] (see also [7,8]) have further worked out the black hole
thermodynamic properties by using canonical and grand canonical
thermodynamic ensembles. There are several other methods that
can be used to study black hole thermodynamics, one that suits
us here uses matter shells [9-11]. In this method, one studies the
generic thermodynamics of the shells at any shell radius, and as
one sends the shell to its own gravitational radius one recovers
the S = A, /4 Bekenstein-Hawking entropy. This is the quasiblack
hole method, the evident power of it was displayed in [12].

A particular class of black holes is the extremal black hole class.
Electrically charged black holes in general relativity, the ones we
are interested here, have m > Q, and the extremal black holes
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are characterized by having their mass m equal to their electric
charge Q, m = Q. The extremal black holes seem to have distinct
properties. For instance, according to the Hawking temperature
formula, extremal black holes have zero temperature. In addition
the entropy of an extremal black hole is a subject of a wide de-
bate as there are different reasonings that can be applied which
lead to different values for the entropy. Hawking and collabora-
tors [13] and Teitelboim [14] have given topological arguments
which point to the conclusion that extremal black holes have zero
entropy. Further evidence from other arguments for S =0 for ex-
tremal black holes was provided in [15-17], see also [18,19]. One
could also argue, naively, that since the Hawking temperature is
zero, then according to one of the formulations of the third law
of thermodynamics as many textbooks present it should have zero
entropy.

However, there remain doubts why the Bekenstein-Hawking
formula does not hold. After all, working out the entropy of non-
extremal black holes and taking the extremal limit m = Q yields
S =A./4, see, eg., [2,3,510]. In this case, the thermodynamic ar-
gument would not hold, the extremal black hole could be a system
of minimum energy and degenerate ground state and such systems
can have entropy even at zero temperature. Moreover, in string
theory, there are arguments, other than geometrical, that make
use of a direct counting of string and D-brane states in composite
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systems, which manipulate carefully the turning on of gravity and
electricity adiabatically by equal amounts to maintain extremality
without changing the counting of states and thus the entropy, that
show that the entropy of an extremal black hole is S = A, /4, as
first delivered by Strominger and Vafa [20], see [21] for a review.
Other methods also indicate the S = A, /4 value. These are meth-
ods that use quantum field corrections to the black hole entropy
[22], Hamiltonian methods [23,24], and thermodynamics ensem-
ble methods [25-27]. There are works that show that depending
on the black hole type, i.e., black holes with scalar fields, one has
S=0o0r S=A;/4[2829].

Given that several different calculations give S=0or S= A, /4
one might open the box and speculate that other values for the
entropy are possible, e.g., any value between 0 and A, /4, or pos-
sibly other functions. Indeed, in a semiclassical calculation of the
entropy on an extremal black hole background Ghosh and Mitra
[30] pointed to an entropy value proportional to ri rather than
Ay (ie, ri). This was followed by some discussion for the exact
possible values for the entropy of an extremal black hole [31-33].

In addition, in a setup using an extremal charged thin shell
contracting reversibly and arranged to maintain extremality it was
shown in [34] that any value of the entropy of the shell in passing
its own gravitational radius could be achieved. In another setting,
using also thin shells, it was shown that in the quasiblack hole
limit, i.e.,, when the boundary of the matter is at its own gravita-
tional radius, the entropy of the extremal black hole is a generic
function of r [35].

One feature important to note is that a calculation of the stress-
energy tensor of quantum fields at the neighborhood of the event
horizon excludes the possibility that an extremal black hole can be
in thermal equilibrium with radiation at any temperature. An ex-
tremal black hole has zero temperature and if the temperature of
the surrounding fields is nonzero then the stress-energy diverges
strongly [36].

This paper is committed to the study of the entropy of ex-
tremally charged spherically symmetric thin shells of any radii,
and in particular, to the understanding of the entropy of the sys-
tem when the radius of the shell is its own gravitational radius,
i.e.,, the extremal shell spacetime turns into an extremal black hole
spacetime. This yields an expression for the black hole entropy.
We follow the formalism of Martinez [9] developed for electric
non-extremal shells in [10] and for rotating BTZ spacetimes in
[11]. The thermodynamic analysis of Callen [37] is used, as it was
used in [9-11]. The importance of Callen’s analysis for black hole
thermodynamics was first understood by York [4], see also [5,8].
Here, we restrict ourselves to spherically symmetric systems but,
as the results have a rather general character, we believe that,
with some minor changes, they are valid for distorted and rotat-
ing systems as well (see [11] for a rotating (2 + 1)-dimensional
spacetime).

The work is organized as follows: In Section 2 we give the me-
chanical properties of an extremal electrically charged thin shell.
Such type of matter is also called electrically counterpoised dust.
In Section 3 we will analyze the first law of thermodynamics ap-
plied to such a thin shell of any radius and find the entropy of
the spacetime. In Section 4 we take the shell to its own gravita-
tional radius and find that the entropy of an extremal black hole is
a generic function of r,. We also speculate on the possible values
for the entropy of an extremal black hole. In Section 5 we display
another interesting shell that can be taken to its own gravitational
radius and find the corresponding entropy. In Section 6 we draw
our conclusions.

2. The extremal charged thin shell spacetime

The Einstein-Maxwell equations in four spacetime dimensions
are given by

Gap=8m Typ, (M
VgF*P =4 J*. (2)

Ggp is the Einstein tensor, built from the spacetime metric gqup
and its first and second derivatives, 87 is the coupling, and we
are using units in which the velocity of light is one and the grav-
itational constant G is also put to one G = 1. Tgp is the energy-
momentum tensor. Fyg is the Faraday-Maxwell tensor, ], is the
electromagnetic four-current and Vg denotes covariant derivative.
The other Maxwell equation V[, Fog) =0, where [...] means anti-
symmetrization, is automatically satisfied for a properly defined
Fyp. Greek indices will be used for spacetime indices and run as
o, =0,1,2,3, with 0 being the time index.

The concept of thin shell is associated with the presence of
matter in the surface that separates two partitions of spacetime,
each with its own metric. We will be considering the case of a
four-dimensional spherically symmetric spacetime and a spherical
thin shell at some radius R separating an inner region V; with
flat metric and an outer region ), with an extremal Reissner—
Nordstrom line element. Thus, for the inner region the metric is

dsizg(ixﬂdxadxﬁ = —dtiz +dr? +r?dQ? , T<R, (3)

where x* = (t;,r,0,¢) are the inner coordinates, with t; being
the inner time, and (r, 6, #) polar coordinates, and dQ? = d6? +
sin® 6 dg2. For the outer region the metric is

2
ds = gg gdx*dx”
my\2 dr?
=—(1-2) d2+ ——— +r%2*, r=R, 4)
r (1=
where x¥ = (t,, 1,0, ¢) are the outer coordinates, with t, being the
outer time, and (1,0, ¢) polar coordinates. In addition, m is the

ADM mass, and Q is the electric charge. In the extremal case they
are related by

m=Q. (5)

On the hypersurface itself, r = R, the metric is that of a 2-sphere
with an additional time dimension, such that the line element is

ds% = hapdy®dy® = —dt? + R*(1)dQ*, r=R, (6)

where we have chosen y? = (7,0, ¢) as the time and spatial co-
ordinates on the shell. Latin indices apply for the components on
the hypersurface. The time coordinate t is the proper time for an
observer located at the shell. The shell radius is given by the para-
metric equation R = R(t) for an observer on the shell. We consider
a static shell so that R(7) = constant. On each side of the hypersur-
face, the parametric equations for the time and radial coordinates
are denoted by t; = T;(t), ri = Ri(t), and t, = To(T), o = Ro (7).

Imposing that the fluid in the shell is a perfect fluid with stress-
energy tensor S%, given by

$% = (o + p)u“up + phy, (7)
where u? is the 3-velocity of a shell element, one finds through
the junction conditions (see, e.g., [10])

m
~ 47R?’ (®)

p=0. 9)

o
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Matter for which p =0 and totally supported by electric forces
against gravitational collapse is called extremal matter or, some-
times, electrically counterpoised dust. The rest mass of the shell M
is defined as

o= M (10)
T 4mwR?’

and so in the extremal case

M=m. (11)

The gravitational radius r; of the shell is given by the zero of
the g§, in Eq. (4). It is actually a double zero, one gives the grav-
itational radius ry, the other the Cauchy horizon r_ of the shell.
The double zero means that for the extremal spacetime the two
radii coincide,

re=r_, (12)

and we call it r;. from now on. The zero of the gf, in Eq. (4) then
gives

ry=m, (13)
and so
r+:r,:m:Q:M. (14)

The gravitational radius ry is also the horizon radius when the
shell radius R is inside ry, i.e., when the spacetime contains a
black hole. Clearly, gravitational and horizon radii have the same
expression. Nevertheless, they are distinct. The gravitational radius
is a property of the matter and the spacetime generated by it, in-
dependently of whether there is a black hole or not, whereas there
is a horizon radius in the case there is a black hole.

One can define the gravitational area A, as the area spanned
by the gravitational radius, namely,

Ap=A4Anr? . (15)

This is also the event horizon area when there is a black hole. It is
useful to define the shell’s redshift function k as

I+
k=1-—. 16
- (16)
The area A of the shell, an important quantity, is given by

A=4mR?%, (17)
Also for a shell with electric charge density o, one finds (see, e.g.,
[10])

Q
R2
This equation relates the total charge Q, the charge density o,
and the shell’s radius R.

An obvious inequality, for the shell is that it should be always
outside its own gravitational radius, so

=4mo,. (18)

R2r+. (19)

Then the physical allowed values for k in Eq. (16) are in the in-
terval [0, 1]. Since the pressure of the matter in the shell is zero
and the energy density is considered positive, see Eq. (9), the en-
ergy conditions, weak, strong, and dominant, are always obeyed for
R > ry.

It is worth noting that in the limit R — r there are subtleties
connected with the behavior of the boundary’s geometry. Indeed,
there is a discontinuity because of the timelike character of the
boundary from the inside and the lightlike character of the bound-
ary from the outside (see [12] for details). However, here they are
essentially irrelevant since in what follows we consider the exter-
nal region only.

3. Entropy of an extremal charged thin shell

3.1. Entropy and the first law of thermodynamics for an extremal
charged thin shell

In the study of the thermodynamics and entropy of a thin shell
we use units in which the Boltzmann constant is one. We assume
that the shell in static equilibrium at radius R has a well defined
local temperature T and an entropy S. The entropy S is a function
of the shell’s rest mass M, area A, and charge Q, i.e.,

§=5(M,A,Q). (20)
The first law of thermodynamics can be then written as

TdS =dM + pdA — &dQ , 21)

or, defining the inverse temperature 3,

1
=7 (22)
one has
dS =B (dM + pdA — ®dQ) , (23)

where dS, dM, dA, and dQ are the differentials of the entropy, rest
mass, area, and electric charge of the shell, respectively, whereas T,
p and ® are its temperature, pressure, and thermodynamic electric
potential, respectively. To obtain the entropy S of the shell, one
thus needs in general to specify three equations of state, namely,
p=pWM,A Q), B=B(M,A, Q) and ®=d(M, A, Q).

The extremal case is a special case, the extremality condition
will constraint the possible configurations. From Eq. (14) we have
for an extremal shell

dQ =dM. (24)

Thus, the number of independent variables reduces to two, namely,
M and A, and so, p =p(M, A), B =B(M, A), and & = d(M, A). It
is more convenient to work out with the shell’s radius R than its
area A, which can be done from Eq. (17), so the equations of state
are of the form

p=pM.R), B=B(M,R), ®=P(M,R). (25)

Now, from Eq. (9), one has that the equation of state for the pres-
sure is

p(M,R)=0. (26)
Thus, the first law (23) is now
dS=8(1—d)dM, (27)

and since from Eq. (14) M =r; and dM =dry, one can write the
first law as

dS=8(01—-®)dr, (28)
where now
B=B@4+,R), D=0+, R). (29)

The integrability condition for Eq. (28) reduces to a simple equa-
tion, namely,

B —@)=s(ry), (30)
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where s is a function of r alone and is arbitrary as long as it gives
a positive meaningful entropy. Since 8 >0 and s > 0 we have the
following constraint on ©,

P<1. (31)

The result given in Eq. (30), that the most general function of the
product of two functions (namely, 8 and 1 — ®) of ry and R is a
function of r; alone, is new and interesting. Then Eq. (28) together
with Eq. (30) yields

dS =s(ry)dry. (32)

The function s(r;) is thus a kind of entropy density. Integrating
Eq. (32), we conclude that the entropy of the extremal shell is
given by

S=5S(ry), R=rs, (33)

where we have assumed that the constant of integration is zero.
Thus the entropy of an extremal charged thin shell is a function of
r+ alone. Depending on the choice of s(r.) we can obtain a wide
range of values for the entropy S(r4) of the shell. Since 8(r+, R)
and ®(r4, R) are arbitrary as long as they obey the constraint (30),
this shows that the extremal case is indeed quite special. Such a
result does not appear in the non-extremal case at all, see [10].

3.2. Choices for the matter equations of state of an extremal charged
thin shell

The functions B(ry,R) and ®(r4, R) being arbitrary can be
chosen at our will, bearing in mind Eq. (30).

Now, in gravitational thermodynamics, there is the well-known
Tolman formula for static spacetimes. The formula relates the tem-
perature at r of something, i.e, T(r) with the temperature of
that something at infinity T~. In terms of the inverse tempera-
tures B(r) =1/T(r) and b = 1/Ts the Tolman formula is given
by B(r) = bs/—goo(r), where goo(r) is the zero component of the
static metric. The quantity b here is a number, a constant. Thus,
the inverse temperature B(r) is redshifted from b, i.e., conversely,
the temperature at r, T(r), is blueshifted from the temperature at
infinity, Teo.

Remarkably, for the thin shell, the Tolman formula can be de-
rived directly through the integrability conditions for non-extremal
thin shells (see [9] for neutral shells, and [10] for electrically
charged non-extremal shells). This is an important particular
case of the Tolman formula for which r = R. For generic non-
extremal shells the integrability conditions give B(ry,r_,R) =

b(ry,r_)k(r4,7—,R), where, k(ry,r—,R) = /—goo(R), ie,

k(ry,r—,R) = /(1= %) (1=5%), see [10] for details. This is

also the expression for B obtained for a nonextremal Reissner—
Nordstrom black hole, see [5]. Taking the limit to extremal shells,
ie, r. =r_, we find B(r+,R) =b(ry)k(r+, R), where k(r4, R) is
given in Eq. (16).

Now, in the extremal case, the only integrability condition
is Eq. (30), and it has nothing to do with the Tolman for-
mula. However, among all other possible choices, Tolman formula
By, r—,R) =b@ry,r_)k(r+,7—, R), allows for a nontrivial gener-
alization. It is the Toman formula for extremal shells and there is
an important difference between the Tolman formula for nonex-
tremal and extremal shells. For nonextremal shells, one finds from
the integrability conditions that b =b(ry,r_), i.e., b cannot depend
on R, see [10]. For extremal shells, on the other hand, nothing pre-
vents us from including in b a dependence not only on ry =r_,

but also on R, b =b(r4, R). As a result the generic Tolman formula
in the extremal case is then

ﬁ(r-‘rvR):b(r-‘r’R)k? (34)

where k =k(ry, R) as given in Eq. (16). The function b(r4, R — oc0)
represents the inverse of the temperature of the shell if it were
located at infinity. Of course, we can invoke the Tolman formula
directly from general thermodynamic argumentation.

With the choice for g given in Eq. (34), one finds that Eq. (30)
s(rq) )7 L

yields ®(r+,R) = (7“'*# This can be put in the form
P R)— 5

k ’

where we have defined ¢(r.,R)=1— bfr(:+l)e)' i.e., ¢ is such that

O(ry, R) = (35)

b(1—¢)=sy). (36)

From Eq. (35) one sees that ¢ (r, R — oo) represents the electric
potential of the shell if it were located at infinity.

We could proceed and give specific equations for b(r4+, R) and
¢(r+, R), and determine the thermodynamic properties of the shell
including its thermodynamic stability. We will not do it here, see
[9,10] for some cases dealing with uncharged shells and non-
extremal charged shells, respectively. We could also give other
equations of state, as long as they obey Eq. (30).

We stick to the above, namely, Egs. (34) and (35), and study
some particular instances that allow us to take the gravitational
radius, i.e., the black hole, limit.

4. Entropy of an extremal black hole

We want now to study the extremal black hole limit, i.e., the
case where the extremal shell is taken to its own gravitational ra-
dius, R=r4.

If we take the extremal shell to its gravitational radius R =r,
i.e,, when taking the black hole limit, we have to make several
choices. First we fix the shell at some radius R > r; and choose the
functions 8 and &, or b and ¢, appropriately, only afterwards we
send the shell to R =r,. Second, knowing that the Hawking tem-
perature measured at infinity for an extremal black hole is Ty =0,
we choose the temperature at infinity To, as Teo =0, i.e., b = co.
Thus from Eq. (34) we find 8 = oo and so the temperature on the
shell is zero, T = 0. Third we find ¢ and ®. From Eq. (36) we find
that ¢ =1, such that 1 — ¢ =s/b, for some well specified s. Then
also ® = 1. In other words, we can choose ¢ as close to 1 as we
like and T~ as small as we want (or b as large as we want). After-
wards, keeping the product fixed (for a given r,.), we can send ¢ to
1 and T« to zero (or b to infinity). We see that the shell at R > r
has been prepared with To, =0 and ¢ =1, such that b(1 —¢) =5
and so (1 — ®) =s. The shell is now correctly prepared. Having
correctly prepared the shell we can take it to its gravitational ra-
dius if we wish.

Now, indeed take the shell to its own gravitational radius R =
r4, ie, take the black hole limit. Since the entropy differential for
the shell depends only on r4 through the function s(ry) that is ar-
bitrary, see Eq. (32), we conclude that the entropy of the extremal
shell in the extremal black hole limit is given by

S=S(T+), R =T4. (37)

This is the extremal black hole limit of an extremal shell. Such a
configuration is a quasiblack hole.

Our approach implies that the entropy of an extremal black
hole can assume any well-behaved function of r,. The precise
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Table 1
Comparison between a special extremal shell at its own gravitational radius and an extremal black hole both with T, =0.
Case T at oo Local T on ry Backreaction on r [ Entropy
Special shell 0 0 Finite lonR Well-defined S(ry)
Black hole 0 0 Finite lonry In debate, S =0, AT*, S(ry)
Table 2
Comparison between a generic extremal shell at its own gravitational radius and an extremal black hole with infinite temperature at the horizon.
Case T at oo Local T on ry Backreaction on r4 [0 Entropy
Generic shell 0 Finite, not 0 Finite <lonR Well-defined S(r)
Black hole Too #0 00 Infinite 1 Not known or undefined

function of the entropy depends on the constitution of the matter
that collapsed to form the black hole. Depending on the choice of
s that, in turn, depends on the choices for 8 and ®, we can obtain
any function of r, for the entropy S of the extremal black hole.
The fact that the entropy in the extremal case is model-dependent
agrees with the previous work [35] and more early studies [34]. Of
course, a particular class of entropies for the extremal black hole
would be the Bekenstein-Hawking entropy S(ri) = }lA+ = nri
in units where Planck’s constant, along with the velocity of light
and G, is also put to one, i.e., in Planck units. In summary, our
result is quite different from the non-extremal case, where the
entropy can only have the Bekenstein-Hawking functional depen-
dence S(ry) = XA [10].

Note, that, although the importance of the product 8 (1 — ®)
has been raised in the extremal black hole context in [30] (see
also [31]), the result that the most general function of the product
B(1— @) is a well-behaved, but otherwise arbitrary, function of
r+ is new. There are additional differences between [30,31] and
our work. In [30,31], the product (1 — ®) enters the path integral
over fluctuating geometries, so it appears in a quantum context. In
doing so, finite nonzero B are not forbidden. However, for such 8
quantum backreaction destroys the extremal horizon [36]. In our
approach, we consider a shell, not a black hole, and can adjust g
and & at the shell radius in such a way that for any R close to r
backreaction remains finite [35].

Our preceding calculations and discussion were rigorous. Now,
we speculate on ways to constrain the entropy function S(ry) for
the extremal black hole. For instance, the initial Bekenstein ar-
guments for black holes [1], non-extremal ones, proved that an
entropy proportional to Al/ 2 should be discarded on the basis of
the second law of thermodynamics. However, since extremal black
holes have a different character from non-extremal ones, these
arguments do not hold here. Another possible constraint is the
following. For the usual, non-extremal, black holes the entropy is
S(ry) = }lA+. In this case, when one takes the shell to its own
gravitational radius the pressure at the shell blows up, p — oo
[10], and the spacetime is assumed to take the Hawking tempera-
ture. In a sense this means that all possible degrees of freedom are
excited and the black hole takes the Bekenstein-Hawking entropy,
the maximum possible entropy. Taking the extremal limit from a
non-extremal black hole, one finds that in this particular limit the
extremal black hole entropy is the Bekenstein-Hawking entropy.
Thus, this suggests that the maximum entropy that an extremal
black hole can take is the Bekenstein-Hawking entropy. Therefore,
in this sense, the range of values for the entropy of an extremal
black hole is

1
0<S(ry) =< ZA+, (38)

or 0<S(ry) < nri. The case studied by Ghosh and Mitra [30,31]
has S ocr4+ and so is within our limits.

Table 1 summarizes the comparison between an extremal shell
at its own gravitational radius with T+, = 0, which we have called
a special shell, and an extremal black hole with To, = 0.

5. Another interesting shell at the gravitational radius limit:
a generic shell

There is a more generic shell that has interesting properties and
can be taken also to the gravitational radius limit with no unbound
back reaction.

We now suppose that the shell has a small nonzero local tem-
perature (i.e., finite large B), rather than zero. We follow Eq. (34)
and Eq. (35) and keep in mind the constraints (31) and (36).

From Eq. (34) we see that the product bk is the important
quantity. At any R prepare the shell so that b =b/k, ie, b=
b/(1 —ry/R), for some b finite. Then 8 =b and is finite, and holds
for any R > ry. Note that the temperature measured at infinity
Too = 1/b is finite. Prepare also the shell so that (1—¢) = (1— @)k,
so that (1 — ®) = (1 — ¢) for any R > r,. Note that the potential
measured at infinity ¢ is less than one.

Now, take the gravitational radius limit, R =ry. In this limit k
goes to zero, but we have prepared the shell to keep 8 bounded
even in this black hole limit, as a small k has been compensated
by a large b. In this limit the temperature measured at infinity

~ = 1/b is zero and thus coincides with the Hawking temper-
ature, Ty = 0. The temperature T = 1/8 at the shell is nonzero
and finite. Thus in this case, quantum backreaction also remains
bounded even for R =r. Since § is finite and we have §(1—®) =
s(ry+) we have ® < 1. The entropy of the shell at R =ry is then
also S = S(r4). It is this way of reasoning that was used in [12] in
a general discussion of the entropy for the extremal case. In doing
so, any B and ® < 1 obeying Eq. (30) are suitable, and an entropy
as an arbitrary (within limits of physical reasonability) function of
r+, S=S(ry) was obtained. This case sharply contrasts with the
extremal black hole case where any To, =b~! 0 leads to g — 0
and infinite local temperature 8~! on the horizon with divergent
backreaction that destroys the horizon (for this extremal black hole
case see [13] where nothing is said about quantum backreaction
and it is argued that the entropy is zero, however results in [36]
show that the backreaction grows unbound if Ty is not zero).

Table 2 summarizes the comparison between an extremal shell
at its own gravitational radius with To,c =0 and B finite nonzero,
which we have called a generic shell, and an extremal black hole
with Ty, not zero.

6. Conclusions

Upon consideration of spherically symmetric systems and
through the formalism of thin matter shells and their thermo-
dynamics properties, we have shown our solution for the ongoing
debate concerning the entropy of an extremal black hole. Although
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it would be necessary a full quantum theory of gravity to fully un-
derstand the result obtained, it is nonetheless interesting to see
that the use of the junction conditions for Einstein equation leads
inevitably to the suggestion that extremal black holes are a dif-
ferent class of objects than non-extremal black holes, due to the
fact that their entropy depends on the particularities of the matter
distribution which originated the black hole.
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