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A construction of all the Okubo algebras over fields of characteristic 3 is
provided and the complete classification of the composition algebras with associa-
tive norm over fields is finished. Q 1997 Academic Press

1. INTRODUCTION

An algebra A over a field F is said to be a composition algebra if there
Ž .exists a strictly nondegenerate quadratic form called the norm n: A ª F

such that

n xy s n x n y 1Ž . Ž . Ž . Ž .

for any x, y g A. The form being strictly nondegenerate means that its
polarization, defined by

n x , y s n x q y y n x y n y ,Ž . Ž . Ž . Ž .

is a nondegenerate bilinear form.
Ž .Linearization of 1 gives

n xy , xz s n yx , zx s n x n y , z ,Ž . Ž . Ž . Ž .
2Ž .

n xy , zt q n zy , xt s n x , z n y , t ,Ž . Ž . Ž . Ž .

for any x, y, z, t g A.
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Unital composition algebras, also called Hurwitz algebras, constitute a
well-known class of algebras of dimension 1, 2, 4, or 8, and are classified by

w Ž .xthe ‘‘Generalized Hurwitz Theorem’’ ZSSS82, Chap. II; KMRT, 35.16 .
w x w xThrough the work of Petersson P69 , Okubo O78, O95 , Okubo and

w x w x w xMyung O-M80 , Okubo and Osborn O-O181, O-O281 , Faulkner F88 ,
w x w xElduque and Myung E-M91, E-M93 , and Elduque and Perez E-P96 ,´

those composition algebras in which the norm is associative, that is, it
satisfies

n xy , z s n x , yz 3Ž . Ž . Ž .

for any x, y, z, have been considered.
Because of their nice and symmetric properties, these composition

algebras of dimension G 2 with associative norm have been called sym-
w xmetric composition algebras in KMRT and this notation will be used here.

w xIt turns out M86, p. 86 that for a strictly nondegenerate quadratic form
Ž . Ž .n defined on an algebra, conditions 1 and 3 are equivalent to the

validity of

xy x s x yx s n x y 4Ž . Ž . Ž . Ž .

Ž .for any x, y. In particular, by taking an element 0 / x g A with n x / 0,
Ž .4 shows that the left and right multiplications by x are bijective, whence

Ž w x.it follows see K53 that any symmetric composition algebra is finite
dimensional, its dimension being restricted to 2, 4, or 8.

Ž .The linearization of 4 ;

xy z q zy x s x yz q z yx s n x , z y , 5Ž . Ž . Ž . Ž . Ž . Ž .

will be used throughout the paper.
Two classes of symmetric composition algebras have played a key role:

the para-Hurwitz and Okubo algebras. Given a Hurwitz algebra C, with
multiplication xy, the para-Hurwitz algebra associated to C is the algebra
defined on the same vector space C, but with new multiplication x ? y s x y
Ž w x.see O-M80 , where x ¬ x is the standard conjugation of C.

By definition, the Okubo algebras are the forms of the pseudo-octonion
algebra}which will be defined shortly}that is, those algebras which
become isomorphic to the pseudo-octonion algebra after extending scalars.

w xThe original definition in O78 of the pseudo-octonion algebra required
some restrictions on the ground field. In order to avoid this, a new
definition, which extended the one given by Okubo, valid over any field

w xwas proposed in E-P96 , inspired in a previous construction of Petersson
w xP69 . Given a Hurwitz algebra C and an automorphism t of C such that
t 3 s 1, the Petersson algebra C is the algebra defined on C with the newt
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multiplication

y1t tx) y s x y

Ž w Ž .x.see E-P96, 1.2 . The name Petersson algebra appeared for the first
w x Ž .time in KMRT, Sect. 36B . Now, in case C s C F is Zorn’s vector matrix

algebra

a u
C F s : a , b g F , u , ¨ g F = F = FŽ . ½ 5ž /¨ b

with multiplication

aa 9 q u ? ¨ 9 a u9 q b9u y ¨ = ¨ 9a u a 9 u9 s ,ž / ž /¨ b ¨ 9 b 9 ž /a 9¨ q b ¨ 9 q u = u9 bb9 q u ? u9

where u ? ¨ and u = ¨ denote the usual dot and vector product in V s
Ž . 3F = F = F, let us take any w g End V with minimum polynomial X yF

1 and define

t wa ua u s ,Žw*.y1ž /¨ b ž /¨ b

where w* is the adjoint relative to the dot product. Then t is an
Ž . Ž .automorphism of C F of order 3 and the Petersson algebra C F t

Ž .unique up to isomorphism is called the pseudo-octonion algebra and
Ž .denoted by P F .8

w x w xThe main results in E-P96 , extending those in O-O181, O-O281 ,
assert that the symmetric composition algebras with nonzero idempotents
are exactly the Petersson algebras, and that these are either para-Hurwitz
or some Okubo algebras constructed in a specific way.

w Ž .xSince it is known O-O181; O-O281; KMRT, 36.11 that given a
symmetric composition algebra, either it already contains a nonzero idem-
potent or one finds these idempotents after a scalar extension of degree

Ž .three see also the paragraph before Corollary 3.4 here , it follows that the
symmetric composition algebras are the forms of the para-Hurwitz alge-
bras and the Okubo algebras. On the other hand, any form of a para-

wHurwitz algebra of dimension / 2 is again a para-Hurwitz algebra E-P96,
xLemma 3.3 , so only the forms of the two-dimensional para-Hurwitz

algebras and the Okubo algebras need to be determined.
Along the same lines of the definition by Okubo of the pseudo-octonion

w xalgebra, but independently, Faulkner F88 obtained composition algebras
from separable alternative algebras of generic degree 3 over fields of
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characteristic /3. Following this idea, the symmetric composition alge-
w xbras over fields of characteristic / 3 are classified in E-M93 as follows.

Let F be a field of characteristic / 3 and assume first that F contains
a primitive cube root v of 1. Let A be a separable alternative algebra of
degree 3 over F with generic minimum polynomial

p l s l3 y T x l2 q S x l y N x 1,Ž . Ž . Ž . Ž .x

for a linear form T , a quadratic form S, and a cubic one N. Consider the
� Ž . 4subspace A s x g A: T x s 0 with multiplication0

2v q 1
2x) y s v xy y v yx y T xy 1.Ž .

3

Ž .Then A , ) is a composition algebra relative to S.0
If, on the contrary, F does not contain the primitive cube roots of 1,

w xconsider the quadratic field extension K s F v obtained by adjoining one
of them, v, to F. Let A be a separable alternative algebra of degree 3

Ž .over K with generic minimum polynomial p l as above and equippedx
Ž J 2 .with an involution J of the second kind v s v . Consider the F-sub-

˜ J� Ž . 4 Ž .space A s x g A: x s yx and T x s 0 , with the well defined0
multiplication

2v q 1
2x) y s v xy y v yx y T xy 1.Ž .

3

˜Ž . <Then A , ) is a composition algebra relative to S . Moreover, we haveÃ0 0

w xTHEOREM 1.1 E-M93 . Let C be an algebra o¨er a field F of characteris-
tic / 3 with dim C ) 1.F

Ž . Ž .i If F contains the cube roots of 1 type I , then C is a composition
algebra with associatï e bilinear form if and only if there exists a separable

Ž .alternatï e algebra A of degree 3 o¨er F such that C ( A , ) .0
Two such algebras C’s are isomorphic if and only if so are their correspond-

ing alternatï e algebras.
Ž . Ž . w xii If F does not contain the cube roots of 1 type II and K s F v

with v / 1 s v 2, then C is a composition algebras with associatï e bilinear
form if and only if there exists a separable alternatï e algebra A o¨er K with an

˜Ž .in¨olution of the second kind such that C ( A , ) .0
Two such algebras C’s are isomorphic if and only if so are their correspond-

ing alternatï e algebras as algebras with in¨olution.

w xActually, in E-M93 the ground field is assumed to have characteristic
/2, 3, but everything is valid also in characteristic 2. The only necessary
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changes affect the argument in Section 6 of the latter reference for types
IIc and Ic. For type IIc and following the notation in that paper, A s K = C

J J � w 4with K s k and C s C, the algebra D s x g C: x s x is Hurwitz
with the restrictions of the trace t and norm n of C, and, although the

w x Ž . w xdecomposition D s Fe [ D E-M93, end of p. 2496 and 6.1 in E-M930
Ž .are not valid for characteristic 2, the map with x ? y s x y

Ž . Ž .c : D, ? ª A , )0
y1 y1Ž Ž . Ž . .a ¬ q t a , q v t a y a

may be shown to be an isomorphism valid in any characteristic /3.
Similarly, for type Ic the map

Ž . Ž .w : C, ? ª A , )0
y1 y1Ž Ž . Ž . .a ¬ q t a , q v t a y a

is an isomorphism.
In a slightly different way, this has been very nicely developed in

w xKMRT, Chap. VIII , where it has been noted too that the results in
w xO-O181, and E-P96 give a proof of the known classification of the
separable alternative algebras of generic degree three over fields of
characteristic / 3. The Okubo algebras with idempotents are the ones

wthat appear related to the algebra of 3 = 3 matrices over a field E-M93,
xProposition 7.4 .

Therefore, the knowledge of the symmetric composition algebras will be
complete as long as the symmetric composition algebras without nonzero
idempotents over fields of characteristic 3 are classified. This is the
objective of this paper, which will be structured as follows. The next
section will provide a new construction of some Okubo algebras C overl, m

fields of characteristic 3, depending on two parameters. Actually this
Ž .construction provides all the Okubo algebras Theorem 5.1 . Then some

properties of the symmetric composition algebras without nonzero idempo-
tents will be given in Section 3. In Section 4, it will be shown that for any
Okubo algebra without nonzero idempotents, scalars l and m can be

Ž .found so that A is isomorphic to C characteristic s 3 . Finally, Sectionl, m

5 will provide the classification of the symmetric composition algebras over
fields of characteristic 3.

Unless otherwise stated, the characteristic of the ground field F will be
assumed from now on to be 3. Given a subset of an algebra A, the

Ž .subalgebra respectively ideal or subspace generated by S will be denoted
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² : Ž ² : ² :.by alg S respectively ideal S or span S . If the algebra is equipped
with a quadratic form n, S H will denote the orthogonal subspace to S

H � Ž . 4relative to the polarization of n: S s x g A: n x, s s 0 for any s g S .

2. A NEW CONSTRUCTION OF OKUBO ALGEBRAS

w xLet us consider the algebra F X, Y of polynomials in two variables over
the ground field F and let us take 0 / l, m g F, and the ideal I s

² 3 3 :ideal X y l, Y y m .
w xIn F X, Y a new multiplication is defined by

i ji j i9 j9 iqi9 jqj9X Y eX Y s 1 y X Y . 6Ž .ž /i9 j9

Ž w x .Then I is still an ideal of the algebra F X, Y , e . Let a and b denote the
Ž w x .classes of X and Y modulo I. The quotient algebra F X, Y rI, e s

Ž w x .F a, b , e has dimension 9 and decomposes as the direct sum

w xF a, b s F [ C ,l, m

with

² i j :C s span a b : 0 F i , j F 2, i , j / 0, 0 .Ž . Ž .l, m

For u, ¨ g C , the product ue¨ decomposes accordingly asl, m

ue¨ s n u , ¨ q u)¨ ,Ž .

Ž . Ž i j i9 j9.with n u, ¨ g F and u)¨ g C . Then n a b , a b s 0 unless bothl, m

i q i9 and j q j9 are multiples of 3. In that case, for i q i9 s 3r and
Ž i j i9 j9. iq i9 jqj9 r s Ž .j q j9 s 3s, n a b , a b s a b s lm , so n , is a nondegenerate

symmetric bilinear form on C , which is the polarization of the quadraticl, m

form given by

1n u s n u , u s yn u , u .Ž . Ž . Ž .2

It is clear that the Witt index of n if 4.
Ž .It will be shown later on Theorems 4.5 and 5.1 that the algebras

Ž . Ž .C , ) which will be denoted just by C constitute precisely the classl, m l, m

of Okubo algebras over F. Also necessary and sufficient conditions will be
given for two such algebras to be isomorphic, thus obtaining a classifica-
tion of the Okubo algebras.
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Let us obtain first a suitable basis and multiplication table of C . First,l, m

w x y1 2in F a, b the elements a and b are invertible with inverses l a and
my1 b2, respectively. Hence it makes sense to consider the ‘‘monomials’’

i j Ž .a b with i, j g Z. The formula, which follows from 6 ,

i ji j i9 j9 iqi9 jqj9a b ) a b s 1 y d d 1 y a b , 7Ž .Ž .iq i9 , 0 jqj9 , 0 ž /i9 j9

where i denotes the class of i modulo 3 and d is the usual Kronecker
Ž . Ž . Ž .delta, is valid for i, i9, j, j9 g Z with i, j / 0, 0 / i9, j9 . As a basis for

i j Ž .C we take the elements x s ya b , with y1 F i, j F 1 and i, j /l, m i, j
Ž .0, 0 . Then

n x , x s d d , 8Ž . Ž .i , j i9 , j9 iqi9 , 0 jqj9 , 0

Ž .and by using 7 , the corresponding multiplication table is easily shown in
Table I.

A simple inspection shows that with l s 1 and m s a , this multiplica-
w x Žtion table is exactly Table 2 in E-P96 with different notation for the

. Ž . w xelements in the basis . Therefore, the algebras C a in E-P96 are exactly
Ž .up to isomorphism the algebras C and, as a consequence, the class of1, a

algebras C contains the class of Okubo algebras with nonzero idempo-l, m

tents.

PROPOSITION 2.1. For any 0 / l, m g F, the algebra C is an Okubol, m

algebra.

Ž 1r3 1r3.Proof. By extending scalars to K s F l , m , it can be assumed
Ž Ž ..that l s m s 1. But C s C 1 is exactly the pseudo-octonion algebra.1, 1

Remark. It can be proved in an elementary way that C is a symmet-l, m

Ž .ric composition algebra. To do this, one has to check the validity of 5 for
i j Ž . Ž .the monomials a b with 0 F i, j F 2, i, j / 0, 0 , and this is easily

proved by working with vectors in F 2, where F is the field of three3 3
elements.

Given an algebra A, with multiplication xy, the opposite algebra Ao p is
the new algebra defined on A, but with the new multiplication x ? y s yx.

j9 i9i jInterchanging the roles of a and b in C and using that sl, m j ii9 j9
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we arrive at:

PROPOSITION 2.2. For any 0 / l, m g F, C is isomorphic to C o p .m, l l, m

3. SYMMETRIC COMPOSITION ALGEBRAS
WITHOUT IDEMPOTENTS

Let A be a symmetric composition algebra over F with multiplication
w x wdenoted by juxtaposition and norm n. As in E-P96, Sect. 5 or KMRT,

Ž .x Ž . Ž 2 .36.11 , let us consider the cubic form g : A ª F given by g x s n x, x .
Our hypotheses on the characteristic of F being 3 and on the associativ-

ity of n imply that g is a semilinear map of the vector space A over F on
3 Ž . 3 Ž .the vector space F over its subfield F , with g a x s a g x for any

a g F and x g A.

Ž 2 . Ž .2 Ž .3LEMMA 3.1. For any x g A, g x s g x q n x .

Ž . 2 2 Ž 2 . Ž 2 . 2Proof. By 4 , for any x g A, x x q x x x s n x, x x and x x s
2 Ž .xx s n x x. Therefore

x 2 x 2 s g x x y n x x 2 . 9Ž . Ž . Ž .
Hence,

2 2 2 2 2 2g x s n x , x x sn x , g x x y n x x by 9Ž . Ž . Ž . Ž . Ž .Ž .
s g x n x 2 , x y n x n x 2 , x 2Ž . Ž . Ž . Ž .

2 2 32s g x y n x n x , x s g x q n x .Ž . Ž . Ž . Ž . Ž .
3 Ž . ŽCOROLLARY 3.2. F q g A is a subfield of F so it is a purely insepara-

3.ble extension of exponent 1 of F .

Proof. Linearizing the assertion in Lemma 3.1, we obtain for any
x, y g A that

32 g x g y s g xy q yx y n x , y , 10Ž . Ž . Ž . Ž . Ž .
3 Ž . 3so F q g A is an F -subalgebra of F of finite dimension, hence a

subfield of F.

PROPOSITION 3.3. Let A be a symmetric composition algebra o¨er F. Then
the following conditions are equï alent:

Ž .i A contains some nonzero idempotent,
Ž . Ž .ii there is an element x g A with g x s 1,
Ž . 3 Ž .iii F is contained in g A ,
Ž . Ž .iv there is a nonzero element x g A with g x s 0.
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Proof. Assume first that there is a nonzero idempotent e g A. Then
2 Ž . Ž . Ž . Ž 2 . Ž .e s e e s n e e, so n e s 1 and g ye s n ye, e s yn e, e s
Ž . Ž . Ž .y2n e s n e s 1 and ii is satisfied.

Ž . Ž . 3Obviously, assertion ii implies iii . Assume now that F is contained
Ž . 3 Ž . 3in g A . Then, since the field extension F q g A rF is purely insep-

arable, its degree is a power of 3; but since dim A s 2, 4, or 8,F
Ž 3 Ž .. Ž . Ž .3 3 3dim F q g A s dim g A F 8 and we get that dim g A s 1 or 3.F F F

Ž .Thus g is not one-to-one, so iv follows.
Ž Ž ..Finally, assume that g is isotropic condition iv or, equivalently, that

Ž 3 Ž ..3ker g / 0. Then g : A ª F is not one-to-one, so dim F q g A - 9.F
Ž 3 Ž .. Ž .3 3Hence dim F q g A s 1 or 3 and dim g A F 3. If there is aF F

Ž . Ž .nonzero element x g ker g with n x / 0, then by 9 the element
Ž Ž .. 2y1rn x x is a nonzero idempotent. This is always the case if the
dimension of A is 8, since in this case dim ker g G 5. So assume that forF

Ž . Ž . 2 2any x g ker g, n x s 0 and take 0 / a g ker g. By 9 , a a s 0 so we
2 Ž 2 .can assume too that a s 0 otherwise a can be substituted by a .

Ž .Substitute now x by x q y and x y y in 9 and add to obtain

22 2 2 2x y q y x q xy q yxŽ .
s yn x , y xy q yx y n x y2 y n y x 2 .Ž . Ž . Ž . Ž .

Ž .Take b g A with n a, b s y1 and put x s a and y s b in the last
equation to get that e s ab q ba is an idempotent, and it is nonzero

Ž .by 10 .

Ž . Ž .The fact that condition iv implies condition i is valid for the symmet-
w Ž .xric composition algebras over any field, as shown in KMRT, 36.11 .

From the proof above, it follows that if A is a symmetric composition
algebra without nonzero idempotents, then g : A ª F is a one-to-one

Ž . Ž . 3semilinear map this will be very important in the sequel , g A l F s 0,
3 Ž . 3and F q g A is a purely inseparable extension of F of exponent 1, so

its degree is 3 or 9. Hence the dimension of A is either 2 or 8. This result
was already known, since the symmetric composition algebras of dimension

w x4 are para-Hurwitz algebras E-P96, Lemma 3.3 , so they contain nonzero
idempotents.

It follows too from Proposition 3.3 that if A is any symmetric composi-
tion algebra without nonzero idempotents, then there is a purely insepara-
ble field extention K of F of degree 3 such that A s K m A doesK F

Ž Ž .contain nonzero idempotents it is enough to take K s F l with l a root
Ž . Ž . 3 Ž .of the polynomial g a q Xb s g a q X g b , for linearly independent

.elements a and b of A . This result, with a different proof, had been
w xnoticed in O-O281 .
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COROLLARY 3.4. The norm of any Okubo algebra without nonzero idem-
potents represents 0. Hence its Witt index is 4.

Proof. Let A be an Okubo algebra with nonzero idempotents and let n
be its norm. Let KrF be a purely inseparable field extension of degree 3

wsuch that A s K m A contains nonzero idempotents. By E-P96, LemmaK F
x3.7 , the norm in A represents 0 and so does n by a theorem of SpringerK

w xS52 . Moreover, since n is also the norm of a Hurwitz algebra, and it
represents 0, the Witt index has to be maximum.

We close this section with a result on subalgebras generated by one
element.

PROPOSITION 3.5. Let A be a symmetric composition algebra without
² :nonzero idempotents and let x be any nonzero element of A. The alg x is a

two-dimensional composition subalgebra of A.
2 Ž . Ž 2 .Proof. It cannot be x s 0, since g x s n x, x / 0 by Proposi-

2 Ž . Ž .tion 3.3. By hypothesis, x and x are linearly independent and 4 and 9
² : 2show that alg x s Fx q Fx , which is two-dimensional. The coordinate

Ž . ² : � 24matrix of the restriction of n , to alg x in the basis x, x is

2 yn x g xŽ . Ž .n x , x n x , xŽ . Ž .
s ,22 2 2ž / ž /n x , x n x , x g x yn xŽ . Ž . Ž . Ž .

Ž .3 Ž .2 Ž Ž 2 . Ž .3.with determinant D s n x y g x s y g x q n x by Lemma 3.1.
Ž 2 . Ž .3 Ž . 3Thus if D s 0, g x s yn x g g A l F , which is zero by Proposition

2Ž .3.3 iii . This forces x s 0, a contradiction.

4. OKUBO ALGEBRAS WITHOUT IDEMPOTENTS

In this section the symmetric composition algebras without nonzero
idempotents of dimension 8 will be studied. As mentioned in the Introduc-
tion, they are necessarily Okubo algebras. By Proposition 3.5, if A is any

² :such Okubo algebra, for any 0 / x g A, alg x is a two-dimensional
composition subalgebra of A.

PROPOSITION 4.1. Let A be an Okubo algebra without nonzero idempo-
tents and norm n. Then for any nonzero isotropic element x g A there is

Ž . Ž ² : ² :.another element 0 / y g A with n y s 0 and n alg x , alg y s 0.

Ž . ŽProof. Let us take any nonzero x g A with n x s 0 this is possible by
. ² :Corollary 3.4 . Since alg x is a two-dimensional composition subalgebra

² : ² :Hof A, A decomposes as the direct sum A s alg x [ alg x . The
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kernel of the left multiplication L by x has dimension 4, since both itsx
kernel and its image are isotropic subspaces whose dimensions add up to 8,

² :H ² :so there is an element z g alg x with y s xz / 0. Then again alg y
2 Ž .s Fy q Fy is a two-dimensional composition subalgebra of A, and by 2

Ž .and 3 ,

n x , y s n x , xz s n x 2 , z s 0,Ž . Ž . Ž .

n x 2 , y sn x 2 , xz s n x n x , z s 0,Ž . Ž . Ž .Ž .
n x , y2 sn xy , y s n xy , xz s n x n y , z s 0,Ž . Ž . Ž . Ž .Ž .

22 2n x , y syn yx , xy q n x , y s yn y , x xyŽ . Ž . Ž .Ž .Ž .
syn xz , x xy s yn x n z , xy s 0,Ž . Ž . Ž .Ž .

Ž ² : ² :.so n alg x , alg y s 0, as required.

PROPOSITION 4.2. Let A be any Okubo algebra without nonzero idempo-
tents and norm n, and let x and y be nonzero isotropic ¨ectors of A with
Ž ² : ² :.n alg x , alg y s 0. Then either xy s 0 or yx s 0, but not both. More-

² : Ž ² : ² :.Ho¨er, alg xy q yx : alg x [ alg y .

Ž .Proof. Because of 10 , Proposition 3.3, and the hypothesis of the
proposition,

g xy q yx s 2 g x g y / 0,Ž . Ž . Ž .

so at least one of xy and yx is not 0.
Ž . Ž . Ž .Now by 3 , 4 , and 5

xy yx s yx y xy q n xy , x y s yn y x 2 q n x 2 , y y s 0,Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .Ž . Ž .Ž . Ž .Ž .and similarly yx xy s 0. Therefore xy yx q yx xy s 0. Also

Ž . Ž 2 2 . Ž .2 Ž . Ž .n xy, yx s yn y , x q n x, y s 0 by 2 , so by 10 again

32 g xy g yx s g xy yx q yx xy q n xy , yx s 0,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .

Ž . Ž .and either g xy s 0 and g yx s 0. Proposition 3.3 finishes the proof
Ž .with the exception of the last assertion, which now follows quickly from 2

Ž .and 3 .
3 3Ž .THEOREM 4.3. Gï en scalars l g F _ F and m g F _ F l , there is a

unique, up to isomorphism, Okubo algebra A containing elements x, y with
Ž . Ž . Ž ² : ² :.g x s l, g y s m, n alg x , alg y s 0 and xy s 0. Moreo¨er, A does

Ž .not contain nonzero idempotents and it is isomorphic to the Okubo algebra
C .l, m
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Proof. In case an Okubo algebra A satisfying these conditions exists,
3 Ž . 3 3Ž . 3 Ž .then l, m g F q g A , so F ; F l ; F q g A and the degree of

3 Ž . 3the field extension F q g A rF is necessarily 9. By Proposition 3.3, A
Ž .does not contain any nonzero idempotent. Besides, by repeated use of 3

Ž .and 5

yx 2 s yx xy q n x , y x s 0,Ž . Ž .
x 2 y s y yx x q n x , y x s y yx x ,Ž . Ž . Ž .

2yx s yx yx s y yx x y q n y , yx xŽ . Ž . Ž . Ž . Ž .Ž .
s x 2 y y y n x , y xy q n y2 , x xŽ .Ž . Ž .
s yy2 x 2 q n x 2 , y y s yy2 x 2 ,Ž .

22 2 2 2 2 2 2x y s x y x y s y x y y x q n x , x y yŽ . Ž . Ž . Ž . Ž .Ž .
s y2 x 2 x 2 y n x 2 , y yx 2 q n x 2 x 2 , y yŽ . Ž . Ž .
s y2 x 2 x 2 s y x 2 x 2 y2 q n x 2 , y2 x 2Ž .Ž . Ž .
s y g x x y n x x 2 y2 s yl xy2 by 9 .Ž . Ž . Ž .Ž .Ž .

From Proposition 3.5 it follows that

2 2 2² : ² : ² :0 / alg yx s span yx , yx s span yx , y x ,Ž .

so y2 x 2 / 0. Also

² 2 : ² 2 2:alg x y s span x y , xy .

By the last assertion in Proposition 4.2,

H² : ² : ² :alg yx : alg x [ alg y ,Ž .
H H2 2² : ² : ² : ² : ² :alg x y : alg x [ alg y s alg x [ alg y ,Ž .Ž .

2 Ž .and since x y s y yx x,

H H2² : ² : ² : ² :alg x y : alg yx [ alg y : alg yx .Ž .

Therefore A is the orthogonal direct sum

² : ² : ² : ² 2 :A s alg x [ alg y [ alg yx [ alg x y ,

� 2 2 2 2 2 24 Ž . Ž .and x, x , y, y , yx, y x , x y, xy is a basis of A. By means of 4 and 5
it is easy to check that all the products of elements of this basis are
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completely determined. For instance,

yx x 2 y s yy x 2 yx s yy n x 2 , x y y x yx 2 s yl y2 ,Ž . Ž . Ž .Ž . Ž .Ž . Ž .

Ž . 2because g x s l and yx s 0, or

x 2 y yx s y yx y x 2 s yn y xx2 s 0,Ž . Ž . Ž .Ž .Ž .Ž .

in accordance with Proposition 4.2.
Therefore there is at most one Okubo algebra, up to isomorphism,

satisfying the hypotheses. But C is an Okubo algebra, and it verifiesl, m

g yx s n yx , x 2 s n yx , yl x s lŽ . Ž .Ž .1, 0 1, 0 1, 0 1, 0 y1, 0

Ž . Ž . Ž ² : ² :.by 8 . In the same way g yx s m, and also n alg x , alg x s 00, 1 1, 0 0, 1
and x ) x s 0. This concludes the proof.1, 0 0, 1

Ž .Remarks. i Actually one can check in a straightforward way that, in
� y1 2 y1 2 Ž .y1 2 2the proof above, the basis yx, yl x , yy, ym y , yx, lm y x ,

y1 2 y1 24l x y, m xy presents exactly the same multiplication table as in
Table I.

Ž .ii If the equality yx s 0 instead of xy s 0 were required in the
theorem above, a unique Okubo algebra without idempotents would have
been obtained and, by uniqueness, this algebra is the opposite algebra of
the one obtained in the theorem. This agrees with Proposition 2.2.

Given an algebra A, the symmetrized algebra Aq is the new algebra
defined on A, but with the new multiplication defined by x( y s xy q yx.

THEOREM 4.4. Let A and B be two Okubo algebras without nonzero
idempotents, with respectï e norms n and n and associated cubic forms gA B A
and g . Then the following conditions are equï alent:B

Ž . Ž . Ž .i g A s g B ,A B

Ž . q qii A is isomorphic to B ,
Ž .iii A and B are either isomorphic or anti-isomorphic.

Moreo¨er, if these conditions are satisfied, there is a unique isomorphism f :
q q Ž .A ª B , so A is isomorphic respectï ely anti-isomorphic to B if and only if

Ž .this unique f is an isomorphism respectï ely an anti-isomorphism from A
to B.

In particular the group of automorphisms of A and of Aq is trï ial and no
Okubo algebra without idempotents is isomorphic to its opposite algebra.
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Ž .Proof. Assume first that i is satisfied. Since g and g are one-to-oneA B
Ž .by Proposition 3.3, there is a unique map f : A ª B such that g x sA

Ž Ž ..g f x for any x g A. This map f is clearly linear and invertible.B
Besides, by Lemma 3.1, for any x g A

2 32g f x s g f x q n f xŽ . Ž . Ž .Ž . Ž .Ž .B B B

2 32g x s g x q n xŽ . Ž . Ž .A A A

Ž . Ž Ž ..and subtracting and using that g x s g f x we obtainA B

32 2 3g f x y f x s n f x y n x g g B l F s 0Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ž .B B A B

Ž 2 . Ž .2by Proposition 3.3. Therefore f x s f x and f is an isomorphism
form Aq to Bq.

Conversely, let f : Aqª Bq be an isomorphism. For any 0 / x g A,
2 2 2 Ž . Ž . Ž . Ž 2 . Ž . Ž .x( x s xx q x x s 2n x x by 4 , so f x (f x s 2n x f x , butA

Ž . Ž 2 . Ž . Ž .2 Ž Ž .. Ž . Ž Ž ..also f x (f x s f x (f x s 2n f x f x . Hence n f x sB B
Ž . Ž . Ž Ž ..n x for any x and f is orthogonal. Therefore g x s g f x for anyA A B

Ž . Ž . Ž . Ž .x and g A s g B . Thus conditions i and ii are equivalent.A B
Ž . Ž .Evidently condition iii implies ii . Finally, let us assume that condi-

Ž . Ž .tions i and ii are satisfied. By Proposition 4.1 there are nonzero
Ž ² : ² :.isotropic elements x, y g A with n alg x , alg y s 0 and we canA
Ž .assume, by Proposition 4.2, that xy s 0 otherwise interchange x and y .

Ž . Ž Ž ..Let f be the unique invertible linear map such that g a s g f a forA B
Ž .any a g A. As above, f is an isomorphism the only possible one from

q q Ž . Ž .A to B and it is an orthogonal map. Hence f x and f y are nonzero
² Ž .: ² Ž . Ž .2: ² Ž .isotropic vectors of B. But alg f x s span f x , f x s span f x ,

Ž 2 .: Ž ² :. ² Ž .: Ž ² :. Ž ² Ž .:f x s f alg x , also alg f y s f alg y , so n alg f x ,B
² Ž .:. Ž . Ž .alg f y s 0. By Proposition 4.2 either f x f y s 0, and the unique-

Ž . Ž .ness of Theorem 4.3 forces that f is an isomorphism, or f y f x s 0
and f is an anti-isomorphism.

The final assertions of the theorem are now straightforward.

Remark. Notice that even though the automorphism group of any
Okubo algebra without nonzero idempotents A is trivial, it is not so with
the derivation algebra Der A. Since Okubo algebras are flexible and

Ž w x. Ž . w xLie-admissible see M86 , 0 / ad A : Der A, where ad x y s x, y s
xy y yx.

Ž .If g denotes the cubic form associated to C , 8 and Table I implylm l, m

Ž . i j Ž . ² i j
3that g x s ylm for any i, j. Hence g C s span lm : y1 Flm i, j lm l, m F

Ž . Ž .:i, j F 1, i, j / 0, 0 . Let us denote by G this set.lm

The next result summarizes some of the work in this section.
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Ž .THEOREM 4.5. a The Okubo algebras without nonzero idempotents are
exactly, up to isomorphism, the algebras C , with l g F _ F 3 and m g F _l, m

3Ž .F l .
Ž . 3 3Ž . 3Ž .b If l, l9 g F _ F , m g F _ F l , and m9 g F _ F l9 , then

Ž . q qi C is isomorphic to C if and only if G s G .l, m l9, m9 lm l9m9

Ž .ii If G s G , then the algebras C and C are isomorphic iflm l9m9 l, m l9, m9
y1Ž . y1Ž . y1Ž . y1Ž .and only if g l9 g m9 s 0. If this is not satisfied, then g m9 g l9lm lm lm lm

s 0 and C and C are anti-isomorphic.l, m l9, m9

5. CLASSIFICATION OF THE SYMMETRIC
COMPOSITION ALGEBRAS OVER FIELDS

OF CHARACTERISTIC THREE

Assume for a while that the characteristic of the ground field is
arbitrary. As mentioned in the Introduction, the symmetric composition
algebras without nonzero idempotents are the forms of two-dimensional
para-Hurwitz algebras and the Okubo algebras without nonzero idempo-
tents.

If A is a two-dimensional symmetric composition algebra without
Ž . Žnonzero idempotents and 0 / x g A is an element with n x s 1 these

Ž . ŽŽ Ž .. 2 . .elements always exist, because n u / 0 implies n 1rn u u s 1 , then
² : ² 2: Ž . Ž 2 .A s alg x s span x, x . Let l s g x s n x, x . Then the multiplica-

Ž . Ž . 2 2tion in A is determined by 4 and 9 , which give xx s x x s x and
x 2 x 2 s l x y x 2, respectively. The nondegeneracy of n is equivalent to the
restriction l / "2. Besides, for any m g F,

22 2 2x q m x s m y 1 x q l q 2m x ,Ž .Ž . Ž .

which is / 0 since l / "2. But there are no nonzero idempotents, so

2m y 1 l q 2m 20 / s m y 3m y l
1 m

3 Žand the polynomial X y 3 X y l is irreducible a condition that already
.implies l / "2 .

Therefore any two-dimensional symmetric composition algebra without
Ž .nonzero idempotents that is, not being para-Hurwitz is isomorphic to the

� 4algebra, which will be denoted by A , with a basis u, ¨ and multiplicationl

given by

u2 s ¨ , u¨ s ¨u s u , ¨ 2 s lu y ¨ , 11Ž .
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where l g F such that X 3 y 3 X y l is irreducible. This is the content of
w xE-M91, Theorem 4.3 , which is valid in any characteristic. In particular, if
the characteristic is 3, the restriction on l is equivalent to the condition
l g F _ F 3.

From now on, we return to our restriction of the characteristic being 3.
Hence the polynomial X 3 y 3 X y l becomes just X 3 y l.

THEOREM 5.1. Let A be a symmetric composition algebra with norm n
and cubic form g. Then one and only one of the following possibilities occurs:

Ž . 31 There is a scalar l g F _ F such that A is isomorphic to A . Thisl

Ž .3possibility happens if and only if dim g A s 2.F

Ž . Ž . 32 A is a para-Hurwitz algebra and in this case g A s F .
Ž .3 A is an Okubo algebra. Then there are nonzero elements l, m g F

such that A is isomorphic to C and either:l, m

Ž . Ž . 3a g A s F , which occurs if and only if A is isomorphic to the
Ž .pseudo-octonian algebra P F .8

Ž . Ž . 3b g A is a subfield of F and a cubic extension of F . This happens if
and only if there is an element a g F _ F 3 such that A is isomorphic to C1, a

Ž Ž . w x.( C a in E-P96 .
Ž . Ž .3c dim g A s 8. This happens if and only if A does not containF

3 3Ž .any nonzero idempotent and then l g F _ F and m g F _ F l .

Ž . Ž .Ž . Ž Ž . 3.The cases 2 and 3 a in which g A s F are distinguished by the
Ž . � 4commutatï e center K A s x g A: xy s yx ; y g A , which is 0 for any

Okubo algebra and nonzero for para-Hurwitz algebras.
Ž .Moreo¨er, two algebras A and B in case 1 are isomorphic if and only if

Ž . Ž . Ž .Ž . Ž .Ž .g A s g B and the same happens in cases 3 a and 3 b . Two para-
Ž Ž ..Hurwitz algebras case 2 are isomorphic if and only if so are the correspond-

ing Hurwitz algebras if and only if their norms are equï alent. Finally the
Ž .isomorphism conditions for case 3 c are shown in Theorem 4.5.

Proof. Just a few details need to be checked. If A is a para-Hurwitz
algebra, then there is a multiplication e on A which makes it a Hurwitz
algebra with unity element 1 and the product in A is given by xy s xe y.

2� Ž . 4 Ž . Ž . Ž .Then for x g A s z g A: n 1, z s 0 , g x s n x, x s n x, xex s0
Ž . Ž Ž . . Ž . 3 Ž . 3n x, xex s n x, yn x 1 s 0, so g A s F g 1 s F . In the algebra

Ž . Ž . Ž . Ž 2 . Ž .A , it follows from 11 , 4 , and Lemma 3.1 that g u s n u, u s n u, ¨l

Ž . Ž 2 . Ž .2 Ž .3 2 Ž .3s l and g ¨ s g u s g u q n u s l q 1, so dim g A s 2.F l

Ž .The condition for isomorphism among the algebras in case 1 follows
exactly as in the proof of Theorem 4.4, taking into account that these

Ž .algebras are commutative. For the algebras in case 3 it follows from
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w xTheorem 4.4 and E-P96, Theorem 5.1 . Finally, if two composition alge-
w xbras are isomorphic, their norms are equivalent P71 ; if moreover these

are para-Hurwitz algebras this is equivalent to their Hurwitz counterparts
Ž w x.being isomorphic see also O-O181, Lemma 3 .

ACKNOWLEDGMENTS

The author is very much indebted to Jose Marıa Perez, who made a thorough revision of a´ ´ ´
preliminary version of the paper and simplified several of the arguments, and to Professor

w xMax A. Knus, who provided a draft copy of KMRT . Proposition 3.3, which is crucial in this
w Ž .xpaper, was motivated by KMRT, 36.11 .

REFERENCES

w xE-M91 A. Elduque and H. C. Myung, Flexible composition algebras and Okubo algebras,
Ž .Comm. Algebra 19 1991 , 1197]1227.

w xE-M93 A. Elduque and H. C. Myung, On flexible composition algebras, Comm. Algebra
Ž .21 1993 2481]2505.

w xE-P96 A. Elduque and J. M. Perez, Composition algebras with associative bilinear form,´
Ž .Comm. Algebra 24 1996 , 1091]1116.

w xF88 J. R. Faulkner, Finding octonion algebras in associative algebras, Proc. Amer.
Ž .Math. Soc. 104 1988 , 1027]1030.

w xK53 I. Kaplansky, Infinite-dimensional quadratic forms admitting composition, Proc.
Ž .Amer. Math. Soc. 4, 1953 , 956]960.

w xKMRT M. A. Knus, A. S. Merkurjev, M. Rost, and J. P. Tignol, The book of involutions,
to appear.

w xM86 H. C. Myung, Malcev-admissible algebras, in ‘‘Progr. Math.,’’ Vol. 64, Birkhauser,¨
Boston, 1986.

w x Ž .O78 S. Okubo, Pseudo-quaterion and pseudo-octonion algebras, Hadronic J. 1 1978 ,
1250]1278.

w xO95 S. Okubo, ‘‘Introduction to Octonion and Other Non-Associative Algebras in
Physics,’’ Cambridge Univ. Press, Cambridge, UK, 1995.

w xO-M80 S. Okubo and H. C. Myung, Some new classes of division algebras, J. Algebra 67
Ž .1980 , 479]490.

w xO-O181 S. Okubo and J. M. Osborn, Algebras with nondegenerate associative symmetric
Ž .bilinear form permitting composition, Comm. Algebra 9 1981 , 1233]1261.

w xO-O281 S. Okubo and J. M. Osborn, Algebras with nondegenerate associative symmetric
Ž .bilinear form permitting composition, II, Comm. Algebra 9 1981 , 2015]2073.

w xP69 H. Petersson, Eine Identitat funften Grades, der gewisse Isotope von Komposi-¨ ¨
Ž .tions-Algebren genugen, Math. Z. 109 1969 , 217]238.¨

w xP71 H. Petersson, Quasi Composition Algebras, Abh. Math. Sem. Unï . Hamburg 35
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