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For a class of scalar partial differential equations that incorporate convection,
diffusion, and possibly dispersion in one space and one time dimension, the stability
of traveling wave solutions is investigated. If the initial perturbation of the traveling
wave profile decays at an algebraic rate, then the solution is shown to converge to a
shifted wave profile at a corresponding temporal algebraic rate, and optimal
intermediate results that combine temporal and spatial decay are obtained. The
proofs are based on a general interpolation principle which says that algebraic decay
results of this form always follow if exponential temporal decay holds for
perturbation with exponential spatial decay and the wave profile is stable for general
perturbations. © 2002 Elsevier Science (USA)
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1. INTRODUCTION

The topic of this note is the class of regularized scalar conservation laws
in one spatial dimension

u; + Buxxx — OUyx + g(u)x =0,

where subscripts denote partial derivatives. The regularization is due to the
presence of viscous terms (o > 0) and dispersive terms (f#0). The case
g(u) = u?/2 is typical and has received much attention. If « >0 = f, this is
known as Burgers equation. If o« = 0 < f, this is essentially the Korteweg—de
Vries equation. The case o, >0 thus is referred to with a canonical all-
Dutch name; it has also been studied extensively, as has been the case of
general g. I want to study the stability of traveling wave solutions of the
form u(x, t) = ¢(x — ct) with respect to perturbations of the initial data, in
the cases « > 0 = ff and o, f > 0. Here c is the speed at which the wave profile
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¢ travels to the right (if ¢>0). Only monotone wave profiles ¢ will be
considered. The question is whether the solution approaches a traveling
wave in some sense. A natural setting for this is a spatial coordinate system
that moves along with the expected wave profile at speed c.

Since all shifted wave profiles also give rise to traveling wave solutions,
one can only expect that the solution will converge to some shifted profile
¢(x — ct — h). Since the quantity [p (u(x, ) — v(x, 1)) dx is independent of ¢
for any pair of solutions u and v for which it is finite, the shift # must be such
that fR (u(x,0) — ¢p(x — h)) dx = 0. It is easy to see that the quantity on the
left-hand side is an affine function of A, and thus /# can be determined
explicitly and can be considered a known quantity.

Stability in this sense was first studied in [6], for the viscous case f§ = 0.
These authors noted that one cannot expect a rate of convergence that holds
for all classes of perturbations. However, in 1976, Sattinger showed in [15]
that an exponential rate of decay holds in a moving coordinate system if the
perturbation of the initial value decays exponentially in space. Since this
class of perturbations is somewhat restrictive, one may ask the question
what the consequences of algebraic decay of the initial perturbation are. It
was shown in [8,10,11] that in this case algebraic decay for the initial
perturbation can be ‘“traded in” for some temporal algebraic decay.
Heuristically, the equation for the perturbation behaves like w; + w, =0
near x = 400 in this situation, that is, the solution near oo behaves like
w(x, 1) ~ w(x + t,0). Therefore, if w(x,0) ~ e™*, then w(x, t) ~ e ’e™ near
X = 00 as t — oo (exponential decay in exponentially weighted norms), and
if w(x,0) ~ x7*, then w(x, £) ~ X" %t near x = 0o as t — 0o (algebraic
decay with a weaker algebraic weight). For finite x, diffusion dominates and
leads to exponential decay. Similar results were shown for case > 0 in [13],
assuming the wave profile ¢ is monotone. The proofs rely on a detailed
study of the spectrum of the linearized problem or on ad hoc energy
estimates. A more refined analysis relying on Green’s function estimates is
carried out in [5].

The goal of this note is to show that this “trade-off”” follows whenever
exponential decay holds in a setting with spatial exponential weights
together with (simple) stability in a setting without weights. Showing these
two conditions is often easier than analyzing the full problem in a setting
with polynomials weights. On the other hand, for viscous conservation laws,
this interpolation argument can only be applied in the “‘totally compressive
case”” where all characteristics run into the shock for the inviscid problem.
This is always true for the scalar case, but systems of regularized
conservation laws from physical situations usually do not fall in this
category; see [3, 16] for the much more complicated theory for this case. On
the other hand, the argument given in this note is not restricted to the case of
one space dimension.
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The paper is organized as follows. In the next section, I show a general
interpolation result for linearized problems. In Section 3, this is applied to
study the generalized Burgers equation. The main result is a sharp decay
result in spaces with algebraic spatial decay. In Section 4, a similar result is
shown for the generalized Korteweg—de Vries—Burgers equation. Appen-
dices A and B contain results for the corresponding linearized problems.
Appendix C contains a simple integral inequality that is used for the passage
from linear to nonlinear stability.

Here is some notation that is used throughout the paper. Let Q = R” be
an unbounded measurable set. For 1 <p<oo, k> 0,p >0 let us define the
function spaces

k= {u € LP(Q)'/lu(x)Ip(l + X)) dx = llull? <oo},
Q

PP — {u € LP(Q)‘/W(X)VJGMX dx = |lullf , < OO}
Q

with their natural norms. The usual modifications are made to define LK
and L>*. The norms on the unweighted L”-spaces are denoted by || - [|,. The
set Q is specified to be the real line in Sections 3 and 4 and in Appendices A
and B, thus it does not appear further in the notation. Constants are
denoted by the same letter C whose value may change from line to line,
depending only on values that can be expressed in terms of quantities
mentioned in the assumptions of a result. If constants have indices, their
values remain constant throughout a proof.

2. A LINEAR INTERPOLATION RESULT

Suppose we are given an operator .S, not necessarily linear, which maps
the space 17(Q) into itself and also L*(Q) into itself, with estimates

1S@) — S|, < Collu — vl], for all u, ve L7(Q), (2.1a)

IS, < Coe_’||u||p,p for all u e IL7*(Q) (2.1b)

for some constants p, Cy, ¢ > 0. The main result of this section says that S
also maps L7¥ into 1! for 0 </ <k and gives an estimate for this mapping.

I shall prove this in detail for the case p<oo. A different proof will be
given for the case where S is linear and p = oco.

THEOREM 2.1. Let 1<p<oo. Under the above conditions, S maps LP*
into LP for all 0 <1<k, and there exists Cy > 0, depending only on p, such that



TRAVELING WAVE SOLUTIONS’ ASYMPTOTIC STABILITY 351
for all v e LP¥
150ll,, < CoCip*~' (1 + 1 |jo] (2.2)
Ullprs Cobap Ollp je- :
Proof. Let us assume p=1 and continue to write ||-[|,, for the

corresponding norm with exponential weight. Fix p € [1,00) and define for
r=0

r
»_p-t
(I4+mw-1)yr

mp(r) =

if p>1 and m(r) = min(1,r). Clearly, m;(r)<2m,(r)<2m(r) for all r=0
and all p. For s € R and u € L7(Q) define the functional

1/p
K(s,u) = ( /Q ()| (e Y dx) .

This is clearly an equivalent norm on L” and in fact a modified K-functional
[1], namely

K(s.u) = inf (|lu—vlfy + e”|lol}} )"/ (23)

Indeed,

velrr

inf (llu—ollf) + Pl ) = uieIlegn /Q(|u(x) — (X)) 4 PP (X)) dx
> / inf(u() — OF + e (p) dx
o ¢
- /Q (G, (@ + xDY dx
— (e — w0l + el

Here

u(x)
P

(A‘<Hx|)pTl

vo(x) =
l1+e

for p>1. For p=1 one sets vy(x) = u(x) for s+ |x|<0 and vy(x) =0
otherwise, and the last equation is again valid. Then vy € L”*, and (2.3)
follows. The definition shows immediately that K(-,u) is differentiable, non-
decreasing, and bounded above by [[u||, for all p. Also,

2_p/|u(x)|pm1(es+‘x|)" dng(s,u)pg/|u(x)|pm1(e‘y+‘x|)pdx.
Q Q
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Next fix also k>0 and set

T (s) = < (s20), 2.4
els) = (157! (s<0) @4

and

llll = / K5, uP hy(s) ds

whenever this quantity is finite. The next claim is that

L% = u | |lulfy < 0o}
and that || - ||, is an equivalent norm on this space. Indeed,

/ " K(s, uf hi(s) ds < / h / |u(x)l” min(1, PP h(s) dx ds
—00 —00 JQ

—Ix
= / |u(x)|”< / PP (1 — 5)! ds
Q —00

0 00
+ (1— sy Vs + / e ! ds) dx
—|x] 0
< [ weopea + 1t de< Cluf.
o !
Reversely,

/ K (s, u) hy(s) ds> 27 / \ / () min(1, e (s) dox ds
—o0 —00 JQ

0
>27 / )P [ (1= s dsdx
Q —|x]
= Cllull) ;-

Let now S be an operator satisfying (2.1a, b). Then
K(s, Suy’ = inf (IISu—ulf, + e |l

: _ P Sp 14

< inf (I1Su — Svlly + e”lISull;,)
2 _ |12 (s—1)p P

< GG inf (e — o) + ¢ oll] )

=ChK(s — t,u)’.
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Let 0<I<k, let ue L, and set H;(r) = f,% hi(t) dt and k(s) = %K(s, uf =
0. Then

||Su||§’,< C/ K(s, SuY’ h(s) ds
< CCg/ K(s — t,uY’hy(s) ds

—cc? /  k(s)H(s + 1) ds.

An elementary calculation shows that H;(s + 1) < CHy(s)(1 + £)'™%7 for all s
and . One can therefore estimate further

o0
1Sull), < CCH(1 4 1)~ / k(s)Hi(s) ds = CrCh(1 + Pl .

—00

This proves the theorem in the case p = 1. The general case follows by a
scaling argument. 1

The proof can be modified to extend to the case p = co. However, I prefer
to give an alternative proof in this case. It extends to subspaces of L™ that
are closed under multiplication with smooth functions that are bounded
together with their derivatives. Such spaces include X = BC™(Q) and X =
L>®(Q) n UC(Q), where BC™ is the space of m-times differentiable functions
with bounded derivatives and UC is the set of uniformly continuous
functions on Q. The result is formulated for the cases X = L*(Q), X =
BCY(Q), and X = L®(Q) n UC(Q), equipped with the supremum norm.
Accordingly, let X = X n L>F and X, = X n L>*, equipped with their
natural norms || - [ and || - ||, -

THEOREM 2.2. Let S: X — X,S:X, — X, be a linear operator for which
(2.1a, b) holds. Then S maps X into X; for all 0<l<k, and there exists a
constant Cy > 0 depending on k and p such that for all v e X},

CyC
# [ (2.5)

Proof. Let velL™* be given. Thus (14 |x)*ju(x)|[<A4 almost
everywhere for some smallest constant 4. Let w = Sv. The goal is to show
that (1 + 0 /(1 + |x])*|w(x)| < CyC1 A almost everywhere for some constant
Ci. Let R>0, to be chosen later. Choose ¢ € C*°(R) with ¢(r) = 0 for r<0,
o(r) =1 for r=1, and ¢'=0. Set v;(x) = v(x)p(|x| — R) and vy = v — vy.
Then |||, <A(1 + R)* and ||[va]l., , <ACoC(1 + R) *e’R with C = C(k, p)

[N[INFAS
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>0. Thus
15011l < Co(1 + RY ¥4 and  [|Svall,, < CoC(1 + R)erR1 4.
Let x € Q. Then
(1 0+ e ol < (1 087+ B (01 (0l + ISea(x)D
< Co(1+ (1 + x)(1 + R K A(1 + erRorbii—r),

k=l 1 .
Set ¢ = min(%, ¥!) and choose R = ot k¥ |x[k <! + |x|. One can estimate
k> pk )
further

(1 + 05+ X)) ()| <2Co(1 + 0 (1 + [x)'(1 + R A< GG A.
This proves the theorem. 1

At first glance, it is surprising that the algebraic decay estimates are
independent of the exponential spatial weight that appears in the
assumptions. The scaling argument used at the end of the proof explains
this phenomenon and shows where the constant p reappears in the result.
The special case Q = (—oo, 0] with the right shift operator S;v(x) = v(x — )
for x<<0 shows that all estimates in the two theorems are sharp, up to the
values of the constants. Indeed, the use of K-functionals in the proof of
Theorem 2.1 makes the argument resemble the direct proof for this special
case.

3. SCALAR VISCOUS CONSERVATION LAWS

In this section scalar viscous conservation laws of the following form are
considered:

U — Uyy +f(1), =0 (xeR, t>0). (3.1

Here /: R — R is a C?-function with uniformly bounded derivatives. A
traveling wave solution u(x, ) = ¢(x — ct) with speed ¢ and limiting
behavior ¢(r) - ¢, as r - +00 is easily seen to exist if and only if ¢
equals the slope of the line segment connecting the points (¢ f(¢,)) and
(¢_,f(¢_)) and the graph of f lies entirely above or below this line segment.
Accordingly, the wave profile ¢ is decreasing or increasing. After rescaling
the dependent variable u, adding a linear function to f, and changing to a
moving coordinate system, one can assume that c =0, ¢_ =1, ¢, = 0. The
prototypical example is f(r) = > — r, with the wave profile ¢p(r) = (1 4+ &) '.

The focus is the convergence of solutions of (3.1) to some translate
¢(- — h) as t — o0, where & is known. Let us therefore assume that 2 = 0. It
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was shown in [6] that this convergence in the uniform sense follows if f is
uniformly convex and [;* Ju(x,0)| dx + f?oo [u(x,0) — 1| dx is finite. If 1 is
merely C?-smooth but not necessarily convex, the same conclusion holds in
the L'-sense even for the case of quasilinear diffusion [13]. In the seminal
paper [15], it was shown that convergence at an exponential rate holds in
spaces with exponentially weighted norms, namely

(-, 1) = Pl = Ole™™) (3.2)

for some ¢, 0 > 0, if the quantity on the left-hand side is sufficiently small for
t = 0. This holds for arbitrary non-convex f, assuming only that

F10)#£0#£/(1). (3.3)

In several recent papers, the stability of wave profiles in spaces with polynomial
weights was discussed. Assuming only (3.3) it was shown in [8] that if

(-, 0) = Pllo s = 0 (3.4a)
is sufficiently small, then
[, ) = pO)llo i < CA+ 1) 25 (3.4b)

for integers k,m satisfying k=1, 2<m<k+1,or k=1, m>2. A compar-
able result for this situation from [10, 11] assumes that

[I¥]]2,, <00, (3.52)

where W(x) = ffw(u(z, 0) — ¢(2))dz, and that a suitable unweighted L>-
norm of u(-,0) — ¢ is small. The conclusion, then, is essentially that

lluC:, ) = Pl <CA+ 07" (3.5)

Here o >0 is arbitrary. Both results show a trade-off between the spatial
decay of the initial data and the temporal decay of the solution. A much
more detailed and general result in [5] implies that spatial decay of the
antiderivative W dominates the temporal decay of u(:, f) — ¢ for finite x,
while the spatial decay of u(-,0) — ¢ dominates the temporal and spatial
decays as both x and ¢ approach oo, with the canonical trade-off.

The main result for this situation assumes also (3.3).

THEOREM 3.1. Let k>1,0<m<k be real numbers, and set ¥Y(x) =
f_Y + W(z,0) — ¢(2)) dz. There exists a constant Cy such that if

¥ ]loo k. = &(u0) (3.6a)
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is sufficiently small, then the solution u exists for all t > 0, and for all 0 <m <k
i, 2) = Bllocw < Co(l + 0" (o). (3.6b)

Proof. The proof follows a pattern which will be repeated in the next
section. A formal linearization of the problem is introduced (step 0), a
function space setting is defined, and a solution u is produced, using results
about the linearized equation from Appendix A (step 1). After specifying the
short-time behavior of the solution (step 2), suitable a priori estimates are
shown with the aid of Lemma C.1, which finishes the proof.

Step 0. Let u be a solution of (3.1), and set v(x, ) = ffx) (u(z, t) —
¢(2)) dz. Thus v(x,0) = W(x), and v solves the equation

vi(X, 1) = vx(x, 1) = f(P(x)) = f(D(x) + vi(x, 1)) (3.7)

or
UI('7 t) + LU(': Z‘) = F(U)(a t)’

where formally

Ly(x) = =pxe(x) + 11 (@(x))y(), (3.8)

F)(x) = () + /' (@(x)ya(x) = f(d(x) + px(x) = ["CDyax).  (3.9)

Here {(x) is a number between ¢(x) and ¢(x) + yr(x).

Step 1. Recall the notation and the results from Appendix A: X =
L*(R) n C°(R), X, = {ye X |y is uniformly continuous} are Banach
spaces, both equipped with the supremum norm. The operator L acting in
X is defined in (3.8), and the restriction of L to Xj is also denoted by L. Then
— L generates an analytic semigroup (S()),s, in Xo and in various weighted
spaces, especially in the spaces X, and Xj. From the properties of /" and the
definition of F in (3.8), one immediately deduces the estimates

IEGD) = FO2)lloos < Cllyrx = yaxlloo s (3.10a)

IED e < Cllysl g2 (3.10b)

for any k>0 and suitable y, y;, y». Suppose that ¥ € X}, < X, is given and
satisfies the assumptions of Theorem 3.1. Let us seek a continuous Xj-
valued solution (-, #) of the integral equation

o(-, 1) = SO + / [ S(t — s)F(v)(-, 5) ds. (3.11)
0
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A contraction argument, using (3.10a), produces such a solution on some
finite time interval, and the solution satisfies (3.7) in the classical sense if it is
sufficiently smooth. Due to the global Lipschitz property in (3.10a), this
solution exists for all times. The existence and uniqueness arguments hold in
all spaces Xj, 0<k<m, and therefore v(-, f) belongs to all these spaces
for all 7. Set w(x, t) = u(x, t) — ¢(x) = vi(x, t), and let us write N(?) =
max(1, r~'/?).

Step 2. Let us now characterize the behavior of w for 0 <#<1 in more
detail. The goal is to show the estimate

”W('n l)”oo,m < CN([)S(L{(]) (O <I< 1) (3 12)

for all 0<m<k. For this purpose, consider the integral equation for w
which is obtained by differentiating (3.1), namely

w(, 1) = [S(OY], + /OI[S(t — )F()(, 5)], ds. (3.13)

For the “free term” [S(¢)W], in (3.13), (3.12) is just estimate (A.6). Using
(3.12), (A.6), and (3.10b) one then derives the inequality

I Ol . [ A ING I e
0

N() N() N(s) (3.14)

WG, Dllsgm
N(1)

A standard argument for linear integral inequalities implies that
< C on (0,1], i.e. (3.12).

Step 3. Finally, let us prove estimate (3.6b). The first thing to notice is
again that the estimate (3.6b) in Theorem 3.1 holds for the “free” term
[S()®],., since [[S¥],llaom < CISE — 1/2)®]l. < C(L + " Fe(up). Con-
sider first the special case m = k/2 and thus m —k = —m. Define the
quantity

7@ = sup "W, lloom (3.15)

1<s<t

for t>=1. Then y is continuous, y(1) = [|jw(-, 1)]|,,, < Coe(up) for some constant
Co, and [|[F(0)(, )lloom < Cs*92(s) for all s. Then (3.13) implies for 1>1

1
||W('a t)”oc,m < Ct—mg(uo) + / C(l +1- S)_mN(t - S)||W('9 s)”oo,m ds
0

t
+ / C(1+1t—5)"N(t — s)s%*(s) ds
1

< Gt "eug) + Cot™"(1)
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by Lemma C.1 and estimate (A.6). Therefore, y(r) < C1&(ug) + C>y*(¢) for all
1=1.If 4C; Cre(up) < 1 and 2Cy Cae(ug) < 1 (thus p(1)<(2C>)™"), then 3(r) <
Coe(up) for all ¢ by an elementary algebra argument. This is the desired
estimate for m = k/2, and it holds if &(uy) is sufficiently small. If 0 <m <k is
arbitrary, then one can use the estimates for w on (0, 1] and for [S(?)'¥], to
obtain for t>1

1
IWCs Dl < CE™ Feug) + / C(1+t— 8" *N(t = )W, 9l ds
0
t
[ €t = NG F O s
1
t
< Cr" *e(ug) + / C(1 41— )" *N(t = 9)|lw-, )| /2 ds
1

t

< C" *e(uo) + Celug)? / (14 1— "Nt — s)(1 +5)* ds
1

< Cr" Fe(uy)

by the estimate for [|w-, s)l| x/> that was just established and by Lemma C.1.
The theorem is now completely proved. 1

4. GENERALIZED KORTEWEG-DE VRIES-BURGERS
EQUATIONS

Let us now look at the partial differential equation
Uy — Olhyy + Upyy + g(u), =0 (xeR, t>0). 4.1)

The parameter o is positive, and g is C?>-smooth. The case ¢g(u) =
(» + 1) ~'w’t! with integer p >0 is a model for long wave propagation in
media with dissipation and dispersion. The special case p = 1 is known as
Korteweg—de Vries—Burgers equation. It reduces to the Korteweg—de Vries
equation if o = 0. Under certain conditions, the equation admits monotone
traveling wave solutions u(x, 1) = ¢(x — ct) with speed ¢ that connect the
end states ¢, = lim,_, 1 ¢(r). Such a wave profile must satisfy the third-
order ordinary differential equation

—cd' +9(@) +¢" —ag" =0. (4.2)

An example is g(r) = 2r(r — 1)(b — r) with 5>2, which has the wave profile
¢(r) = (1 + )~ for the parameter o = 2b — 1 and the speed ¢ = 0. General
profiles (not necessarily monotone) have been constructed in [2,7]. It is
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known that monotone profiles exist for g(u) = (p + 1) 'w’*! and «>2, /pc.
A slightly more general situation is the setting for the next result.

PROPOSITION 4.1.  Let g € C? be strictly convex. A monotone wave profile
¢ for (4.1) exists if and only if

o 9(9) —g(¢)

c= —¢+ e (4.3a)

a=2/g(¢_) — ¢, (4.3b)
b, <. (4.3¢)

The profile ¢ must therefore be monotonically decreasing.

Proof.  Suppose ¢ is a monotone wave profile with limits ¢, atr = +o0.
Clearly, —c¢ + g(¢) + ¢" — a¢’ = const. and thus —c¢_ + g(¢p_) = —c, +
g(¢.), implying (4.3a). Set Y/(z) = ¢_ — ¢(—z) and

Jr)=g(¢_)—cr—g(g_—). (4.4)

Then £ is concave, and —ay' — " = £ (). This is the equation for a wave
profile  of the Fisher—Kolmogorov—Petrovskii—Piskunov (F-KPP) equa-
tion v, — vy, = f(v) that travels to the right with speed o and has limits
V_=¢_— ¢, Y, =0.1Itis known [4] that such a monotone wave profile
for concave f exists if and only if rx>2\/f’(0) = 2\/g’(¢,) — ¢. In this case,
w_ >y, and therefore ¢_ > ¢_, since f is positive between y_ and /.
Thus (4.3b) and (4.3c) are true. Conversely, let (4.3a—) hold. Define f as in
(4.4). By well-known results about the F-KPP equation, there exists a
unique decreasing wave profile  with Y(0) = (¢_ — ¢,)/2 that moves to
the right with speed «. Then ¢(z) = ¢_ — y(—z) is a monotone wave profile
for (4.1) with ¢(+o00) =¢,. 1

It is easy to see that in fact ¢’ <0 on R. After rescaling the independent
variable, adding a linear function to ¢, and changing to a moving coordinate
system, one can assume that c =0, ¢_ =1, and ¢, = 0. As in Section 3,
the focus is on the convergence of solutions of (4.1) to some translate
¢(- — h) as t - 00. As before, we can assume that # = 0 and define W(x) =
ffoc(u(z, 0) — ¢(2)) dz. In [2], (4.1) was discussed in the case g(x) = x?, and it
was shown that the difference u(-, f) — ¢ converges to 0 in L? together with
its derivatives if this difference is small in L>* for some k > 1 at t = 0 and if
sufficiently many derivatives of its derivatives are small in L>. One of the
results in [14] says that this convergence in fact holds if the initial difference
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is small just in L?. The main result in [12] also covers the case g(u) = u* and
states essentially that if [['¥(-)l|, is sufficiently small, then [ju(:, 1) — ¢ll,,, =
O(f"~%+%). Here ¢ =0 if 2m — 2k is an integer, and it is positive but
arbitrarily small otherwise. Derivatives of u(-, f) — ¢ are shown to decay at
higher rates. The analysis in [17] gives detailed pointwise estimates for
lu(z, t) — ¢(z)] which imply that for finite x, the temporal decay
of this quantity is dominated by the spatial decay of u(-,0) — ¢ , times an
extra factor /7, while the spatial decay of this difference dominates the
temporal and spatial decays as both x and r approach oo, with the canonical
trade-off. We avoid the extra factor by making a (stronger) decay
assumption for the antiderivative ¥ of u(-,0) — ¢ and show a stronger
decay estimate for the antiderivative of u(-, #) — ¢p. The paper [17] also
discusses the “‘undercompressive” case which corresponds to non-convex
functions g. This case is not addressed here.
The main result of this section assumes that

g0)<0<g'(1) and g"(r)>0 for all x. 4.5)

THEOREM 4.2. Let k > 1 be a real number. There exists a constant Cy such
that if

I¥llc = &(uo) (4.6)

is sufficiently small, then the solution u exists for all t > 0, and for all 0 <m <k
and t>=1

(-, ) = Pllan < CA + 0" e(uo), (4.7a)

lluC-, ) — Pl < CA + )" Fe(up). (4.7b)

Proof. The proof follows the scheme used in Section 3. Two different
function space settings (L* and L?) are used to handle the quadratic
nonlinearity. Estimates (B.7a, b) connect these settings.

Step 0. Let u be a solution of (4.1), and set v(x, 1) = f‘_xoo(u(z, t) — ¢(2)) dz.
Thus v(x,0) = W(x), and v satisfies

Ul‘(" t) + LU(': t) = G(U)(: t)a
where now formally

Ly(x) = —opec(X) + yrxx(x, 1) + g () (%), (4.8)

G)(x) = g(P(x) + ¢ (P)Y(x) = g(P(X) + y(x) = ¢"C)).  (4.9)
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Step 1. The operator L acting in L*(R) is defined in (4.8), and —L
generates a Cy semigroup S(7),- in this space by Appendix B. Let us note
that %g’(qﬁ(x)) = ¢"(¢(x))¢'(x) <0, and thus S is a contraction semigroup
by (B.10). The semigroup can be restricted to the weighted spaces L>* and
L* (p<a/3). From the properties of g and the definition of G in (4.8), one

immediately deduces the estimates

1G») = Gl < Cllyix — yaxlloge (4.10a)

IGOx < Cllysllis 2 (4.10b)

for any k>0 and suitable y, y;, y,, with some universal constant C. Suppose
now that ¥ € L>* is given. A continuous L>-valued solution o(-, f) of the
integral equation

v(-, 1) = S(OY + /I S(t — $)G(v)(, s) ds (4.11)
0

is again found by a contraction argument, using (4.10a), and due to the
global Lipschitz property in (4.10a), this solution exists for all times. The
existence and uniqueness arguments hold in all spaces L*>”, 0<m<k, and
therefore v(-, f) belongs to all these spaces for all ¢. The solution satisfies (4.1)
in the classical sense if it is sufficiently smooth. Although the linear part of
(4.1) does not enjoy maximal regularity properties, more smoothness for the
solution follows easily from smoothness of the data, if the equation is
differentiated and the results in Appendix B are used. Set w(x, f) = u(x, t) —
d(x) = vy(x, 1) and write No(7) = max(1, r'/?) and N,(f) = max(1, r/%).

Step 2. As before, let us next characterize the behavior of wfor 0<¢<1 in
more detail. The goal is to show the estimates

W, Dl < CNo(2)e(uo), (4.12a)

W5 Dllan < CN1(2)e(u0) (4.12b)

for 0 <z<1. For this purpose consider the integral equation for w which is
obtained by differentiating (4.11), i.e. (3.13) with F replaced by G. For the
“free term” [S(¢)WY], in (3.13), (4.12a, b) follows directly from (B.7a, b). To
show (4.12a), one uses (B.7a) and (4.10b) to derive inequality (3.14) with
[IW(:, Ol xom/N(2) replaced everywhere by [[w(:, ?)|l,,/No(?). For (4.12b), one
uses (B.7b) and arrive at an inequality like (3.14) for [[w(-, ©)ll4,,,/N1(?).
Standard arguments for linear integral inequalities imply that [[w(-, £)ll5,,,/
No(t) + [w(, Dllgm/Ni1(t)< C on (0,1], i.e. (4.12a, b).
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Step 3. Finally, let us prove estimate (4.7). Start by observing that
(B.14b,B.15b) are just estimates (4.7a, b) for the “free term” [S(¢)V],.

Consider again first the special case m = k/2 and thus m — k = —m. Define
the quantity

70 = sup s"w(, 9l m (4.13)

1<s<t

for > 1. Then y is continuous, y(1) = [[w(:, Dl4,, < Co&(uo) for some Cp, and
IG(@)(-, $)llpn < Cs*9%(s) for all s. Equation (4.11), estimate (4.12) and
Lemma C.1 imply that for 1> 1

1
WG, Dllapm < Ct"e(uo) +/0 C(1+1—5) "Ny (1 = 9)IWC, )l ds

t
+ / C(1 4+t — 5) " Ny(t — 8)s 7 y(s) ds
1
< it "s(ug) + Cot "y2(0).

Therefore (1) < Cye(ug) + Coy*(¢) for all £>1. As in Section 3, y(¢) < Coe(uo)
follows if e(uy) is sufficiently small, which is the desired estimate. If 0 <m <k
is arbitrary, then one obtains as in Section 3 for t>1

1
WG, B)llgm < CE™Fe(ug) + / C(1+ 1 — )" *Ni(t = 9)|WC, 5)||a ds
0
t
+ / C(L+ 1 — )" Nyt = HIGO)C g ds
1

t
< Cr"Fe(ug) + / C(1+ 1 — )" *Ni(1 = 8)llw-, )34 )2 ds
1

< Cr" Fe(up).

Finally for 1> 1,
t
Wy Dllam < CE" ) + / C(1 + 1 — )" *No(t = 8)[w(, $)llz 52 ds
0
t
< Cr" *e(ug) + / C(1+ 1 — )" *No(t — $)(1 + s)*&(ug) ds
0

< Cr" Fe(up).

The theorem is now completely proved. 1
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Let us note in concluding that estimates (B.7a,b) can easily be modified
to

ISOPllaos <Ct Bl NSOPLllaos < Ct 4Bl

for 0 <z<1. The last argument in the proof of Theorem 4.1 then implies that
also

(-, 1) = Plloon < CO"Fe(u).
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APPENDIX A. LINEARIZATION OF SCALAR VISCOUS
CONSERVATION LAWS

In this section, properties of solutions of the equation
Uy — Uy + CUy +du =0 (xeR, t>0) (A.1)

are collected that are used in the main part of this paper. Here ¢ and d are
suitable coefficient functions which are bounded together with their first
derivatives. The results are mostly well known.

Define the Banach spaces X =L*R)nC%R) and Xy={ye
X | yis uniformly continuous}, both equipped with the supremum norm
|| llo- Define the operator L acting in X by Lo = —¢,, + cp, + do for
@peD(L)= {ye X|y" e X}. The restriction of L to X, will also be denoted
by L. Then —L generates a Cy semigroup (S(7)),», in Xy which can be
constructed as a perturbation of the heat semigroup. In addition, the
estimates hold

IS@ollx<loll  (0<i<oo) if d=0, (A.2)

C
ISl <

z”@”:)o

The first estimate is the maximum principle, the second follows from
estimates for fundamental solutions in [9]. The semigroup can be extended
to act on X, and the extension will also be denoted by S(¢). The extension

(O<r<1). (A.3)
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still satisfies the estimates above. It is only strongly continuous for ¢ > 0, but
this is irrelevant for the purposes of this paper.

Let us next examine the behavior of this semigroup in subspaces of Xj
that are defined by means of weight functions. Let w: R — [1,00) be
smooth, with w(+00) = oo, and with the first three derivatives of x —
log w(x) bounded. Set X,, ={yeX|y-we X} with the norm [}yl =
[[w-yllo- There is a natural bijection R:X,, —» X, Ry = wy, inducing the
(formal) conjugate S(r) = RS(f)R™" of S(f) which again acts on X. A
straightforward computation shows that the restriction of S(¢) to X, has an
infinitesimal generator —L of the same form as L. The estimates in [9] apply
to this more general case and imply that S(r) acts on X; as a Cy-semigroup.
Thus S(7) acts on each X, with estimates |[S(0)yll.,,, < CeM’IIyIIOOM, for
0<t<ooand ||[S(t)y]x||oo’w<L’||y||oo,w for 0<¢<1. The constants C and M

now depend also on w. The same notation for S(¢) will be used, whether it
acts on X or on X,,.

Now let p,k >0 and consider specifically the spaces X, and Xj that
correspond to the weight functions w(x) = cosh(px) and w(x) = (1 + xz)k/ 2
(as in Section 1). The work in [4, 15] implies that for sufficiently small p there
exists ¢ = &(p) > 0 and C> 0 such that for all ¢ € X,, and all =0

IS, < Ce™*l|@ll,p- (A.4)
Theorem 2.2 and (A.2) then imply that for all ¢ € X; and all 0<m <k
ISPl < Crll+ 0" Nl - (A.5)
Using (A.3), it also follows that for all >0
IESO@)lloem S NOCHA + 0" 1l x (A.6)

with N(f) = max{l, +"'/?}. Finally, since [S(f)¢], satisfies a parabolic
equation of the same form as (A.1), the estimates hold for 0<¢<1

IIS@D@Lilloce SCNON@)llooe  and  [ISO@lllo < ClllQllle (A7)

APPENDIX B. LINEARIZATION OF GENERALIZED KORTEWEG-
DE VRIES-BURGERS EQUATIONS

This appendix collects properties of solutions of the equation

Up + Uy — Olyy + CUy +du =0 (xeR, t>0) (B.1)
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which are used in the main part of the paper. Here o > 0, and ¢ and d are
suitable smooth coefficient functions. Proofs will only be indicated.

If ¢ = d = 0, the spatial Fourier transform (-, ¢) of the solution u of (B.1)
is given by

W(E, 1) = € 0), (B.2)

This defines a contraction semigroup So(?),~ in L?. Moreover, for p<a/3,
So maps L>* into itself, since Fourier transforms of functions in L>* have
analytic extensions into the strip {z||3(z)|<p } that are square integrable on
its boundary and since the multiplier in (B.2) is bounded by Ce=(¢—3I%(©)*
on any such strip. Thus Sy, restricted to any such L>, also enerates a Cy
semigroup there. In addition, since the multiplier & Ze(’C —#¢ s similarly
bounded, there are the estimates for all ¢

C
[So(Deleclla <ol and lSo@lirlly < II(PIIzp (B.3)

and from standard calculus estimates

[INTGIINIEES

and  [[[So(D¢lll, < (B.4)

<ol <ol
\/E ?li2 \/E ® 2,p°

By Theorem 2.1, Sy therefore maps each L>F into itself and satisfies similar
estimates for 0 <k <oo.

By a standard perturbation argument, one obtains existence and
uniqueness of solutions of (B.l1) for general coefficients ¢, d that are
bounded together with their first and second derivatives. The resulting
semigroup S(¢),, maps L?, L*! (p<1/3), L** (0<k<o00) into itself, and
the estimates hold

IS ellrx < Cllollo g (B.5a)

INGIIN] <£|| | (B.5b)
?lx 2,/6\\/2 @ 2,k> .

ISPl <— H‘Psz (B.5¢)

Next note that for differentiable initial data u(-,0), the derivative u, also
satisfies an equation of the form (B.1). Thus there is also the estimate

ISl < Clloyll,  (O<z<1). (B.6)
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Finally, the estimates

ISO@lla < Ct ' Bllplh, (0<i<D), (B.7a)

LSO llas <Ct gl (0<t<1) (B.7b)
for all ¢ € L** follows from (B.5a—c) and the calculus inequality ||v||3’k<
ClIll3 (1ol + l[oxll20)-

Let us next turn to estimates for S(¢) for large ¢z, in the special case where
d = 0. Consider a general weight function w > 0 with the properties

W <rw, W'+ w"|<C  with k<a/3, C>0.

A calculation shows that for u(:, £) = S(f)¢ with ¢ € L*>*, p<«/3, and t >0
d
0= 7 / wl? + / W3+ 2am?) — / o + )" + (ew?)). (B.8)

Consider first the case w = 1. Then this identity implies

%/u2< /c'uz. (B.9)

IS@ell <ol (B.10)

Therefore if ¢’ <0, then

as was observed in [14]. Next fix the assumptions

d(x)<0 (xeR), lim cx)= cz>0>cp= lim c(x). (B.11)
X——00 X—+400

Under these assumptions, for all sufficiently small p >0 there are C,y >0
such that

1S(Dell, < Ce @l (B.12)

Indeed, consider the weights w(x) = y/cosh(p(x — xp)) where X is such that
¢(x9) = 0. From (B.8) one then obtains

%/wzu2< /przuz, (B.13)

where

Fy(x) = ap® + ¢ (x) + (pc(x) + p?) tanh p(x — xo).
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Let us show that for all sufficiently small p >0, F,< —7y<0 on R. Set
2A4 = min(cz, —cg). If M is sufficiently large (depending on 4) and p? < 4,
then for |x — x| > M

Fy(x)<op® + (p* — A)p tanh pM < — yp°

for some y, > 0. If now |x — xo| < M, then

Fix)<ap®+ Cp+ sup ()< —7

[x—xo|l<M

provided p is decreased further. Then (B.13) implies £ [w?u? < —y [ w?i?,
and (B.12) follows. Theorem 2.1 and (B.5) now imply that for all ¢ € L>¥
and O<m<k, t>0

ISPl < CA+ 1" Il (B.14a)

IESO@] Il < C + 0" *No(D)ll @l (B.14b)
with Ny(7) = max(1, r~'/?). Finally, note that (B.7) and (B.13) imply

IS@Plla < CE" Il 2k (B.15a)

IISOPllam < CE" Il (B.15b)

for t>1, for all 0O<m<k.

APPENDIX C. AN INTEGRAL ESTIMATE

LemMA C.1. Let O<a<p with > 1. Let M :(0,00) — R be bounded on
[1, 00) and integrable on (0, 1). Then there exists a constant C = C, g such that
for all t=0

t
/ M —s)1+t—s5)*1+s)Pds<Cr™.
0
Proof. Split the integral:
t t
/ M(z—s)(l+z—s)*“(1+s)*ﬁdssc/(1+z—s)*°‘(1+s)*ﬁds
0 0

1
+ / M(s)(1+5)*(1+1—s5)P ds.
0
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The second integral is clearly bounded by C(1 + ¢)?. The first integral
becomes

t t/2
/(1+z—s)*“(1+s)*ﬂds=/ (A+1—5*0+s)Pds
0 0

t
+ [ A+t—9"*1+s)Pds.
t/2

If o, > 1, one estimates further
e <B-DTT A+ /) (- DA+ /2 F<c + 07

If « <1< p, the same estimate yields
e <B-DTTA+ /) + A=)+ 0 0+ 12 P< e +

Finally if « = 1 <f, then the modified estimate holds
e <B=DMA 41/ log(l +1/2)(1 +1/2) P< 1 + )7

This proves the lemma. A closer look at the proof shows that the exponent o
on the right-hand side cannot be improved.
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