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Abstract
We consider Neumann initial-boundary value problem for the Korteweg—de Vries equation on a half-line
U +Auuy +uxxx =0, t>0, x>0,

u(x,0) =ug(x), x>0, 0.1)
ux(0,1) =0, t>0.

We prove that if the initial data ug € H)>"/* 0 Hy”/? and the norm flug o214 + lugll 172 < e,
1 2
where ¢ > 0 is small enough Hf,’k ={fe L2; ”f”HS'k = ||(x)k(i8x)sf||Lp < oo}, (x) =+v1+x2 and
p 1,7/2 2

A fgo xup(x)dx = A0 < 0. Then there exists a unique solution u € C([0, 00), H2 )n LZ(O, 00; H2’3) of
the initial-boundary value problem (0.1). Moreover there exists a constant C such that the solution has the
following asymptotics

X

u(x,t) =Co( + nlogt)*‘fz/%i’( 3[> +0(e2723 (1 + nlogr)~9/5)
V1

for t — oo uniformly with respect to x > 0, where n = —90A fé’o Ai'%(z)dz and Ai (g) is the Airy function

1 ioco 1 00
Aifg)=5— f eI gy — —Re/e_iSB'HEq dt.
Tl T

—ioo 0
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1. Introduction

We consider the Neumann initial-boundary value problem on a half-line for the Korteweg—de
Vries (KdV) equation

Uy +Auty +uye =0, t>0, x>0,
u(x,0)=up(x), x>0, (1.1)
u,(0,1)=0, t>0.

Korteweg—de Vries equation (1.1) is a simple universal model appearing in many fields of physics
and technology as the first approximation in the description of the dispersive nonlinear waves [5,
18,20]. In the case of the Cauchy problem on the line KdV equation was solved via the inverse
scattering transform method [1] and the well-posedness on the line and the periodic domain was
studied extensively by many authors, see, e.g., [3,16,17] and references cited therein. Asymp-
totic behavior of small solutions was studied in the case of the generalized KdV equations in
[4,12-14,19]. However large time asymptotics of small solutions to the Cauchy problem of KdV
on the line is not obtained completely still now. From the heuristic point of view the quadratic
nonlinearity of the shallow water type uu, is subcritical for large time: the nonlinear term de-
cays more slowly than the linear part of the equation. The case of the Dirichlet initial-boundary
value problem for KdV equation on the positive line was considered recently in paper [10]. It
was proved that the solution has an additional time-decay and as a result the nonlinear term of
KdV equation behaves as a supercritical in the contrary to the corresponding Cauchy problem.
In the case of the Neumann boundary-value problem (1.1) we expect that the time decay rate
of the solutions will be more slow so that the nonlinear term in the problem (1.1) behaves as a
critical one. Our main goal in the present paper is to obtain the large time asymptotics of solu-
tions to problem (1.1). Our approach is also based on the estimates of the integral equation in the
weighted Sobolev spaces

H = {f e L% || fllge = [0 000 Flyp <00}, (1) =V1 442,

and weighted L? space is used to get smooth solutions, where

00 1/p
I fllLe = (/If(x)l”dx) :
0

We also use the methods of our previous papers [7,8,15]. Integral formula is obtained by using the
Laplace transform with respect to space variable. The Laplace transform requires the boundary
data u(0, 1), ux(0, 1), uxx(0,¢) and so u(0, t), u,, (0, t) should be determined by the given data.
In order to do it we use the method developed in the previous works [9,11]. Our method to
derive an integral formula is different from that [2] or [6], but the representation of the integral
formula of ours (2.9) stated below is the same as one obtained in [6]. In [6] integral formulas for
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various boundary value problem of linear equation including Dirichlet and Neumann problems
were constructed. However estimates of solutions applied to nonlinear problem were not given.
In [2] an integral formula for Dirichlet problem which are different from ones used in [6] was
constructed and used to derive the various smoothing properties of solutions.
For simplicity we denote [| -l = [I oo, Il llz = 11l [T gt = 11 - lls. and |- o = I Ili-
Now we state our result.

Theorem 1.1. Suppose that the initial data ug € H?’21/4 N Héj/z and the norm

luollgo2a + lluollr 72 < €.

where & > 0 is small enough and

o0
Afxuo(x) dx =10 < 0.
0

Then there exists a unique solution
u € C(10, 00), Hy/*) NL2(0, T; H3?)

of the initial-boundary value problem (1.1) satisfying the boundary condition such that
uyx(0,1) =0 for t > 0. Moreover the solution has the following asymptotics

X
%

for t — oo uniformly with respect to x > 0, where

1,-2 . 2. 2 _6
u(x, 1) =30(1 + nlogr) '3 Ai +0(e273 (1 +nlogt) %)

o
n=—99xr / Ai"?(x)dx >0
0

and Ai(q) is Airy function

1 100
Ai(g) = — / et dz.
2mi
—ioo
We note here that solutions of our problem (1.1) decay faster than those of linear problem and
Ai®(0) =0, then we see that the main term satisfies the Neumann boundary condition for ¢ > 0.

For the convenience of the reader we now state of our strategy of the proof. In Section 2 we
construct the integral formula of the solution of the linear problem corresponding to (1.1):

oo

u(x, 1) = B (x, g = f Flx, v, Duo(y) dy.
0
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where

ioo ioco

1 ’
F(x,y,t)=%< /e—p3t+17(x—))dp_/

—i00 —ioo

2
e$t+¢3(§)x¢;1 (&) Ze—¢.i(§)y¢j (5)(1)} &) dé)

J=1
and ¢; (£) are the roots of equation p> = —& such that
p=d1®) = (Eexpm)*,  p=a(&) = (Eexp(—im))®.

p=3(6) = (5 exp(3im)) .

Section 3 is devoted to the study of the asymptotic behavior of solutions to the linear problem by
using the integral formula constructed in Section 2. We will show that fort > 1,0 < 4§ < 1

246

q§([)”0=39t_§Ai’<gi) Lo ),
Jt

where 6 = f0°° xuqdx. Therefore nonlinear term in the equation u; + Auuy + Uy, = 0 has the
same decay rate as linear terms. Section 5 is devoted to prove a global result and to establish
asymptotic formulas of solutions. Here as in paper [7] we make a change of variable u = e=¢"v.
Then for the new function v we get the following problem

v — v+ re POvu, + vy =0, >0, x>0,
v(x,0)=e?Oupx), x>0,
v, (0,£) =0, r>0.

In order to obtain an additional time decay rate we assume that real-valued function ¢ (¢) satisfies
the following condition

o

/x(—¢,v + )Le_¢(t)vvx) dx=0, ¢0)=0,

0
which implies that

1 o0 1
D =gt)=1+20"" /dr/xvvx dx=1-210" /”v(t) |? dr.
0 0 0

We look for the solution v in the neighborhood of the first approximation

b (1o ~ 39r—%Ai/(31) =6G.
Jt
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To do it, we put r = v — @ (¢)ug then we get the following integral formula

r= [y 8@ ®(x,t —1)(AGO2|G|?> + GGy)dT + Ry,
g=1-210 [jIGI*dt + Ra,

where R, Ry are considered as remainder terms in our function space defined later. By Lem-
mas 3.5, 3.6 in Section 3 we obtain

g(t) and  [rflee < Ct~3g(t) 5,

- 1 +nlog(l+1)

where under condition A0 < 0

o0

n=—96\ / Ai'%’(2)dz > 0.
0

Hence from representation u = v/g = (r + @)/g we get result of theorem. We prove a local
existence result of solutions in separate Section 4 by using energy method. However it seems that
the energy method is not sufficient to get a global result and a sharp asymptotics of solutions.
Therefore we show various estimates of solutions of linear problem with Neumann boundary
condition in Section 3.

2. Linear problem

We consider the linear initial-boundary value problem corresponding to (1.1)

u(x,0) =ug(x), x>0, 2.1

{Ml'i‘uxxx:f(x,t), t>0, x>0,
uy(0,t) =h(), t=>0.

Taking the Laplace transformation of the problem (2.1) with respect to the space variable x we
have

e (p,t) + pPa(p,t) = fi(p,1),

where

fi(p, 1) = u(0, 1) p* + 1 (0,0) + f(p, 1) + ph(t),

[e¢]

ﬁ(p,t):/efpxu(x,t)dx, 2.2)
0

and so we have the following representation for the Laplace transform of the solution

t

i(p. 1) =e " iig(p) + / e P00 fi(p, T)dx (2.3)
0
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In order to get the integral formula associated with (2.1), we find u(0, t) and u,, (0, ¢) by using
given data. The condition

la(p, )| <M(1+1pl)f, forall Rep >0, 2.4)

with some M, B > 0 is necessary and sufficient for the existence of the inverse Laplace trans-
formation. It is easy to see that condition (2.4) is fulfilled in domains Re p* > 0 of the right
half-complex plane Re p > 0. In domains Re p> < 0 of the right half-complex plane Re p > 0,
we rewrite formula (2.3) as

o0 oo
ity =" (ﬁo(p) + [ e e, r)dr) - [ ppnar
0 t
It is clear that the last integral
o

/ P £ (p, Ty dT

t
satisfies condition (2.4) for all Re p > 0, Re p> < 0. Therefore in order to satisfy condition (2.4)
we have to assume that

]

fio(p) + f "% fi(p. vy dr =0 25)
0

for all Re p > 0, Re p> < 0. We use (2.5) to find the boundary functions u(0, t) and u,, (0, t)
involved in (2.2). Making the change of variable —p® = & we transform domains Re p> < 0 of
the right half-complex plane Re p > 0 to the half-complex plane Re & > 0. The equation —p> = £
has three roots ¢ (£), ¢ (&) and ¢3(&) such that

p=¢1($)=(éeXp(in))%, P=¢2($)=(§exp(—iﬂ))%, p=03(6) = (SeXP(3in))%
which transform the half-complex plane Re £ > 0 to domains, where
Re¢1(§) > 0, Re¢r(§) >0 and Reg¢s(§) <O.

Condition (2.5) can be written as a system of equations in the half-complex plane Re§ > 0

oo o0 oo

ozfe*@@)xuo(x)dx+/e*€fu(0, r)dz¢l(s)2+/e*¥fa”u(o, 7)drt
0 0 0

e ¢]

~|—//e_("”(g)x%r)f(x,r)dxdr+ (/e_grh(f)df>¢l(§)
0 0

0
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for [ =1, 2. From which it follows that
<¢%<s> 1)( o e Su0.n)de >__(g<¢1>> 2.6)
$2E) 1)\ [Xetu0,ndr)  \g@2)) '

g(1) = () + £ (A1), &) + drh ®)

where

and

fio(1(8)) = / e 1Y u0(y) dy,
0
fq»(s)s / / e~ @WEYTED £(y 1ydydt,
0 0

h(€) =/e*f’h(t) dt.
0

Solving (2.6) we find

( o ¢ Fu©.ndr >= ! ( @) — 8($2) )
J2 e u g, (0,0dt ) $3(E) — ¢7(E) \$18($2) — $38(¢1)

By the inverse Laplace transform with respect to time variable we get

(o0 )5k [ rge (SO0 Y o,

ux0,0)) = 2mi P3(E) — ¢7() \ D7 (E)g(2(6)) — d3(6)g(91(5))
By (2.3),
ioo t
wen =g [ P ) dp + o / ert [ (f .0y +hop)avap
Tl
—ioo —i00 0
i0o t
+ % e!’xe—l’3’/el’3f(u(0, 0)p* + U (0, 7)) dr dp. (2.8)

1
—ioo 0

We consider the last term of the right-hand side of (2.8). We put

H(p,&)=— P*(g(01(8)) — g(d2(8)) + 97 () g(92(8)) — 3 (E)g(h1(5))).

1
P} (E) — P35 (&)
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Using (2.7) we rewrite

ioo t

1
I = o epxe*f'/elff(u(o 0)p? +ux (0, 7)) dr dp
Tl
—io0
H ded
4n2/ / g+§ (p.&)dE dp.
—i00 —ioo

Since by Cauchy Theorem for all Re p =0

ioo

/ 1
) pP+é
we find that
100 o 100 e*pl
_/ ) e
Also by the facts that
P1(E)=— :
P27 (01(8) — 2 (8)(91(B) — ¢3(8))”
1
/ - _ , . =0
) ($2(8) — P1(E)($2(8) — ¢3(8)) ;"5’@)
we get
70 " Hp.e)d /OO e H(p.&)d
2 o D P = D, P
Jopis =i (p =€)

i oh3E)x 2@ (@3 — $3) + g(d2) (¢ — $3)
(@7 — $3) (3 — 1) (3 — $2)

= _zniefl’s(é))f( 8@ +¢2)  g(h2)(d1 +¢3) )
(@7 =) (@3 — ¢ ($] —$3)(¢3 — $2)

=27 9 (e (P1)p19] + (92 $26)).

—2m
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Therefore we obtain

P B L 70&!70 " H(p.&)dsdp
4n? 4m? ) pP+eg
1
= / > / S1e O 69 ()] )
i
0 /=l i
x (uo(y) + / e—éff(y,r)dr) d§ dy
0
] ico 2 00
— 5 eSte¢3(§)x¢3l(s)Zl¢j2(§)¢j(g)/e_§rh(r)drdé
—i00 J= 0

5 (Z / eé’e"’ﬁ@%;l<s>¢,~<s>¢;-<s>eWf@dg)uo(y)dy
i X

j=1

ico

"~ dt / <Z / D h@rg (5)¢,-<s>¢;(é>e—>"”f<“dé)f(y,r)dy
0

i=l_io

1
i

T\N

/es(tfr)e¢3(5)x¢3(é§)¢é(§)dgh(‘r)dT.

Hence (2.7) and (2.8) give the following integral representation of the solution u(x,t) to the
problem (2.1) with () =0

o0 t o0
u(m)=/uo<y)F<x,y,r>dy+/dr/f<x,y,r>F<x,y,r—r)dy, 2.9
0 0

where

ioo ioco 2
F(x,y,t)= ﬁ( / e—P3f+P(X—y) dp — / e§t+¢3(é)x¢;1(§) Ze—¢_/(5)y¢j (5)4,} (%‘)dé).

—ioco —ioco j=1
3. Preliminaries

In this section we prepare useful lemma which is needed to obtain our results. As in Section 2
we denote by

$1&) = (Eexpm). (&) = (Eexp(—im)),  d3(8) = (EexpGin)’, (G.D)
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the roots of the equation p3 = —&, such that Re¢;(§) > 0, I = 1,2, Re¢z(§) < 0, for all

Re& > 0. We introduce the following functions

100 k . .
1 . plyi
Gr(x, v, 1) = — / e*P3t+px e Py — Z(_l)] p .y dp (32)
27i ¢ J!
—ioo j=0
and
ico k I i
1 ¢ &)y
— _ Et+¢3(E)x p—1 —¢; &)y _ _\ Y Y
Frlx,y,0)=—o— Z / PO g] (s>(e PO = (=D g0 ©) dE
/:l—ioo =0
3.3)
Lemma 3.1. We have form >0, t > 0
|x2 8 Go(x, v, 1)
1 m+2+n

2n+1—, 1 +1 1 +3 3n+2 1
T ()T AT ()T T e T T ()
3n+2 +L m+2+n _ 3

12( ) i

g C _ 2n4l-m _ntl m+1 —
1T T (y) 2 4o )

forn>1and

L2 6oe, .| <C{r16’"<t>%<y>+t§<r>%<y>z +17E ()T )
T T )

Proof. We let p3t = 73, then we have

ioo
1 3
a)gn)go(xs y’l) = % / efpgtepx(eipy - ])pn dp
—ioo
ioo

1 n+l —z3 n Zf(e—zy _ 1)dZ — [_HTH(Al(n)()‘E _ y) _ Al(n)(f)),

= —1 3 e ze

2mi
—i00

where Ai(q) is Airy function

1 100
Ai(q)=E / e_ZS'”qdz.

—i00

It is known that we have

10) 2
|Ai"™ (—lgl)| <C(1+1q]) ¥
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and forany 8 > 0
|4i™ (1g1)| < c(1+1g1) 7,

see, e.g., [1]. Sowe getfor & € (X — ¥, %), X =x/J/t and y =y/Jt, n €0, 1], x <2y

n+1+p

[0 Go(x, v, 0] < Cr 5y Al D @) (|4l G - 9| 4[4 @) )

_n+ltp Q@n+DHu @2n—1)

e Ty (45 —x) * ((1+15-F) T P ra+n7h).

Therefore we get for y > «/t and 2n — 1)/2+pu >0

rd 3 2y !
n+tl @n—1)
(/xm|8§”)g0(x’y,,)|2dx> <C1_%y“(fxm(l +|§_i|) 5 +”dx>
0 0

Cndltu 1,Qu=D) 1\ @o=1) 3
<Ct 3 37 +2“)y 7 ""2"(

1
2
x™dx

S

n+l+p 1 ,@2n=1 | 1 2n—1) , 3 m+1
- -1 +% +3pu+
<Ct 3 3077 zﬂ)y 7 IhT T

and for y < JJ/t

rd 5 2y !
n+l ntl "
(/xm|g°(x’yvf)|2dx) <cr” +3+“y“</x’"dx> <ot s
0 0

Since Ai ™ (|&]) < C(1 + |£])7'0 we get for x > 2y

n+l4p

3 yﬂ|Ai(n+l)($)|l"(|Ai(n)(i _ 5))|1_l‘~ + |Ai(n)(£)|l—#)

107 Go(x, y )| < Ct™
_n+lt+p

<Cr 3 yra+x710

So letting x = /17 we obtain

0 1 oo 1

’ 2
(/xm|3§")go(x,y,t)|2dX> < Ct"*éﬂ‘y“(/xm(l +£)2°dx>
’ y
r 2
< Ct‘wy“r"g*é<[z2’”(2+z)‘2°dz)
0
< _ 2n+ltz,km y“
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Therefore we have fort >0and u; €[0,1], j =1,2,3,2n - 1)/2+ 1 20

m _ntldpg  1,@n=D 1 @n—1) , 3 m+1
”xza;”)go(x’y,t)” <Ct 3 377 +2“1)y T Tt
n+1+uz _ 2n+142u3—m
+Ct™ y“2+ —|— Ct 6 yH3

Thus if we take w2, u3 =0,1and uy =1/2,1 forn =0and u; =0, 1/2 for n =1, 2, then we
have the desired estimates. Lemma 3.1 is proved. O

Lemma 3.2. We have m >0, t >0

[x%8{Gi(x. y.0)]

Ct_%l(y)mTH +C[ 2n+] —m +Ct MT L2<y>m+2l+n %’
Slor = 0 3 )™ + o= ) 2 4 B )k ) =

3

forn=1,2and

Ix3G1C.y. 0| <Crin 3™ + o " )2 + b i)

Proof. Changing the variable of integration pt = z> we have

1 —p? - k(o ok
WG, y, 1) = 5 — / e P’ePX<e 7= (=D (py) )p"dp

—ioo k=0
. ioo 1
— —.li% / e*ﬁznezf <ezf _ Z(—l)k(zi)k> dz
2mi
—ioo k=0

- J%r(Al(")(x—y) Z( 1)/? Al(’””)(x))

j=0
We again use the asymptotic properties of the Airy function such that

n—1

2n—1
|Ai ™ (—1g)| < C(1+1q])

and for any 8 > 0

|4i™ (1g1)| < c(1 +1q1)*
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Then we getfor £ € (X — 3,X), ¥ =x/tand y = y/J/t, u € [0, 1], x <2y

n+142u
3

|a§n)g1(x’ Vs t)’ <Ct™

x (JAID G = 7)) 7" + AP ® [T 4 AT @) TR

_n+l+2u
3

YA )]

2n+3)u
<1 YHEI+IF-F) T

2n—
< (1415 =3 TP L1+ 5P + A+ P5n),

Therefore we get for y > /t and (2n — 1)/2 421 >0

2y 1 2y !
(/x’”)%"’gl(x,y,z)\zdx) < cz—wy”(/x’"(l +13 _,;|)“”2“+2“dx)
0 0
2y 1
< Ct_n+13+2u_é((211;1)+u)y(2n;1>+3#(/xm dx)
0

421 @n=1) @n-1) mil
< Ct 3 37 +W(y) PR

In the case y < </t we get

2y 1 2y !
1+2u 1+2u 1+m
(/x"’\gwx,y,r)lzdx) <ch‘y2“(/xmdx> SO s ()
0 0

Since |Ai ™ (|€])| < C(1 + |€])~ !0 we have for x > 2y

009G (x, y, )] < €15 52| i )
x (JAID G = 7)) + AP ® [T 4 |4 @) | TR

n+l n+142u

2,
<O Ty A L IR+ 0o T Y 4070

and which gives us with x = J/1z

o0 : N %
</xm|3§")91(x,y,t)|2dx> <Ct‘wy2“< fx’"(2+i)‘18dx)
2y 5
K 5
< Ct—w}’mf%%(fzzm(2+z)_18dz>
0

_ 2n+1-m+4n

_ 2n+1-m+4p
<Ct 5y < Cr 5

().
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Therefore we obtain for ¢t > 0,

m o+l g (2/1 1) 2n—1) m41
[x200G (x, y, )] < €t 3T ()
_ nt142up 14m _ 2n+1-m+4pus
+Ctm 3 (T T s (),

where u; € [0,1], j =1,2,3, 2n—1)/2 + 2u1 2 0. If we take pp =0,1/2; u3 =0,1 and
u1 =0,1/4 for n =1, 2, then we have the result for n = 1, 2 and if we take u; =1/4,5/12 for
n = 0, then we have the last estimate of the lemma. Lemma 3.2 is proved. O

Lemma 3.3. We have fort > 1, n,m >0, k=0,1, § € [0, 1]

1—m+2n+2k+28

— e <y)k+3.

”x%E))E")fk(x, v, t)“ <Ct™

Proof. Using d) &) =- ¢2 we get for Laplace transform of function Fi (x, y, t)

£{d" Fr(x,y. 1)} = %(1), v, 1)
' @ [ _ u ¢ ( s »\
- £t ¢ &)y _ AAAIENN PP
67112 / (p— ¢;(g))< Z( ) )fi’, (&)dé

Using the Plancherel Theorem we get for r > 1, m > 0 is an integer
™ 3" Fr(x, y, 1) I

< ||a<"’>a£”>fk(p, v, 0

' . ¢ (&)y
o ~6;©y _ Z ! dell.
(p— ¢3<§>)m+1 ( b >¢ © éH
Since ¢t = 1057 +$ Bgées " integrating by part and using estimate for § € [0, 1]
2 k ! I
—b; ¢ &)y k 5 ks
¢j(€)y _ i e + k+8
]2:1: e [§:O:< N = <c § |¢, )yl 15

we get for t > 1

2 %0 k !
b; (E)y
Z / St(p ¢¢z(g))m+1< e Z( R )¢ ©

T s M, )t
- [ g (eme e SEgE e

—i00
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where for k =0, 1

n—1 2 ) £ l¢l (E)y
M p) =937 6) o ¢(§))m+ Z i€ — Z( ) Q)

k48
y+

T (p— 3 E) T

2 k /
EMs (8, p) = Qi (E) ———— Z —6;©)y _ Z< 1)1¢<€>y ey
TS G- ¢<s)>m+1 <

n—24k+3
)

o(l&l

RGO 1 5Ey 1,¢>’(é)y 5
3 (p- ¢3<§>>m+12< Z( : i ®
LE® 1 PPN ]l¢’($)y »

3 (p- ¢3<s>>m+lz< Z( ) i

P3E & k ¢l(s)y _
+€(P 3Q’a("s“))rl1+22:< - Z( Tl (ON)

k438
y+

T (p— $3 &)t

n—=2+k+8
3 )

o(lél

Note that when we integrate by parts substitution in £ = 0 vanish for Re p = 0 since integrand is
estimated as

n+l
<Cl§ls

1 e K, k ¢ (E)y -
st 3 i)y _ ! -1
¢ 1+$t§(17—¢3(§))m+1§<e 2D oy ®

=0

So we get

[0 Fi, v, 0

ioo

ico ¢n l(f) 2 (S) 2 2
_ d o 3 —9;E)y _ 11 d
(_/ | p|_/ . ¢3(5))m+12< Z( ) ) '(€)dg )
A M p)ét
x( / |dp|/ 1+§t<$Mg(§,P)+ Ee )ds

1

o L&t 2
X / 1+§1t<51 Mg, (&1, p)+T‘§1l>dél>

—i00
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ioo n—2+k+8
14k 1 n=2kes O(&| 3  )ér
=7 ( / 1+§r<0(|$| )+ 1+ &t )dé

—ico
00 n—2+k+3
1 n=2+k+3 O(l&1] 3 )§1t>
x 0 )t ——— )4
./1+$1t< (& ) T+&u "
—ioco
100 !

1 2
x / —Idp|> :
(p = $3)™H (p — p3 (&))" !

—ioc0
Since for Re& =0

ioco

1
/ —Idpl‘
(P — 3™ (p — $3(5))"T!

—i00

ioo

1
/ ldp|

1 1 1 1
_ino UPHETIHIEII)TI(Ip+&] |+ |&|3)mH!

<C

ioo % ico %
1
<c</ = Zmﬂum‘) (/ — |dp|)
oo (P FESIEAHIER) i IPHEPHIE5)H

m+1

_mpl
SCEET 3 1l 3

we find that

ioo

1 n—2+4k+8 _ m+1
maW F (-, y, 0| <C "*‘3/ o |déE|.
[0 Fr (-, y. 1) y 1+|E|t|s| |d&|

—ioo

And therefore we have form >0

1m0+ 2k42
X0 Fi (-, y, )| < €Y} . (3.4)

For any fractional m > 0 estimate (3.4) is obtained by interpolation. Lemma 3.3 is proved. O
We introduce the following operator

o0

@(x,rwf(r)=/F(x,y,r>1/f(y,r)dy, (35)

0
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where the function F(x, y, t) is the Green function of linear problem (2.1)

ioo ioo 2
F(x,y,t)= 2—:”< / e—p3z+p(x—y) dp — / e$t+¢3(§:)x¢;1 (&) Ze—¢_i(§)y¢j (5)4’} (é)d&).

—ioo —ioo j=1

Lemma 3.4. The following estimates are valid form >0, t > 0

4+2n 3+2n m ,37
o |l fll 0m+3 +1t7 ||f||H01+t (¥l Om+2+n,
m — 1+2n —m
|xZoMe@ f|<c{t if w5 +1 (Waliy
3n 2 2n —m
T T T ey 1+ = Il
H ?
ifn=1,2and
3A 0 +t__||f||H01 +1TE| ] GO
l l
[x2ewf|<cC t_illfllHo‘% 17 f
1
_1 _3-m
+t 2||f||H?.m;—2 +t 6 ||f||H(])l

provided that the right-hand sides are finite.
Proof. Using

3

PCAGIAGER!

j=1
we obtain the following representation for Green function F(x, y, 1)

1 100
F(x,y,1) = — / e—p3r+px(e—Py —Ddp
2mi
—ioo
| ico
— §r+¢3(8)x —9; &)y _ . /
e / WErgs @)]Zl j 1)¢; (€)¢) (&) d&
—io0

=Go(x,y,1) + Folx, y,1).
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The functions Gy(x, y, 1), Fo(x, y, t) was defined in (3.3) and (3.2) with kK = 0. We obtain the
following representation

O (x, 1) f(x) = f Flx,yo 1) f () dy = f Go(x. v, 1) f (¥ dy + f Fole,y, D) f () dy.
0 0 0

From Lemma 3.1 we have for ¢t > 0

[x%8{"Gotx. .0

c { IR T )+ ()T () T () T ()

<

X 72,14%},,,, +t7%1<y)mT+l +[73n6+2+1712 <y)m+22+n_%
ifn=1,2and
y CEOTIO) HTIOTIM T T ()
ijg()(x’ Y, t)H < C 1-m 1 m+1 1 m+2 ’
T ()

From Lemma 3.3 we have fort > 1,n >0, k=0, =1
34+2n—m

X280 Fotx, y, )| <Ct™ 6 (y).

Therefore

4+2n 3+2 n m

o |Ifll 0m+3 +1

3_
I lhgor +7 s IL£l i me2in

o <cy TS ”H?*MTH i

a2, 1 3+
+1776 TR fIl g mi2en 3+
Hl’ 2 4

forn =1, 2 and

_2 _3_
CINFI gm0 W o +HS I gm2 3,

|x3 o f] <c a . I
t_§||f|| o, mt1 +t_T||f||L1 +t’?||f|| 0. M2 +I_T|If|IHo,1-
H, ? H, ? !

1

Lemma 3.4 is proved. O

Using

3 3
Y b =0, Y ¢;E)=0
j=1 j=1
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which imply

3 3 3
Y o) =0 > ¢i®e;E) =0 and Y $FE);E) =1,
j=1

Jj=1 J=1

we obtain the following representation for the function F(x, y, t)

100
3
F(x,y,t):gyi / e_p3’+pxdp+G(x,y,t):3yt_§Ai/<%)+G(x,y,t),

—ioo

(3.6)

where G(x, y,t) =G (x, y,t) + Fi(x, y, t). The functions G| (x, y, t), F| (x, y, t) were defined

in (3.2) and (3.3) with k = 1.

Lemma 3.5. Let the function f(x,t) such that fooo xf (x,t)dx =0 and satisfy the estimate

[xt sl <cefa+n"gwe, 0<i<s,

where o = %, 0 < B. We also assume that the function g(t) satisfies the inequalities for n > 0

%(1 + nlog(l 4+ 1)) < g(t) < 2(1 4+ nlog(l +1)).

Then the following estimates are valid forn =0, 1, t > 0

t

3—m+2n
<CePg Moy,

m

x2 /g*l(r)a;")ds(r—z)f(r)dr

0

where 0 <m < 2.

Proof. Since

o]

/xf(x,t)dx:O

0

using (3.6) we obtain the following representation

‘15()6,!—f)f(f)=/F(x,y,t—t)f(y,f)dy=/G(X»y,t—T)f(y,f)dy-
0 0

From Lemma 3.2 we have fort >0, m >0

2 5 .
7 173(y) T 41T e 4 Cret 7,
”X?axgl(x,y,t)” <C 2<y> 1 m+3 3-m 2, o 5.1 1 m+3
I TI() 2 4T ()T ()2 et () T (y)

(3.7)



N. Hayashi, E.I. Kaikina / J. Differential Equations 225 (2006) 168-201 187

and
[x2G1(x, v, 0] < Ct73 (0" + Cr 5 ()2 (3.8)

From Lemma 3.3 we have k = 1,5 € [0, 1]

3—m+2n+28 148
o'

[xZ o Fi(x,y,0)| < Ct™ 3.9)

Therefore

o]

/x%c(x,y,z — ) f(y.T)dy

0

SCU=D @ gnps +C =D F@) g2 310)
1

|x2@@ -0 f(0)] =

Furthermore we have

o0

/x%axcxx,y,t C O f (T dy

0

[x2o.0¢ -0 f (@) =

<Ca=07 O] yugs +Ct =0T £O) oo,
1

oo

/xgaxG(xvy»t_T)f(ysf)dy

0

<Ct—1)~ 3||f(r)|| swit +C—1) 1@

[x2o.0¢ -0 f (@) =

+C(t—1)7 ||f(z)|}H0v,,71+;_‘ +Ct—1) " ||f(r)||H?,1. (3.11)

Also from the condition of the lemma for the function g(¢) we have for ¢ > 1
1 1 C
<——, «a>0, and sup —— < —.
g() te[ﬁ,t]g(r) g
Hence we get for t > 4

t

/x%g*‘(z)axqs(t—r)f(r)dr

0

Ji
<C [PNI@] gup +7F [ adn
0 1
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t

T1—m

€70 [ SO gun 4177
i 1

f() HH?’Z dt

+C s g O] g /(t_f) tde

§<r<t

€ s g O] g f(r—zr%df

§<T<l

+C sup g—l(r)||f(r)||L1/(;_T)—3‘T'" dt

%<T<t %
and
! Ji
/x%g—‘(z)cb(t—r)f(z)dz <C/t_%||f(r)||H?,m2+3 +1 | @)y dr
0 0

t

-1 _2 57m
+Cg (z)/t E ||f(r)||HO<,,,;3 +1”
7 1

f(‘E)HHoz dt

t

+C s ¢ OS] up / (t—o)}de
2<T<l

t
+C sup g"(r)||f(z)}|Hoz/(;—r)*¥dr.

2 <t<t
By the assumption we have

m 5 m=3
X% f@)| L <CePU+078" g)%, 0<m <5,
hence

t

/x%g*‘(r)axqs(r — 1) f(r)dr

0

N
o -1 53 m _I-m _5 1
<Cg*(t) [ 7' (A +v)6te +1 6 (1+1) 6t6dr



N. Hayashi, E.I. Kaikina / J. Differential Equations 225 (2006) 168-201

t

189

_1+“(t)/t_1(1 fo)y it 41 (14 1) dT6de
Jt

+C13 sup g‘1<r>||f<r)|| pmst +CE5 sup g 1(r)||f(r>H
£<T<t

£<r<t
+Cre sup g*l(r)||f<r>||Ll

7 <T<I

i

< CePg ey

6

and

t

x? /g*‘mcb(r—r)f(r)dr

0

Vi

<c/f%(1+r)—%r% (o) b de
0

2

+C | t73g"

§' \NI*

() (14 7) 876 415 g™

() (1 4 1)~ 316 dt

—i—Ct% sup g 1(t)”f(r)” 0m+3 —l—CtmTl sup g l(T)Hf(T)HHoz
f<t<t f<t<t
<pPCgT e

6 .

Lemma 3.5 is proved. O
Lemma 3.6. We assume that ug € H0 (m+3)/2

and ||ug|| 0.n+3)2 = € is small enough and
1

o]

)»/xuo(x) dx =10 <0,

0

a function v(x, t) satisfies the estimate for all t > 0

lxvvgllL, < CeP(1+1)7!

and has the asymptotic representation for all t > 0, m > 0

18 (v(t) — @ (1)uo)

m
2

<CePg (140
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where 1 < 8 < 2. We also assume that the function g(t) is such that for all t > 0

%(1 + nlog(l +1)) < g(t) < 2(1 4+ nlog(1 +1)),

where 0 < n = —90A fooo Ai'%(z) dz < Ce. Then the following inequality is valid for all t > 0

1 ]

1 A
5(1 +nlog(1+1) <1+ E/dr/xvvxdx <2(1+nlog(1 +1)). (3.12)
0 0

Proof. For ¢ < 1 the estimate (3.12) is trivial. Using (3.6) we have

®(ug = 39:‘%#(%) + R(x. 1),
where
R(x,r)=fuo<y>(g1(x,y,r)+f1(x,y,r>)dy.
0

We again use estimates (3.7)—(3.9) to find that for > 1 and n =0, 1

S5—m+2n
6

o (n) _ _4t2n
lxzaf R0 < C (1 lollggo +1770 uoll_ mys
Hl

3—m+2n

1
<Cet™ 6 max{r 3,176

We have

2 o

. X
Ai“”(—) :/x Ai(")<—>
H Ji/ly J Jt

Therefore we have by a direct computation with

@ (1) 39 3 air( )~ Rty
r=v-— up=v— — i' =) —R(x,1),
0 27 NG

—92 f% Ai’ > Ai"” il
XVUy — XAl 1
* T A 7))\ 7

It () Re o)
= xAi r
o % X X
0
+ —t"'xAi" il (R4+r)+xRR, + xrry +xRry + xRyr
2 Jt

_1 _2
<COrF (IR + lIrclly) +CO 3 (IRIy + Il

1

1
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F RNl Al lira iy + TRI TR L A (7 L TR Ml L
2 2 2 2 2 2 2 2

< Ce275 4 Ce' PP lg ey 1 CeX—3 4 CelHPrlg=1Ho(p)
+ C81+/3t—§g—1+0t (t) + C81+}3t—1g—2+20[(t) + C82t—% + C81+ﬂt_%g_1+a(t)

< Ce?™3 + Cel TP lg= 1% (1

and

o0 o
foz < )A;”(%) dx =—992t_1/Ai/2(z)dz.
0 0

Therefore by virtue of the estimate g_l ) <CA +nlog(1+ )~ we getfort > 1

o0 o
A 3 _
5fxvvxdx+99,\(1+z)—1/Ai’2(z)dz < Cet™ % +Ce?t7 (1 +nlog(l +1)) It
0 0

Whence integrating with respect to time we obtain

t o0 t t
A _ 348 B -1 —l4a
g dt | xvvydx —nlog(14+1)|<Ce | 73 dt+Ce T (14+nlogr) dt
1 0 1 1

<Ce+CePn~!(1+nlog2 +1))°,

where n = =90 [;° Ai’%(z) dz. Therefore we get

o
1
1—l—nlog(l—i—t)—Csﬂn*l(l—i-nlogt)“ <1+5/dt/xvvxdx
1 0

<1+nlog(l+1)+ cePy 1+ nlogt)“.

1

Since Csﬂn’ < %, Lemma 3.6 is proved. 0O

4. Local existence

In this section we prove the following theorem.

Theorem 4.1. Let up(x) € Hy 1772

problem (1.1) such that

. Then there exist a positive time T and a unique solution of the

u(t) € C([0, T1; Hy 7/?) N L2 (0, T; HE?).
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Proof. We consider the linearized equation of (1.1) such that

u(x,0)=up(x), x>0, “.1)

{ut—l—uxxx:—)»vux, t>0, x>0,
u,(0,1)=0, r>0.

For simplicity, we let A = 1. Let

1

T
7 2
e {f €C(0.TLH ) Ifllzy = sup £, 3+ (f Haxf<r>||i3d’) <°°}
telo,

0
and the closed ball
Zr,=\f€Zr: | fllz; <p}.

We define the mapping M by u = Mv, where v € Zr ,. Applying both sides of Eq. (4.1) by 0y,
multiplying the resulting equation by x” 379, 1, and integrating over R, we get

2 1 . . .

d —3j 7-3/)6-3/)5-3 -3j
ZEHX723 axu(t)”Z_j :( .])( ])( ])||)C42 axu(t)”Z
—0

- 2
j=0

| =
~

2
7-3
2 201 P
2 .
==Y ("o, (vuy), D). 4.2)
j=0
By the boundary condition

d 1
5@ + 3 (02u0.0)” = = (3, (). o). 4.3)

In the same way as in the proof of (4.2), (4.3)

NI'—‘

2 1 . . .
d, 13 (7T—=3j)(6—=3j)(5—=3j), 43i
Yol -3 |+ % uo P

- 2
j=0

2 .
]

2
Z T30 (vuy), u) (4.4)

Jj=0
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and

| &

1
5 [[u(t) ||2 — (82u(0, 1)) (u(0, 1)) = —((vux), u). 4.5)

QU

t

Via (4.2)—(4.5) we find that there exists a positive constant C such that

1d
EE”MO)”?)% + Cl ”axu(t)”i:;

< a5+ o], g lwo], (o], 5+ [uw], )

from which it follows that

1d C
Sl + Sl |5 < Clu ] +Clom], g e ] (1 + oo, )

< Clum||a:u® ] + ot + o) Ju®]7 5. 4.6)

The integral equation associated with (4.1) is written as

t
ulx,t) =o(x, tHug(x) —i—)»/(b(x, t —T)vuydr.
0

By Lemma 3.4

t
_1 _1
Ju) ]| < €1~ uallygs +€ [ =0~ ol
0

—1 1
< Ct 2||M0||H(1J.1 + Cllvllo,tllufiz>. 4.7

Integrating (4.6) with respect to time ¢, using (4.7) we have for ¢ > 0

t
eI} 3+ [loalf;ar
0

t t

<luok? 3 + [ Juo || dx + o1+ p) [ Juco ]} e
0 0

t

<Clluol} +c/(r—%||uoan,1 + lvllo,iluliz?) | due() | d
0
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1
+Cp(l +,0)f||u(r)||i%dr
0

t
1 2
<Cllf 3+ Cpt+ 140} [ Jueo]} g dr
0

hence

sup [u()], 7 < Clluoll, 3 +Cp2(1+p) 21+ T)3T2 sup Ju)],
1€[0,T] 2 2 1€[0,T] =

and

T | )
/Haxu(z)y|f3dz<C—||uo||§z+Cp(1+p)(1+T)%T( sup [u], )"
, ’ 1 02 tel0,T] "2

If we choose T such that Cp%(l + p)%(l + T)%T% < %, then

lullz, < Cliuolly ;-

(4.8)

Weletu; = Mv;, j =1, 2. Then in the same way as in the proof of (4.8) we find that there exists

a T such that

1
IMvy — Muva|lz, < 5””1 —u2llz;-

Therefore there exists a unique solution the problem (1.1) in the set Z7 ,. Theorem is proved. O

The above theorem says that the solutions have a smoothing property if the data decay rapidly
at infinity. Therefore we have the following theorem. We do not give a proof since we do not

need the result of a smoothing property to prove asymptotic behavior of solutions.

1.3 . L . .
Theorem 4.2. Let ug(x) € H, *. Then there exist a positive time T and a unique solution of the

problem (1.1) such that

u(t) € C(10. T1; HY ?)

and

=i 7 0,4 .
1770y ‘u(t) eC((0, T, Hy?), 0<j<6.
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5. Proof of Theorem 1.1
We suppose that for a sufficiently small ¢ > 0

luoll 21 +lluoll 17 <e
H, ¢ H,?

and
)
A/xuo(x) dx =10 < 0.
0
Denote
00
n= —99A/Ai’2(z) dz > 0.
0

We let u(x, 1) = e~ ?@uv(x, 1). Then we get from (1.1)

v — v+ re POvu, + vy =0, >0, x>0,
v(x,0) = e¢(0)uo(x), x>0, 5.D
ve(0,1) =0, ¢>0.
Now we assume that real-valued function ¢ () satisfies the following condition
o0
/x(—¢,v + e ?Dyvy)dx =0. (5.2)
0
Then via (5.1) we have forall r > 0
d o o0
T /xv(x, Hdx = —/xvxxx(x, t)dx =v,(0,1) =0.
0 0
Therefore choosing ¢ (0) = 0 we get by (5.2)
o0
d),e‘p(’) = 9_1X/xvvx dx.
0

Integrating with respect to time we get

t o0 t
1
e =g(t)=1+9_lkfdrfxvvxdx= 1- 59_1)»/”v(1')H2d‘r.
0 0 0
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Thus we get the following problem

v+ )»g(t)_l(%||v(t)||2 + vvx) + U, =0, >0, x>0,

g0 =1-3 [slv@IPdr, 5.3)
v(x,0) =up(x), x>0,
vx(0,)=0, g0)=1, t>0.

We consider the integral equation associated with (5.3) which is written as

t

v(x,t) =D (x, Hug(x) +)»/g(t)*]¢(x,t — r)(% ||v(r)||2 + vvx> dr.

Making a change of variables
v(x,t) =@ (x,Hup(x) +r(x,t) 54

we get the system of integral equations (v, g) = (M1 (r, g), Ma(r, g)) for the first approximation
of perturbation theory

Mi(r.g) = [y 8 @ (x, 1 — ) (L v (D)% + voy) d, 55)
Ma(r, g) =1 =255 [o lv(D)|*dx.
We prove that (M (r, g), M2(r, g)) is contraction mapping in the set
3
X, = {r € C([0, ), X); g € C(0,00), lIrllx, <e. lirlix, <e?,
1
r(0,1) =0, 5(1 +nlogt) < g() <2(1 +nlogt), t >0
with
lrllx = lirlix, + lirilix,.
! 2 1 34+2n—
lrlix, =D supg@sd+0"s [x2a9™r@®)].
n=0m=0 >0
L 342n—
i, =YY supg@) ' (A+0" o |x39" (D (ug+r(®))].
n=0m=3 >0
We assume that
3
lirlix, <e, lirlix, <ée*. (5.6)

First we prove that the mapping transforms the set X, into itself if ¢ > 0 is small. By the local
existence theorem we have [|M(, &)llx, < &, IM1(r, 9)lx, < e3/* for t < 1 since data are
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sufficiently small. Now we consider the case # > 1. From Lemma 3.4 we have for r > 1 and
0<m<<7

3—m+2n

|28 @ (t)uo(x) | < Cer™

since uq € H . So via (5.4) and (5.6) we have

1 2 1

Z Z sup(1 + t)3+22—m x? 3™ (1) | < Z Z sup(l 4 3+2-m

m

x23M @ (Hug(x) |

n:Om:Ot>0 n=0m=0"
+ZZsup(l+t r(t)“
n=0m= Ot>
< Ce
and

1 7 R 3

S supe) N1+ [y F a0 < Cef, (5.7)
n=0m= 3t>0

. . 1 L
and therefore using that for y > 0 is small |[v|[1 < Cllxv||2]x7Y (x)2 |2 we getforr >0

9]

m+3 v
x 2 ——/yvvydy—}—vvx)
< 9 L!
0
<o v |F "7 0 0 |F o P+ " o e

) o )o@ |7 o) |F + € x5 o] e

N

Ce3(1+1) 75" (log(1 +1)>

form =0,1, 2, y; > 0 is small. Also by construction of v

oo oo
/x(—gfyvvydy+vvx> dx =0.
0 0

So using results of Lemma 3.5 we have forr > 1,0 =4/5,m =0, 1,2

Zzsupgml 2290 M )|

nOm()>

1 2

<P Y st

n=0m= 0Z>
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t

o0
u 19(n) v
x|x2 | g(r) 0, P(x,t —71) 7 yvvydy +vv, | dt
0 0
9
< Ce5 Le.

For higher order m, we turn to the original equation

t

u(x,t)=d(x, tHug(x) —i—)»/ D(x,t — Tuu, dr.
0
By Lemma 3.4

m 2 3—m 3
[« %@ | <C(r31FN gms +1 S W f lgor + IS mizas
H, 2 H H/

1
and

RGN

I Lo o 1f lhggor-

l

N

_2 _3=m _5, 1 _5=m
3N o.mt1 +1 " Nl + 78 2 gz +17S IS Nl ggo.1-
H’ 2 H' 2 4

1 1

Therefore by the local existence theorem we get for 3 <m <7

|x2u)| <+ Juoll L0243

+7
1

t
+C/((t—r) Hustell o mys + (¢ —7)" 4||uux|| L0243
H
0 1
3—m 3-m
+(t—t)_T||uux||H(l),1)dr SCA+0776 |lugll o me2

my2 3

FN

1
t

+Cs%/((r—r) A4+ -1 i1 41 ) de
0

+ CSZ/(I — r)*s%m(l + )71+ nlog(1 + ‘L'))izd‘l,'

<CU 405 ||uol| Lomps +Ce( 4D <ce( 4
1

In the same way

(5.8)
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[x%0.u(n)| < C(1+ 175 Juol o

t

+C/((t—r) Uluug | Om+z +(@—1)" e ||uux||H01)dr

0

t

_2 —m

+C/((t—f) 3||uux||H0 wit (=) g
' 1

2

(=) 8wy | Lo t-0) ||qu||Ho,1)dt
1
1

t

S5—m
gC(l-{-I)_ 6 ”I/t()” 0.)71;»3 +C€2/(I—T N
Hl

t

+ CSZ/(I — r)_s%(l + r)_l(l +nlog(l + r))fzdt

0

t
3

+07/((r_z) U4+ -0 U+

L

2

F(—T) et (4 Bt dr

+¢? /(z —0) A+ (1 4 plog(l + 1)) 2dr
t
2

771

<CU+1)775 Juo| o gy +Ce(l +0° %

Thus we get

1

ZZsup(l 1)

n=0m= 3t>

Wu@)|| < Ce

which implies

1
ZZsupg(t) 'a +t)3+2n = Hx%a,ﬁ”)Mz(r, g)|| < Ce¢ <8%.

3t>0

n=0m=

Then applying (5.8) to Lemma 3.6 we get for t > 0

(1+nlog(1+1)) < g(t) <2(1 +nlog(l +1)).

N =

<Ce(l4+n 7"

199



200 N. Hayashi, E.I. Kaikina / J. Differential Equations 225 (2006) 168-201

Thus (M (r, g), Ma(r, g)) transform the set X, into itself. Similarly, we can prove that the
transformation (M (r, g), Ma(r, g)) is a contraction mapping. Hence there exists a unique so-
lution (7, g) of the system of integral equations (5.5) in the set X and for # > 1 and

r 0] = [0 = 2], < Clro]*|re0]* < crig .
From Lemma 3.4 we have
X
i

(g = 39f%Ai’(ﬁ) +R(x. 1),

where fort > 1,0<§ <1

_ 3—m+2n+428
6

[aiR@)| y < Cet

and therefore

248

1
IRl < CIRIZIR:|? < C1mF

From the proof of Lemma 3.6 we have for ¢ > 1

4
g(t) =nlogt + O(s(nlogr)s)

which gives

g7 (1) = (nlogt) ™ (1 + O(e(nlog)~3)).

So we obtain the following asymptotics of solutions for + — oo uniformly with respect to x > 0
such that

w0 =g Ov(x.1) =g~ (1) (r(x.1) + P(D)uo)
X
It
X

239(’71080_11_%Ai’<—> +0(t~ 3 (plogn9).
\3/;

= 39(nlogz)—1z—%Ai’( > + ¢ '"ORE, )+ g7 Orx, 1)

Theorem 1.1 is now proved.
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