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1. Introduction

Liquid crystals are a state of matter that have properties between those of a conventional liquid
and those of a solid crystal that are optically anisotropic, even when they are at rest. In this work,
we are interested in a Navier-Stokes type model for incompressible fluids that takes into account
the crystallinity of the fluid molecules in the three-dimensional case, that is, a nematic liquid crystal
model, which can be governed by the following nonlinear hydrodynamical system (see [5,13,14] and
references therein):
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%+u-Vu—,uAu+VP:—AV-(Vd@Vd), (11a)
ad )

§+u-Vd:y(Ad—|—|Vd| d), (1.1b)
V-u=0, (1.1c)

where u € R? denotes the velocity, d € S? (the unit sphere in R?) the unit-vector field that represents
the macroscopic/continuum molecular orientations, P € R is the pressure (including both the hydro-
static part and the induced elastic part from the orientation field) arising from the incompressibility
V.u=0; and they all depend on the spatial variable X = (x1, x2, x3) € R and the time variable t > 0.
The term AV - (Vd © Vd) in the stress tensor represents the anisotropic feature of the system. The
positive constants w, A,y stand for viscosity, the competition between kinetic energy and potential
energy, and microscopic elastic relaxation time or the Deborah number for the molecular orientation
field, respectively. We set these three constants to be one since their exact values do not play any
role in our analysis. The symbol Vd © Vd denotes a matrix whose (i, j)-th entry is oyd - 9y;d for

1<i,j<3, and it is easy to see that Vd © Vd = (vd)Tvd, where (Vd)T denotes the transpose of
the 3 x 3 matrix Vd.

System (1.1) is a simplified version, but still retains most of the interesting mathematical properties
(without destroying the basic nonlinear structure) of the original Ericksen-Leslie model ([7,8,10,11,13,
14]) for the hydrodynamics of nematic liquid crystals; see [15,20,21] for more discussions on the
relations of the two models. Both the Ericksen-Leslie system and the simplified one describe the
macroscopic continuum time evolution of liquid crystal materials under the influence of both the
velocity u and the orientation d which can be derived from the averaging/coarse graining of the
directions of rod-like liquid crystal molecules. In particular, there is a force term in the u-system
depending on d; the left-hand side of the d-system stands for the kinematic transport by the flow
field while the right-hand side represents the internal relaxation due to the elastic energy. In many
situations, the flow velocity field does disturb the alignment of the molecule, and in turn, a change in
the alignment will induce velocity.

We consider the initial-boundary value problem of system (1.1) in a bounded smooth domain
2 ¢ R? with the initial condition:

(ua d)|t=0 = (uo(x)v do(x))v Xe ‘Qa (12)

and the boundary condition:

(u,0vd)[p2 =(0,0), t>0, (1.3)

where v is the outer unit-normal vector field on 852, up: £2 — R3, and do : £2 — S? are given with
compatibility; for the velocity u the non-slip boundary condition, i.e., homogeneous Dirichlet type, is
considered, and for the orientation vector d the homogeneous Neumann boundary condition is posed
here.

Roughly speaking, system (1.1) is a coupling between the incompressible Navier-Stokes equations
and the transported flow of harmonic maps. There have been many studies on system (1.1), see [10,
11,14-17,19-22] and the references therein. Recently, in Lin, Lin, and Wang [17], they established
both interior and boundary regularity theorem for such a system in dimension two under smallness
conditions. And, they also established the existence of global weak solutions that are smooth away
from at most finitely many singular times in any bounded smooth domain of RZ2. In Lin and Liu
[15], they addressed both the regularity and existence of global weak solutions to the n-dimensional
(n =2, 3) Leslie system of variable length, i.e., the Dirichlet energy

1
5f|Vd|2dx ford: 2 — S™!
2
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is replaced by the Ginzburg-Landau energy

1 1—|dJ?)?

/ Livaz+ 821997 ik ford: 0 — &
2 4¢g2

2

More precisely, they proved the global existence of weak solutions with large initial data under the

assumptions that ug € L2(£2),dg € H'(£2) with dg|ye € H%(SQ) in dimension two and three. The
existence and uniqueness of global classical solution was also obtained if ug € H'(£2), dg € H2(£2) in
dimension two or dimension three when the fluid viscosity p is large enough. The similar results
were obtained also in [21] for a different but similar model. When weak solutions are discussed, the
partial regularity theorem of the weak solution was investigated in [16] (and also [11]), similar to the
classical theorem by Caffarelli, Kohn, and Nirenberg [3] for the Navier-Stokes equations.

In this paper, we are interested in the existence and uniqueness of global strong solution (u, d, P)
of (11) in W29(2)3 x W34(2)3 x W'4(£2) with g > 3. By a Strong Solution, we mean a triplet
(u, d, P) satisfying (1.1) almost everywhere with the initial-boundary conditions (1.2)-(1.3). Our strat-
egy to consider (1.1) is to linearize it as

9

a—‘: —Au+VP=-v.-Vv-V.((VH'Vf), (14a)
d

2)7 — Ad= —v- Vf+ |Vff, (1.4b)

V-u=0, (1.4C)

for some given functions v € R? and f € R3. One of the motivations of making such a lineariza-
tion is that we can use the maximal regularity of Stokes equations (cf. Theorem 3.2) and the
parabolic equation (cf. Theorem 3.1). We first use an iteration method to establish the local exis-
tence and uniqueness of strong solution with general large initial data. Then we prove the global
existence by establishing some global estimates under the condition that the initial data are small
in some norm. As system (1.1) contains the Navier-Stokes equations as a subsystem, one cannot ex-
pect generally better results than those for the Navier-Stokes equations. The uniqueness of global
weak solution is still an open problem. We shall prove that when the strong solution exists, all the
global weak solutions must be equal to the unique strong solution, which is called the weak-strong
uniqueness. Similar results were obtained by Danchin [4] for the density-dependent incompressible
Navier-Stokes equations. We shall establish our results in the spirit of [4], while developing new es-
timates for the orientation field d. Due to the specific structure of the equations for u, especially
the strongly nonlinear term (Vd)T Ad in the u-system, it will be necessary to obtain more regularity
for d.

The rest of the paper is organized as follows. In Section 2, we state our main results on local and
global existence of strong solution, as well as the weak-strong uniqueness. In Section 3, we recall the
maximal regularity for Stokes equations and the parabolic equation, and also some L estimates. In
Section 4, we give the proof of the local existence. In Section 5, we prove the global existence. Finally
in Section 6, we show the weak-strong uniqueness.

2. Main results

In this section, we state our main results. If k > 0 is an integer and p > 1, we denote by WkP
the set of functions in LP(£2) whose derivatives of up to order k belong to LP(§2). For T > 0 and
a function space X, denote by LP(0, T; X) the set of Bochner measurable X-valued time dependent
functions f such that t — || f||x belongs to LP(0, T). Let us define the functional spaces in which the
existence of solutions is going to be obtained:
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Definition 2.1. For T > 0 and 1 < p, q < oo, we denote by M?’q the set of triplets (u, d, P) such that

1

ue ([0, TJ; D;f‘p) NLP(0,T; W29(2) N W, (), 2—': eLlP(0,T;L9(2)), V-u=0,
_1
deC([0,T]; Bsf; P)) NLP(0, T; WH9(2)), % eLP(0,T; LY(£2)),
and

PeLP(0,T; WH1(£2)), /de=o.
2

The corresponding norm is denoted by || - ||M¥.q.

We remark that the condition fQ Pdx =0 in the definition (2.1) holds automatically if we replace
P by

1
P—— [ Pax
142
ko)

5P . .
P’ stands for some fractional domain of the

1

7P

]7
n (1.1). Also, in the above definition, the space DAq

1—
Stokes operator in L7 (cf. Section 2.3 in [4]). Roughly, the vector-fields of D Aq are vectors which

have 2 — % derivatives in L9, are divergence-free, and vanish on 9£2. The Besov space (for definition,
3(1-14) . . .
see [2]) Bgp " can be regarded as the interpolation space between L9 and W34, that is,

3(1-%)

Bgp 7= (L9, WB'q)lJ

E’p.

31-1
Moreover, we note that Bq,(,J » — Whaif p> % By the embedding W19 < L® as q > 3, one has

31-1 . . . .
By p » < L®, which will be used repeatly in this paper.

The local existence will be shown by using an iterative method, and if the initial data are suffi-
ciently small in some suitable function spaces, the solution is indeed global in time. More precisely,
our existence result reads:

Theorem 2.1. Let §2 be a bounded smooth domain in R3. Assume % < p,q < oo with %(1 — %) € (0,1) and

1-1p 3(1-1)
uoeDAqp ,dg € By, . Then,

(1) There exists To > 0, such that, system (1.1) with the initial-boundary conditions (1.2)-(1.3) has a unique

strong solution (u,d, P) € M{:% in 2 x (0, To).
(2) Moreover, there exists g > 0, such that, if the initial data satisfy

[lug | 1-3.p < o, idol| 3a-1) < o,
Dy Byp
q

then (1.1)-(1.3) has a unique strong solution (u,d, P) € M?"q in2x(0,T)forall T > 0.
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According to [17], a Weak Solution to (1.1) with the initial-boundary conditions (1.2)-(1.3) means
a triplet (a,d, IT) satisfying system (1.1) in £ x (0, T) for 0 < T < 400 in the sense of distributions,
i.e., for any smooth function 1 (t) with ¥(T) =0 and ¢(Xx) € (Hg)(fz))3 with V - ¢ =0, we have

T

T T
—f(ﬁ, 1//’¢)dt+f(ﬁ~Vﬁ, 1/f¢)dt+u/(vﬁ,wv¢)dt
0 0

0

T
= (0)(ug, ) + A /(v& O Vd, Yy Ve)dt,
0

and

T T T
—/(&, 1//q>)dt+/(ﬁ~va, w¢)dt+y/(va,1pv¢)dt
0 0 0

T
— () do.¢) + / VaP@, ye)de,
0

where (-,-) denotes the inner product in L2(§2)3. Moreover, (a, &) satisfies (1.3) in the sense of trace.
Next, we will give a uniqueness result. For 0 < T < +o0, suppose (a, d, IT) with

iel>®(2x[0,T)NW,y%2r),  del™®([0,T], H'(2)) NL3([0, T1, H2(2)),
and
4 6
VIT€L3(0,T;L5(£2))
is a global weak solution to (1.1)-(1.3). Since Vd € L2(0, T; H!(£2)) and |d| =1, then
Ad-d+|vd? =0.

Hence |V&| € [4(§2 x [0, T]). We have the following energy inequality (cf. [17], Section 5 for the
two-dimensional case):

t
1 - - -
5/(|ﬁ(t)|2+|Vd(r)|2)dx+f/(|Vﬁ|2+ |Ad + |vd|d|*) dxds
2 0 2

<

N =

/(Iuol2 +|Vdo|?) dx, (2.1)
2

for all t € (0, 00). We remark that the assumption on pressure function holds since IT can be deter-
mined as in the Navier-Stokes equations (see [9]).

As for the standard Navier-Stokes equations, the question of uniqueness in the above class remains
open. However, for the same initial-boundary conditions, a relation between the weak solution and
the strong solution can be formulated as:
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1-5.p 3(1-4) . )
Theorem 2.2. Assume that ug € DAq anddo € By, ” . Then any weak solution to (1.1)-(1.3) in the above
class is unique and indeed is equal to its unique strong solution.

Usually, we call this kind of uniqueness as Weak-Strong Uniqueness. For the similar results on the
compressible Navier-Stokes equations, we refer the readers to [6,18].

3. Maximal regularity

In this section, we recall the maximal regularities for the parabolic operator and the Stokes oper-
ator, as well as some L*° estimates.
For T >0, 1 < p,q < oo, denote

W, T) := (WP(0,T; L92)))> N (L7 (0, T; W9(£2)))’.

Throughout this paper, C stands for a generic positive constant.
We first recall the maximal regularity for the parabolic operator (cf. Theorem 4.10.7 and Re-
mark 4.10.9 in [1]):

1

31-1
Theorem 3.1. Given 1 < p, q < 00, wg € qup ») and f e (LP(0, T; LI(R3)))3, the Cauchy problem
{%—‘;’—Aw:f, t>0,
w(0) = wo

has a unique solution w € W(0, T), and
lollwo.ry < C(ILf e o,7;1a(r3)) + ol 3(1,%)),
BG-P
where C is independent of wy, f and T. Moreover, there exists a positive constant cg independent of f and T
such that
lwliwo.r) =co sup ||o®)] 5, 1,
te(0,T) Bgp 7

Now we recall the maximal regularity for the Stokes equations (cf. Theorem 3.2 in [4]):

Theorem 3.2. Let 2 be a bounded domain with C2>+¢ boundary in R3 and 1 < p, q < oo. Assume that ug €
1

1-1,
Dy, 7P and f e LP(RT; L9(£2)). Then the system

Ju
— —Au+ VP =f, /de:O,

ot

2
V.-u=0, ll|39:0,
ulr—0 =up

has a unique solution (u, P) satisfying the following inequality for all T > 0:



X. Li, D. Wang / J. Differential Equations 252 (2012) 745-767 751

! b\
lam| o1, + (/H (vp, Au, a—“) dt)
Dqu o 8t La

T p
< c<||uo||D1;),p + <O/||f(t) I, dt) ) (3.1)

Aq

with C = C(q, p, 0 (§2)) where o (£2) stands for the open set

,Q— X
“()—haﬁ

xe.Q}

with §(§2) denoting the diameter of 2.

Remark 3.1. We notice that (3.1) does not include the estimate for ||u||r(o,1;19). Indeed, thanks to
uly =0, Poincare’s inequality, and the fact [, Vudx =0, we have

lully2q4 < CllAu]a,

and then (3.1) can be rewritten as

1

T
p
ol g+ 107000001
0

Aq

T 1
p
<c<||uo|| et </||f(t)||fth) )
DAq 0

We have the L* estimate in the spatial variable as follows (cf. Lemma 4.1 in [4]).

Lemma3.1.Let1 < p,q,r,s < oo satisfy 0 < % — ;—g <1, then

1 3
12 p1-o 0
IV flle, 150000 < CT 2 2| ]| 1, W o w2
Lw(o,T;DAqP )

for some constant C depending only on £2, p, q and

Similarly, we have,

Lemma3.2.Let 1 < p,q < oo satisfy 0 < & — 3—5 <1, then

1 3
13 10 0
IV fllero, 150000 < CT27 2| f 2(17%))”f”Lp(O.T;WZ.q)v

L°°(0,T; By,
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for some constant C depending only on £2, p, q and

1-6 1 3

p 2 2q

Proof. First, we notice that (cf. Theorem 6.4.5 in [2])

)

1-6 1 3
Yoy =B, with 1013
’ ' p 2 X

_3
q

‘8a|w

1- 1-
(BOO 1BOO

Q=

Also the embedding B(o)o,l <> L*° holds due to Theorem 6.2.4 in [2]. Hence,

IV floo <CIVFlpo_ <CIveI®,. 3 IVt 23

-Q

BOO o BOO e}
We remark that (cf. Theorems 6.2.4 and 6.5.1 in [2])

_2_3
q

2 1-
P’ p 1,q 1
q,p BOO,OO ’ w ’ Bq,oo > BOO,

84:\m

Thus, according to (3.2) and by applying Hélder’s inequality, we deduce that

1-
BOO:X) OOOO

1
p

0 1-6
IV fllpo.7:1) < (fnwn" 3||Vf||"( p) dt)

T

1

p

( f ||f||qu||f||"§1 P dt)

1

a-o .\"
fnfnwzqnfn"m , dt

1 3
273 FI10
<CT a|l fl 21— 1 “f”LP(O T;W24)"
Lo°(0,T; By p

The proof is complete. O

Remark 3.2. In this paper, we will use the following weaker result:

=% £ 1-6
”Vf”Lp(O,T;LOC) < CT? = ”.f” 3(] 1) ”f”,_p(o T; W3q)
L*°(0,T; By, )

Lemma 3.3. Let 1 < p,q < oo satisfy 0 < § — % <1, then

1-6
IAf o) < CT3 7| ] o M0 rowaay
L®(0,T;B,, °)

(3.2)
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for some constant C depending only on §2, p, q and

Proof. First, we notice that (cf. Theorem 6.4.5 in [2])

W

3
q

"8&\‘»

2— 2—
(BOO, ’ BOO

8'::

1—
1 .
)9,12300,1 with T3 g

Also the embedding B;o 1< W1 is true due to Theorem 6.2.4 in [2]. Hence,

B, o Bmpc g

A fllzee < CIV fllwreo < CIIVfIIBLO <Cvey’ 23 VA, 5. (3.3)
We remark that (cf. Theorems 6.2.4 and 6.5.1 in [2])

2-3
— Boo,go , wa e Bé 00 Boo,go.

Thus, according to (3.3) and by applying Holder’s inequality, we deduce that

1
P
[ 1-6
1A flpo.rie) < ( / 1 £1” 3||Vf||p( ) dr)

Boooo

1
P
(/ |If||W3q||f|Ip$1 “’ﬁd)

1_1
3=y F1-0
gCT q”f” 31— 1) ||f||Lp(0Tw3q)
L°(0,T;B,, *

The proof is complete. O
4. Local existence

In this section, we prove the local existence and uniqueness of strong solution in Theorem 2.1. The
proof will be divided into several steps, including constructing the approximate solutions by iteration,
obtaining the uniform estimate, showing the convergence, consistency and uniqueness.

4.1. Construction of approximate solutions

We initialize the construction of approximate solutions by setting

do = do, l.l0 =1up.

For given (u", d", P"), the Stokes equations (1.4a) and the parabolic equation (1.4b) enable us to define
(ut1 d@n+1 pntly a5 the global solution of
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qut! T
T AU 4 VP = " vu - V- ((Vd") vd"),
adTH»] 2
T Ad™T = —u" . vd" + |[Vd"|"d", (4.1)
v-u't =0, /P"“dx:o
2

with the initial-boundary conditions:

(un+1 , dn+]) ’t:O — (UO, d0)7 (l'l”“r‘l7 avdn‘f’l)!BQ — (O, O).

According to Theorems 3.1-3.2, an argument by induction yields a sequence

{(un’dn’ Pn)}neN C Mg’q

for all positive T.

4.2. Uniform estimate for some small fixed time T

We aim at finding a positive time T independent of n for which {(u",d", P")},cn is uniformly
bounded in the space MY, Indeed, applying Theorem 3.2 to

qutl T
T AU+ VP = . vu - V- ((Vd") vd"),
V.t =0, /P”“ dx =0,
2
un+1 —0= uy, un+l |3-Q -0

and Theorem 3.1 to

adn-‘r]
S~ Ad = v | vd'
+1 _ +1 _
d |t=0_d0’ d,d" ’89_0’
we obtain
T ; ; aul’l+] p %
||ul’l+1 (T)” 1, + /" (VPTH- 7uT'l-‘v-1,Auﬂ+ , —> dt
DAq"' J at L4

T 1
b
< C<||ll0|| 1-1p T (/ [u" - Vu"+ V- ((Vd")TVdn) ”fq dt) >’ (4.2)
D

Aq 0

and
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a1 S0P + [ W@O.T)

q.p
< C(||do||B3(17%) + | —u - vd + VAP o ri)- (43)
q.p
Now define
ou"
ut(t) := |u” + [u® ) + ‘ -
©=l HLM(OI?D;%YP) Ju ”LP(O’t’WZQq) Ot llp(o.e:19)
+ Hdn ||L°°(O,t;B;_(;7%)) + Hdn HW(O,t)’
and

0.
U= ||ll0|| 1_%'13 + ”dO” 3(1-%)-
Dy, Bgp

Hence, from (4.2) and (4.3), we get, using Lemmas 3.1-3.3,

Ut <cU®+ ut HLOO(O,t;Lq) [ Vu" HLP(O,t;Lw)
+2|vd" HL°°(O,t;L‘7) ey LP(0,£;1%)
+ u ”LOO(O,t;Lq) [va| LP (0, L)

+ [a ||L°°(0,t;L°°) [va" ||L°°(0,t;Lq) |vd" ”Ln(o,r;LDO))

EX 1_1 -3

<C(U0+ 2t 3 (Un()? + 26371 (UM D) + 1273 (UN))?). (4.4)

Moreover, if we assume that U"(t) < 4CU° on [0, T] with

3q

3 3
<1,
64C200 + 64C3(U0)2> or

0<T§(

2q

3 q-3
1<T< : 45
= <G4C2U0 n 64C3(U0)2> (45)

then a direct computation yields

U™ <4cu® onfo,T].

From (4.2)-(4.4), we conclude that the sequence {(u",d", P")}72, is uniformly bounded in M‘T”q.
More precisely, we have:

Lemma 4.1. For all t € [0, T] with T satisfying (4.5),

U™ t) < 4cu®.



756 X. Li, D. Wang / . Differential Equations 252 (2012) 745-767

4.3. Convergence of the approximation sequence

Lemma 4.2. {(u",d", P")}>° is a Cauchy sequence in M%‘)q and thus converges.

Proof. Let

Then, the triplet (@", d", P") satisfies

ou" —n B —n—1 n n—1 —n—1 -1\ T g qn
5 ~ AU+ VP =" vt —u" Ve -V ((vd") vd")
— V- ((va 1) va ),
- ) i )
% —Ad = i vd — " var! 4 |Vdn|2dn_1

+((vd" +va™ ') va"d !,

vV.-u"=0, fﬁ”dx:O
2

with the initial-boundary conditions:
(@.d")|_,=0,0, (" 3,d")],,=(0,0).
Define

ou"
ot

Ut = u"| -1y T |a “LP(O,t;W2~q) +

12(0.:0,, P) LP(0,6;L9)

+ van ”LIJ(O,t;Lq) + ”an HLoo 0 .33,(17%)) + Han HW(O,t)’

q.p

By using Lemmas 3.1-3.3, we obtain the following estimates:

||ﬁ"*1 vu o ovat! ”LP(O.,t;Lq)

< ”‘_'n_] ”LOO(O,t;Lq) [V ||LP(O,t;L°°) + ”“n_] ||L°°(O,t;Lq) I v ”LP(O,t;LOO)

1.3 o
<4CU(r2a " 1||L<>°(0,r;Lq)"‘”v“'1 ]”LP(O,t;Lw))’

o\ T T oan—
[V ((va™!) vd") + V- (V") VA" 1,

< ” vd" ”Lw(o,f;Lq) ” Ad™! ||LP(O,t;L°°) + ”V‘_ln_l ”LOO(O,r;Lq) H Ad" ”LP(O,:;LO@)

+ VA" e g0 | 28" 1o 0 g0y + 1V e, 00 148" o 0 1)

_ 1.1 n—
<8CUC([Ad™ 1y g oy + 677 [ VA" g 1))

(4.6)

(4.7)

(4.8)
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J@ =t vd" +u" VA o

< et ! ||L<><>(0 t:19) |va®| Lpo, 1) T ”“n_] “LOC(O,t;Lq) | vd"! ||LP(O,t;L°°)

<4CU0(t2 % ”“n ]”LOO(OtLq) + ”Vdn l”Lp(oer)) (4.9)

and

|V 2@ + (V" + V") : V@)™ g e
< (ACUOY (273 @ g sy 2] A o ) (4.10)

Applying Theorems 3.1-3.2 to (4.6), with the help of (4.7)-(4.10), we have

U <4cu® (th % (L 1||L°°(0tL‘1)+Hvun l”LP(O:LO@)WLZHA‘_YF1 ”LP(OJ;LOC)

42037 | va! .10y * va liro1)

+4CU(2 75 @ i) + 20V o) (411)

Combining (4.11) and Lemmas 3.1-3.3, one has

— 1 3 1_1
U"(t) <16CU°((1+3CU®)2 ™% +379) 0" (o).
Thus, if we choose Ty satisfying (4.5) such that the condition

1

16CU°(2 +3CU%) T3 7 <

or 16CU°(2+3CU°)To? % <

N —
N =

is fulfilled, it is clear that {(u",d",P")}>°, is a Cauchy sequence in M%’)q and thus converges
in M. O

4.4. The limit is a solution

Since {(u",d", P")}*° | is a Cauchy sequence in M’J 4 then it converges. Let (u,d, P) € Mp ‘T pe the
limit of the sequence {(u",d", P")}°2, in Mp 4 We clalm all those nonlinear terms in (4.1) converge

to their corresponding terms in (1.1) in (LP(O, To: L9(£2)))3. Indeed, due to the convergence of u" to
uin M‘;(’Jq, we have

Hu Vu' —u- v“”LP(OTO :L9)

=[(u" —u)-vu" +u. V(" _u)”LP(O,TO;Lq)

<o - u”L"C(O,TO;Lq) [vu" ||LP(0,T0;L°°) + llull 0, 1o;19) | VU™ — Vu”LP(O,To;LOC)

<ACUOTo? % [ — | pa + CTo? "7 [lul [u" —u
< 0 M%q 0 L%°(0,Tg;L9) Mpq

— 0.
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Hence,

u" . vu' > u-Vu in (LP(0, To; L9(2))) .
Similarly, we have

V- ((va")'vd") - V. ((va)Tvd) in (L7(0, To; L%(2)))’,

u' . vd' > u-vd in (LP(0, To; L)),

Since
I ]Vd"]zdn - |Vd|2dHLP(0,To;Lq)
2 2 2
< ||va'|"d" — |vad"| d”Lp(o,To;Lq) +||[va"|"d - |Vd|2d”LP(0,TO:Lq)
Il o [T 198 e
il 1) [ VA" + VA o g 11y [ VA" = VA 1y g 7o)
1_3
< ((4CU°)? + 1l 0,7:12%) (4CU° + Vel 10, 7:19)) Ty [ =l e
0

— 0,

then

[Vd'[’d" — |VdPPd in (LP(0, To; L9(2)))’.

Thus, taking the limit as n — oo in (4.1), we conclude that (1.1) holds in LP (0, To; L9(£2)), and hence
almost everywhere in §2 x (0, Tp).
Multiply the d-system, i.e., (1.1b) by d, we obtain

191d? 1 ) 5 <2
—— 4 —u-V(d?) = Ad-d + |Vd?|d]’.
2 ot +2u (1d1) + |Vd|*|d]

Since
A(ld?) =2|Vd|* +2d - (Ad),
then it follows that

10d? 1 2 1 2 2 2142
——— 4+ -u-V(|d“)==A(|d]*) — |Vd vd|©|d|-.
28t+2 (||)2(I|)| [” + 1Vd|7|d|
Therefore, it is easy to deduce that

a(d>—1)

o A(ld? = 1) +u-V(d* = 1) —2|vd*(ld]* — 1) = 0. (412)

Multiplying (4.12) by (|d|> — 1) and then integrating over £2, using (1.1c) and (1.3), we get the follow-
ing inequality:
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d

dt (1d> —1) dx<4[|Vd| |d)? — ) dx

<4Vd|~ /(|d|2 —1)%dx. (413)

Q
Remark that interpolating between L% (0, Tg; W'-9) and LP(0, Tg; W3-9) shows that for some positive
B > 3. d belongs to L2(0, To; H?*#) and that || Vd|?. € L1(0, To). Notice that
2 2 .
f(ldl —1)"dx=0, attimet=0.
2
Thus, using (4.13) together with Gronwall’s inequality, it yields |d| =1 in £2 x (0, Top).

4.5. Uniqueness

Let (uq,dq, P1) and (up,dy, P2) be two solutions to (1.1) with the initial-boundary conditions
(1.2)~(1.3). Denote

l_l=ll1—ll2, a=d1—d2, I_)=P1—P2.

Note that the triplet (i1, d, P) satisfies the following system:

ou - _

a—‘: — AU+ VP =—1-Vuy —uy- Vi — V-((Vdy) 'Vd)-V - ((Vd) " Vd,),
ad - - -

Fri Ad=—u;-Vd -1 Vd; +|Vdi|*d + ((Vd; + Vdy) : Vd)dy,

V-u=0, /dezo
2

with the initial-boundary conditions:

@,d)[—o=(0,0), (@ dd)|se =(0,0).

Define

_ ou
X(®) := ]| N 1_%_,,) + @l e o, w2ay + Y

L20.6:D

LP(0,t;L9)

+ IVPlIr .10 + IId] st + ldlhwe.o-
L°(0,t;B4, ')

Thus, repeating the arguments in (4.7)-(4.10), we have

1

X < 16cu0(1-+3c0t % 4 b
< lX(t)
S E .

Hence, X(t) =0 for all t € [0, Tg], which guarantees the uniqueness on the time interval [0, To].
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5. Global existence

In this section, we prove that, if the initial data is sufficiently small, the local solution established
in the previous section is indeed global in time. To this end, we first denote by T* the maximal time
of existence for (u, d, P). Define the function H(t) as

ou
H(t) := [lu]l _1, Tl nwea + ’ -
Lo ,t;D;q"'lJ OEWED 10t | 1o 0,10
+ IVP|lLeo.6;09) + ]| sa-1, +dlhwo.n-
L®(0,t;Bg, 7))

To extend the local solution, we need to control the maximal time T* only in terms of the initial
data. For this purpose, it is obvious to observe that H(t) is an increasing and continuous function in
[0, T*), and for all t € [0, T*), we have, using Theorems 3.1-3.2,

H©) <C(U°+ lu- Vullria) + [ V- (VO TV 1o oo

+ llu-Vdi[r0,6;10) + ” |Vd|2d”LP(0,t;Lq))' (51)
On the other hand, Lemmas 3.1-3.3 imply that

lu- Vullro,6;109) < llullLoo(o,e;09) I VUl Lr0,6;10)

1 3
< Ct2 27 H2(b), (5.2)

|V - ((vd)"vd)| < CIIVd|lre0,e:19) | A Lp 0,6 1)

|LP(0,t;Lq)
11
< Ct3 aH (), (5.3)
lu-Vd|lrr(o,t;19) < [Ulleoo,;29) VAl Lp(0,¢;100)
1 3
< CtZ2- 2 H2(1), (5.4)

and for the fact that |d| =1, we have

[1VaPd] .10y < IVl 0,619 VAl Lo 0,6:1)

1.3 5
< Ct2 7 HA(t). (5.5)

Substituting (5.2)-(5.5) into (5.1), we get
H(t) < C(UO+ (36273 + 6370 H2(1)). (5.6)
Assume that T is the smallest number such that
H(T) = 4CU°.

This is possible because H(t) is an increasing and continuous function in time. Then,

H(t) < H(T) =4CU°, forallt [0, T),
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and from (5.6), we deduce that

3

1 1_1
16C°U°(3T2 720 +T374) > 3.

This implies that the maximal time of existence T* will go to infinity when the initial data approaches
zero. More precisely, we can show that, if the initial data is sufficiently small, the solution exists
globally in time. To this end, we need some other estimates for the terms on the right side of (5.1).
Indeed, by W14 < [ as g > 3, we have

: LP(0,1;19) S L0°(0,£;L9) LP(0,t;L%)
lu- Vu] < ufl [Vull

< CH?(t).
Similarly,
|V - ((va)"vd) |1p .00y - VAl t:19), |Vd|2dHU,(0yt;Lq) < CH2(t).
Thus, (5.1) turns out to be
H(®) < C(U° + H2(1)). (5.7)

Now we take U? sufficiently small such that

U0 <spi=
SO0 g

Then, we compute directly from (5.7) and the continuity of H(t) that

1—+/1—4c2y° 1
HO) < ——— <=
2C 2C
for all t € [0, T*), which implies ||(u,d, P)|,,»« bounded. Hence, according to the local existence in
T*

the previous section, we can extend the solution on [0, T*) to some larger interval [0, T* + n) with
n > 0. This is impossible since T* is already the maximal time of existence. Hence, when the initial
data are sufficiently small, the strong solution is indeed global in time.

The proof of Theorem 2.1 is complete.

6. Weak-strong uniqueness

The purpose of this section is to show Weak-Strong Uniqueness in Theorem 2.2. To this end, we
first formally deduce and obtain an energy estimate for the strong solution to (1.1)-(1.3).

Lemma 6.1. Let p, q satisfy the same conditions as Theorem 2.1 and (u,d, P) € M‘T”q be the unique solution
to(1.1)on £2 x [0, T]. Then for any 0 < t < T, we have

t
/(yu(r)\z + \Vd(t)yz)dx+2//(|w|2+ |Ad+ |VdPd|*) dxds
2 0 2

=/(|u0|2 +|Vdo|?) dx.
2
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Proof. Note that
1-1p 2 1.q
ueC([0.T:D, ") NLP(0, T; W N W,),
31-3) 3
deC([0,T]; By, ")NLP(0, T;: W>9),
1-1, 201-1
Dy, P, qup » N X? (see Proposition 2.5 in [4]),
where
X1={zel9(2)*|V-z=0in2andz-n=00n 92},
for some positive 8 > % it follows from the standard interpolation inequalities that
ueC(l0,TI; H)n1?(0,T; H'™F),  wel*(2 x[0,T]),
deC(0,T;; HP)nL?(0, T; H*™F),  vdel*(2 x [0, T]).

This enables us to justify the following computations.
Multiplying (1.1a) by u, integrating over 2, we get

;jt/|u| dx+/|Vu|2dx:—/u~((Vd)TAd)dx

Q Q
Here we have used the facts

vd|?
v.(VdQVd)=v<| |

) +(vd)" Ad,

and V.-u=0in £, u=0 on 92, as well as

vd|2
/u-Vu-udx:/VP-udx:/V(| 2d| )-udx:O.
Q Q Q

Multiplying (1.1b) by —(Ad + |Vd|>d) and integrating over §2, we obtain

ad
ST - Addx — /(u vd) - Addx = — /yAd+|Vd|2d\ dx.
2

Here we have used the fact that |d| =1 to get

ad
(E—i—u-Vd)deFd_ (lVd| L+u v|d|?|Vd] )

Since 9,d =0 on 9¢2, integrating by parts, we have

ad

ot -Addx = f—fIle dx.

2

(6.1)



X. Li, D. Wang / J. Differential Equations 252 (2012) 745-767 763

Hence we obtain

1d
Ea/|Vd|2dx+/|Ad+|Vd|2d|2dx:/(u-Vd)-Addx. (6.2)
2 2 2

By adding (6.1) and (6.2), we eventually get the identity:

2
o (luf® +|vd]?) dx + /(|Vu|2 +|Ad+|vd[*d[ ) dx =0, (6.3)
Q Q
for all t € (0, T].
Integrating (6.3) over the time interval [0, t], we obtain the energy equality of this lemma. O

We remark that (6.3) is usually called the basic energy law governing the system (1.1)-(1.3). It re-
flects the energy dissipation property of the flow of liquid crystals.

Now we proceed to prove Weak-Strong Uniqueness. In view of the regularity of u, we deduce from
the weak formulation of (1.1a) that

t

t
L _ /ou
:f|u0|2dx—//(Vd)TAd-udxds—f—ffw(8—?+U-Vu>dxds. (6.4)
2 0 2

2 0

On the other hand, since u satisfies (1.1a), i.e.,

—=Au—u-Vu—-VP -V
ot

2
Ju <|Vd| )_ Va) Ad,

then we have, from (6.4),

t t
/ﬁ-udx—/|u0|2dx=—2//Vﬁ:Vudxds—//(VEl)TAEl-udxds
Q 0 R 0 Q2

2

t
—//ﬁ-(u~Vu+(Vd)TAd—ﬁ-Vu)dxds. (6.5)
0 2

Similarly, in view of the regularity of d, we have

/V&:Vddx—/|Vdo|2dx
2 2

t
= / /(_a. Ads+i-Vd- Ad — Ad- Ad — [Vd|*d - Ad) dxds. (6.6)
0 2
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Taking advantage of (1.1b), we obtain, from (6.6),

t
/VEI:Vddx—/|Vd0|2dx=//(—2Aa-Ad+u~Vd~A&+ﬁ-Va~Ad
2 2 0 2

—|Vd|’d - Ad — |Vd|*d - Ad) dxds. (6.7)

From (2.1), (6.5), (6.7) and the fact that (u,d, P) (resp. (u, d, IT)) is a strong solution (resp. weak so-

lution) to (1.1) with the initial-boundary conditions (1.2)-(1.3), we have the following energy estimate
of (u—u,d—d):

1 - -
5 /(|u —a|? +|vd - vd*) dx
2

< —

X

/(|Vu — Vii]> +|Ad — Ad|?) dxds
2

Ot ~—

t
—/[((u—ﬁ)-Vu-(u—ﬁ)+(Vd—Va)-Ad-(u—ﬁ)
0 2

—u-(Vd—Vd) - (Ad — Ad)
+(Ivd[*d — |vd|*d) - (Ad — Ad)) dxds

t
:—//(wu—vmz+|Ad—Aa|2)dxds+1, (6.8)
0 2

where

t
I=—//((u—ﬁ)-Vu~(u—ﬁ)+(Vd—V&)-Ad-(u—ﬁ)
0 2

—u-(Vd—Vd) - (Ad — Ad)
+ (Ivd?’d — |vd|*d) - (Ad — Ad)) dxds.
Next, we will estimate I term by term. By the zero boundary condition, we have
—/(u—ﬁ)-Vu-(u—ﬁ)dx:/(u—ﬁ)-vﬁ-udx
Q 2

:/(u—ﬁ)-(Vu—Vﬁ)-udx
2

< luflpe | Va = Va2 lu —all 2

1 N T
<5 Iva- v, +

lu— a2, (6.9)
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- /(Vd —Vd) - Ad- (u—i)dx < || Ad|;||u — 1|2 | Vd — Vd]| 2
2

_ A

< (=, + vd - Vdil,), (6.10)

/u - (Vd — Vd) - (Ad — Ad)dx < [[ul| = [|Ad — Ad|2||Vd — Vd]| 2
2

< 1||Ac1— Ad|%, + Il |vd — vd|? (6.11)
X 2 L2 2 L27 .
—/(|Vd|2d— |vd|?d) - (Ad — Ad) dx
2
<[IVd|felid — dl| 2| Ad — Ad]| 2
+(|Vd + Vd| 1~ || Vd — Vd| ;2| Ad — Ad]| 2
< Liad— AdIR, + | Vd[e [d — dJ2, + |V + Vi |2 [Vd — Va|2 6.12
< 2I| 172 + IVl 72+ 11IVd + Vd||{ || lI72- (6.12)
Then, we eventually get from (6.9)-(6.12) that
F(1 lul + | Ad]
B ~ u|fs Lo -
1< f (5 |Vu— ValZ, + | Ad - Ad|lp, + —————u -l

0

lale + | Ad]| 1o

+<||Vd+ vd|? + 5

)uva — Vd||?, + 1| Vd||{x1d - Elniz) ds.  (6.13)

Now, we wish to estimate ||d — &||Lz. We write
dd—d)+u-V({d—d)+ u—a)-vd=Ad - Ad+|Vd|>d — |Vd|*d. (6.14)

Multiply (6.14) by d — d and integrate over £2 x (0,t), we have

1 -
—/|d—d|2dx
2
2
t t
:—//(u—ﬁ).v&-(d—&)dxds—//|Vd—V&|2dxds
0 2 0 2
t t
+//|Vd|2|d—a|2dxds+//(Vd+v&):(Vd—va)&.(d—&)dxds.
0 2 0 2

Using Sobolev’s inequality |[u —u|;s < C||[Vu— V|2 and for some ¢ > 0 small enough, it is easy to
get
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t t
1 ~ ~ 1 ~ -
5/|d—d|2dx</<cg||w||§3 + V|2 +5)/|d—d|2dxds+8//|Vu—Vu|2 dxds
2 0 2 0 2

t
vd + Vd| 2. 5
+/< Ivd+ Vdlli~ >/|Vd—Vd|2dxds. (6.15)
0

2

Now we have from (6.8), (6.13) and (6.15) that

1 » ~ ~
5 /(|u —a)® +|d—d? +|vd — vd]*) dx
2

t
2
u||%e + |Ad]| 10 -
</n 12 2|| e /|u—u|2dxds
0 Q

1 - -
+ (5 +[IVd||f~ + ClIVd|2; + ||Vd||%oo)/|d—d|2dxds

O~

O~

2 4+ Ad]e 3[Vd+ Vd|2e 5
n <1+|IuIIL +2|| Il n l +2 (i )/lVd—Vd|2dxds
2
gc/go(s)f(|u—ﬁ|2+ |d—d|? + |vd — vd|?) dxds, (6.16)

where

@) =1+ [Vd||7e + IVd| 2 + VA2 + U2 + [|Ad] .

Notice that ||Vd||%x, ||u||%oc, |Ad|;> € L1(0, t). Moreover, by applying the quasi-linear equations
of parabolic type estimates (cf. [12], Chapter VI, Section 2) to (1.1b), we see d(-,t), d(-,t) € C1¢ with
respect to the space variables, for some « > 0, and its C1:* norm is independent of t. Then we have
@(s) € L1(0, t). Applying Grénwall’s inequality to (6.16), we obtain

/(|u—ﬁ|2 +|d—d]> +|vd — vd]*)dx=0
2

for all t. Thus, u=1, d=d ae. and P = IT up to a constant in £2 x (0, T).
The proof of Theorem 2.2 is now complete.
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