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Abstract

We construct a compact linearly ordered space Kω1 of weight ℵ1, such that the space C(Kω1) is not isomorphic to a Banach
space with a projectional resolution of the identity, while on the other hand, Kω1 is a continuous image of a Valdivia compact and
every separable subspace of C(Kω1) is contained in a 1-complemented separable subspace. This answers two questions due to
O. Kalenda and V. Montesinos.
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1. Introduction

A subspace F of a Banach space E is complemented in E if there exists a bounded linear projection P :E → E

such that F = PE. More precisely, we say that F is k-complemented if ‖P ‖ � k. A Banach space E has the separable
complementation property if every separable subspace of E is contained in a complemented separable one. Typical
examples of such spaces are Banach spaces with a countably norming Markushevich basis, which are called Plichko
spaces (see Kalenda [6]). In case of Banach spaces of density ℵ1, the property of being Plichko is equivalent to the
existence of a bounded projectional resolution of the identity, i.e. a transfinite sequence of projections on separable
subspaces satisfying some continuity and compatibility conditions (the precise definition is given below). In particular,
every Plichko space of density ℵ1 is the union of a continuous chain of complemented separable subspaces.

A question of Ondřej Kalenda [6, Question 4.5.10] asks whether every closed subspace of a Plichko space is
again a Plichko space. We describe a compact connected linearly ordered space Kω1 of weight ℵ1 which is an order
preserving image of a linearly ordered Valdivia compact constructed in [7] and whose space of continuous functions
is not Plichko. This answers Kalenda’s question in the negative.

During the 34th Winter School on Abstract Analysis (Lhota and Rohanovem, Czech Republic, 14–21 January
2006), Vicente Montesinos raised the question whether every Banach space with the separable complementation
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property is isomorphic to a space with a projectional resolution of the identity. We show that every separable subspace
of C(Kω1) is contained in a 1-complemented separable subspace, answering the above question in the negative.

On the other hand, we show that a Banach space of density ℵ1 has a projectional resolution of the identity, provided
it can be represented as the union of a continuous increasing sequence of separable subspaces {Eα}α<ω1 such that each
Eα is 1-complemented in Eα+1. We apply this result for proving that every 1-complemented subspace of a 1-Plichko
space of density ℵ1 is again a 1-Plichko space. This gives a partial positive answer to a question of Kalenda [6,
Question 4.5.10].

2. Preliminaries

We use standard notation and symbols concerning topology and set theory. For example, w(X) denotes the weight
of a topological space X. A compact space K is called ℵ0-monolithic if every separable subspace of K is second
countable. Given a surjection f :X → Y , the sets f −1(y), where y ∈ Y , are called the fibers of f or f -fibers. The
letter ω denotes the set of natural numbers {0,1, . . .}. We denote by ω1 the first uncountable ordinal and we shall write
ℵ1 instead of ω1, when having in mind its cardinality, not its order type. We denote by |A| the cardinality of the set A.
A set C ⊆ ω1 is closed if supn∈ω ξn ∈ C whenever {ξn: n ∈ ω} ⊆ C is increasing; C is unbounded if supC = ω1. Given
an ordinal λ, a sequence of sets {Aα}α<λ will be called increasing if Aα ⊆ Aβ for every α < β < λ, and continuous if
Aδ = ⋃

ξ<δ Aξ for every limit ordinal δ < λ.
In this note we deal with Banach spaces of density � ℵ1. Recall that a Banach space E has the separable com-

plementation property if every separable subspace of E is contained in a complemented separable one. Fix a Banach
space E of density ℵ1. A projectional resolution of the identity (briefly: PRI) in E is a sequence {Pα}α<ω1 of projec-
tions of E onto separable subspaces, satisfying the following conditions:

(1) ‖Pα‖ = 1.
(2) α � β �⇒ Pα = PαPβ = PβPα .
(3) E = ⋃

α<ω1
PαE and PδE = cl(

⋃
ξ<δ PξE) for every limit ordinal δ < ω1.

Weakening condition (1) to supα<ω1
‖Pα‖ < +∞, we obtain the notion of a bounded projectional resolution of the

identity. For a survey on the use of PRI’s in nonseparable Banach spaces and for a historical background we refer to
Chapter 6 of Fabian’s book [3]. A Banach space of density ℵ1 is a 1-Plichko space if it has a projectional resolution
of the identity. This is different from (although equivalent to) the original definition: see Definition 4.2.1 and Theo-
rem 4.2.5 in [6]. A space isomorphic to a 1-Plichko space is called a Plichko space or, more precisely, a k-Plichko
space, where k � 1 is the constant coming from the isomorphism to a 1-Plichko space. In fact, a k-Plichko space of
density ℵ1 can be characterized as a space having a bounded PRI {Pα}α<ω1 such that k � supα<ω1

‖Pα‖ (see the proof
of Theorem 4.2.4(ii) in [6]). Of course, every Plichko space has the separable complementation property.

Recall that a compact space K is called Valdivia compact (see [6]) if there exists an embedding j :K → [0,1]κ
such that j−1[Σ(κ)] is dense in K , where Σ(κ) = {x ∈ [0,1]κ : |{α: x(α) 
= 0}| � ℵ0}. Compact spaces embeddable
into Σ(κ) are called Corson compacta. By the result of [8], a space of weight ℵ1 is Valdivia compact if and only
if it can be represented as the limit of a continuous inverse sequence of metric compacta with all bonding mappings
being retractions—a property analogous to the existence of a PRI in a Banach space. Valdivia compacta are dual to
1-Plichko spaces in the following sense: if K is a Valdivia compact then C(K) is 1-Plichko and if E is a 1-Plichko
space then the closed unit ball of E∗ endowed with the weak∗ topology is Valdivia compact. See [6, Chapter 5] for
details.

Fix a Banach space E of density ℵ1. A skeleton in E is a chain C of closed separable subspaces of E such that⋃
C = E and cl(

⋃
n∈ω Cn) ∈ C, whenever C0 ⊆ C1 ⊆ · · · is a sequence in C. Given a skeleton C, one can always

choose an increasing sequence {Eα}α<ω1 ⊆ C so that E = ⋃
α<ω1

Eα and Eδ = cl(
⋃

α<δ Eα) for every limit ordinal
α < ω1. In particular, every C ∈ C is contained in some Eα . We shall consider skeletons indexed by ω1, assuming
implicitly that the enumeration is increasing and continuous.

Lemma 2.1. Let E be a Banach space of density ℵ1 and assume C,D are skeletons in E. Then C ∩ D is a skeleton
in E. More precisely, if C = {Cα}α<ω1 and D = {Dα}α<ω1 then there exists a closed and unbounded set Γ ⊆ ω1 such
that Cα = Dα for α ∈ Γ .
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Proof. Let Γ = {α < ω1: Cα = Dα}. It is clear that Γ is closed in ω1. Fix ξ < ω1. Since Cξ is separable, we can
find α1 such that Cξ ⊆ Dα1 . Similarly, we can find α2 > α1 such that Dα1 ⊆ Cα2 . Continuing this way, we obtain a
sequence α1 < α2 < · · · such that Cα2n−1 ⊆ Dα2n

⊆ Cα2n+1 for every n ∈ ω. Let δ = supn∈ω αn. Then Cδ = Dδ , i.e.
δ ∈ Γ . Thus Γ is unbounded. �
Corollary 2.2. Assume {Eα}α<ω1 is a skeleton in a Plichko space E of density ℵ1. Then there exists a closed cofinal
set C ⊆ ω1 such that {Eα}α∈C consists of complemented subspaces of E.

Proof. Apply Lemma 2.1 to C = {Eα}α<ω1 and D = {Fα}α<ω1 , where Fα = PαE and {Pα}α<ω1 is a bounded PRI
on E. �

Note that the skeleton {Eα}α∈C from the above corollary consists of k-complemented subspaces, where k is the
constant coming from a renorming of E to a 1-Plichko space.

3. Linearly ordered compacta

We shall consider linearly ordered compact spaces endowed with the order topology. Given such a space K , we
denote by 0K and 1K the minimal and the maximal element of K respectively. As usual, we denote by [a, b] and
(a, b) the closed and the open interval with end-points a, b ∈ K . Given two linearly ordered compacta K,L, a map
f :K → L will be called increasing if x � y �⇒ f (x) � f (y) holds for every x, y ∈ K . It is straight to see that
every increasing surjection is continuous. In particular, an order isomorphism is a homeomorphism. We denote by I

the closed unit interval of the reals.
The following lemma belongs to the folklore. The argument given below can be found, for example, in [4,

Lemma 2.1] and [7, Proposition 5.7].

Lemma 3.1. Let K be a linearly ordered space and let a, b ∈ K be such that a < b. Then there exists a continuous
increasing function f :K → I such that f (a) = 0 and f (b) = 1.

Proof. Since X is a normal space, by the Urysohn Lemma, we can find a continuous function h :X → I such that
h(a) = 0 and h(b) = 1. Modifying h, without losing the continuity, we may assume that f (x) = 0 for x � a and
f (x) = 1 for x � b. Define f (x) = sup{h(t): t � x}. Then f is increasing, f (a) = 0 and f (b) = 1. It is straight to
check that f is continuous. �
Proposition 3.2. Let K be a linearly ordered compact. Then the set of all increasing functions is linearly dense
in C(K).

Proof. Fix f ∈ C(K) and ε > 0. Then K = J0 ∪ · · ·∪Jk−1, where each Ji is an open interval such that the oscillation
of f on Ji is < ε. Choose 0K = a0 < a1 < · · · < an = 1K such that for every i < n either [ai, ai+1] is contained in
some Jj or else |[ai, ai+1]| = 2. By Lemma 3.1, for each i < n there exists an increasing function hi : [ai, ai+1] → I

such that hi(ai) = 0 and hi(ai+1) = 1. Define

g(t) = f (ai) + hi(t)
(
f (ai+1) − f (ai)

)
for t ∈ [ai, ai+1].

Then g :K → R is a piece-wise monotone continuous function such that ‖f − g‖ < ε. Finally, piece-wise monotone
functions are linear combinations of increasing functions. �

Given a continuous surjection of compact spaces f :X → Y , we shall say that C(Y ) is identified with a subspace of
C(X) via f , having in mind the space {ϕf : ϕ ∈ C(Y )}, which is linearly isometric to C(Y ). In other words, ϕ ∈ C(X)

is regarded to be a member of C(Y ) if and only if ϕ is constant on the fibers of f . The next statement is in fact a
reformulation of [7, Proposition 5.7], which says that a linearly ordered compact is the inverse limit of a sequence of
“smaller” linearly ordered compacta.
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Proposition 3.3. Assume K is a compact linearly ordered space of weight ℵ1. Then there exist metrizable linearly
ordered compacta Kα , α < ω1 and increasing quotients qα :K → Kα such that {C(Kα)}α<ω1 is a skeleton in C(K),
where C(Kα) is identified with a subspace of C(K) via qα . Moreover, for each α < β < ω1 there exists a unique
increasing quotient q

β
α :Kβ → Kα such that qα = q

β
α qβ .

Proof. In view of Proposition 3.2, we can choose a linearly dense set F ⊆ C(K) consisting of increasing functions
and such that |F | = ℵ1. Let {Fα}α<ω1 be a continuous increasing sequence of countable sets such that F = ⋃

α<ω1
Fα .

Let Eα be the closed linear span of Fα . Clearly, {Eα}α<ω1 is a skeleton in C(K).
Fix α < ω1. Define the relation ∼α on K as follows:

x ∼α y ⇐⇒ (∀f ∈ Fα) f (x) = f (y).

It is easy to check that ∼α is an equivalence relation on K whose equivalence classes are closed and convex. Let
Kα = K/∼α . Then Kα is a second countable linearly ordered compact space and ∼α induces an increasing quotient
map qα :K → Kα . If α < β then ∼α ⊇ ∼β , therefore there exists a unique (necessarily increasing and continuous)

map q
β
α satisfying qα = q

β
α qβ .

Finally, observe that f ∈ Eα if and only if f is constant on the equivalence classes of ∼α . This shows that qα

identifies C(Kα) with Eα . �
Fix a linearly ordered compact K . We denote by L(K) the set of all p ∈ K such that |[x,p]| = 2 for some x < p

in K . Such a point x will be denoted by p−. A point p ∈ K will be called internal if it is not isolated from either of
its sides, i.e. p /∈ {0K,1K } and intervals [x,p], [p,y] are infinite for every x < p < y. A point p ∈ K will be called
external in K if it is not internal. In other words, p ∈ K is external iff either p ∈ {0K,1K } or p ∈ L(K) or p = q− for
some q ∈ L(K). Observe that if K is connected then the only external points are 0K and 1K . If K is second countable
then the set of all external points of K is countable.

Now fix f ∈ C(K). We say that p ∈ K is irrelevant for f if one of the following conditions holds:

(1) p = 0K and f � [p,b] is constant for some b > p,
(2) p = 1K and f � [a,p] is constant for some a < p,
(3) 0K < p < 1K and f � [a, b] is constant for some a < p < b.

We say that p is essential for f if p is not irrelevant for f . We denote by ess(f ) the set of all essential points of f .
Observe that ess(f ) is closed in K and f is constant on every interval contained in K \ ess(f ). In fact, it is not hard to
see that f is constant on every interval of the form [a, b] where a, b are such that (a, b) ∩ ess(f ) = ∅ and (a, b) 
= ∅.

Now assume that X is a closed subset of a linearly ordered compact K . Define

E(K,X) = {
f ∈ C(K): ess(f ) ⊆ X

}
.

In other words, E(K,X) is the set of all f ∈ C(K) which are constant on every interval of K which has one of the
following form: [0K,0X], [1X,1K ], [p−,p], where p ∈ L(X) \ L(K) and p− denotes the predecessor of p in X.
Clearly, E(K,X) is a closed linear subspace of K .

Proposition 3.4. Assume K is a linearly ordered compact and E ⊆ C(K) is separable. Then there exists a closed
separable subspace X of K such that E ⊆ E(K,X).

Proof. By Proposition 3.2, there exists a countable set F ⊆ C(K) consisting of increasing functions such that E is
contained in the closed linear span of F . Let

X = cl

( ⋃
f ∈F

ess(f )

)
.

Then F ⊆ E(K,X), therefore also E ⊆ E(K,X). It remains to show that ess(f ) is separable for every f ∈ F .
Fix an increasing function f ∈ C(K) and let Y = ess(f ), Z = f [Y ] = f [K]. Observe that f � Y is an increasing

two-to-one map onto a second countable linearly ordered space Z ⊆ R. It is well known that in this case Y is separable.
For completeness, we give the proof.
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Fix a countable dense set D ⊆ f [Y ] which contains all external points of f [Y ]. Then D′ = Y ∩ f −1[D] is count-
able. We claim that D′ is dense in Y . For fix a nonempty open interval U ⊆ Y .

If f � U is not constant, there are x < y in U with f (x) < f (y). If (f (x), f (y)) is nonempty, it contains some
r ∈ D. Thus f −1(r) ⊆ D′ ∩ U , therefore D′ ∩ U 
= ∅. If (f (x), f (y)) is empty, then f (y) ∈ D; hence y ∈ D′ ∩ U .

If f � U is constant, then U = {x, y} with x � y. If y = 1Y , then y ∈ D′; if x = 0Y then x ∈ D′. Suppose that
0Y < x and y < 1Y . Then x ∈ L(Y ) and y = p− for some p ∈ L(Y ). If x < y then f (y) < f (p) and hence y ∈ D′. If
x = y then either f (x−) < f (x) or f (x) = f (y) < f (p). In both cases x ∈ D′. �
Proposition 3.5. Let K be a linearly ordered space which is a continuous image of a Valdivia compact. Then K is
ℵ0-monolithic, i.e. every separable subspace of K is second countable.

Proof. Suppose X ⊆ K is closed, separable and not second countable. Then L(X) is uncountable. Indeed, otherwise
there would exist a countable set D, dense in X, containing both L(X) and {p−: p ∈ L(X)}, where p− denotes the
predecessor of p in X. Then {(a, b): a, b ∈ D, a < b} would be a countable base for X.

Let K1 be the quotient of K obtained by replacing each interval of the form [a−, a], where a ∈ L(X), by a second
countable interval Ia such that [a−, a] has an increasing map onto Ia . For example, one can define Ia = I if [a−, a]
is connected and Ia = {0,1} otherwise. Then K1 is a linearly ordered, non-metrizable continuous image of a Valdivia
compact. On the other hand, K1 is first countable. By the result of Kalenda [5], K1 is Corson compact. Finally,
Nakhmanson’s theorem [9] (see also [1, Theorem IV.10.1]) says that K1 is metrizable, a contradiction. �
4. Main lemmas

Let K denote the double arrow space, i.e. the linearly ordered space of the form (I × {0}) ∪ (0,1) × {1} endowed
with the lexicographic order. Then K is compact in the order topology and admits a natural two-to-one increasing
quotient q :K → I. Example 2 of Corson [2] shows that C(I) is not complemented in C(K), when embedded via q .
Corson’s argument can be sketched as follows. Suppose P :C(K) → C(I) is a projection. Then C(K) is isomorphic
to C(I) ⊕ E, where E = C(K)/C(I). On the other hand, it is easy to check that E is isomorphic to c0(I), therefore
C(K) is weakly Lindelöf. On the other hand, C(K) is not weakly Lindelöf, because K is a non-metrizable linearly
ordered compact (by Nakhmanson’s theorem [9]). Taking a separable space F ⊆ C(I) instead of C(I), one can repeat
the above argument to show that C(I) is not contained in a separable complemented subspace of C(K).

Corson’s argument uses essentially topological properties of nonseparable Banach spaces. Below we prove a more
concrete result, which requires a direct argument. We shall apply it in the proof of our main result.

Lemma 4.1. Assume θ :K → L is an increasing surjection of linearly ordered compacta such that the set

Q = {
x ∈ L: x is internal in L and

∣∣θ−1(x)
∣∣ > 1

}
is somewhere dense in L. Then C(L) is not complemented in C(K), when identified with the subspace of C(K) via θ .

Proof. For each x ∈ L define x− = min θ−1(x) and x+ = max θ−1(x). Then each fiber of θ is of the form [x−, x+],
where x ∈ L. Recall that θ identifies C(L) with the set of all f ∈ C(K) which are constant on every interval [x−, x+],
where x ∈ L. Suppose P :C(K) → C(K) is a bounded linear projection onto C(L). Fix N ∈ ω such that

−1 + N/3 � ‖P ‖.
Given p ∈ Q, choose an increasing function χp ∈ C(K) such that χp(t) = 0 for t � p− and χp(t) = 1 for t � p+.
Let hp = Pχp . There exists a (unique) function h̄p ∈ C(L) such that hp = h̄pθ . Define

Q− = {
q ∈ Q: h̄q(q) < 2/3

}
and Q+ = {

q ∈ Q: h̄q(q) > 1/3
}
.

Then at least one of the above sets is somewhere dense. Further, define

U−
p = (h̄p)−1(−∞,2/3) and U+

p = (hp)−1(1/3,+∞).
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Suppose that the set Q− is dense in the interval (a, b). Choose p0 < p1 < · · · < pN−1 in Q− ∩ (a, b) so that
pi ∈ U−

p0
∩ · · · ∩U−

pi−1
for every i < N . This is possible, because each pi is internal in L. Choose f ∈ C(K) such that

0 � f � 1 and

f � θ−1(pi) = χpi
� θ−1(pi) for i < N

and f is constant on [p−,p+] for every p ∈ L \ {p0, . . . , pN−1}. The function f can be constructed as follows. For
each i < N − 1 choose a continuous function ϕi : [pi,pi+1] → I such that ϕi(pi) = 1 and ϕi(pi+1) = 0. Define

f (t) =

⎧⎪⎨
⎪⎩

0 if t < p0,

χi(t) if t ∈ [p−
i , p+

i ], i < N,

ϕiθ(t) if t ∈ [p+
i , p−

i+1], i < N − 1,

1 if t > pN−1.

Let g = f − ∑
i<N χpi

. Then g is constant on each interval of the form θ−1(p), where p ∈ L. Indeed, if p /∈
{p0, . . . , pN−1} then all the functions f,χp0 , . . . , χpN−1 are constant on θ−1(p). If t ∈ [p−

j ,p+
j ] then

g(t) = f (t) −
∑
i�j

χpi
(t) = f (t) − (j − 1) − χpj

(t) = j − 1,

because f (t) = χpj
(t). It follows that g ∈ C(L), i.e. Pg = g. Hence

Pf = Pg + P

( ∑
i<N

χpi

)
= g +

∑
i<N

hpi
.

Now choose t ∈ U−
p0

∩ · · · ∩ U−
pN−1

such that t > pN−1. Note that |(Pf )(t)| � ‖P ‖, because 0 � f � 1. On the other
hand, hpi

(t) < 2/3 for i < N and consequently

−‖P ‖ � (Pf )(t) = g(t) +
∑
i<N

hpi
(t) = f (t) −

∑
i<N

χpi
(t) +

∑
i<N

hpi
(t) = f (t) − N +

∑
i<N

hpi
(t)

< 1 −
∑
i<N

(2/3) = 1 − N/3 � −‖P ‖,

which is a contradiction.
In case where the set Q− is nowhere dense, we use the fact that Q+ must be somewhere dense and we choose a

decreasing sequence p0 > p1 > · · · > pN−1 in Q+ so that pi ∈ U+
p0

∩ · · · ∩ U+
pi−1

for i < N . Taking t ∈ U+
p0

∩ · · · ∩
U+

pN−1
with t < pN−1 and considering a similar function f , we obtain

‖P ‖ � (Pf )(t) = f (t) −
∑
i<N

χpi
(t) +

∑
i<N

hpi
(t) = f (t) +

∑
i<N

hpi
(t)

> −1 +
∑
i<N

(1/3) = −1 + N/3 � ‖P ‖,

which again is a contradiction. �
Recall that, given a compact space X and its closed subspace Y , a regular extension operator is a linear operator

T :C(Y ) → C(X) such that T is positive (i.e. Tf � 0 whenever f � 0), T 1 = 1 and (Tf ) � Y = f for every f ∈
C(Y ). Observe that in this case ‖T ‖ = 1. The operator T provides an isometric embedding of C(Y ) into C(X) such
that the image is a 1-complemented subspace.

Lemma 4.2. Assume X is a closed subset of a linearly ordered compact K . Then there exists a regular extension
operator T :C(X) → C(K) such that E(K,X) ⊆ T C(X).
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Proof. For each a ∈ L(X) choose a continuous increasing function ha : [a−, a] → I such that ha(a
−) = 0 and

ha(a) = 1. Define

(Tf )(p) =

⎧⎪⎨
⎪⎩

f (p) if p ∈ X,

f (0X) if p < 0X,

f (1X) if p > 1X,

(1 − ha(p))f (a−) + ha(p)f (a) if p ∈ (a−, a) for some a ∈ L(X).

It is straight to check that Tf ∈ C(K) for every f ∈ C(X). Further, (Tf ) � X = f , T 1 = 1 and T is positive, therefore
it is a regular extension operator. Note that Tf is constant both on [0K,0X] and [1X,1K ]. Finally, if f ∈ E(K,X)

then T (f � X) is constant on each interval of the form [a−, a] where a ∈ L(X) \ L(K), therefore f = T (f � X). This
shows that E(K,X) is contained in the range of T . �

The above lemma implies that C(K) has the separable complementation property, whenever K is a linearly ordered
ℵ0-monolithic compact space.

5. The space Kω1

Let 〈K,�〉 be a linearly ordered compact space. Define the following relation on K :

x ∼ y ⇐⇒ [x, y] is scattered.

It is clear that ∼ is an equivalence relation and its equivalence classes are closed and convex, therefore K/∼ is
a linearly ordered compact space, endowed with the quotient topology and with the quotient ordering (i.e. [x]∼ �
[y]∼ ⇐⇒ x � y). In case where K is dense-in-itself, the ∼-equivalence classes are at most two-element sets. Let
q :K → K/∼ denote the quotient map. We call q the connectification of K . In fact, K/∼ is a connected space, because
if [x]∼ < [y]∼, then setting a = max[x]∼ and b = min[y]∼, we have that a < b and a 
∼ b, therefore (a, b) 
= ∅ and
[x]∼ < [z]∼ < [y]∼ for any z ∈ (a, b).

In [7], a linearly ordered Valdivia compact space Vω1 has been constructed, which has an increasing map onto every
linearly ordered Valdivia compact. The space Vω1 is 0-dimensional, dense-in-itself and has weight ℵ1. Moreover, every
clopen interval of Vω1 is order isomorphic to Vω1 . In particular, every nonempty open subset of Vω1 contains both an
increasing and a decreasing copy of ω1.

Theorem 5.1. Let Kω1 = Vω1/∼, where q :Vω1 → Kω1 is the connectification of Vω1 . Then

(a) Kω1 is a connected linearly ordered compact of weight ℵ1.
(b) Kω1 is a two-to-one increasing image of a linearly ordered Valdivia compact.
(c) Every separable subspace of C(Kω1) is contained in a separable 1-complemented subspace.
(d) C(Kω1) does not have a skeleton of complemented subspaces; in particular it is not a Plichko space.

Proof. Clearly, Kω1 satisfies (a) and (b). For the proof of (c), fix a separable space E0 ⊆ C(Kω1). By Proposition 3.4,
there exists a closed separable subspace X of Kω1 such that E0 ⊆ E(Kω1 ,X). By Lemma 4.2, E(Kω1 ,X) is contained
in a 1-complemented subspace of C(Kω1), isometric to C(X). By Proposition 3.5, Kω1 is ℵ0-monolithic, therefore X

is second countable. This shows (c).
Suppose now that C(Kω1) has a skeleton F consisting of complemented subspaces. By Proposition 3.3 and by

Lemma 2.1, there exists an increasing surjection h :Kω1 → L such that L is metrizable and C(L) ∈F , when identified
with a subspace of C(Kω1) via h. Then L is order isomorphic to the unit interval I, being a connected separable linearly
ordered compact. The set

A = {
x ∈ L: 0L < x < 1L and

∣∣h−1(x)
∣∣ > 1

}
is dense in L, because every non-degenerate interval of Kω1 contains a copy of ω1. By Lemma 4.1, C(L) is not
complemented in C(Kω1). This shows (d) and completes the proof. �
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6. Constructing compatible projections

In this section we show that a Banach space of density ℵ1 is 1-Plichko if (and only if) it has a skeleton consisting
of 1-complemented subspaces.

Lemma 6.1. Assume E is a Banach space which is the union of a continuous chain {Eα}α<κ of closed subspaces
such that for every α < κ , Eα is 1-complemented in Eα+1. Then there exist projections Sα :E → E, α < κ , such that
‖Sα‖ = 1, SαE = Eα and SαSβ = Sα = SβSα whenever α � β < κ .

Proof. We construct inductively projections {Sβ
α : α � β � κ} with the following properties:

(a) S
β
α :Eβ → Eα has norm 1 for every α � β ,

(b) S
β
α S

γ
β = S

γ
α whenever α � β � γ .

We start with S0
0 = idE0 . Fix 0 < δ � κ and assume S

β
α have been constructed for each α � β < δ and they satisfy

conditions (a), (b). There are two cases:
Case 1: δ = γ + 1. Using the assumption, fix a projection T :Eγ+1 → Eγ with ‖T ‖ = 1 and define Sδ

α = S
γ
α T for

every α < δ. Clearly both (a) and (b) are satisfied.
Case 2: δ is a limit ordinal. Let G = ⋃

α<δ Eα . Then G is a dense linear subspace of Eδ . Define hα :G → Eα by
setting

hα(x) = Sβ
α x, where β = min

{
ξ ∈ [α, δ): x ∈ Eξ

}
.

Note that if α < β , x ∈ Eβ and γ ∈ [β, δ) then

Sγ
α x = Sβ

α S
γ
β x = Sβ

α x, (∗)

because of (b) and by the fact that S
γ
β � Eβ = idEβ . Using (∗), it is easy to see that hα is a linear operator. Clearly

‖hα‖ = 1, thus it can be uniquely extended to a linear operator Sδ
α :Eδ → Eα . Finally, ‖Sδ

α‖ = ‖hα‖ = 1 and Sδ
α is a

projection onto Eα . Thus (a) holds.
It remains to show (b). Fix α < β < δ. By continuity, it suffices to check that Sδ

αx = S
β
α Sδ

βx holds for every x ∈ G.
Fix x ∈ G and find γ ∈ [β, δ) such that x ∈ Eγ . We have

Sβ
α Sδ

βx = Sβ
α S

γ
β x = Sγ

α x = Sδ
αx.

Thus both conditions (a) and (b) hold. It follows that the construction can be carried out.
Finally, define Sα := Sκ

α . Clearly, Sα is a projection of E onto Eα and ‖Sα‖ = 1. If α < β < κ then

SαSβ = Sκ
αSκ

β = Sβ
α Sκ

βSκ
β = Sβ

α Sκ
β = Sκ

α = Sα

and of course SβSα = Sα , because Eα ⊆ Eβ . This completes the proof. �
Corollary 6.2. Assume E is a Banach space with a skeleton {Eα}α<ω1 such that Eα is 1-complemented in Eα+1 for
every α < ω1. Then E is a 1-Plichko space.

The following application of Lemma 6.1 provides a partial positive answer to a question of Kalenda [6, Ques-
tion 4.5.10].

Theorem 6.3. Assume E is a 1-Plichko Banach space of density ℵ1. Then every 1-complemented subspace of E is
1-Plichko.

Proof. Let {Pα: α < ω1} be a PRI on E and let Q :E → E be a projection with ‖Q‖ = 1. Let F := QE and assume
F is not separable. Define Eα = PαE, Fα = F ∩ Eα and Rα = QPα . Note that RαE = Q[Eα]. We claim that the set
S = {δ < ω1: Q[Eδ] = Fδ} is closed and unbounded in ω1. Indeed, define

ϕ(α) = min
{
β < ω1: Q[Eα] ⊆ Eβ

}
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and observe that ϕ is well defined, since each Q[Eα] is separable and E = ⋃
ξ<ω1

Eξ . Now, if δ < ω1 is such that
ϕ(α) < δ whenever α < δ, then

Q[Eδ] = Q

[
cl

( ⋃
α<δ

Eα

)]
⊆ cl

⋃
α<δ

Q[Eα] ⊆
⋃
α<δ

Eϕ(α) ⊆ Eδ,

therefore δ ∈ S. Thus S is unbounded in ω1. Without loss of generality we may assume that S = ω1.
Now observe that Rδ � F is a projection of F onto Fδ and therefore Fδ is 1-complemented in F . Thus in particular

F = ⋃
ξ<ω1

Fξ , where {Fξ }ξ<ω1 is a chain of separable subspaces of F satisfying conditions (1), (2) of Lemma 6.1.
By this lemma we get a PRI on F , which shows that F is 1-Plichko. �

Notice that in the above proof we did not use any compatibility between the projections Pα (which are assumed in
the definition of a PRI). Thus, a slight modification gives the following

Corollary 6.4. Assume F is a complemented subspace of a Banach space E of density ℵ1. If E has a skeleton
consisting of complemented subspaces then so does F .

7. Final remarks and questions

By Theorem 5.1, the following two properties of a Banach space E of density ℵ1 turn out to be different:

Ck : E is the union of an increasing sequence of separable k-complemented subspaces,
CCk : E has a skeleton of separable k-complemented subspaces.

Property Ck is equivalent to the fact that every separable subspace of E is contained in a separable k-complemented
subspace. Every k-Plichko space has property CCk and property CC1 is equivalent to the fact that E is 1-Plichko
(Corollary 6.2). If E satisfies CCk and F is an l-complemented subspace of E then F satisfies CCkl , by the arguments
from the proof of Theorem 6.3. We do not know whether CCk implies k-Plichko, in case where k > 1. We also do
not know whether a closed subspace of a Plichko space necessarily has the separable complementation property.
Finally, we do not know whether a 1-complemented subspace of a Banach space with property C1 necessarily has the
separable complementation property.
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