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Let L. be the vertex operator superalgebra associated to the unitary vacuum
module for the N = 2 superconformal algebra with the central charge c,, = 22,
m € N. Then the unitary N = 2-modules give all irreducible modules for the

vertex operator superalgebra L, . In this paper, we determine all fusion rules for

L., -modules from the vertex algebra point of view. These fusion rules coincide

with the fusion rules obtained by M. Wakimoto (Fusion rules for N = 2 supercon-
formal modules, hep-th/9807144) using a modified Verlinde formula. © 2001

Academic Press

1. INTRODUCTION

In the theory of vertex operator (super)algebras fusion rules are defined
as the dimension of the vector space of intertwining operators for three
(irreducible) modules (cf. [DL, FHL, FZ]). In studying representation
theory of certain concrete vertex operator (super)algebras, the determina-
tion of fusion rules is one of the basic problems. One can calculate the
fusion rules using the Frenkel-Zhu formula (cf. [DLM3, FZ, KWn, Lil,
Xu, Wn)) or some explicit determination of intertwining operators (cf. [DL,
La, M)).

In the present paper, we will study the fusion rules for modules with
vertex operator superalgebras (SVOAs) associated to the minimal models
for the N = 2 superconformal algebra. Let L, be the SVOA associated
to the vacuum module for the N =2 superconformal algebra with the
central charge c,, = -22. The irreducible L, _-modules were classified in
[A]. It was shown that the SVOA L. for m € N has finitely many
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irreducible modules which coincide with all unitary N = 2-minimal mod-
ules.

In the non-unitary case, the SVOA L. has uncountably many irre-
ducible modules (cf. [A, EG)).

In this paper, we calculate the fusion rules for L. -modules in the case
m € N. Another approach to fusion rules for minimal N = 2 superconfor-
mal models was made by Wakimoto [W]. He calculated the fusion rules
using a modified Verlinde formula. Our result from the present paper
coincides with the fusion rules for Neveu—Schwarz sectors obtained in [W].
We should also mention that the modular properties of characters of
N = 2 minimal models were investigated in [KW].

Let us describe the main concepts of this paper. Let L(m,0) be the
VOA associated to the irreducible vacuum sfz-module of level m € N. Let
F, be the lattice vertex superalgebra associated to the lattice Z a, {a, a)
=n (n € 2). Following [A, FST], we investigatg the vertex superalgebra
L, ®F_;. Using the lattice construction of s/, and N = 2-modules we
prove that the vertex superalgebra L, ® F_,; is isomorphic to a certain
extension of the vertex algebra L(m,0) ® F_,,, .,. Then we use the
knowledge of the fusion rules for L(m,0) and F_,,, ,, to find the fusion
rules for L, ® F_;, which immediately gives the fusion rules for the
SVOA L, . As a consequence of our construction, we prove that the

m

SVOA L, is regular in the sense of [DLM1].
There is some overlap between the present paper and the paper by Li
[Li5]. In [Li5] Li studies a certain larger class of extended vertex operator

(super)algebras of similar type to our vertex superalgebra B, from Sec-
tion 5.

2. EXTENSIONS OF VERTEX ALGEBRAS AND
INTERTWINING OPERATORS

In this section, we will recall some results from [Li3] on extension of
regular vertex algebras by a simple current module. Another approach to
the extension problem was made in [DLM?2].

Our main goal is the study of extensions of vertex algebras realized as
tensor products of affine vertex algebras with vertex algebras associated to
negative definite lattices (cf. Section 5). Therefore we shall formulate the
results from [Li3] in a slightly different setting.

Let (V = Ve 4+ 17°4 Y 1, D) be a vertex superalgebra where 1 is the
vacuum vector and D is the derivation (cf. [Li2, K]). If 1°% = 0, we say
that 1/ is a vertex algebra.
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We shall always assume that vertex superalgebra V' contains the Vira-
soro vector w such that Y(w,z) =X, .,L(n)z™" "%, D = L(—1), and

even __ odd _
S A G
where V,,,, = {v € V, L(O)v = nv}.
If there is N € Z such that Vi = 0 for n < N, and if dim Vigy <o for
every n € %Z, we say that V' is a vertex operator superalgebra (SVOA).
We will say that the vertex superalgebra (V,Y,1, L(—1)) is regular, if
every (weak) V-module is completely reducible (cf. [DLM1, Li3]).

For any three V-modules M', M?, M?, let

M3
Iy MM?>

be the vector space of all intertwining operators of type

M3
M'M?
(cf. [DL, KWn)).
Let H € V such that Y(H,z) = X, ,H,z "~ '. Assume that

L(n)H =38, ,H, H,H=35, 71, (2.1)

where 7 is a nonnegative integer and v is a fixed integer. Assume also that
H,, semisimply acts on }/ with integral eigenvalues. Then from the commu-
tator formula for vertex algebras we get

[H,,H,]=mys,,,, form,nelZ.
Set

c H’l —n
A(H,z) =z exp( ;] _n(—z) )

In this section, we will always assume that vertex algebra V' has the
property:

(P1) The operators H,, n > 1, act locally nilpotently on any V
module M.

ProposITION 2.1 [Li4]. Let A(H, z) be defined as above. Assume that V
is a vertex algebra with property (P1). Then:

(1) For any V-module (M,Y,,(-,2)), (M,Yy(:,2)) = (M,Y,,(A(H,
z) -, z)) is a V-module.
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) Let M' (i =1,2,3) be three V-modules and let 1(-,z) be an
intertwining operator of type
M3
M'M?*)

Then I(-, z) = I(A(H, z) - , z) is an intertwining operator of type

M3
MM
Remark 2.1. A version of Proposition 2.1 under the assumption (P1)
appeared in [Xu, Theorem 3.3.8]. The author also used the proof from

[Li4]. Tt is clear that the assumption (P1) is satisfied for every regular
vertex operator superalgebra and for every lattice vertex superalgebra.

We shall also assume that
P2 V=V
The next theorem was essentially proved in [Li3]:

THEOREM 2.1 [Li3]. Let H € V satisfy the condition (2.1) with an odd
integer y. Assume also that the vertex algebra V' is regular with the properties
(P1) and (P2). We have:

(1) The space V=V & V has a natural structure of a vertex superalge-
bra.

(2)  The vertex superalgebra V is regular.

(3)  Assume that M is an irreducible V-module such that H, semisimply
acts on M with integral eigenvalues. Then M = M & M is a V-module.

_Proposition 2.1 gives a linear isomorphism (the identity map) ¢, from
M onto M such that

Uy (Vii(a, 2)u) = Yy (A(H, 2)a, 2) ¢, (u)  fora€V,ueM. (22)
Since A(H, z)"! = A(—H, z), (2.2) is equivalent to

Yy (Vi (A(—H, 2)a, z)u) =Y, (a,z) iy, (u). (2.3)

For every V-module M, we set M=MoMIt M= M, let m,, be an

isomorphism from M onto M.
_Assume now that M i i=1,2,3 are irreducible V-modules such that

M’ = M’ and that H, semisimply acts on M' with integral eigenvalues. In
particular, M’ i = 1,2,3 are V-modules.
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Assume next that I,(-, z) is an intertwining operator of type

[}

We shall extend /;, to an intertwining operator from

YE
w20
M'M?

In order to do this we need intertwining operators of types

M3 M3 M3
-, - , and B
M'M! M'M? M'M?
For every v' € M" and 0% € M?, we define
I(vy,2)0% = L(A(H, z) vy, z) 2. (2.4)
Proposition 2.1 (2) gives that
M3
I(+,z) € IV(MlMl)'

Following [DL], for any « € Q we define (—z)* = ¢*™". For any v, €
M', v, € M?, define F(v,,2)v, = eI (v,, —2)v,. Then F(:,z) is an
intertwining operator of type

M3
MM')

For any i, € M', v, € M?, define

Fy(vy,2)8) = Uy AF(A(H, 2) vy, 2) P () -
Then from Proposition 2.1 (2), F,(-, z) is an intertwining operator of type

M3
MMt
For any &, € M', v, € M? we define
L(0y,z)v, = e*"CVF (v,, —2)0;. (2.5)

Then I,(-, z) is an intertwining operator of type

MZ
MM? ]
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_ From Proposition 2.1 (2) we obtain an intertwining operator F,(-, z) =
I(-, 2) of type

M3
M'M?)
Then
10 M3
L(-,z) = mpF,(,z) €1, il (2.6)
DEFINITION 2.1. Let
M3
I, € IV(Mle)'

Define intertwining operators /;, I,, and I; with relations (2.4), (2.5), and
(2.6), respectively. For every v, € M', v, € M?, &, € M', and 7, € M
define
I(v, + 0y, 2) (v + 8y) = Io(v1, 2) 0y + 1(01, 2) Dy
+ L(0,z)v, + I;(0y,)0,.

THEOREM 2.2. Let
M3
I(,z) € IV(MlMZ)’

and define I(-, z) as above. Then

- M3
I(-’Z) S IV(MUWZ)'

The proof of the theorem is completely analogous to the proofs of
Theorems 3.7 and 4.3 in [Li3], and it is omitted.
Theorem 2.2 shows that if

. M3
dim IV(MlMZ) >1,
then

. M3
dim IV(MIMZ) > 1.
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In what follows we shall investigate one special case when

Ar3
dimr,| M | =1
v

First we recall the following result obtained in [DL].

LEmMA 2.1 [DL].  Assume that W, W,, W, are irreducible V-modules,
and let

W3
I(‘,Z)EIV W1W2 .

Let vy € Wy, v, € W, be nonzero vectors such that I(v,,z)v, = 0. Then
I(-,z) = 0.

__PrROPOSITION 2.2.  Let M', M*, M? be irreducible V-modules such that
MY M?* M? are irreducible V-modules. Assume that

3 73
dimIV(M )=1 and dimIV(MM )=

MlMZ 1M2
Then
3
dlmly( _M_ ) =1
1M2
Proof.  Let
M3
V(Mle) tly
Let
3
I e 117( _M_ )
M'M?

be the extended intertwining operator from Definition 2.1 and Theo-
rem 2.2.

Assume that
e

Fely| 2|, F=#o.
M'M>

Let P, and P, be the projection maps from M?> onto M* and M?,
respectively. Then for every v, € M, v, € M?, we define

Fy(vy,2z) = PyF(vy, z)0,, Fi(vy,z)0, =153F(U1az)b'2-
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Then we have that
M3

F, EIV(MIMZ

M3
) and FIEIV(Mle)'
Since
. )
dim IV(MlMZ) =0,
we get F; = 0. Since F # 0, Lemma 2.1 easily implies that F, # 0. Then
there is k € C, k # 0, such that F, = kl,.
Since
F(v,,z)v, = F(vy,2)v, = kly(v,, 2)v, = kI(vy, 2)0,,

for every v, € M', v, € M?, Lemma 2.1 implies that F = kI. In this way

we have proved that
. M?
dim I ( 5 ) =1.

M'M

3. N =2 SUPERCONFORMAL VERTEX ALGEBRAS

In this section, we recall the results from [A] on the representation
theory of SVOAs associated to the N = 2 superconformal algebra. We
should also mention that the study of these SVOAs was initiated in [EG].

N = 2 superconformal algebra ./ is the infinite-dimensional Lie super-
algebra with basis L(n), T(n),G*(r),C,n € Z,r € 5 + Z and (anti)com-
mutation relations given by

C
[L(m), L(m)] = (m = m)L(m + ) + 5 (m* = m) 8,40,

[£0m. 6] = [ 3m = rfa(m ),

[L(m),T(n)] = —nT(n + m),
C
[T(m)’T(n)] = §m8m+n,0’
[T(m),G*(r)] = +G=(m +7),

C
{G*(r),G(s)} =2L(r+s) + (r—s)T(r+s) + g(r2 - Z)S’H’O’

[L(m),C] = [T(n),C] = [Gi(r),C] =0,
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{G(r),G"(s)} ={G(r).G (s)} =0
forall m,n € Z,r,s € 1 + 7.
We denote the Verma module generated from a highest weight vector
|h, g, ¢) with L(0) eigenvalue &, T(0) eigenvalue g, and central charge c
by M, , .. An element v € M,, . is called a singular vector if

L(n)v=T(n)v=G*(r)v=0  forn,r>0,

and if v is an eigenvalue of L(0) and 7(0). Let J, , . be the maximal
U(«/)-submodule in M, , .. Then

is an irreducible highest weight module.
Now we will consider the Verma module M, , .. One easily sees that for
every c € C

Gi(_%)maoac >
is a singular vector in M, .. Set

MO,O,C
Ve= U(#)G*(=13)0,0,¢ ) + U()G~(—3)0,0,¢ )

Then V, is a highest weight .o7-module. Let 1, denote the highest weight
vector. Let L, = L, . be the corresponding simple module. Define four
vectors in V,

PE=GH(-DL. j=T(-D1.  v=L(-21,
and set

G*(2) =Y(r",z) = X G"(n+3)z7"%,

nel
G (z)=Y(m,2) = ZZG*(H + %)an—z,
L(z) =Y(v,z) = ZZL(”)Z_"_Z,
T(z)=Y(j,z) = ZZT(H)an—ll (3.1)

It is easy to see that the fields G*(z), G (z), L(z), T(z) are mutually local
and the theory of local fields (cf. [K, Li2]) implies the following result.
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PROPOSITION 3.1.  There is a unique extension of the fields (3.1) such that
V. becomes a vertex operator superalgebra (SVOA). Moreover, L. is a simple
SVOA.

We will now present the classification result from [A].
For m € N set ¢, = -2

ik — 1 |~k
R
m+ 2 Js m+ 2 Cm jok>4j, k> Cm

THEOREM 3.1 [A]. Let m € N. Then the set

ok =

{Lg’mk|j,k €N, ,,0<j,k,j+k<m+ 2}

provides all irreducible modules for the SVOA L, . So, irreducible L. -mod-

ules are exactly all unitary modules for the N = 2 superconformal algebra with
the central charge c,,.

Remark 3.1. Theorem 3.1 shows that the SVOA L, for m € N has
exactly 22D non_jsomorphic irreducible modules. In the non-unitary

case, the SVOA L, has uncountably many irreducible modules (see [A,
Theorem 7.2]).

4. LATTICE VERTEX SUPERALGEBRAS

In this section, we shall recall the lattice construction of vertex superal-
gebras from [DL, K, Xu].

Let L be a lattice. Set ) = C ®, L and extend the Z-form {-,-) on L
to b. Let § = Clr,#7']1 ® ) @ Cc be the affinization of §. We also use the
notation i(n) = t" ® h for h € 0), n e Z.

Set h*=1tClt]1®§, h-=1t"'Cl+"']1® . Then §* and f)~ are abelian
superalgebras of . Let U(f)~) = S(§) be the universal enveloping alge-
bra of f)_. Let A € [). Consider the induced f)-module

M(1, 1) = U(B) Bu(cienece Ca = S(Bi) (linearly),

where ¢tC[7] ® §) acts trivially on C, §) acting as {h, A) for h € [, and ¢
acts on C as multiplication by 1. We shall write M(1) for M(1,0). For
h €l and n € Z write h(n) =t" ® h. Set h(z) =X, ., h(n)z" .

Then M(1) is a VOA which is generated by the fields A(z), h € f) and
M(1, M), of A €1, are irreducible modules for M(1).

Let L be the canonical central extension of L by the cyclic group
(£ D

1-(+1)>L->L—1 (4.1)
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with the commutator map c(a, B) = (=1(“# for a,B € L. Let e:
L — L be a section such that ¢, =1 and let e: L X L = { £ 1) be the
corresponding 2-cocycle. Then e(a, B)e( B, a) = (—1)(*#),

e(a,B)e(a+ B,y) =€(B,y)e(a, B+ v), (4.2)
and e e; = €(a, Ble,, 4 for a, B,y € L. From the induced L-module
C{L} =C[L]®,,,C=C[L] (linearly),

where C[:] denotes the group algebra and —1 acts on C as multiplication
by —1. For a € L write «(a) for a ® 1 in C{L}. Then the action of L on
C{L} is given by a - «(b) = «(ab) and (—1) - «(b) = —u(b) for a, b € L.
Furthermore we define an action of ) on C{L} by & - (a) = {h,a)a)
for h € 0, a € L. Define z" - (@) = z"®u(a).
The untwisted space associated with L is defined to be

V, =C{L) ® M(1) =C[L]® S(H~)  (linearly).

Then L, §,z" (h € §) act naturally on V, by acting on either C{L} or
M(1) as indicated above. Define 1 = «(e,) € V;. We use a normal ordering
procedure, indicated by open colons, which signify that in the enclosed
expression, all creation operators A(n) (n < 0) a € L, are to be placed to
the left of all annihilation operators i(n), z* (h € , n > 0). For a € L,
set

Y(u(a),z) = : /@770 g0
Let a € L; hy,....,h,€b;ny,...,n. €Z(n,>0). Set
v=u(a) ® hy(—ny) - h(-n) €V

Define vertex operator Y(v, z) with

:(ﬁ(%)nl_lhl(z))

[tala) e

This gives us a well-defined linear map

Y(u(a),z):. (4.3)

Y(+,2):V, > (EndV,)[[2z,z7"]]
v—-Y(v,z)= Y v,z" " (v, €EndV;).

ne”z
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Let {h;|i = 1,...,d} be an orthonormal basis of §) and set

(= Dh(=1) €V,

=1
w =3

||M&

i

Then Y(w,z) =X,c,L(n)z7" "% gives rise to a representation of the
Virasoro algebra on V, with the central charged d and

L(0)(e(a) ® hy(—ny) - h,(—ny))
= (%(c‘z, ay +n;+ - +nk)(L(a) ® hy(—ny) = h(—ny)). (4.4)

The following theorem was proved in [DL, K].
THEOREM 4.1.  The structure (V,,Y, 1, L(—1)) is a vertex superalgebra.

Let P be the dual lattice of L. Then there is a 1-1 correspondence
between the set of equivalence classes of irreducible modules for 1, and
the set of coset of P/L [D, Xul.

The following proposition was proved in [Li4, Proposition 2.16].

PropoSITION 4.1 [Li4]. Let B € P. Then as a V;-module, (V,,Y(A(B,
z) -, z)) is isomorphic to the V;-module V, , 4.

Define the Schur polynomials p,(x,, x,,...) in variables x,, x,,... by
the following equation:

eXp( > —y”) = X p (X, %,y (4.5)
n=1 n r=0
For any monomial x{'x%? --- x;'~ we have an element A(—1)"1h(—2)"2 -

h(—=r)*1 in both M(1) and V; for h €§. Then for any polynomial
f(xy, xy,...), f(h(—=1), A(—2),...)1 is a well-defined element in M(1) and
V,. In particular, p,(h(—1), hi(—2),...)1 for r € N are elements of M(1)

and V. B
Suppose a,b € L suchthat @ = a, b = B. Then
“ a(—n
Y(u(a),z)u(b) =z<“*3>exp( ) ( ) ”)L(ab)

oo

= Y p(a(—1),a(=2),...)(ab)z" (=P (4.6)

Thus
v(a)pu(b)y =0  fori> —<a,B). (4.7)
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Especially, if (@, 8) = 0, we have «(a);t(b) = 0 for i > 0, and if {«a, B)
= —n < 0, we get

v(a)i_1u(b) =p,_(a(=1),a(=2),...)(ab)  forie{0,...,n}.
(4.8)

5. THE VERTEX ALGEBRA L(m,0) ® F_,,,

Let n € Z and { B, B) = n. Define
E,=7B, F,=V;.

Then F, is a vertex algebra if n is even and a vertex superalgebra if n
is odd. For i € 7, let i =i + nZ € 7Z/nZ. We define F,f =Vig+i/mp-
Clearly F, = FY. It is well known (cf. [D, DL, Xul) that the set
{F.};—0,... -1 provides all irreducible F,-modules.

The fusion algebra is (cf. [DL])

F! X Fj = F'7, (5.1)

If n=2k is even, we define E,, = £ + ZB, and MF,, = Vi, = le_‘k.
Then F,, is a vertex algebra, and MF,, is a F,,-module.
We shall also need the following result from [DLM1].

PrRoPOSITION 5.1 [DLM1]. The vertex (super)algebra F, is regular; i.e.,
any (weak) F,-module is completely reducible.

In what follows, we will use the vertex algebra F_,,, ,, and its irre-
ducible modules

Fiz(m+2)= VZB*(S/Z(VH+2))B’ S=0,...,2m+3.

From the construction of lattice vertex algebras it is clear that F*,, ,) is
a weak module for the Heisenberg VOA M(1), and one easily obtains the
following decomposition:

. —s —2(m + 2)k
Flyimin = D m|1,

kez V= 2(m + 2)

Let g be the Lie algebra s/, with generators x,y,h and relations
[x,yl=h, [h,x] =2x, [h,y] = —2y. Let § be the corresponding affine
Lie algebra of type A{". Let A, A, denote the fundamental weights for §.
For any complex numbers m, j, set L(m, j) = L((m — j)A, + jA,). Then
L(m,0) has a natural structure of a VOA.

(5.2)
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Let m € N. Then L(m,0)is a regular VOA, and the set {L(m, j)};_,
provides all irreducible L(m,0)-modules. The fusion algebra (cf. [FZ]) is
given by

min{j, k}
L(m,j) X L(m,k) = Y L(m,j+k—2i). (53)

i=max{0, j+k—m}

In particular, L(m, m) X L(m, j) = L(m,m — j).
We will now study the vertex superalgebra L(m,0) ® F_,,, ), and its

certain extension by a simple current module. For r € {0, ..., m} and_§
€ 3n 7> We define B, (r,5) = L(m,r) ® F*,,,.,. Set B, = B,(0,0).
Then we have:

PROPOSITION 5.2.  The vertex algebra B,, is regular, and the set
{B,(r,5)|r=0,....,m;s=0,...,2m + 3}

provides all irreducible B, -modules.

Define
H=3h(-1)1®1+10 p(—1)1).

Then H € B,, satisfies the condition (2.1) with y = —1. Let Y(-, z) be
the vertex operator which defines the vertex algebra structure on B,,, and
let (B,,Y(,2z) =(B,,Y(A(H,z)-,2)). It is easy to see that B, =
L(m,m) ® MF_,,, . ,. Moreover, if r + s is even (resp. odd) then H, acts
semisimply on B, (r,§) with integral (resp. half-integral) eigenvalues, and

B,(r,5) =B,(m —r,m ¥ 2 +5).

Set B, (r,5) =B, (r,s) ® B, (r,3).
Now, applying Theorem 2.1 to the vertex algebra B,, we get the
following result (see also Proposition 5.2 from [Li3]).

THEOREM 5.1. We have:

(1) The space B,, =B, ® B, has a natural structure of a vertex
superalgebra.

(2)  The vertex superalgebra B,, is regular.
(3) The set

{l_?m(r,§)|0sr3m;03s<m+2;r+seZZ}

provides all irreducible B, -modules.
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In order to calculate the fusion rules for B, -modules, we shall first study

the fusion rules for B, -modules. Using (5.1) and (5.3) we get the following
lemma.

LemMA 5.1. Let B, (r,s), B,(r,,5,), B,(r3,s;) be three irreducible B,,-
modules. Then we have:

(@)
B (r..5.
dim 1, ’”_(r3 ) _ =1
"\ B, (71,51)B,(72,5,)
2
B (r..5
dim I, ’”_(r3 ) =1
"\ B,(1,5,)B,y(73,5,)
if and only if
S3=8,+58, r+tr,+rae2Z,
lry —rl <ry <min{r, +r,,2m —r, —r,}.
3 I
B .83
dim I, ’"_(r3 ) =1,
"\ B, (71,51) B,u(72,5,)
then
5 _
dim 1, n(r5) |
" Bm(r]7sl)Bm(r27s2)

Finally, Lemma 5.1 and Proposition 2.2 enable us to calculate the fusion
rules for modules for the vertex superalgebra B,,.

_ THEOREM 5.2. Let B,(r.,5,), B,(r,,s,), B,(rs,53) be three irreducible
B,,-modules. Then we have:

@)
B, (75,55
dim I5 | - olros) |
Bm(rbsl)Bm(rZ’sZ)
2
B (15,5,
dim I | — nlros) -y
Bm(rl’sl)Bm(r2>S2)
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if and only if one of the conditions (*) and (* =) holds, where
(¥) s3=38, +8p 1, +1,+71;€2Z, |Ir, — | <ry <min{r, +
Fy,2m — 1y — 1,),

(x%) s3+m+2=s5,+s,, ri+r+m—-—ry,€2Z, |r,—rl<
m —ry <min{r, +ry,2m —r; — r,}.

Remark 5.1. In [FM], the authors constructed a family of extended
VOAs A,,. Some properties of the VOA A, are similar to the properties
of our vertex superalgebra B, . Moreover, it was proved in [Li5] that the
VOA A,, is a certain extension of the VOA L(m,0) ® F,,,,.

6. LATTICE CONSTRUCTIONS OF MODULES FOR
AFFINE s/, AND N =2 SUPERCONFORMAL ALGEBRA

Define the lattice

Al m @ Zai;
’ i=1
where
(e, @) =28},
for every i € {1,..., m}. We also define
. al + cee am
Ap= =" + A1

Then V, ~isa VOA,and V; ~isaV, -module.
Define now the following three vectors in V-

x = L(eal) + - +L(€am),
y=1le_o) + - F+ule_,,),
h=a(-D1+ - +a,(-11,

and the fields x(z) = Y(x, z), y(z) = Y(y, z), h(z) = Y(h, z). Then the
results from [DL, Chap. 13] imply the following proposition.

PROPOSITION 6.1.  The components of the fields x(z), y(z), h(z) provide a
structure of level m §-modules on V, —and Vj . Moreover, the VOA
L(m,0) is isomorphic to a subalgebra of V, , and L(m,m) is a L(m,0)-
submodule of V.
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Let m € N. Define the lattice
m
N2,m = ®1 Z%"
im

where
<'Yia 'Yj> = 25,',]' + 1,

for every i,j € {1,...,m}.
Then V), ~is a SVOA. Define the four vectors:

e (e + o+ iey)).
e (e 4 le,)),
J= =5 (= D1+ -+, (= D),

w = 2(m—+2)(y1(—1)21 + -+ y,(—1)71)
f e, )

it
and the fields G*(z) = Y(r %, 2), T(z) = Y(J, 2), L(z) = Y(w, 2).

PROPOSITION 6.2. The components of the fields G *(z),T(z), L(z) pro-
vide on Vi a structure of a U(&/)-module of central charge c,,. More-

over, the SVOA L, = U(«).1 is a subalgebra of Vy, .

Proof. Tt is straightforward to check using relations (4.7) and (4.8) that
the components of the fields G *(z), T(z), L(z) satisfy the N = 2 commu-
tation relations with C = c,,. Thus, Vy is an U(«)-module of central
charge c,,. Moreover, U(#).1 is a vertex subalgebra of V; isomorphic to
a certain quotient of the SVOA V. Let 1. be the vacuum vector in V. .

Next we notice that in the lattice SVOA V), ~ the following relation
holds: '

T 1T o To,7 = 0. (6.1)

Since it is well known that the maximal submodule of the highest weight
U(s/)-module ¥, ~is generated by the vector G*(=m — 3) - G*(= D1,
(cf. [FSD), the relation (6.1) implies that L, = Ux)1. |
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7. DECOMPOSITION OF THE VERTEX
SUPERALGEBRA L, ® F_,

In this section let D be the lattice
D=7y, + - +2vy, + 25,
such that
Vv =28, + 1, (y;,8) =0, (8,8)=—1.
Then
D =D,uUD,,
where
D,={aeD|{a,a) i+ 27}, i=1,2.
Then we easily get
Dy=(Za, + - +2Za, +ZB),

a + - ta, +
D, =|— — B+Za1+-~+lam+z,8,

where
a=v,+6, i=1,...,m, B=vy + "+, +(m+2)6.
We see that
(ai,aj>=28i,]-, (e, B) =0, (B,B) =—2(m +2).
In this way we have proved the following lemma.
LEMMA 7.1. We have

D=(N,,+E_ )= (Al,m +E—2(m+2)) U (/fl,m +E—2(m+2))‘

From Lemma 7.1 we obtain the following result.

PROPOSITION 7.1. The vertex algebra V, =~ ® Fy, 5, is isomorphic to a

subalgebra (with the same Virasoro vector) of Vp=Vy ®F_;. As a
Vi, ®F_ s, omodule, V}, decomposes as follows:

Vo=V  ®F 54ni0 @ Vi ®MF_ 5, 1.
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Moreover,

Vi, @ MF_ 5.2 = (VAM ® F_ymi2){v1, 02},

where v, = L(ey,+ -~~+7m+(m+l)8)’ Uy, = ‘(‘3—(«/,+ ~~'+ym+(m+1)8))‘
We are now in the position to find the decomposition of the vertex
superalgebra L, ® F_, as a B, -module.

THEOREM 7.1.  The vertex algebra L(m,0) ® F_,,, ., is isomorphic to a
subalgebra (with the same Virasoro vector) of the vertex superalgebra L, ®
F_y. As a L(m,0) ® F_,,,,,-module, L, ® F_, decomposes as follows:

L. ®F_=L(m,0) ®F_y,, ., ®L(m,m)®MF_,,, .

In particular, L, ® F_; = B,

Proof. Let V' be the subalgebra of the vertex superalgebra V), gener-
ated by the vectors 7' = (/™32 77 =ule, ) + - +ule, ), 77 = VSRS
=ue_, )+ +ue_, ) e = uey), e, = e_y).

It is clear that V=L, ® F_,.

Let W be the subalgebra of V}, generated by the vectors

x=u(e,) + - +ui(e, ) = (7)) ey, (7.1)
y=uley) o Fules,,) = (77) e, (7.2)
fi=leg) = ey s iy,)  Unr2) (7:3)

fr=le_p) = le_(yuiy,) U mr25)s (7.4)

Uy = L(€(1/2)(a1+ -~~+am+ﬁ)) = L(ey1+~-+y,,l),1’“(€(m+1)5)’ (7.5)
Uy = L(ef(l/Z)(alJr ---+a,,,+[3)) = L(e—(y,+ *--+ym))_1l“(e*(m+])5)' (7.6)

Then we see that W = W° + W' where W' is the subalgebra generated
by the vectors x, y, fi, f5, and W' = W°{v,,v,} is a W module. More-
over, we have

W'=L(m,0)®F ,,,., and W'=L(m,m)®MF_,, .

We claim that W = V. First we will show that W c IV. To see this, it is
enough to verify that x, y, f}, f,,0,,v, € V. The relations (7.1) and (7.2)
immediately give that x,y € V. Since (e, ; ..., ,) €V, the relations

(7.3)-(7.6) give that f,, f,,v,,v, € V. This implies that W C V.
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Next we notice that in the vertex superalgebra V), the following formu-
las hold:

e =(e;) = L(e—(al+~~-+am))m_1ul’ (7.7)
e; =(e_;) = L(€<a1+ ~~+am))m,1U2’ (7.8)
h=x_,e,, (7.9)

T=y_,e,. (7.10)

Since (e, (44 1a,) €W, the relations (7.7)-(7.10) imply that

e, ey, 7', 7% € W, which implies that ¥ C W. In this way we prove that
V=w. 1

THEOREM 7.2. As a L(m,0) ® F_,, ,-module, L}* ® F_, decom-
poses as follows:

Li*®F =L(m,j+k-1)®F, ,®Lmm+1-j-k)

+2+k
® Fm2(m+2)]

In particular,
Li*®F =B, (j+k—-1,k—)).

Proof.  Let v; , be the highest weight vector in L{}” k

First we notice that Lg’m k¥ ® F_, is an irreducible B, -module, and in
particular

LI ®F_ =L(m,r) ® Fly, . ® L(m,m —r) ® F*;77,,
for certain r € {0,...,m} and s € {0,...,2m + 3}. Now Lemma 7.1 from

[A] gives that
m+ 2

r(r+2)
(m +2)*

2 _
djix =

which implies that r =j + k — 1.
Let S, be the subalgebra of L, ® F_, isomorphic to F_,, ,,. Set

5 2 (T(-D1el1+18(—-1)1).

Then H € S,. We have [H,, H,,] = né, ., ((n,m € Z), which implies that
the vector H € S, spans a subalgebra of S, isomorphic to the Heisenberg
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VOA M(1). Then for any nonnegative integer n, we have
j—k

V—2(m+2)

H,(v;,®1) =38,
This implies that

j —k — 2(m + 2)i
So-(v,, @)= DM ! ( )

i€z ’ V—2(m+2) ’

and the decomposition (5.2) gives that S.(v; , ® 1) = F& “Am+o In this
way we get § =k — j.

8. THE MAIN RESULT

In the Section 7 we proved that the vertex superalgebra L, ® F_, is
isomorphic to the vertex superalgebra B, obtained as an extensmn o_f the
vertex algebra L(m,0) ® F_,, .. Since the vertex superalgebra B, is

m

regular (see Theorem 5.1(2)), we also have the following result.
THEOREM 8.1. Let m,my,...,m, € N.

(@) The SVOA L, is regular.
(b) The SVOA L, ®®L, is regular.

Proof.  First we notice that every irreducible B, -module has the form
N ® F_,, where N is an irreducible L, -module.
Assume now that M is any weak L, -module Then M ®_F , is also a

weak B, -module. Regularity of the Vertex superalgebra B,, provides a
decomposmon

M®F = @G MeF_ |,
i

where M, is an irreducible L, -module. This implies that M = &, M;, and

we prove that M is completely reducible. This proves (a). The proof of (b)
follows from (a) in the standard way (cf. [DLM1]). |

Remark 8.1. Since every regular vertex operator (super)algebra is ra-
tional, Theorem 8.1 also gives that the SVOA L is rational.

We are now going to calculate the fusion rules for irreducible L, -mod-
ules. Since the vertex superalgebras L, and F_, are regular, we have the
following natural statement on fusion rules (cf. [M]).
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LEMMA 8.1.  Assume that M', M*, M are irreducible Lcm—modules. Then

we have
M3 _
ILCm(Ml MZ) =1,

Now we are in the position to find the fusion rules for irreducible
modules for the SVOA L,

M*Q®F_,
M'®F_, M?>®F

-1

THEOREM 8.2.  Assume that L[»"1, L1>*2, and L}»* are L, -modules.
Then we have:

(D
JELE
c
dim / o 1.
Le, | pivke [k
Cm C”l
2
L%
dim 7, . =
Le, LJl ki [k
m

if and only if one of the conditions (F1) and (F2) holds, where
FD Gy +ja—j3) =y +ky = k) =0, j, +ky =y — kil <3
+ ks, j3 + ky <min{j, +k; +j, + ky, 2m + 4 — (j, +k; +j, + k),
(F2) (jy+Jjy—Jj) —(ky +ky —ky) = £(m +2), 1j, + k, — Jj
—kl<m+2—-j,— k3, m+2—]3—k < min{j, + k, +j, + k,, 2m
+4 =y +ky +j, + k)b

Proof. By using Lemma 8.1 and Theorem 7.2 we see that

B,u(r3,53) )

Lisks
. C"l
dim 1, ) .
L Livks [k,

C’Tl C’”

m

=dim I

B (71551) Em(rz,s_z)
where
=j+k -1, s, =k, —J, (i=1,2,3). (8.1)

Now we apply Theorem 5.2 to calculate
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It is easy to see that the conditions () and (* =) in Theorem 5.2 (after the
substitution given by (8.1)) are equivalent to the conditions (F1) and (F2),
respectively. This completes the proof. |

Remark 8.2. The fusion rules obtained in Theorem 8.2 are completely

identical with the fusion rules for the Neveu-Schwarz sector NS**+2
obtained in [W, Theorem 2.1]. In [W], the author used a modified Verlinde
formula, and showed that the corresponding fusion algebra is associative.

[KW]

[KWn]
[La]

[Li1]

REFERENCES

D. Adamovi¢, Representations of the N = 2 superconformal vertex algebra, Inter-
nat. Math. Res. Notices No. 2 (1999), 61-79.

C. Dong, Vertex algebras associated with even lattices, J. Algebra 160 (1993),
245-265.

C. Y. Dong and J. Lepowsky, “Generalized Vertex Algebras and Relative Vertex
Operators,” Birkhéduser, Boston, 1993.

C. Dong, H. Li, and G. Mason, Regularity of rational vertex operator algebras,
Adv. Math. 132 (1997), 148-166.

C. Dong, H. Li, and G. Mason, Simple currents and extensions of vertex operator
algebras, Comm. Math. Phys. 180 (1996), 671-707.

C. Y. Dong, H. Li, and G. Mason, Vertex operator algebras associated to admissi-
ble representations of sfz, Comm. Math. Phys. 184, No. 1 (1997), 65-93.

W. Eholzer and M. R. Gaberdiel, Unitarity of rational N = 2 superconformal
theories, Comm. Math. Phys. 186 (1997), 61-85.

B. L. Feigin and T. Miwa, Extended vertex operator algebras and monomial basis,
math.QA /9901067.

B. L. Feigin and A. M. Semikhatov, Free-field resolutions of the unitary N = 2
super-Virasoro representations, hep-th /9810059.

B. L. Feigin, A. M. Semikhatov, and I. Yu. Tipunin, Equivalence between chain
categories of representations of affine s/(2) and N = 2 superconformal algebras, J.
Math. Phys. 39 (1998), 3865-3905.

I. B. Frenkel, Y.-Z. Huang, and J. Lepowsky, On axiomatic approaches to vertex
operator algebras and modules, Mem. Amer. Math. Soc. 104 (1993).

I. B. Frenkel and Y. Zhu, Vertex operator algebras associated to representations of
affine and Virasoro algebras, Duke Math. J. 66 (1992), 123-168.

V. G. Kac, “Vertex Algebras for Beginners,” 2nd ed., University Lecture Series,
Vol. 10, Am. Math. Soc., Providence, 1998.

V. G. Kac and M. Wakimoto, Integrable highest weight modules over affine
superalgebras and number theory, in “Lie Theory and Geometry” (J. L. Brylinsky,
R. Brylinsky, V. G. Guillemin, and V. Kac, Eds.), Progress in Math. Phys., Vol. 123,
pp- 415-456, Birkhduser, Basel, 1994.

V. G. Kac and W. Wang, Vertex operator superalgebras and their representations,
Contemp. Math. 175 (1992), 161-191.

C. H. Lam, Fusion rules for ternary and Z, X Z, code vertex operator algebra,
preprint.

H. Li, “Representation Theory and Tensor Product Theory for Vertex Operator
Algebras,” Ph.D. thesis, Rutgers University, 1994.



572

[Li2]
[Li3]
[Li4]
[Li5]

M]

[Wn]

[Xu]

DRAZEN ADAMOVIC

H. Li, Local systems of vertex operators, vertex superalgebras and modules, J. Pure
Appl. Algebra 109 (1996), 143-195.

H. Li, Extension of vertex operator algebras by a self-dual simple module, J.
Algebra 187 (1997), 236-267.

H. Li, The physical superselection principle in vertex operator algebra theory, J.
Algebra 196 (1997), 436—457.

H. Li, Certain extensions of vertex operator algebras of affine type, math.QA/
0003038.

M. Miyamoto, Representation theory of code vertex operator algebras, J. Algebra
201 (1998), 115-150.

M. Wakimoto, Fusion rules for N = 2 superconformal modules, hep-th /9807144.
W. Wang, Rationality of Virasoro vertex operator algebras, Internat. Math. Res.
Notices 71, No. 1 (1993), 197-211.

X. Xu, “Introduction to Vertex Operator Superalgebras and Their Modules,”
Mathematics and Its Applications, Vol. 456, Kluwer Academic, Dordrecht, 1998.



	1. INTRODUCTION
	2. EXTENSIONS OF VERTEX ALGEBRAS AND INTERTWINING OPERATORS
	3. N = 2 SUPERCONFORMAL VERTEX ALGEBRAS
	4. LATTICE VERTEX SUPERALGEBRAS
	5. THE VERTEX ALGEBRA L(m,0)  otimes  F_-2(m + 2)   2 m   2
	6. LATTICE CONSTRUCTIONS OF MODULES FOR ˆ AFFINE s _{2} AND N = 2 SUPERCONFORMAL ALGEBRA 
	7. DECOMPOSITION OF THE VERTEX SUPERALGEBRA L_{c_m} otimes  F_-1
	8. THE MAIN RESULT
	REFERENCES

