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Abstract

It is known that unless NP ⊂ DTIME(nlog log n), no polynomial-time approximation algorithm for the multicast problem
can have approximation ratio less than 3(log n) in n-node digraphs under the edge-disjoint paths mode of the line model.
In this note, we give a polynomial-time O((�min + log n)=(log(�min + log n)))-approximation algorithm, where �min is the
smallest integer k such that there exists a rooted directed tree of maximum out-degree k, spanning the considered digraph.
c© 2004 Elsevier B.V. All rights reserved.
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1. Statement of the problem

Given a source-node s in a network, and a set D of destination-nodes, multicasting from s to D consists in transmitting a
piece of information from s to all nodes in D using the communication facilities of the network. Broadcasting is a particular
case of multicasting in which the destination set consists of all nodes of the network. Multicasting and broadcasting are
two of the basic operations upon which network applications are frequently based nowadays. They hence gave rise to a
vast literature, covering both applied and fundamental aspects of the problem (cf. [8,22] and [19], respectively).

As far as graph-theoretic aspects are concerned, the multicast problem can be expressed as follows. We are given a
graph G = (V; E), a node s∈V , and a set D ⊆ V . We are looking for the most e?cient multicast protocol from s to D
in G. The nature of the “protocol” and the measure of its “e?ciency” depend on the communication model.

The local model assumes that transmissions proceed by synchronous calls between the nodes of the graph. It is assumed,
moreover, that (1) a call involves exactly two neighboring nodes (locality constraint), (2) a node can participate in at
most one call at a time (single-port constraint), and (3) the duration of a call is 1 (atomic constraint). A multicast protocol
is then described by the list of calls placed between the nodes of the graphs. The e?ciency of the protocol is measured
in terms of number of rounds, where round t is deBned as the set of all calls performed between time t − 1 and time
t, t = 1; 2; : : : . This model has been intensively investigated, for both speciBc and arbitrary topologies (cf. [16,20] and
[1,2,9–11,21,23,24], respectively).
The line model relaxes the locality constraint, and allows calls to be placed between non-neighboring nodes. A call is

then a path in the graph, whose two extremities are the “caller” and the “callee”. (Note that, as opposed to the models in
[4,5], the intermediate nodes between the caller and the callee do not receive the information which just “cuts through” the
routers attached to them.) Several modern technologies (e.g. single-hop WDM for optical networks) support transmissions
whose costs are distance-invariant, and are hence good applications for the line model.

Two main variants of the line model have been investigated.
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The vertex-disjoint path mode speciBes that at any given round the paths joining the two participants of every call
must be pairwise vertex-disjoint (cf. [14,21] and the references therein).
This note is concerned with another variant of the line-model, called edge-disjoint paths mode, i.e. at any given round,

the paths joining the two participants of every call must be pairwise edge-disjoint. Under this latter mode, it is known
[6,12] that if the graph is undirected, then an optimal �log|D|�-round multicast protocol can be computed in polynomial
time for any instance (G; s; D), s∈D. However, very little is known in the case of directed graphs. It is only known
that there exists a polynomial-time 2-approximation algorithm for directed trees [3] (see also [7]) where a directed tree
is rooted at the source and has edges directed from the root toward the leaves.

We denote by bs(G;D) the minimum number of rounds required to perform a multicast from s to D ⊆ V in G=(V; E).
For the sake of simplicity, we assume, w.l.o.g., that s∈D. If D = V , bs(G; V ) is simpliBed in bs(G).
There are digraphs (e.g. the directed ring) that allow a multicast to be performed in logarithmic number of rounds. How-

ever, there are also strongly connected digraphs G for which bs(G)=�(n). This is typically the case of the “Fork” digraph
F̃n of n¿ 3 nodes: V (F̃n) = {u; v; w1; : : : ; wn−2} and E(F̃n) = {(u; v); (v; wi); (wi; u); i=1; : : : ; n− 2}. This digraph satisBes
bu(F̃n) = �n=2� rounds. The large range of broadcast times in digraphs motivates the study of approximation algorithms.

An algorithm for the multicast problem is a �-approximation algorithm if, for any instance (G; s; D) of the problem, it
returns a multicast protocol from s to D in G which completes in at most �bs(G;D) rounds.
Using the same construction as in [14], and the inapproximability result of Feige [13] for the Minimum Set Cover

problem, on can easily show that, unless NP ⊂ DTIME(nlog log n), the optimal solution of the multicast problem in digraphs
cannot be approximated in polynomial time within less than 3(log n). This fact yields the following problem:

Problem 1. Design a polynomial-time O(log n)-approximation algorithm for the multicast problem in n-node digraphs
under the edge-disjoint paths mode of the line model.

In this note, we give a polynomial-time O((�min + log n)=(log(�min + log n)))-approximation algorithm, where �min is
the smallest integer k such that there exists a rooted directed tree of maximum out-degree k, spanning the considered
digraph.

2. Approximation algorithm

The single-port constraint implies that the number of informed nodes can at most double at each round. The following
is folklore:

Lemma 1. bs(G;D)¿ �log|D|� for any digraph G = (V; E), any D ⊆ V , and any s∈D.

Now, it is a trivial observation that multicasting in Hamiltonian digraphs can be done in �log|D|� rounds by just using
an Hamiltonian cycle. This observation applies to Eulerian digraphs as well. Actually, multicasting can also be achieved in
�log|D|� rounds if there is an Eulerian or Hamiltonian partial subgraph of G spanning D. More generally, one can derive
an approximation algorithm for the broadcast problem, based on approximated solutions for the minimum degree spanning
tree problem (MDST for short). Given any digraph G = (V; E), let �min be the smallest integer k such that there exists
a rooted directed tree of maximum out-degree k, spanning G. The MDST problem is deBned as follows: we are given a
digraph G, and we want to compute a spanning tree of maximum out-degree �min. A (�; r)-approximation algorithm for
the MDST problem is an algorithm which returns a spanning tree of maximum degree at most O(��min + r).

Lemma 2 (FMurer and Raghavachari [17]). There is a polynomial-time (1; log n)-approximation algorithm for the MDST
problem in digraphs.

The previous lemma will be used in combination with the next one.

Lemma 3. There is a polynomial-time algorithm which, given any directed tree T =(V; E) rooted at r and of maximum
out-degree �, and given any D ⊆ V , computes a multicast protocol from r to D performing in O((�=log�) log |D|)
rounds.

Proof. A multicast protocol M from r to D in T is constructed inductively as follows. We denote by Tx the subtree of
T rooted at x. Let x be a node such that Tx contains at least |D|=2 destination nodes, and every subtree Ty rooted at any
child y of x contains less than |D|=2 destination nodes. The Brst round is a call from r to x. If r �= x, then once r has
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performed the r → x call, it starts multicasting in T \ Tx. Once x is informed, it spends at most � rounds to inform its
children as follows. Let y1; : : : ; yq be the q6� children of x whose subtrees contain at least one destination node, and
let di be the number of destination nodes in Tyi . Assume, w.l.o.g., that d1¿d2¿ · · ·¿dq¿ 1. Then x calls y1 Brst,
then y2, and so on until yq. As soon as yi is informed, it starts multicasting in Tyi .
At this point, we are left with subtrees containing at most |D|=2 destination nodes each, and we can apply the same

strategy inductively in each subtree. Since there are O(log |D|) phases of induction, and since each phase requires at most
� + 1 rounds, M takes at most O(� log |D|) rounds. Actually, the order in which x calls its children allows to save a
logarithmic factor. Let b(k) be the maximum, taken over all destination sets D of cardinality at most k, of the completion
time of M. We have

b(2k)6 1 + max
16i6�

(i + b(2k=i));

since the ith subtree Tyi cannot contain more than 2k=i destination nodes. Actually, since Ty1 cannot contain more than k
destination nodes, we have

b(2k)6 1 + max
26i6�

(i + b(2k=i)):

Therefore, assuming b(k)6�=log� log k + �(k) with �(·) nondecreasing yields

b(2k)6 1 +
(

�
log�

)
log 2k + max

26i6�

(
i − �

log�
log i + �(2k=i)

)

and thus

b(2k)6 1 + �(k) +
(

�
log�

)
log 2k + max

26i6�

(
i − �

log�
log i

)
:

Since max26i6� (i − �=log� log i)6 0, we get

b(2k)6 1 + �(k) +
(

�
log�

)
log 2k

that is b(2k)6 (�=log�) log 2k+�(2k), where �(2k)=�(k)+1=O(log k). Therefore, M completes in at most ((�=log�)+
O(1)) log|D| rounds.

Theorem 1. Let t(n) be the time-complexity of a (1; log n)-approximation algorithm for the MDST problem in digraphs.
Then there exists a t(n)-time O((�min + log n)=(log(�min + log n)))-approximation algorithm for the multicast problem
in digraphs.

Proof. Given G = (V; E), D ⊆ V and s∈V , we compute a tree rooted at s, spanning D and of maximum degree
�6 c(�min + log n) for some constant c¿ 0, in t(n) time. Applying Lemma 3, we get a multicast protocol performing in
at most O((�=log�) log|D|) rounds, that is at most O((�min + log n)=(log(�min + log n)) log |D|) rounds. The result then
follows from Lemma 1.

Remark. From Lemma 2, t(n) is polynomial.

3. Conclusion

Theorem 1 could be improved by using a Steiner tree of maximum out-degree �min(D) instead of �min where �min(D)
is the smallest integer k such that there exists a rooted directed tree of maximum out-degree k, spanning D in G. This
would, however, require to extend Lemma 2 to the Steiner version of the MDST problem in directed graphs, which seems
to be non-obvious. It is actually known [14] that, unless NP ⊂ DTIME(nlog log n), any polynomial-time (�; r)-approximation
algorithm for the Steiner version of the MDST problem in digraphs satisBes �+ r=3(log n). 1 For its strong relationship
with Problem 1, we state the following problem explicitly:

Problem 2. Design a polynomial-time (1; log n)-approximation algorithm for the Steiner version of the minimum-degree
spanning tree problem in digraphs.

1 This impossibility result holds for directed graphs only and it is known [18] that the Steiner version of the MDST problem in graphs
can be approximated up to an additive factor of 1.
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Finally, we refer the reader to [15] where other aspects of the multicast problem are discussed, in particular the restricted
regimen in which only speciBed nodes are allowed to relay messages.
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